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1. (10&h�) ½̈çß� [0, 2π] \�"f &ñ
_��)a �<ÊÃº fk(t) = ekit, (k = 0, · · · , n)\� _�K� span÷&��H C0A_� vector
space\�¦ V�� 
���. V0A_� linear functional ϕk : V → C\�¦

ϕk(g) =
1
2π

∫ 2π

0
g(t)e−iktdt, (k = 0, · · · , n)

�Ð &ñ
_�
���� {ϕk}��H basis {fk}_� dual basise���̀¦ �Ð#���.

2. (10&h�) V�� R0A_� finite dimensional vector spaces��¦ T : V → V��H linear maps��� 
���.
detTü< trT\�¦ &ñ
_�
��¦ well-definedH�d�̀¦ [O�"î

���.

3. linear map T : R5 → R5_� minimal polynomials� mT (t) = (t− 1)(t2 + 2t + 2)s����¦ 
���.
(��) (5&h�) ��0pxô�Ç characteristic polynomial[þt�̀¦ �̧¿º ½̈
���.
(��) (5&h�) (��)\�"f ½̈ô�Çy���â
Äº\�@/
�#�ì�rK�&ñ
o�[þt�̀¦&h�6 xK�"f T\�@/6£x
���H'��§>=�̀¦ compan-
ion matrix[þt_� block diagonal matrix�Ð ����?/��.

4. (10&h�) e��_�_� '��§>= A ∈ M2,2(C)��H &h�{©�ô�Ç B ∈ M2,2(C)�� �>rF�
�#� A = B2Ü¼�Ð jþtÃºe��6£§�̀¦

�Ð#���. (�2³àÔ : Jordan canonical form)

5. (10&h�) O(2)_� "é¶�è��H R20A_� rotations��� reflection�̀¦ ����ÍÇr�̀¦ �Ð#���.

6. (5&h�) Symmetric matrix
(

1 0
0 −1

)
\� _�K� ÅÒ#Qt���H non-degenerate symmetric bilinear form

B : R2 × R2 → R�̀¦ Òqty��
���. R2 6= W ⊕ W⊥s�t�ëß� dimR2 = dimW + dimW⊥\�¦ ëß�7á¤
���H
subspace W\�¦ ¹1Ô����.

7. Symmetric matrix
diag(1, 2, · · · , n) ∈ Mn,n(R)

\� _�K� ÅÒ#Qt���H non-degenerate symmetric bilinear form B : Rn × Rn → R�̀¦ Òqty��
���.
(��) (5&h�) (Rn)∗ü< Rn\�¦ B-identifyÙþ¡�̀¦ M:, Rn0A_� linear functional f(x1, · · · , xn) =

∑n
i=1 xiü<

@/6£x÷&��H Rn_� vector\�¦ ½̈
���.
(��) (10&h�) linear map T : Rn → Rn�̀¦

T (x1, · · · , xn) = (xn, x1, · · · , xn−1)

�Ð &ñ
_�
���. s�M: (Rn)∗ü< Rn\�¦ B-identify
����, dual map T ∗\�¦ Rn�©�_� linear operator tT�Ð s�
K�½+É Ãº e����. tT (x1, · · · , xn) ∈ Rn�̀¦ ½̈
���.

8. (10&h�) V�� real inner product spaces��¦ T : V → V��H linear maps��� 
���. T�� projection {9�
�¹Ø�æìכ��9r�̧|	��Ér T�� symmetric (tT = T )s��¦ idempotent (T 2 = T )e���̀¦ �Ð#���.

9. (��) (5&h�)e��_�_�'��§>= A ∈ Mn,n(C)��H&h�{©�ô�Ç self-adjoint matrix B, C���>rF�
�#� A = B+iC�Ð
+�f���̀¦ �Ð#���.
(��) (5&h�) e��_�_� self-adjoint matrix A ∈ Mn,n(C)��H eigenvalue[þts� �̧¿º nonnegative��� &h�{©�ô�Ç
self-adjoint matrix B, C�� �>rF�
�#� BC = 0s��¦ A = B − C�Ð +�f���̀¦ �Ð#���.

10. (10&h�) A ∈ Mn,n(C)s��¦ A∗A − AA∗_� eigenvalue[þts� �̧¿º nonnegative�� 
���. Õª�Q��� A��H
normal matrixe���̀¦ �Ð#���. (Hint : trace)


