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• 1_�@«»'_ 6_�@ª�< ·ÿ��m�0ïFT�z�, 7_�@«»'_ 10_�@ª�< "k\ï>0ïF�·
N���.

• �m�¼ÿ�U�¤�< Ba���Â6Ò ¼â��̂}¹ ��À�4� ���)ç�
�E', ·ÿ��m�0ïFª�< �m�¹ÿ� Î�z�, "k\ï>0ïFª�< bô>T�Üï+ä�Üï �m�Ãç>

'å�S�
�S��¡.

• ùÏu 9�+8�ª�< 100+8�T�z�, ~�� 'Ö<��Øq� 9�+8�ª�< ·ÿ��m�0ïFª�< 8+8�(ª£�m� 1+8�, �¡�m� 0+8�), "k\ï>0ïFª�< 13+8��·


N���.

'Ö<<K 1 z�́Ãº ����̂ |9�½+Ë\�"f &ñ
_��)a �<ÊÃº f(x) =
20∑

n=0

∣∣x− n2
∣∣ _� þj�è°úכ�Ér s���.

[��·l�] �<ÊÃº��H ½̈çß� [(n − 1)2, n2] \�"f {9�	��<ÊÃºs��¦, Õª l�Ö�¦l��� x < 102 \�"f��H 6£§s�

�¦ x > 102 \�"f��H �ª�s���. ����"f �<ÊÃº_� þj�è°úכ�Ér x = 102 {9� M:s���. Õªo��¦
k∑

n=1

n2 =

k(k + 1)(2k + 1)/6 �̀¦ s�6 x
����
20∑

n=0

∣∣102 − n2
∣∣

=
10∑

n=0

(102 − n2) +
20∑

n=11

(
n2 − 102

)

=
(

11× 102 − 10× 11× 21
6

)
+

(
20× 21× 41

6
− 10× 11× 21

6
− 10× 102

)

= (11− 10)× 102 − 2× 10× 11× 21
6

+
20× 21× 41

6
= 100 + 2100

= 2200

s���.

'Ö<<K 2 ýa³ð/BNçß�\�"f ¿º d�� x + z = 0, x2 + y2 + z2 = 2 _� /BN:�xÂÒì�rÜ¼�Ð ÅÒ#Q��� "é¶õ� d��

x + 2y − z = 6 Ü¼�Ð ÅÒ#Q��� î̈
��� ��s�_� þjéß� ��o���H s���.

[��·l�] ÅÒ#Q��� "é¶�Ér "é¶&h��̀¦ ×�æd��Ü¼�Ð 
��¦ ìøÍt�2£§_� U�́s���
√

2 s���. ¢̧ "é¶_� e��_�_� ô�Ç &h�

�Ér

(1, 0,−1) cos t +
√

2(0, 1, 0) sin t = (cos t,
√

2 sin t,− cos t)
1



�Ð ÅÒ#Q�����. #�l�"f ÅÒ#Q��� î̈
�����t�_� ��o���H

|2 cos t + 2
√

2 sin t− 6|√
6

���X< ���y���<ÊÃº_� ½+Ë/BNd��\� ����"f

2 cos t + 2
√

2 sin t = 2
√

3

(
1√
3

cos t +
√

2√
3

sin t

)
= 2

√
3 cos(α− t)

s���. #�l�"f α ��H cosα = 1√
3
s��¦, sin α =

√
2√
3
�̀¦ ëß�7á¤
���H z�́Ãºs���.

−2
√

3− 6 ≤ 2
√

3 cos(α− t)− 6 ≤ 2
√

3− 6 ≤ 0

s�Ù¼�Ð,
6− 2

√
3√

6
≤ |2 cos t + 2

√
2 sin t− 6|√
6

≤ 6 + 2
√

3√
6

s���. ����"f þjéß���o���H
6− 2

√
3√

6
=
√

6−
√

2

s���.

(Z>�K�) î̈
��� x + z = 0�Ér ÅÒ#Q��� ½̈_� ×�æd���̀¦ t����¦, î̈
��� x + 2y − z = 6 õ� Ãºf��s�Ù¼�Ð, "é¶

õ� î̈
��� x + 2y − z = 6õ�_� þjéß� ��o���H ½̈_� ×�æd��\�"f î̈
��� x + 2y − z = 6 ��t�_� ��o�\�

"f ½̈_� ìøÍt�2£§�̀¦ NS��� �)a��. ����"f þjéß���o���H
√

6−√2 s���.

'Ö<<K 3 ýa³ðî̈
��� 0A\�¦ ¹¡§f��s���H &h� P (x, y) �� x = t− sin t, y = 1− cos t, 0 < t < 2π \�¦ ëß�7á¤½+É

M:,
dy

dx
= 1 s� ÷&��H t ��H s���.

[��·l�]
dy

dx
=

dy
dt
dx
dt

=
sin t

1− cos t
= 1

s�Ù¼�Ð

sin t + cos t = 1

s���. 7£¤,
√

2 sin(t + π
4 ) = 1s���. 0 < t < 2πs�Ù¼�Ð, t = π

2s���.

'Ö<<K 4 0 5 a 5 2 {9� M:, ýa³ðî̈
���_� /BG��� y = 1 +
1

x + 1
0A_� &h� (a, b) \�"f s� /BG���\� ]X�
���H

]X����õ�, x »¡¤ x9� y »¡¤Ü¼�Ð Ñüt�Q����� �̧+þA_� V,�s��� þj@/�� ÷&��H a _� °úכ�Ér s���.

[��·l�] &h� (a, b)\�"f ]X����_� ~½Ó&ñ
d���Ér

y − a + 2
a + 1

= − 1
(a + 1)2

(x− a)

s���. 7£¤,

y =
−x + (a2 + 4a + 2)

(a + 1)2



s���. #�l�"f x ]X�¼#��Ér a2 + 4a + 2 s��¦, y ]X�¼#��Ér a2+4a+2
(a+1)2

s�Ù¼�Ð ½̈
��¦�� 
���H ���y��+þA_�

V,�s� A��H

A =
1
2

(
a2 + 4a + 2

a + 1

)2

=
1
2

(
a + 3− 1

a + 1

)2

s���. t = a + 1 �� 
����, 1 ≤ t ≤ 3s��¦, A = 1
2

(
t− 1

t + 2
)2
s���. 1 ≤ t ≤ 3\�"f t− 1

t + 2t ��H

�ª�Ãºs��¦ 7£x��
�Ù¼�Ð t = 3 {9� M:, ���y��+þA_� V,�s��� þj@/�� �)a��. ����"f a = 2 s���.

'Ö<<K 5 ��6£§_� �FGô�Ç°úכ�Ér s���.

lim
N→∞

1
ln N

N2∑

n=1

1
n

.

[��·l�] ÕªaË>\�"fü< °ú s� ln m =
∫ m

1

1
x

dx ≤
m−1∑

n=1

1
n
s��¦,

m∑

n=2

1
n
≤

∫ m

1

1
x

dx = ln m s�Ù¼�Ð

-

6

1 2 3 · · · m− 1 m m + 1

1

2

x

y

1
m

+ ln m ≤
m∑

n=1

1
n
≤ lnm + 1

e���̀¦ ·ú� Ãº e����. Õª�QÙ¼�Ð

lim
N→∞

1
ln N

(
1

N2
+ ln N2

)
≤ lim

N→∞
1

ln N

N2∑

n=1

1
n
≤ lim

N→∞
1

lnN

(
lnN2 + 1

)

s��¦,

lim
N→∞

1
ln N

(
1

N2
+ ln N2

)
= 2 = lim

N→∞
1

lnN

(
lnN2 + 1

)

s�Ù¼�Ð,

lim
N→∞

1
lnN

N2∑

n=1

1
n

= 2

s���.



'Ö<<K 6 z�́Ãº ����̂ |9�½+Ë\�"f &ñ
_��)a [j��� p�ì�r��0pxô�Ç �<ÊÃº f(x) �� �̧��H &ñ
Ãº n \� @/
�#�

f(n) = n2, f ′(n) = (n + 1)2 {9� M:
∫ 1

0
(1− x)f ′′(2x)dx

_� °úכ�Ér s���.

[��·l�] ÂÒì�r&h�ì�r�̀¦ s�6 x
�#� ��6£§�̀¦ ½̈½+É Ãº e����.
∫ 1

0
(1− x)f ′′(2x)dx =

[1
2
(1− x)f ′(2x)

]1

0
+

1
2

∫ 1

0
f ′(2x)dx

= −1
2
f ′(0) +

1
4
(f(2)− f(0))

= −1
2

+
1
4
× 4− 1

4
× 0

=
1
2
.

'Ö<<K 7 ýa³ðî̈
���\�"f ìøÍt�2£§_� U�́s��� 1 s��¦ ×�æd��s� y »¡¤\� e����H "é¶s� �íÓüt��� y = 2x2 \� ¿º

&h�\�"f ]X�ô�Ç���¦ 
���. s�M: ¿º ]X�&h�_� ýa³ð\�¦ ½̈
���.

[��·l�] s�	�~½Ó&ñ
d��_� óøÍZ>�d�� ¢̧��H p�ì�r�̀¦ s�6 x
�#� Û�¦ Ãº e����.

(Û�¦s� 1) "é¶_� ×�æd��s� y»¡¤\� e��Ü¼Ù¼�Ð "é¶_� ×�æd���̀¦ C(0, c)���¦ 
���� ìøÍt�2£§_� U�́s��� 1s�Ù¼

�Ð "é¶_� ~½Ó&ñ
d���Ér x2 + (y− c)2 = 1s���. s�]j �íÓüt��� y = 2x2õ� ���wn�
�#� �Ð���, ��6£§õ� °ú �Ér

y\� �'aô�Ç s�	�~½Ó&ñ
d���̀¦ %3���H�� :

y2 + (
1
2
− 2c)y + (c2 − 1) = 0.

"é¶õ� �íÓüt���s� ¿º &h�\�"f ]X�½+É M:, ¿º s�	�/BG����Ér y»¡¤\� @/g�A��� �̧+þAs�l� M:ë�H\� 0A s�	�~½Ó

&ñ
d���Ér ×�æ��H�̀¦ °ú�Ü¼ 9 óøÍZ>�d�� D ��H 0s� �)a��.

D = (
1
2
− 2c)2 − 4(c2 − 1) = −2c +

17
4

= 0

\�"f c = 17
8 s��¦,s�°ú0¦̀�כA_� y\��'aô�Çs�	�~½Ó&ñ
d��\�@/{9�
���� y = 15

8 �̀¦%3���H��.����"f¿º

]X�&h�_� ýa³ð��H (
√

15
4 , 15

8 ), (−
√

15
4 , 15

8 )s���.

(Û�¦s� 2) ô�Ç ]X�&h�_� ýa³ð\�¦ T (t, 2t2)s��� 
����, ]X�&h� T\�"f �íÓüt��� y = 2x2\� @/ô�Ç ZO����_� ~½Ó

&ñ
d���Ér

y − 2t2 = − 1
4t

(x− t)

s���. "é¶_� ìøÍt�2£§õ� ]X�����Ér Ãºf��s�Ù¼�Ð, s� ZO�����Ér "é¶_� ×�æd���̀¦ t���>� �)a��. ����"f "é¶_�

×�æd�� C_� ýa³ð��H (0, 2t2 + 1
4)s� �)a��. s�]j "é¶_� ìøÍt�2£§_� U�́s��� 1e���̀¦ s�6 x
����,

CT
2 = (t− 0)2 + {2t2 − (2t2 +

1
4
)}2 = t2 +

1
16

= 1



s���. Õª�QÙ¼�Ð ]X�&h�_� xýa³ð��H t = ±
√

15
4 s��¦, ¿º ]X�&h�_� ýa³ð��H (

√
15
4 , 15

8 ), (−
√

15
4 , 15

8 )s���.

(Z>�K�) 6£§ô�ÇÃº p�ì�rZO��̀¦ �Ö̧6 xK� "é¶_� ]X����_� l�Ö�¦l�\�¦ ½̈ô�Ç +', "é¶õ� �íÓüt���s� ]X�&h� T\�

"f /BN:�x]X�����̀¦ ��f���̀¦ s�6 x
�#� Û�¦s�½+É Ãº�̧ e����.

[>��\�e�)K�]

• "î
SX�ô�Ç Û�¦s�õ�&ñ
õ� ²ú�s� e��#Q�� 13&h� ëß�&h�. Û�¦s�õ�&ñ
s� \O�Ü¼��� ²ú�s� �̀��8���̧ 0&h� %�o�.

• (Û�¦s� 1)\�"f "é¶_� ×�æd��_� ýa³ð��t� �̀�>� ½̈ô�Ç �â
Äºü< (Û�¦s� 2)\�"f "é¶_� ×�æd��\� @/ô�Ç d��

�̀¦ �̀�>� ½̈ô�Ç �â
Äº��H 8&h�.

•]X�&h� 2>h\�¦ �̧¿º ½̈
�t�3lw
��¦ 1>hëß� ½̈ô�Ç�â
Äºü<"fÕütõ�&ñ
\�"f�7Ho�&h���H����ÂÒ7á¤ô�Ç�â


Äº��H 3&h��̀¦ y��&h�.

[>��\��¿ḈÔ]

"fÕüt+þA ë�H]j��H ìøÍ×¼r� �7Ho�&h���� Û�¦s�õ�&ñ
�̀¦ "î
r�K��� ô�Ç��. ����"f Û�¦s�õ�&ñ
 \O�s� ²ú�ëß� &h�

#QZ�~Ü¼��� &h�Ãº\�¦ ~ÃÎ�̀¦ Ãº \O���. s��Qô�Ç "é¶gË:�Ér s�Êê @/�<Æ\� [þt#Qü< Ãº�<Æ r�+«>�̀¦ �Ð��H õ�&ñ


\�"f�̧ Õª@/�Ðt�&�t�l�M:ë�H\�,@/�<Æ\�'Í	µ1Ï�̀¦?/�̀���H���{9�Òqt[þt�ÉrìøÍ×¼r�Ä»¥Æ�K���½+É��s	כ

��. ô�Ç¼#� Û�¦s�õ�&ñ
s� e��l���H 
�t�ëß� Õª "fÕüts� �7Ho�&h�s�t� 3lw
����� �-Áº �è|ÄÌ&h�s�#Q"f �7H

o�_� ���>hõ�&ñ
�̀¦ �����
�l� #Q�9î�r �â
Äº�� ú́§�ÉrX<, Ãº�<Æ ²ú�îß��Ér �7Ho�&ñ
���
�>� ²ú�s� ���̧��H

õ�&ñ
�̀¦ ]jr�K��� ô�Ç��.

ú́§�Ér �<ÆÒqt[þts� ú̧� Û�¦%3�t�ëß�, óøÍZ>�d�� x9� s�	�~½Ó&ñ
d���̀¦ ú̧�3lw Û�¦#Q"f d�¦�2; �â
Äº�� �©�{©�Ãº e��%3�

��. Õªo��¦ 6£§�<ÊÃº\�¦ �ª��<ÊÃº�Ð ��Ë̈��H õ�&ñ
\�"f �̧ÀÓ�� e������ 6£§�<ÊÃº_� p�ì�rZO��̀¦ ú̧�3lw ��

6 xô�Ç �â
Äº�̧ e��%3���.

'Ö<<K 8 ýa³ð/BNçß�\�"f ¿º &h� P (3, 1, 2), Q(−3, 4, 3) õ� î̈
��� x + 2y + z = 1 0A_� &h� R\� @/
�#�,

PR + QR_� þj�è°ú̀�כ¦ ½̈
���.

[��·l�] 3 + 2 · 1 + 2 > 1, −3 + 2 · 4 + 3 > 1 s�Ù¼�Ð &h� Pü< &h� Q�� ÅÒ#Q��� î̈
����̀¦ �â
>�

�Ð 
���H °ú �Ér ìøÍ/BNçß�_� &h�e���̀¦ SX����ô�Ç��. &h� P_� î̈
���\� @/ô�Ç @/g�A&h��̀¦ P ′(a, b, c)�� ¿º���,

&h�(3+a
2 , 1+b

2 , 2+c
2 )��H î̈
��� 0A_� &h�s�Ù¼�Ð î̈
���_� d��\� @/{9�
���� a + 2b + c = −5\�¦ ëß�7á¤ô�Ç��.

¢̧ô�Ç ���ì�r PP ′ ��H î̈
���õ� Ãºf��e��Ü¼�Ð 0s� ����� z�́Ãº t \� @/
�#�

(a− 3, b− 1, c− 2) = t(1, 2, 1)

�� �)a��. ����"f P ′ = (3 + t, 2t + 1, t + 2) �� ÷&#Q, a = 1, b = −3, c = 0s���.

PR + QR = P ′R + QR

s��¦ ���y�� ÂÒ1pxd��\� _�K�"f

P ′R + QR ≥ P ′Q



e���̀¦ ·ú�Ãº e����. ����"f þj�è°úכ�Ér QP ′ =
√

(−4)2 + 72 + 32 =
√

74s���.

[>��\�e�)K�]

• ���y�� ÂÒ1pxd��_� >h¥Æ� [O�"î
\� @/
�#� 3&h�.

• &h� P _� @/g�A&h� P ′ = (1,−3, 0) s��� &h� Q_� @/g�A&h� Q′ = (−16
3 ,−2

3 , 2
3)�̀¦ ¹1Ô��H ��\	כ @/
�#�

5&h�.

• þjéß���o�\�¦ ú́�>� >�íß� ô�Ç�â
Äº 5&h�.

• >�íß� z�́Ãº��H 3&h� y��&h�.

[>��\��¿ḈÔ]

@/ÂÒì�r_� �<ÆÒqt[þts� ú̧� Û�¦%3�Ü¼�� {9�ÂÒ �<ÆÒqt[þt�Ér @/g�A&h��̀¦ ]j@/�Ð ½̈
�t� 3lw
����� þj�è��o�

\�¦ >�íß� 
�t� 3lwô�Ç �<ÆÒqts� e��%3���. ¢̧ô�Ç ���èô�Ç >�íß� z�́Ãº�Ð y��&h��̀¦ ~ÃÎ�Ér �<ÆÒqts� _�ü@�Ð ú́§

��¤��. �¦1px�<Æ�§ õ�&ñ
_� /BNÂÒ\�¦ ô�Ç �<ÆÒqts������ s� ë�H]j\�¦ ÉÒ��HX< ¹ô�Çכ��9 ?/6 x�Ér Òqt�èô�Ç ��s	כ

��u�́ J$�X< î̈
���\� @/ô�Ç @/g�As��� ���y��ÂÒ1pxd��_� ?/6 x 1px\� @/ô�Ç s�K��� ÂÒ7á¤
�#� ²ú�îß� ���$í


\� #Q�9¹¡§�̀¦ ����Ér �	כ °ú ��.@/�̂&h�Ü¼�Ð "fÕüt+þA ë�H]j_� ²ú�îß� ���$í
~½ÓZO�s� "fÚ�¦�Q"f �7Ho�&h� ��

�¦ü< ô ¥º��_� ̀�
¹$íכ��9¦ Ö¼,����.

'Ö<<K 9 ¿º z�́Ãº x, y �� x > y = 1 {9� M:, ÂÒ1pxd��

ln x− ln y < x− y

�� $í
wn�
���Ht� ¢̧��H �����t�\�¦ µ1ßy���.

[��·l�] (Û�¦s�1) f(t) = ln t�� 
���. Õª�Q��� f��H ½̈çß� [y, x]\�"f ���5Åqs��¦ (y, x)\�"f p�ì�rs�

��0px
�Ù¼�Ð î̈
ç�H°úכ &ñ
o�\� _�K�
f(x)−f(y)

x−y = f ′(c)\�¦ ëß�7á¤
���H c�� (y, x)\� �>rF�ô�Ç��. f ′(c) =
1
c < 1s�Ù¼�Ð ÂÒ1pxd��s� $í
wn�ô�Ç��.

(Û�¦s�2) f(t) = ln t − t�� 
���. Õª�Q��� f ′(t) = 1
t − 1s���. t ≥ 1{9�M: f ′(t) ≤ 0s�Ù¼�Ð f��H ½̈

çß� [0,∞)\�"f í�Hy���è
�Ù¼�Ð f(x) < f(y)s���.

[>��\�e�)K�]

• î̈
ç�H°úכ &ñ
o�\� @/ô�Ç ?/6 x ���/åL 5&h�.

• >�íß� z�́Ãº�� 6 x#Q_� �D¥1lx�Ér 3&h� y��&h�.

[>��\��¿ḈÔ]

@/�̂�Ð ú̧� Û�¦%3�Ü¼�� çß�<�Ê s�K��� ÂÒ7á¤
�#� Û�¦s� âì2£§s� ú́�t� ·ú§����, ¢̧��H î̈
ç�H°úכ &ñ
o�\�¦ ·ú�

�¦ e��Ü¼�� �7Ho�&h�Ü¼�Ð &h�6 x
�t� 3lwK� Û�¦s�\�¦ �� 
�t� 3lwô�Ç �<ÆÒqt[þts� e��%3���.

'Ö<<K 10 ýa³ðî̈
���\�"f 1lx&h� (x(t), y(t)) �� "é¶&h� (0, 0) �̀¦ �����Ð��H ~½Ó�¾Óõ� �½Ó�©� 60◦ \�¦ Ä»t�
�

���"f &h� (10, 0) \�"f Ø�¦µ1Ï
�#� "é¶&h�\� �̧²ú�½+É M:��t� B��í 1
2_� {9�&ñ
ô�Ç 5Åq§4�Ü¼�Ð ¹¡§f��������¦


���.



(a) &h� (x(t), y(t)) �� Ø�¦µ1Ï Êê "é¶&h�\� �̧²ú�
���HX< ���o���H r�çß��̀¦ ½̈
���.

(b) y′(0) > 0 ���¦ ½+É M: r�y�� t \�"f (x(t), y(t)) \�¦ ½̈
���.

[��·l�] (a)"é¶&h�Aá¤Ü¼�Ð_�5Åq§4��Ér 1
2 cos 60◦ = 1

4s�Ù¼�Ðr�y�� t\�"f"é¶&h�Ü¼�ÐÂÒ'�_���o� r(t)��H

r(t) = 10− 1
4 t�Ð ÅÒ#Q�����. ����"f &ñ
SX�y� 40�í Êê\� "é¶&h�\� �̧²ú�ô�Ç��.

(b) r�y�� t\�"f &h�_� 0Au� (x(t), y(t))\�¦

(x(t), y(t)) =
(

(10− 1
4
t) cos f(t), (10− 1

4
t) sin f(t)

)

���¦ ¿º�¦ p�ì�r
�#� 5Åq§4��̀¦ ½̈
����√
1
16

+ (10− 1
4
t)2f ′(t)2 =

1
2

s�Ù¼�Ð f ′(t) = ±
√

3
40−t�� ÷&�¦ y′(0) > 0 s�Ù¼�Ð f ′(t) ��H

f ′(t) =
√

3
40− t

s���. s�\�¦ &h�ì�r
����

f(t) = −
√

3 ln |40− t|+ C

s��¦, t = 0s���� θ = 0 s�Ù¼�Ð f(t) ��H

f(t) = −
√

3 ln |40− t|+
√

3 ln 40

s� �)a��. Õª�QÙ¼�Ð

(x(t), y(t)) =
(40− t

4
cos

(√
3 ln

40
|40− t|

)
,

40− t

4
sin

(√
3 ln

40
|40− t|

))

s���.

[>��\�e�)K�]

• >�íß�z�́Ãº��H 4&h� y��&h�.

• (a) 5&h�, (b) 8&h�.

[>��\��¿ḈÔ]

ú́§�Ér �<ÆÒqt[þts� ë�H]j\�¦ s�K�
�t� 3lw
�#� ²ú�îß� ���$í
�̀¦ 
�t� 3lwÙþ¡��. çß�<�Ê ë�H]j\�¦ s�K�
��¦�̧

Û�¦s�\�¦Ãºd��Ü¼�Ð³ð�&³
�t�3lwô�Ç�<ÆÒqts�e����H�.��?°������s�îß	כ ¢̧ô�Ç³ðl�~½Ód��s���>�íß�\�"f

z�́Ãº\�¦ 
�#� y��&h��̀¦ ~ÃÎ�Ér �<ÆÒqt[þt�̧ �t e��%3���.


