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1. Introduction

In this paper, we consider the following Dirichlet problem:

1.1
u =0 on 012, (L.1)

where Q is a bounded domain in R™ and the matrix A = (a;;) of coefficients is
assumed to be symmetric and uniformly elliptic, see (2.1)—(2.2).

We are here concerned with optimal weighted LP regularity results for solu-
tions to (1.1). More precisely, our goal is to find minimal conditions both on the
coefficients a;; and on the boundary 02 of the domain under which we derive the

1550001-1


http://dx.doi.org/10.1142/S0129167X15500019

Int. J. Math. 2015.26. Downloaded from www.worldscientific.com
by SEOUL NATIONAL UNIVERSITY on 07/22/15. For personal use only.

S. Byun € M. Lee

fOllO A\ lng global \\Y eighl ed [/[’ iz eS( imat €
L u ij(Q) =cC J ij(Q)7 p S 27 oo 1‘2

with a weight w belonging to the Muckenhoupt class Ag, where the constant ¢ > 0
is independent of f and wu.

For the unweighted case that w = 1 in (1.2), it is well known that there does
not exist a unique strong solution in W2?(2) to (1.1) under the basic structural
conditions on the coefficients like (2.1)—(2.2), even if the domain has an appropriate
smoothness condition, as we see from [26, 29, 31]. It also turned out that this
classical Dirichlet problem could not be solvable in an arbitrary bounded domain
in R™ due to the famous examples of Zaremba and Lebesgue in [24, 37]. These facts
naturally lead us to impose both a suitable additional condition on the coefficients
and a certain geometric restriction on the boundary of the domain, in order to
achieve the unique solvability of (1.1) in W?2P(Q) for the full range of p € (1, 00).

As the classical results, if the coeflicients a;; are continuous and the boundary
99 of the domain Q belongs to C?2, then the estimate (1.2) of the problem (1.1) is
valid for every 1 < p < oo, see [18, 26].

In the case of discontinuous coefficients, Miranda in [27] proved the well-
posedness of (1.1) in W22(Q) N Wy *(2) when the coefficients a,; belong to W
and 0f) is sufficiently regular. This is known for an optimal result among the LP
spaces for the nonuniqueness of the solutions in the case that a;; € Wh"=¢ e > 0.
The assumptions W™ in [27] were relaxed in [3] to the level that the first deriva-
tives of the coefficients a;; are L(n, c0), which is the so-called Marcinkiewicz space.
Since then, there have been further research activities on the W2? regularity prob-
lem, and especially, in the papers [11, 12], Chiarenza, Frasca and Longo proved the
interior and boundary W2 estimates of solutions to (1.1) when the coefficients a;;
belong to VMO and 952 belongs to C!. The approach in [11, 12] was mainly based
on the explicit representation formulas involving singular integral operators and
commutators. This approach was later generalized and applied by Palagachev, Di
Fazio, Maugeri and Softova to the quasilinear elliptic problems, see [14, 25, 26, 30].
In [22], Krylov proposed a different approach for the W?2? solvability of solutions to
the nondivergence type equations with VMO coefficients, which was mainly based
upon the use of pointwise estimates of the sharp function of second-order deriva-
tives of solutions. Many studies on L? regularity have been done via this approach
as, for instance, in [15, 16, 21, 34]. There is another approach, the so-called max-
imal function free technique, which was introduced by Acerbi and Mingione [1]
and employed later in [36] to obtain the Orlicz regularity for second-order elliptic
equations in nondivergence form with small BMO coefficients. This approach, not
using either representation formulas or maximal functions, is suitable to the cases
that a scaling in time and space is given differently such as p-Laplacian parabolic
equations and systems, see, for instance, [4, 8, 17, 23].

In accordance with such research achievements on the LP regularity, we focus
on establishing the global weighted W27 estimates for the Dirichlet problem (1.1),
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in particular, when coefficients a;; have small BMO semi-norms and the domain
is a bounded subset of R” and its boundary 2 belongs to C'':!. Indeed, our results
in this paper can be considered as a natural extension of those in [12]. To be more
exact, the LP regularity of (1.1) in [12] is a special case of the weighted LP regularity
of (1.1) when a weight w = 1. Moreover, it is worth mentioning that the class of
the coefficients which we are treating in this paper, strictly contains VMO and so
W which were previously considered, for instance, in the works [5, 12, 22, 27].

Our approach is strongly influenced by [6, 7, 10, 33, 35]. Unlike the approaches
in [1, 12, 22], we use the Hardy—Littlewood maximal function as the basic tool, to
deduce the required power decay estimates for the weighted measure of the upper
level sets for the maximal function of the second derivatives of the solutions. In
particular, an essential part in our approach is to find a local estimate of solutions of
the problem (1.1) by comparison with those of the limiting problems with constant
coefficients of the local average values of the coefficients of (1.1). Furthermore, a
weighted covering lemma and the standard flattening argument contribute largely to
derive the required global weighted W 2P estimate along with interior and boundary
weighted W2P estimates.

This paper is organized as follows. In the next section we present the relevant
notations, definitions and auxiliary lemmas to state the main results. In Sec. 3
we establish the interior weighted W?27P estimates, and then obtain the weighted
W?2P estimates near flat boundary in Sec. 4. By means of covering and flattening
arguments, we finally derive the global weighted W?2? estimate in Sec. 5.

2. Preliminary Tools and Main Result

We start this section with standard notations and definitions, and recall some lem-
mas which are basic tools to obtain the main results. Let B,(z) = {y € R" :
|z —y| < r} and B (z) = B,(z) N {x, > 0}. For the sake of simplicity, we write
B, = B,(0) and B;f = B;(0). We also denote T)(z) = B,(z) N {z, = 0} and
T, = B, N{x, = 0}.

The following definitions are associated with the conditions of the coefficient
matrix A = (a;;). We first assume that A = (a;5) : R® — R™*" is a measurable
and matrix-valued function on R"™ with the symmetric condition a;; = aj;.

Definition 2.1. We say that the coefficient matrix A is uniformly elliptic if there
is a positive constant A such that

ATHER < (A(z)€,€) < AE]? for VE € R and a.e. x € R™. (2.1)

Definition 2.2. We say that the coefficient matrix A = (a;;) is (9, R)-vanishing if

1

2
sup sup (f |A(y) — A, dy) <4, (2.2)
0<r<RzeR" B, (x)

where Ap (,) = m fBr(I) A(y)dy is the average value of A on the ball B, (z).
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In the above definition, R can be any positive number by scaling the given
equations, whereas § is invariant under such scaling. A locally integrable function
f is called of bounded mean oscillation on R™, denoted by f € BMO(R") if

1]l = sup ][ f — Tyl dir < o0,
BCR"™ B

where the supremum is taken over all balls B in R™. In the whole paper, we assume
that A = (a;;) is in the John-Nirenberg space BMO of functions of bounded mean
oscillation with small BMO semi-norms, which we defined above in (2.2). This is
a more general concept than the VMO condition appeared in other papers such as
[12, 22]. Since the coefficients a;; can be extended in R™ preserving the small BMO
condition (see [2]), we can consider the small BMO coefficients a;; to be defined in
R™ throughout this paper. Moreover, we notice that the condition (2.2) is equivalent
to the small BMO condition ||All. < ¢ by the John—Nirenberg inequality (see [20]
for details).

Before stating our main result, let us present some properties of the Mucken-
houpt classes As, 1 < s < oo, which will be treated in this paper. We say that
w is a weight in Muckenhoupt class Ag, or an Ag weight, if w is a positive locally
integrable function on R™ such that

= sup(f wajas ) (][Bwuwﬁdx)“ < too,

where the supremum is taken over all balls B C R™. If w is an Ag weight, we write
w € Ag, and [w], is called the A constant of w. The A class is stable with respect
to translation, dilation and multiplication by a positive scalar. Every Ag weight
has the doubling property, and the monotonicity As, C As,,1 < 51 < 52 < 00. A
typical example of A, weights for 1 < s < oo is the function w, (z) = |z|*, 2 € R”
where —n < o < n(s — 1). We shall identify the weight w with the measure

w(E) = / wdzx,
E
for measurable sets £ C R™.
Related to the Ay weight w is the weighted Lebesgue space L5 (2),1 < s < oo,
which contains all measurable functions g on €2 such that

1/s
Ls,(Q) = </Q Iglswdw> < +o0.

Given w € A4, 1 < s < oo and a non-negative integer m, we also define the weighted
Sobolev space W»*(£2) as the set of functions g € L5 () with weak derivatives
D%g e L3, () for |a] < m. The norm of g in W7"*(Q) is given by

1
l9llwz = ::< )y /'Da9|8wdx> _
laf<m 7€

The following is an important property of the A, weights (see [32] for details).

gl
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Lemma 2.3. Let w be an As weight for some 1 < s < oo, and let E be a measurable
subset of a ball B C R™. Then there exist two constants B,v > 0 depending only on

n and w such that
S (EY L w(E) [E1N"
] 1(— < W) g (1EN
* \IB| w(B) | B|
Unless otherwise stated, we assume that w is an Az weight for 2 < p < oo
throughout the paper. Let us now state the main theorem in this paper.

Theorem 2.4 (Main Theorem). Given 2 <p < oo and a weight w € A, there
exists a small 6 = §(A\, p,n,w,dQ) > 0 so that if A is uniformly elliptic and (0, R)-
vanishing, 9Q € CHt and |f|* € Li(Q), then the solution u € W22(Q) N Wy(Q)
of (1.1) satisfies | D?ul|? € LE(Q) with the estimate

/ | D?ulPwdz < c/ | flPwdz,
Q Q

where a constant ¢ > 0 is independent of u and f.

A strong solution of Eq. (1.1), which is treated throughout the paper, is a
twice weakly differentiable function satisfying Eq. (1.1) almost everywhere in 2 and
assuming boundary values on 92 in classical or in general sense, while a classical
solution of the equation must be at least twice continuously differentiable. Since
L?U(Q) C LY(Q) for 2 < p < oo, we remark that there is a unique strong solution
u € W2P(2) N W, P(Q) of the problem (1.1) under the given conditions including
IfI? € Lé(Q) according to the results in [12].

One of the main tools in our approach for proving the main theorem is the
Hardy-Littlewood maximal function which controls the local behavior of a function.
For a locally integrable function g defined in R, we denote the maximal function
of g by

1
Mg() = sup B L. l9(y)ldy,

at each point z € R"™. We also use
Mag = M(xag)

if g is not defined outside €.
We shall use the basic properties of the Hardy-Littlewood maximal function as
follows:

(1) (strong p-p estimate)
Mgl Lr@ny < cllgllr@ny for 1 <p < oo,

where a constant ¢ depends only on n and p.
(2) (weak 1-1 estimate)

c
{z e R": Mg(z) > t}| < E”gHLl(Rn) for V¢ >0,
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where a constant ¢ depends only on n.

The following is the so-called Muckenhoupt’s theorem (see [28] for details). Since
L (R™) C LL (R") for 1 < s < 0o, Mg is meaningful when g € L3 (R™).

loc

Lemma 2.5. Suppose w € Ags where 1 < s < oo. Then there exists a constant
c=c(n,s,[w]s) >0 such that

/ (Mg)*wdx < c/ lg|*wdx (2.3)

whenever g € L5 (R™). Conversely, if (2.3) holds for every g € LS (R™), then w € As.

We also need the following standard measure theory from [9].

Lemma 2.6. Suppose g is a non-negative measurable function in a bounded domain
Q CR" Letn >0 and M > 1 be constants and w be a weight in R™. Then for
0< s < o0,

g€ L () if and only if S = ZMSkw({x €Q:g(x) >nM*}) < oo
k>1

and moreover

'S < gl

Lo () < c(w(Q) +5),
where ¢ > 0 is a constant depending only on 1, M and s.

We next introduce one of the main tools which will be used repeatedly in the
proofs of the weighted interior and boundary W?2P? estimates.

Lemma 2.7 (Vitali Covering Lemma). Let C be a class of balls B, in R™ with
their radit bounded above. Then there exist disjoint balls {Ba,}2, C {Ba}a such
that

U Ba 5B,
where 5B, denotes the ball with the same center as B,, bul with five times the
radius.

Indeed, we shall employ the following modified versions of Vitali covering lemma.
They can be obtained from the above Vitali covering lemma, see the papers [6, 33]
for their proofs and more details.

Lemma 2.8. Let 0 < e < 1, and E and F be measurable sets with E C F C By
such that

(1) |E| < €|B1]| and
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(2) for every x € By with |EN B(z)| > ¢|B,|,B.(x) N By C F.
Then |E| < 10™¢|F|.

Lemma 2.9. Let 0 < ¢ < 1, and E and F be measurable sets with E C F C By
such that

(1) |E| < ¢|Bf| and
(2) for every x € B with |E N B,(z)| > €|B,|, B.(x) N B C F.

Then |E| < 2(10™)e| F.

The following lemma is the weighted version of the modified Vitali covering
lemma.

Lemma 2.10. Let w be an As weight for some 1 < s < 0o. Let 0 < € < 1 and
suppose that the measurable sets E and F with E C F C Bfr satisfy the following
properties:

(1) w(E) < ew(By), and
(2) for every x € Bf and 0 <r <1,

w(E N B(x)) > ew(B,(z)) implies B,(z) N B} C F.
Then w(E) < 20™e[w]?w(F).

Proof. In view of (1), for almost all = € E, there is a small p, > 0 such that
w(EN By, (@) = ew(B,,(z)) and

(2.4)
w(E N B,()) < ew(B,(x)), Vpe (po1]

Since {B,, (z)}secr covers E with p, < 1, the Vitali covering lemma, Lemma 2.7,
implies that there is a countable {z;}72; so that the balls B, (z;) are mutually
disjoint and E C |J; Bsp, (vi). Then by Lemma 2.3 and (2.4),

W(E O By, (2)) < ew(Bs,,, (2:)) < lwl 5™ w(B,,, (x))).
‘We notice that

B
sup sup % < 4",
0<p=1yecBf |B (z )031 ‘

Therefore from Lemma 2.3, we finally obtain

w(E) <w | BN Bsp,, (@) | <3 elwls5™w(By,, (2:))

i>1 i>1
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< [w]2207°¢ Y " w(B,, (x;) N BY)

i>1

< [w]?20™% ew U By, (z)N Bf | <20™¢[w)?w(F),
i>1

where the last inequality comes from (2.4) and the second hypothesis. O

We end this section with the following standard iteration lemma (see [19]).

Lemma 2.11. Let g : [a,b] — R be a bounded non-negative function. Assume that
for any t,s such that 0 < a <t <s <D,

A
(s —1)*
where A, B >0, >0 and 0 <n < 1. Then we have

g(t)Sc( A +B>

(s— )0

g(t) <ng(s) + + B,

for some constant ¢ = c¢(a,n) > 0.

3. Interior Weighted Estimates

In this section, we shall prove the interior weighted W?2? estimates for the nondi-
vergence type elliptic equation (1.1) via the so-called maximal function approach,
which is different from those previously used, for instance, in [11, 22]. We begin
with the interior unweighted W22 estimates for Eq. (1.1) from [11].

Lemma 3.1. There exists a small § = 6(A,n) > 0 such that if A is uniformly
elliptic and (8, 6)-vanishing and if f € L*(Bg), then for any solution u € W*2(Bg)
of ai;Diju = [ in Bg, we have the estimate

1D?ull 25,y < el fllL2(s) + lullL2(6))s
where a constant ¢ > 0 is independent of u and f.

The following is the main theorem in this section.

Theorem 3.2. Given 2 < p < oo and a weight w € Ag, there exists a small

0 =06(A,p,n,w) >0 such that if A is uniformly elliptic and (0,6)-vanishing and if
P

|fI? € Lz (Bs), then for any solution u € W22(Bg) of

aijDiju = f m B6, (31)
there holds |D?u|? € Lé(Bl) and we have the estimate

1D%u|

o8y < clfllze ) + llullz2(Bs))s (3.2)

where a constant ¢ > 0 is independent of u and f.
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We need the following approximation lemma.

Lemma 3.3. There is a positive constant Ny = N1(A,n) so that for any € > 0
there exists a small § = 6(e, A,n) > 0 such that if u € W22(Q) is a solution of
aijDiju = f i Q D Bg with

{z e Q: M(|D*u)(z) <1} n{z € Q: M(|f)*)(x) <3*yNBL #0  (3.3)
and if A is uniformly elliptic and (9, 6)-vanishing, then

Hx € Q: M(|D*ul*)(x) > N2} N By| < €|By].

Proof. From the condition (3.3), there is a point xg € By such that
1

— |D?ul?dr <1 and
1Byl J B, (z0)n0

|f|Pdz < 67,
1Byl /B, (z0)n02

for any p > 0. Note By C Bs(z) to see that

f |D?u|?dx < <§> f |D?u|?dx < 27
By 4 B5(I0)OQ

Likewise, we have that
][ |f|?dx < 2762
By
We then use the Poincaré inequality to discover that

][ |Du — (D), |*dz < c][ |D?ul?*dx < c
B4 B4

for some positive constant ¢ = ¢(n).
We next let v € W22(By) be the solution of

a_ijB4Dijv =0 in By,
v=u— (u)p, — (Du)p, - on OBy,

to find that for some constant ¢ = ¢(n),

f | Dv|?dx < c][ |Du — (Du),|*dz < c.
B4 B4

We then use the local C1! estimates to discover

D%l 5y < of Dol < N,
4

for some constant Nog = Ny(n, A) > 0.
Setting h = u— (u) g, — (Du) B, - — v, we see that h € W22(Bs) is a solution of

aijDijh = f — (aij - W‘jB4)D¢jU in Bs.
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Then applying Lemma 3.1, we proceed as in Corollary 4.4 to discover that
f |D?(u — v)|2dz < b2,
B>
where ¢ is a positive constant depending only on n, A.
We next write N1 = max{4N¢,2"} and claim
{x € By : M(|D?*u*)(z) > N} C {x € By : Mp,(|D*(u—v)*)(z) > NZ}.
(3.4)
Indeed, suppose z1 € {z € By : Mp,(|D*(u — v)|?)(z) < NZ}. Then for p < 2,
B,(z1) C Bz and so

f |D?ul?dx < 2f (|D*(u — v)|* + | D*v|*)dx
By (x1) By (1)

< 2Mp, (ID?(u —v)[*)(21) + 2N
< 4NZ.
On the other hand, if p > 2,29 € B,(z1) C Ba,(x0), and so we find that

][ |D?ul?dx < 2”% |D?ul?dz < 27,
B, (z1) B2y (z0)

Therefore, x1 € {z € By : M(|D?ul?)(z) < N?#}, and so the claim (3.4) is proved.
From (3.4) and the weak 1-1 estimate, we finally get

ﬁ\{x € By : M(|D*ul*)(z) > N7}
< ﬁux € B1: M, (|D*(u—v)[*)(w) > N§}|

< cf |D?(u — v)|*de < ¢6* < ¢
B>

by taking ¢ satisfying the last inequality above, with ¢ being depending only
on n,A. O

With the approximation lemma above, we have its weighted version whose proof
is similar to that of Lemma 4.6.

Lemma 3.4. Let w be an Ag weight in R™ for some 1 < s < 0o,y € Q and r > 0.
Then there is a constant Ni(n,A) > 0 so that for any € > 0, there exists a small
§ = 0(e,A,n,w,s) > 0 such that if u € W?2(Q) is a solution of a;jD;ju = f in
Q D Bg(y) with

{z € Q: M(D?u)(x) < 1} 0 {z € Q: M(f1?)(x) < 6%} N By(y) £
and if A is uniformly elliptic and (9, 67)-vanishing, then we have
w({z € By : M(|D*uf*)(z) > N{} N B, (y)) < ew(B,(y))-

By a scaling argument, we now have the following lemma.
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Int. J. Math. 2015.26. Downloaded from www.worldscientific.com
by SEOUL NATIONAL UNIVERSITY on 07/22/15. For personal use only.

Global weighted WP estimates

Lemma 3.5. Let w be an As weight in R™ for some 1 < s < oo. Then there
is a constant Ny = Ni(n,A) > 0 so that for any € > 0, there exists a small
§ = d0(e,A,n,w,s) > 0 such that if u € W?2(Q) is a solution of a;jD;ju = f in
Q D Bg with

w({z € Br: M(ID*ul*)(x) > Ni} N By (y)) = ew(B,(y))

for all y € By and for all v € (0, %), and if A is uniformly elliptic and (0,6)-

vanishing, then we have
B.(y)N By C {x € By : M(|D*u|?)(z) > 1} U {x € By : M(|f]*)(z) > 6°}.

In view of Lemma 2.8, we derive the following power decay estimate. We refer
to the proof of Lemma 4.8 for its completeness.

Lemma 3.6. Under the same assumptions as in Lemma 3.5, we further assume
w({z € Q: M(|D*ul?)(x) > N7} N By) < ew(By).

Then we have
w({z € By : M(ID*ul*)(x) > N{*})

< fw({z € By : M(|D?ul?)(x) > 1})

k
+ Zeiw({x € By : M(|f]?)(z) > 62N2*=D}),
i=1

where ¢ = 10™e[w]?.

We are now ready to prove the main theorem of this section. Let us take Ny, e
and the corresponding § to be the same as in the previous lemma.

Proof of Theorem 3.2. In this proof, we denote ¢ to mean a universal constant

which can be computed in terms of n,A,p and w. From the assumptions that
p

|fI* € Li(Bs),w € Ap and Holder inequality, we find

[rtar< ([ ipuds)” @ B0)F < liBypy. 69)
Bs Bg

and so |f| € L?(Bg). Then by Lemma 3.1, there exists a unique solution u of (3.1)
with the estimate

1Dl 2B,y < ¢ (1f1r2(Be) + lullL2(ms))- (3.6)

and f = 3f 3 Observe

We consider u =
(1l e, WAl ep (g TlullL2 sg)

u
() TllullL2(54))

that 4 € W22(Bg) is a solution of
aijDijﬂ = f in B6
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with ”fNHLz(Be.) + HfLHLz(BG) < C”]EHLﬁ,(Bg) + HfLHLz(BG) < ¢d. Then it follows
from (3.5), (3.6) and the weak 1-1 estimate that

e € Bu s MD®P)@) > NE)

< cf |D?4)?dx < ¢ <f |f|2da +][ ﬂ|2dx> < b
Bl BG BG

We then recall Lemma 2.3 to discover that

By € By MUD? ) () > NE))

< p (L B MUD ) > )

) < cB6% < e,

by taking J in order to get the last inequality. Thus we are under the hypotheses
of Lemma 3.6. We recall Lemmas 2.5 and 2.6 to observe that

~||P

i; <ec.

L%, (Bg)

Y Nw({z e Bi: M(fI?)(x) > 8°Ni*}) < ¢
k=1

Then by Lemma 3.6, we have

> NPfw({z € By : M(ID*i*)(x) > N*})

k=1
<> N {elw {z € By : M(ID%a|*)(z) > 1})
k=1

k
+2_dwl{z € B M(FP)() > 62Nf<’”’}>}

NPRw({z € B : M(ID%) (@) > 1})

tnqg

x>
Il
—

+Z(Nf€1 <Z Np w({z € By : (‘f‘Q)(x) > 52N12(ki)})>

Mg

(NPe)*(w(By) + ¢).

b
I
—

We now take €1 so that Nfel < 1, and then we conclude from Lemmas 2.5 and 2.6
that ||D?@l|pr g5,y < ¢ for some positive constant ¢* = ¢*(A,n,p,w). We return
from @ to u and make a standard procedure for higher integrability for u, to finally
derive the desired estimate (3.2). m|
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4. Weighted Estimates on the Flat Domain

In this section, we derive a weighted W?2? estimate on the flat boundary. To this
end, we consider a special case that the domain under consideration is a half ball.
We start with an unweighted W22 estimate near the flat boundary from [12].

Lemma 4.1. There exists a small 6 = §(A,n) > 0 so that if A is uniformly elliptic
and (8, 6)-vanishing and if f € L*(Bg), then for any solution u € W22(B{) of

aijDiju = f m Bg—,
u =0 on Tg,
we have the estimate
||D2U||L2(Bl+) < C(Hme(BG*) + HUHB(B;))a
where a constant ¢ > 0 is independent of u and f.

We now state the main theorem in this section.

Theorem 4.2. Given 2 < p < oo and a weight w € A%, there exists a small

0 = §(A,p,n,w) > 0 so that if A is uniformly elliptic and (0,6)-vanishing and
p

\f|? € La(BY), then a solution u € W22(Bg) of

a;iDiiu = in B,
sDigu=1 ‘ (4.1)
u=>0 on Tg,
satisfies | D*ul|? € L%(Bf) with the estimate
HDzuHLﬁ,(Bf') < c(HfHLﬁ,(Bg') + ||u||L2(Bg'))7 (4.2)

where a constant ¢ > 0 is independent of u and f.

The following is a key lemma to prove the above main result in this section.

Lemma 4.3. For any € > 0, there is a small 6 = 0(e,n,A) > 0 so that if u €
W?22(B{) is a solution of

ai;Diju=f in B+,
i 6 (4.3)
u=20 on Tg,
with
f |D?ul?dz <1 and ][ 1f2+ A - AgsPde < 62,
Bf Bf *
then there exists a solution v € W>2(Bf) of
@BIDUU =0 n BZ, (4 4)
v=0 on Ty, .
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with

][ |D?v|?dx < 1
Bf
such that
/ lu — (Dpu) g+ o, — v]2dz < .
Bf 4
Proof. We argue by contradiction. If not, there exist eg > 0, {ur}p2,, {fe}32,
and {Ap}2, = {(afj)}zozl such that uy, € W22(BJ) is a solution of

k : +
{aijDijuk = fk mn B6 s

ur =0 on Tg,
with
S 1
][ |D?ug|*dx <1 and ][ | fil? + Ak — Ay pr |Pd < —, (4.5)
Bf Bf 4 k2
but
/B+ |ug — (Dnuk)Brxn —v|?dz > €2, (4.6)
4
for any solution v € W22(By) of (4.4) satisfying
]/ D20[2dz < 1.
Bf
We write wy, := up — (Dnuk)Brxn and claim
”wk”WQ-?(BZ') <c (4.7)

for some positive constant ¢ = ¢(n,A). To do this, recalling D;ur, = 0 on Ty for
1 <i < n—1, we use Poincaré inequality and (4.5) to find that for some ¢ = ¢
(n) >0,

f |D; (wy)|*da < c][ |D;(ug)|?dx < c][ |D?uy)?dx < ¢
B Bf Bf
for 1 <i <n — 1. Moreover, we see that
f | Dy (wy)|?dx = f |Dypuk — (Dpug) g+ |*d < cf |D?uy|?dx < ¢
B 5 : B

for some constant ¢ = ¢(n) > 0. Thus, we have that for some positive constant
¢ =c(n,N),

][ +|Dwk\2dgc <ec. (4.8)
B

4
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But then, since wy, = 0 in Ty, it follows from the Poincaré inequality and (4.8) that
for some ¢ = ¢(n) > 0,

][B+|wk|2da: < c][B+ | Dwy,|*dz < c. (4.9)
4

4

We next recall (4.5) to see that

][ | D?wy|?da :f | D%y |*dx < 1. (4.10)
B B

Then the claim (4.7) follows from (4.8)—(4.10). Consequently, there exist a sub-
sequence of {wy}%2,, which we still denote by {wg}32,, and a function wy €
W22(Bf) such that

wy, — wo weakly in W22(BJ) and wy — wq strongly in L*(B}). (4.11)

In addition, it follows from (4.10) and (4.11) that

][ |D?wo|?dx < 1. (4.12)
B+

4

Since {A_k'Bj} is uniformly bounded in L>(B}"), it also has a subsequence, which
is denoted by {Ay}, such that ||Ay — Aol o (pry — 0 as k — oo for some constant
matrix Ag = (aj;). Then by (4.5), we have

A, — Ay in L3(BY). (4.13)
From (4.5), (4.11) and (4.13), it is easy to check that wy € W22(B]) is a solution of

3 +
{CL%D”‘U)O =0 in B4 y

wy =0 on Tjy.

We then recall (4.11) and (4.12) to reach a contradiction to the inequality (4.6).
This completes the proof. O

Corollary 4.4. Under the hypotheses and conclusion of Lemma 4.3, we have

][ |D?(u — v)|*dx < €2
By

Proof. We apply Lemma 4.3 to i and d(n, n, A) replaced by € and 6(e, n, A) respec-
tively, to find that there is a solution v € W22(B}) of (4.4) such that

fB+|D2v|2dx <1 and /B+ lu — (Dnu)BIxn —v|?dx < 7?,

4 4
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provided that
fo 1 1A~ By P < 52
Bf 4
Then by C! regularity for (4.4) up to the flat boundary, we discover that
2 2 2 12
D20 ) < of | |DPuPds <
4

for some positive constant ¢ = ¢(n, A).
We next observe that h = u — (Dnu)Bzxn —v € W2%(BY) is a solution of

aijDijh = f — (aij — @ gy ) Dijv in By,
h =20 on Tg.
Then according to Lemma 4.1, we compute for some constant ¢ = ¢(n, A) > 0,

f |D?(u —v)[2dx < ¢ <][ |f — (ai; — a_ijB+)Dijv\2dx
Bf I 4

By

—|—f lu — (Dpu) g+ o — v|*da

B !

< 2d D?v|? i — G| d
C(][BIL}C .’E+|| vHLoo(B;r) BI|aJ aJBZ" €z

+/ lu — (Dpu) g+ xpn — v2dx>
Bf !

< (6% +n?) < €,

if we take n and ¢ satisfying the last inequality. This finishes the proof. |

Lemma 4.5. There is a positive constant N1 = Ni(n,A) so that for any € > 0,
there exists § = (e, A,n) > 0 such that if u € W22(Q) N Wy*(Q) is a solution of
a;iDiiu = in Q> B,
i f 6 (4.14)
u=20 on 00 D Tg,
with
B n{x € Q: M(|D*u*)(z) <1}n{z € Q: M(|f|*)(x) < 6%} #0, (4.15)
and if A is uniformly elliptic and (9, 6)-vanishing, then there holds

|{z € Q: M(|D*ul?)(z) > N7} N B | < ¢|Bf|.

Proof. From the hypothesis (4.15), there exists a point 2o € B so that
1

B |D?ul?*dz <1 and
| p‘ B (z0)NQ

Bl o )Q\f|2da:§52 for all p > 0.
14 p (xo)N
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Since B C By (z0), we can get

][ |D?ul?dx < <§) ][ |D?u|?dx < 2"
B 1)) B (o)

]/ Pz < 278,
By

and similarly

|~

Let us apply Corollary 4.4 to Eq. (4.14) with w and f replaced by ( 7 )u and (
respectively, in order to have that for any 1 > 0, there exist a small 0 =194(n)
a positive constant Ny = No(n, A) and a solution v € W22(B]) of

R _ . —+
{aijBIDijv =0 in B4 s

v=20 on Ty

)f
07

2

A\VASE

such that

1% s, < NG and ][ ID2(u— v)Pda < P,
provided that
f 1fI>+ 1A — Ay |Pdr < 52
B} 4

Then we can now show in almost the same way as we did in the proof of Lemma 3.3
that
{x € Bff : M(|D*ul?) > N?} c {x € B : MBI(|D2(u —v)*) > N2},  (4.16)

where N2 := max{4N§, 2"}, So we discover that for some ¢ = ¢(n, A) > 0,

5l € BE - MODM?) > N2y

|B+‘|{x€B MB+(\D (u —v)|?) > NZ}|

< cf |D?(u —v)2de < en? <e,
Bt

2

if we take n and § satisfying the last inequality above. O

Lemma 4.6. Let w be an Ag weight in R™ for some 1 < s < 0o. There is a positive
constant Ny = N1(A,n) so that for any € > 0 and for every 0 < r < 1, there exists
a small § = §(e, A, n,w, s) > 0 such that if u € W»2(Q) N W,*(Q) is a solution of

aijDiju=f in§D BGT7
u=20 on 00 D T,
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with
Bf n{z e Q: M(D2u)(z) <1} n{z € Q: M(|f1?)(x) < 6%} £0, (4.17)
and if A is uniformly elliptic and (8, 6r)-vanishing, then
w({z € Q: M(D*u?)(2) > N7} 1 BY) < ew(By).

Proof. Let us first define a;;(z) = a;;(rz), a(z) = ( @), f(x) = f(rz) and Q =
{Lz: 2 € Q}. Then we note that & € W22(Q) N W0 2(€2) is the solution of

{

Let € > 0 be given and choose 6 = §(¢, A, n,w, s) as in Lemma 4.5 with e replaced
by (%)%, where [ and v are the constants in Lemma 2.3. From (4.17), there exists
zo € B n{z € Q : M(|D*u*)(z) < 1} n{z € Q : M(|f]*)(z) < 6%}. Then
20 :=1xg € Bf N{z € Q: M(ID%*u?)(z) < 13N {z € Q: M(|f]?)(z) < §?}. Since

all the hypotheses of Lemma 4.5 are satisfied, Lemma 4.5 gives

UD”{L:JE iHQDBg,
=0 on@QDTg.

Qt

[~31

{z € Q: M(ID*af*)(2) > N7} N B | < (m) "Bt
Then
Hz € Q: M(|D*u*)(z) > N} N B| < <2ﬂ)”3j|. (4.18)

Using Lemma 2.3, we finally get from (4.18) that
w ({z € Q: M(|D*u|*)(z) > N{} N B;")

<{w € Q: M(ID*uf?)(x) > N} N BY|
B

IN
@

)Vw<Br+>

IN
| o

w(B) < ew(B). O

Lemma 4.7. Let w be an As weight in R™ for some 1 < s < oo. Then there is
a constant N1 = N1(A,n,w) > 0 so that for any ¢ > 0,0 < r < % and y € By,
there exists a small § = 8(e,n, A,w) > 0 such that if u € W22(Q) N W, %(Q) is a
solution of

aijDiyju=f in Q> B{,
{u =0 on 00 D Tg,
with
w({z € Bf : M(ID*u?*)(z) > N{} N B, (y)) > ew(By(y)) (4.19)
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and if A is uniformly elliptic and (9, 6)-vanishing, then

B,(y) N Bf C {z e Bff : M(|D*u|?)(z) > 1} U{z € Bf : M(|f|*)(z) > §°}.
(4.20)

Proof. We prove it by contradiction. To do this, assume that (4.19) holds and the
conclusion (4.20) is false. Then there is a point 2o = (2¢’,20,) € B,(y) N B} such
that

1

B |D?ul|?*dz <1 and
‘ p‘ B (0)NQ

[P de < 62,
|Bp‘ B (z0)NQ

for any p > 0. If Bg,(29) C By, it can be done from Lemma 3.5. Thus we need
only to consider the case Bg, (o) ¢ Bg‘ , which implies Bg, (o) N T # 0. One can
easily check that (z¢’,0) € 71 and moreover

B.(y) N By € Bf.(w0) C B, (2¢',0) C By, (w0',0) C B C Q,

v

for 0 <r < 11—8. Apply Lemma 4.6 to Bj,,.(z¢’,0) with e replaced by W,
sS\5
to derive that

—w({x R 2ul®)(z 2 »
By € Bl MUD®) (@) > NE} 0 B (1)
1

—w({x o (xo',0) 2ul?)(x 2
< e € Bl 0 MUD*P)@) > NE)

2 cw(B, (2/,0))
Bl (2)"7 20" w(B, (y))

However, Lemma 2.3 implies

+ 1%
w(Biy (2. 0)) < (Bm') w(Baor (3))

| Baor|
< pa-v (%) on (%)sw(&(y))

=02 (2) o)

since B, (20’,0) C Bao,(y). Hence we eventually obtain
1
w(Br(y))

which is a contradiction. O

w({z € B : M(ID*ul?)(x) > N7} N B, (y)) <e,

Lemma 4.8. Let w be an Ag weight in R™ for some 1 < s < oo and let Ny be
given by Lemma 4.7. For any € > 0, there exists § = (e, A, n,w, s) > 0 such that if
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we W22(Q) N W, 2(Q) is a solution of
aijDiyju=f in Q> B{,
{u =0 on 0Q D T,

with

w({z € Q: M(|D?*ul?)(z) > N2} N B) < ew(B") (4.21)
and if A is uniformly elliptic and (9, 6)-vanishing, then

w({e € BY  M(ID*u?)(x) > N2+Y)

< eqw({z € BY : M(|D*uf?)(z) > 1})

k

+ Y dul{e € B : M(fP)(@) > N7y,

i=1

where € = 20" e[w]?.

Proof. We use Lemma 2.10 on
E :={x € Bf : M(|D*u|?)(x) > N{} and
F:={ze Bf“ : M(\D2u|2)(x) >1tu{z e Bf : M(|f\2)(x) > (52}.

From (4.21) and Lemma 4.7, we easily check that E and F satisfy the hypotheses
of Lemma 2.10. Then Lemma 2.10 gives w(E) < e;w(F) with e = 20™%¢[w]?,
that is,

w({z € B : M(ID*ul*)(z) > N7})
< aw({e € Bf : M(ID*u?)(2) > 1))
+eaw({z € Bf : M(If[*)(z) > 6°}).
For any k£ > 2, we know
Ey = {z € Bf : M(|D*u*)(z) > N}} C E,

and so w(Ey) < ew(B;). Therefore for each A := NF™! uy := Le W) N
W, 2(Q) is a solution of

{aijDiju,\ =f\ inQ>B{,
uy =0 on 092 D Tg,
with w(E}) < ew(Bj), and so
w({z € B : M(|D*ux|*)(z) > N{})
< aw({z € Bf : M(|D?u,|*)(z) > 1})
+eaw{z € B : M(IL7)(2) > 6°}),
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where f) = § and E = {z € B : M(|D?uy|?)(z) > NF}. Hence we find
w({z € Bf : M(|D*ul?)(z) > NYA*})
< qw({z € Bf : M(|D?u|?)(x) > \?})
+ew({x € B - M(|f1?)(z) > 6*)\?}).
Iterating the foregoing estimate, we finally derive
w({z € Bf : M(ID*ul*)(z) > Ni*})
< du({z € Bf : M(D*uf?)(@) > 1})
k
+ Y cdu({z € Bf : M(IfP)(@) > N,
i=1
for any positive integer k. |
Now we are ready to give a proof of Theorem 4.2. Let us take Ni,e and the

corresponding § given by the previous lemma. Hereafter we employ ¢ to denote any
constant that can be computed in terms of n, A, p and w.

Proof of Theorem 4.2. Since |f|? € L?;(Q)7 we have

—2

/Q f2d < ( / f|pwda:)% (w3 (2)"F (4.22)

by Holder inequality and so |f| € L?*(). Then Lemma 4.1 gives that there is a
unique solution u € W22(B{) of (4.1) with the estimate

||D2u||L2(Bl+) < c(HfHLQ(Bg') + HUHLQ(BQ'))7 (4.23)

with the constant ¢ independent of w and f.
We write u = a7 and f =

3 Then we

du f
T UErpeses I ey

Lh () L2<Bﬁ+>)

see that
Hf||L2(Bg) + [l L2 gty < 0,
and @ € W22(B{) is a solution of
aijDiji=f in B,
{ﬁ =0 on Tg.
Then by (4.22), (4.23) and the weak 1-1 estimate, we deduce

1
|BY|

< c]/ \D2if2dz < c <][ Fl2da +]/ |11|2da:> < e? < (i> "
By B BF 20

1

{z € B : M(ID*a|*)(x) > N7}
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by taking ¢ in order to get the last inequality, and hence Lemma 2.3 yields

w ({z € Bf :

<

=

M(|D*a*)(x) > Ni})

€
2

[l B : M(D%a)(x) > Nf})ywwm

By |

w(B) < ew(BT").

Observe |f|* € Li(B) with ||f] 1y 55, < 6 and recall Lemmas 2.5 and 2.6, to

discover that ||M(|f]? )||2

p
2
w

- < ¢éP, and so
6

> Nw({z € Bf : M(If1*)(2) > 6°Ni*})
k=1

o0
<N
k=1

<c|IM

Fw |z e Bf : M ’% (z) > NF
~12 % ~ P
§ <c i <ec.
Lg(Bg’) LQ(B(?)

Therefore it follows from Lemma 4.8 that for some ¢ = ¢(n, A, w,p) > 0,

ZNP ({z € B :

k=1
k

i=1

tnqg

x>
Il
—

M(ID*af*)(x) > NP*})

Z {Elw {z € B+ (\D2ﬁ|2)(x) > 1))
+cw({z € Bf : M(fP) () > 62Nf<“)}>}

NP efw({z € Bf : M(ID%af*)(z) > 1})

+ Y (ZN” w({z € BY - <f2><x>>62Nf<’”>}>>

NE

<

x>
Il

1

NP e (w(Bf) +¢) < ¢

by taking €; so that NYe; < 1. Then we employ once again Lemmas 2.5 and 2.6 to
find HD%:LHL%(BT) < ¢, which in turn implies the desired estimate (4.2).
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5. The Proof of Main Theorem

In this section we shall prove our main result, Theorem 2.4, via standard covering
and flattening arguments. To be brief, we first derive the a priori weighted WP
estimate from the interior and boundary estimates which we have obtained in the
previous sections. We then remove the a priori assumption by an approximation
procedure, to complete our proof. Once again we denote by ¢ to mean a universal
constant being dependent only on n, A, w, p and 0f2.

Proof of Theorem 2.4. We start with the a priori assumption that
u € WAP(Q). (5.1)
Fix any point zg € 0. Since 9Q € C1!, we assume that
QN Br(zg) ={x € Q:ax, > (')} N Br(z0)
for some small 7 > 0 and for some C*! function v : R*~! — R satisfying 5—;(356) =

0 for any « = 1,2,...,n — 1 and [|[/*y||pe(gn-1) < oo. We now use change of
variables to flatten out the boundary near zy. To do this, define

{yi =z = ®i(z), fi=1,2,....,n—1,
Yn = xp — (') =: D" (),

and write y = ®(z). We set ® := ¥~! and write = ¥(y). Choose s > 0 so small
that the half ball B, C ®(QN B, (2¢)). Define @(y) = u(¥(y)) = u(z) for y € By,

and w(y) = w(¥(y)) for y € R". Then it can be readily checked that w € Az and
i € W22(Bg,) is a solution of

{

i (y) = aij (¥ ()L, (¥(y)) @7 (¥(y)), and

Fly) = F¥()) = aij (¥(9)) D%z, (¥ (y)) Dy,

We now recall the imposed conditions on A and 92 and the a priori assump-
tion (5.1), to observe that f € LE (B{,). We also check that the resulting matrix

A(y) = (@m(y) = [V2(T(y)] - A(¥(y)) - [VR(T(y)))'

satisfies a small BMO assumption. Indeed, note from the conditions on A and 99
that

Qv

~ rs . +
lmDylymu =f n BGS’
=0

on Tgs,

=31

where

Al < c(||A]l. + IV Lo (B2 () + ||V’Y||2Loo(3;(z6))) <c(§+r+r?),

where B/ (') := {y’ € R* ' : |y —2/| < p} is a ball in R"~'. Then we choose
0=4d(n,A,v)>0and r = r(n,A,v) > 0 sufficiently small so that all the hypotheses

of Theorem 4.2 with 71(;2@,) , A(sy), f(sy) and w(sy) for y € By are satisfied. In turn,
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we apply Theorem 4.2, and then rescale back, to discover that |D?a|? € LE (BY)

with the estimate
2 1p - | fIPody + L ||?d
|D*u|Pwdy < ¢ N YT o N Y
B Bgs Bgs
s —_———

Il 12
We recall 992 € CH1 and @ € W2P(Q), to derive

L < / F(D)Pidy + ¢ / DifPidy
B By,

6s

2

1

< [ 1ty +ers [ |prarady+ )y [ P
By, By, ¥ JBy,

where we have used the weighted Sobolev interpolation inequality for any small

7 > 0, see [13]. On the other hand, we recall @ € Az and use Holder’s inequality

to find

p—2

1 —2 7
I < — / |u|Pwdy / wr2dy
§4P Bﬁt BT+

6s

. |B{lE / I
<[], —=881 P
< [w}EUN)(Bg_S)SQP B2 ‘u| wdy

<l AL / [P
=5 (Bo)s? \ Sy Y
c
-
S L

6s

from a direct computation using Lemma 2.3 that

B(BE) o (1BEINE
o(By) =7 <|366|> '

Consequently, we discover

/ |D%@|Pidy < crs? / | D?@|Pvdy
B By,
C(T7p) 1 ~|P,7 P,
+c T [ufPwdy + ¢ |f(¥)[Pody
S S Bﬁt Bt

6s
< crsP
B+

6s

v |

\D2a|pzbdy+%/ |ﬁ|pwdy+c/ |£(0)|Pady.
57 JBg, Bg,

Take 7 > 0 sufficiently small and apply Lemma 2.11 to deduce that for any 6 €
(0, 1),

~ 1
20 dy < P, ~ 1P

6R
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by letting R := 6s. Therefore it follows that

/ |D2aPivdy < ¢ (/
BF By,

6s

1
Pa7 _ 77 |Pa7y
ity + o [ wdy>.

Converting back to the z-variables, we conclude
9 1
|D*ulPwdz < ¢ |fPwde + — |u|Pwdz
v, ¥(BE,) 5% Jusd)

S%(/ |fpwdx+/u|pwdx>,
s \Ja Q

where V; := W(B). Since 9 is compact, we can cover 92 by a finite number of
sets Vs, , Vs, ..., Vsy as above and find a finite number of small positive constants
S1,82,...,SNn. We therefore have, by summing the resulting estimates, along with
the interior estimate over some open set V, € €2 so that Q C Ufio Vs, , that

ID?uf? € LE(Q)

with the estimate

/ |D2ulPwdz < ¢ </ | f|Pwdz —|—/ |upwdx).
Q Q Q

In addition, using the uniqueness of W2 solutions, we eventually obtain the desired
estimate

/ | D?u|Pwdz < c/ | f|Pwdzx. (5.2)
Q Q

Now it remains to remove the a priori assumption (5.1). To this end, select a
sequence {afj}zil of smooth functions with uniform (8, R)-vanishing property such
that

af; — ai; in L*(Q) for each 1 <t < oo. (5.3)

We also take a sequence {f*}%, of smooth functions in C§°(Q) satisfying
P f i L) and [ < el flln ) (5.4)
Then there exists a unique solution u* € W22(Q) N W,*(Q) of

ak-Diiuf = fF in Q,
P (5.5)
uf =0 on 09).
Needless to say, these solutions u* are in W2:?(Q). But then from the estimate (5.2),
we have

126 10 < elf* o), (5.6)
where ¢ is independent of k. Thus it follows from (5.4) and (5.6) that
1D || 12 0y < el fllea)- (5.7)
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On the other hand, we recall the interpolation inequality in [13], and then use the
weighted Poincaré inequality, to discover

/\Duk\pwdx ST/ \uk|pwdx—|—c(7')/ | D2u*|Pwdx
Q Q o
SCT/ |Duk\pwdx—|—c(7')/ | D2u* Pwdz.
Q Q

We then select small 7 > 0 to derive
DU || 1,0y < el D> || s ) < cll fllLz@)-
This estimate and the weighted Poincaré inequality imply
¥l 12 ) < ellDu¥| e 0y < el D> || 1o @) < el flle )

and thus {u*}22 | is uniformly bounded in W2?(02). Then there exist a subsequence,
which we still denote by {u*}22 |, and a function v € W2P(12) such that

uf = v weakly in W2P(Q). (5.8)
Consequently, it follows from (5.7) that
1D?v]| 1z, () < lim inf DMl 2, () < ellfllLno)- (5.9)

In view of (5.3)—(5.5) and (5.8), we easily observe that v is also a solution of (1.1).
Then by the uniqueness for the problem (1.1) we conclude v = v. Hence the proof
is completed by (5.9). |
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