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• 1_�@«»'_ 5_�@ª�< ·ÿ��m�0ïFT�z�, 6_�@«»'_ 11_�@ª�< "k\ï>0ïF�·
N���.

• ·ÿ��m�0ïFª�< �m�¹ÿ� Î�z�, "k\ï>0ïFª�< bô>T� Üï+ä�Üï �m�Ãç> µÿ�·ÿ� 'å��º
�4� Î�S��¡.

• ~�� 'Ö<��Øq� 9�+8�ª�< ·ÿ��m�0ïF 6+8�, "k\ï>0ïF 6_�@∼9_�@ 10+8�, "k\ï>0ïF 10_�@∼11_�@ 15+8��·
N���.

'Ö<<K 1 f(0) = 1, f(1) = 2, f ′(0) = 0, f ′(1) = 3 {9� M:,
∫ 1

0
[f(x)f ′(x) + f ′(x)2f ′′(x)]dx =

s���.

[��·l�]
∫ 1

0

[
f(x)f ′(x) + f ′(x)2f ′′(x)

]
dx =

∫ 1

0

[(
1
2
f(x)2

)′
+

(
1
3
f ′(x)3

)′ ]
dx

=
[
1
2
f(x)2 +

1
3
f ′(x)3

]1

0

=
1
2
f(1)2 +

1
3
f ′(1)3 − 1

2
f(0)2 − 1

3
f ′(0)3

=
21
2

s���.

'Ö<<K 2 lim
x→3

x

x− 3

∫ x

3

sin t

t
dt = s���.

[��·l�] f(x) =
∫ x

3

sin t

t
dt s����¦ 
���. Õª�Q���

lim
x→3

x

x− 3

∫ x

3

sin t

t
dt = 3 lim

x→3

f(x)− f(3)
x− 3

= 3f ′(3) = sin 3

s���.

1



'Ö<<K 3 g(0) = 0, g′(0) = 3 ��� �<ÊÃº g\� @/
�#� �<ÊÃº f\�¦

f(x) =





(ex − 1)g(x)
2x

, x 6= 0

0 , x = 0

�� ½+É M:, f ′(0) = s���.

[��·l�]

f ′(0) = lim
x→0

f(x)− f(0)
x

= lim
x→0

(ex − 1)g(x)
2x2

= lim
x→0

1
2
· ex − 1

x
· g(x)− g(0)

x

=
1
2
· 1 · g′(0)

=
3
2

s���.

'Ö<<K 4 lim
m→∞ lim

n→∞
m

n2

n∑

k=1

ke−
m
n

k = s���.

[��·l�]

lim
m→∞ lim

n→∞
m

n2

n∑

k=1

ke−
m
n

k = lim
m→∞ lim

n→∞
1
n

n∑

k=1

mk

n
e−

mk
n

= lim
m→∞

1
m

∫ m

0
xe−x dx

= lim
m→∞

1
m

{ [−xe−x
]m

0
+

∫ m

0
e−x dx

}

= lim
m→∞

1
m

{
−me−m +

[−e−x
]m

0

}

= lim
m→∞

{
− e−m − e−m

m
+

1
m

}

= 0

s���.



'Ö<<K 5

D C

B

A

E

0A_� �̧+þA\�"f
−−→
DA +

−−→
EB +

−−→
CE =

−→
CA + s���.

[��·l�] ÕªaË>\� _�
����
−−→
DA +

−→
AC +

−−→
CE +

−−→
EB +

−−→
BD =

−→
0

s�Ù¼�Ð,
−−→
DA +

−−→
EB +

−−→
CE = −−→AC −−−→BD =

−→
CA +

−−→
DB

s���.

'Ö<<K 6 ýa³ð/BNçß�_� ô�Ç &h� (4, 1, 6)\�"f î̈
��� 2x + 2y− z = 0 \� ?/�2; Ãº���_� µ1Ï_� ýa³ð��H

s���.

[��·l�] P = (4, 1, 6)s��� 
��¦, Ãº���_� µ1Ï�̀¦ X = (a, b, c)�� 
���.
−−→
PX��H î̈
���_� ZO���� 7�'�

−→
N = (2, 2,−1)õ� î̈
'��
�Ù¼�Ð,

−−→
PX = (a, b, c)− (4, 1, 6) = t(2, 2,−1)

\�¦ ëß�7á¤
���H z�́Ãº t�� �>rF�ô�Ç��. ����"f X _� ýa³ð��H

X = (2t + 4, 2t + 1,−t + 6)

s���. Õª���X<, X��H î̈
���\� e����H &h�s�Ù¼�Ð, î̈
���_� ~½Ó&ñ
d��\� @/{9�
����

2(2t + 4) + 2(2t + 1)− (−t + 6) = 0

s� ÷&#Q t = −4
9
e���̀¦ ·ú� Ãº e����. ����"f X =

(
28
9

,
1
9
,
58
9

)
s���.



'Ö<<K 7 z�́Ãº ����̂\�"f p�ì�r��0pxô�Ç ¿º >h_� �<ÊÃº f(x), g(x)�� ��6£§ �̧|	��̀¦ ëß�7á¤ô�Ç��.
{

f ′(x) = g(x)
g′(x) = −f(x)

Õª�Q��� f(x)2 + g(x)2 s� �©�Ãºe���̀¦ �Ð#���.

[��·l�] f(x)2 + g(x)2�̀¦ p�ì�r
����,

d

dx

[
f(x)2 + g(x)2

]
= 2f(x)f ′(x) + 2g(x)g′(x)

= 2f(x)g(x)− 2g(x)f(x)

= 0

s�Ù¼�Ð, f(x)2 + g(x)2��H �©�Ãºs���.

[>��\�e�)K�]

• 7£x"î
�̀¦ �7Ho�&h�Ü¼�Ð ���>h
�t� 3lwô�Ç �â
Äº 0&h�

• >�íß� z�́Ãº�� l��� [O�"î
s� ÂÒ7á¤ô�Ç �â
Äº 5&h�.

[>��\��¿ḈÔ]

çß�éß�ô�Ç7£x"î
ë�H]j%i���HX<%i��̀¦7£x"î

�����:£¤&ñ
�<ÊÃº\�¦@/{9�
�#�Û�¦s�
���H1px_�ü@�Ðd�¦�2;�<Æ

Òqts� ú́§��¤��. Ì�o�'ad��õ� éß�²ú�+þA ÅÒ�'ad�� 0AÅÒ_� /BNÂÒ\� u�×�æ
��� �Ðm� �7Ho�&h���� s�K��� ���
�

#� 7£x"î
�̀¦ ú̧� 3lw
���H �	כ °ú ��. �7Ho�&h�Ü¼�Ð ���¦
���H ô ¥º���̀¦ 7á§ �8 Ùþ¡Ü¼��� 
���H ��Ïþ�s���.

'Ö<<K 8 /BG��� x2 + y2 − z2 = 1 0A_� &h� (1, 0, 0)�̀¦ t��� 9 s� /BG���\� ¢-a���y� �í�<Ê÷&��H f����� 2>h

\�¦ ¹1Ô����.

[��·l�] f�����s� (1, 0, 0) �̀¦ t���Ù¼�Ð, f�����_� ~½Ó&ñ
d���̀¦

x− 1
a

=
y − 0

b
=

z − 0
c

�� 
����, f����� 0A_� &h��Ér z�́Ãº t\� @/
�#� (at + 1, bt, ct) �� �)a��. ¢̧ô�Ç, s� f������Ér /BG���\� ¢-a

���y� �í�<Ê÷&#Q�� 
�Ù¼�Ð, e��_�_� t\� @/
�#� (at + 1)2 + (bt)2 − (ct)2 = 1 s� �½Ó�©� $í
wn�K���

ô�Ç��. s� d���̀¦ t \� @/K� ���>h
����

(a2 + b2 − c2)t2 + 2at = 0

s�Ù¼�Ð,

a2 + b2 − c2 = 0, 2a = 0



s���. ����"f, a = 0, b2 = c2 s� ÷&�¦, ¿º f������Ér

x = 1, y = z <�Ê�Ér x = 1, y = −z

s���.

[>��\�e�)K�]

• f�����_� B�>h�o�� ú́�Ü¼��� 3&h�.

• t\� �'aô�Ç �½Ó1pxd����t� ú́�>� Ä»�̧Ùþ¡Ü¼��� 5&h�.

• d��_� >�íß���t� ú́�Ü¼��� 7&h�.

• ²ú���t� �̧¿º ú́�Ü¼��� 10&h�.

• Û�¦s� õ�&ñ
s� �̧¿º ú́���HX< ��t�}��\� x = 1�̀¦ îß���H �â
Äº 2&h� y��&h�.

[>��\��¿ḈÔ]

6£xr�Òqt_� ]X�ìøÍ &ñ
�̧��H s� ë�H]j\�¦ Û�¦t� 3lw
�%i���. Õª ×�æ\���H ë�H]jÛ�¦s�\�¦ ½+É ×�¦ ����H ��3!�%	כ

�Ðs���HX<[O�"î
s�p�f�̈
�#�1pq&h�
�t�3lwô�Ç�<ÆÒqt[þt�̧�©�{©�Ãºe��%3���.²ú�îß��̀¦�7Ho�&h�Ü¼�Ð³ð�&³

�̀¦ 
���H X< ú́§�Ér ô ¥º���̀¦ ½+É ��¹כ��9 e�����¦ Òqty��ô�Ç��.

'Ö<<K 9 Pn(x) =
n∑

k=1

(−1)k−1 xk

k
�� ¿º��. 0 ≤ x < 1s��� ½+É M:, �̧��H n ≥ 0 \� @/K�

P2n+2(x) ≤ log(x + 1) ≤ P2n+1(x)

e���̀¦ �Ð#���.

[��·l�] f(x) = log(x + 1)− P2n+2(x) ���¦ 
���. Õª�Q���

f ′(x) =
1

1 + x
−

2n+2∑

k=1

(−1)k−1xk−1 =
1

1 + x
− 1− (−x)2n+2

1 + x
=

x2n+2

1 + x

s�Ù¼�Ð, 0 ≤ x < 1\�@/K� f ′(x) ≥ 0��÷&#Q f(x)��H 0 ≤ x < 1\�"f7£x��
���H�<ÊÃºe���̀¦·ú�Ãº

e����. ¢̧ô�Ç f(0) = 0 s�Ù¼�Ð, 0 ≤ x < 1 \�"f f(x) ≥ 0 s���. Õª�QÙ¼�Ð P2n+2(x) ≤ log(x + 1)

s���.

��ðøÍ��t��Ð, g(x) = P2n+1 − log(x + 1) ���¦ 
����, g(0) = 0, g′(x) =
x2n+1

1 + x
≥ 0 s�Ù¼�Ð

0 ≤ x < 1 \�"f log(x + 1) ≤ P2n+1(x) s���.

����"f,

P2n+2(x) ≤ log(x + 1) ≤ P2n+1(x)



s���.

[>��\�e�)K�]

• x = 0{9� M:\� @/ô�Ç ���/åLs� \O�Ü¼��� 5&h� y��&h�.

• >�íß�z�́Ãº��H 5&h� y��&h�.

• log\�¦ �©�6 x�ÐÕª�Ð Òqty��
��¦ ìøÍYV\�¦ �Ð%i�Ü¼��� 5&h�.

[>��\��¿ḈÔ]

î̈
�è �§õ�"f\� ���̧��H Ãºd��\� @/ô�Ç [O�"î
s��� 7£x"î
�̀¦ ú̧� s�K�
��¦ f��]X� +��Ð��H ô ¥º���̀¦ Ùþ¡�8

�����s����7£x"î
ë�H]j��Õª��t�#Q§>�t�·ú§��¤Ü¼o���Òqty��ô�Ç��.Ãº�<Æ&h����õ�
���
���\�¦=�K=�K
�

>� SX����K��Ð��H /BNÂÒ _þv�'a�̀¦ [þt%i�Ü¼��� ô�Ç��.

'Ö<<K 10

(∫ b

a
f(x)dx

)2

≤ (b− a)
∫ b

a
f(x)2dx e���̀¦ �Ð#���.

[��·l�] e��_�_� z�́Ãº t\� @/K� (tf(x) + 1)2 ≥ 0 s�Ù¼�Ð,
∫ b

a
(tf(x) + 1)2dx ≥ 0

s� �)a��. s�]j s� d���̀¦ t \� @/K� ���>h
����
[∫ b

a
f(x)2dx

]
t2 + 2

[∫ b

a
f(x)dx

]
t + (b− a) ≥ 0

s� ÷&�¦, �̧��H t\� @/K� s� ÂÒ1pxd��s� $í
wn�
��9��� óøÍZ>�d�� D/4 �� 0�Ð�� ������� °ú ���� ô�Ç��.

����"f,

D/4 =
[∫ b

a
f(x)dx

]2

− (b− a)
∫ b

a
f(x)2dx ≤ 0

�� ÷&#Q
(∫ b

a
f(x)dx

)2

≤ (b− a)
∫ b

a
f(x)2dx

s���.

(Z>�K�) &h�ì�r_� &ñ
_�\�¦ s�6 x
�#�
[∫ b

a f(x)dx
]2
õ� (b − a)

∫ b
a f(x)2dx \�¦ ��6£§õ� °ú s� jþt Ãº



e����.
[∫ b

a
f(x)dx

]2

=

[
lim

n→∞
b− a

n

n∑

k=1

f
(
a +

b− a

n
k
)]2

,

(b− a)
∫ b

a
f(x)2dx = (b− a) lim

n→∞
b− a

n

n∑

k=1

f
(
a +

b− a

n
k
)2

.

s�]j CBSÂÒ1pxd��\� _�K�,
[

1
n

n∑

k=1

f
(
a +

b− a

n
k
)]2

≤ 1
n

n∑

k=1

f
(
a +

b− a

n
k
)2

(1)

s�Ù¼�Ð (∫ b

a
f(x)dx

)2

≤ (b− a)
∫ b

a
f(x)2dx

s���.

[>��\�e�)K�]

• Z>�K�ü< °ú s� ó�r �â
Äº, ÂÒ1pxd�� (1)s� $í
wn�
���H s�Ä»\�¦ &ñ
SX�y� ���/åL îß�
���� 5&h�.

[>��\��¿ḈÔ]

l��í&h���� �¦�§Ãº�<Æ_� #3�0A îß�\� e����H ë�H]js���, Û�¦s� ~½ÓZO��̀¦ Òqty��
���H õ�&ñ
s� ~1�t� ·ú§��¤��H

t� @/ÂÒì�r_� 6£xr���[þts� ë�H]j Û�¦s�\� ]X���H�̀¦ 3lw
��¦ �íl�ô�Ç �â
Äº�� ú́§��¤��. ¢̧ô�Ç ÂÒ1pxd��s�

$í
wn�ô�Ç����H ��Ér	כ s�K�
���H 1pw �Ðs��� 7£x"î
�̀¦ 
���H X<\� #Q�9¹¡§�̀¦ Ö¼z���H �<ÆÒqt�̧ �8�Q e����H

1pw Ùþ¡��. �̧�FK �8 U�·s� Òqty��
���H ô ¥º��õ� 7£x"î
�̀¦ 
���H ���_þvs� 
¹כ��9����¦ 
���x��.

'Ö<<K 11 0 ≤ a < b < c ≤ 1 �� ½+É M:, ~½Ó&ñ
d��

(sinx− a)(sinx− b) + (sinx− b)(sinx− c) + (sinx− c)(sinx− a) = 0

�� ½̈çß�
[
0,

π

2

]
\�"f ¿º >h_� ��H�̀¦ ��f���̀¦ �Ð#���.

[��·l�] t = sin x���¦ 
���� ï�rd���Ér

f(t) = (t− a)(t− b) + (t− b)(t− c) + (t− c)(t− a) = 0, 0 ≤ t ≤ 1

s���. t = sin x ��H ½̈çß�
[
0,

π

2

]
\�"f {9�@/{9�@/6£x �<ÊÃºs�Ù¼�Ð f(t) �� ½̈çß� [0, 1] \�"f ¿º >h_�

z�́��H�̀¦ ��f���̀¦ �Ðs���� �)a��.



f(t) ��H ½̈çß� [0, 1] \�"f ���5Åqs��¦, f(a) > 0, f(b) < 0, f(c) > 0 s�Ù¼�Ð ×�æçß�°úכ &ñ
o�\� _�


�#� y��y��_� ½̈çß� (a, b), (b, c)\�"f �<ÊÃº°úכs� 0s� ÷&��H &h�s� &h�#Q�̧ 
��� �>rF�ô�Ç��. Õª���X<

f(t) = 0 �Ér t\� �'aô�Ç s�	�~½Ó&ñ
d��s�Ù¼�Ð ú́§���� ¿º>h_� z�́��H�̀¦ °ú���H��. ����"f f(t) = 0 ��H

2>h_� z�́��H�̀¦ °ú���H��.

[>��\�e�)K�]

• ×�æçß�°úכ &ñ
o�\�¦ &h�6 x
�#� ~½Ó&ñ
d��_� K��� &h�#Q�̧ ¿º>h����H ����t	כ �Ðs���� 7&h�.

• t = sin x�� {9�@/{9� @/6£xe���̀¦ ���/åL
�t� ·ú§Ü¼��� 5&h� y��&h�.

[>��\��¿ḈÔ]

@/ÂÒì�r_��<ÆÒqt[þts� ú̧�Û�¦%3���.q��§&h�±ú��Érèß�s��̧_�ë�H]j���X<����×�æçß�°úכ&ñ
o���H�¦1px�<Æ�§

Ãº�<Æõ�&ñ
\�"f ×�æ¹כ
�>� ��ÀÒ��H ÂÒì�rs�l� M:ë�Hs����¦ Òqty���)a��. Õª�Q�� Û�¦s�\� @/ô�Ç [O�"î
s�

ÂÒ7á¤
����� 7£x"î
�̀¦ �7Ho�&h�Ü¼�Ð ���>h
�t� 3lw
�#� y��&h��̀¦ ~ÃÎ�Ér �<ÆÒqt ¢̧ô�Ç &h�t� ·ú§��¤��.

'Ö<<K 12 ýa³ð/BNçß�\�"f x2 + z2 ≤ 1, y2 + z2 ≤ 1 Ü¼�Ð ���&ñ
÷&��H {9��̂�̧+þA_� ÂÒx�\�¦ ½̈
�#���.

[��·l�] x, y, z ≥ 0 ��� %ò
%i�\�"f �Ð��� ÕªaË>õ� °ú s� ô�Ç���_� U�́s���
√

1− z2s� ÷&��H &ñ
��y��+þA�̀¦

정사각형

x

y

z



Áú¢��Z�~�Ér �̧�ª�s���. %ò
%i� x, y, z ≥ 0 \�"f z\�¦ �¦&ñ
Ùþ¡�̀¦ M:_� éß����_� V,�s�\�¦ s(z)�� 
����, ÂÒ

x� V ��H

V = 8
∫ 1

0
s(z)dz = 8

∫ 1

0

(√
1− z2

)2
dz = 8

[
z − z3

3

]1

0

=
16
3

s���.

[>��\�e�)K�]

• x2 + z2 ≤ 1, y2 + z2 ≤ 1 �Ð ���&ñ
÷&��H {9��̂�̧+þA_� �̧�ª��̀¦ [O�"î
ô�Ç ����t	כ 5&h�.

• ÂÒx�\�¦ ½̈
���H d����t� 10&h�.

• =åQ��t� ú́�>� ½̈Ùþ¡Ü¼��� 15&h�.

[>��\��¿ḈÔ]

ë�H]j\�"f ú́�
���H {9��̂ �̧+þA_� �̧�ª��̀¦ ½̈�� �r����̂ 1pxÜ¼�Ð ú̧�3lw Òqty��
���H �<ÆÒqt[þts� e��%3���H

X<, @/ÂÒì�r �r����̂ 1px_� e��ņqô�Ç {9��̂�̧+þA_� ÂÒx���H ú̧� ½̈½+É ����s	כ Òqty���)a��. l�>�&h�Ü¼�Ð >�

íß�
�l� �Ð����H �̧+þA_� �̧�ª�\� @/K� ���$� s�K�
��¦, ÂÒx�\�¦ ½̈
���H d��s� �= s���� &h�ì�rd��Ü¼�Ð

³ð�&³÷&��Ht� Ø�æì�ry� Òqty��K��:r Êê\� >�íß��̀¦ 
���H ��s	כ í�H"fs���.


