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1. (10&h�) Dimension Theorem �̀¦ "fÕüt��¦ çß�éß�y� 7£x"î
���.

2. (10&h�) V �� f.d.v.s. {9� M:, ψ : V → V ∗∗ \�¦

ψ(v)(f) = f(v) (v ∈ V, f ∈ V ∗)

�Ð &ñ
_�����, ψ ��H well-defined s���. s�M:,

(a) ψ �� linear map e���̀¦ �Ð#���.

(b) ψ �� isomorphism e���̀¦ �Ð#���.

3. (10&h�) A =
(

1 1
0 1

)
s��¦, W := {(ai,j) ∈M2,2(F ) : a21 = 0}{9�M:, linear operator L : W → W

\�¦ L(B) = AB �Ð &ñ
_����. W _� ordered basis \�¦ B := {e22, e11, e12} ½+É M:, '��§>= [Ln]BB �̀¦ ½̈
���. éß� (n ∈ N)

4. (15&h�)

(a) A =




2 1 0
1 2 1
0 1 2


 {9� M:, adj A \�¦ ½̈���.

(b) A ∈Mn,n(F ) {9�M:, det(adj A) = (det A)n−1 e���̀¦ �Ð#���.

5. (25&h�) '��§>= A =




0 0 0 −1
4 2 2 1
3 0 −1 −3
1 0 0 −2


 ∈M4,4(C) �� e���̀¦ M:,

(a) A _� characteristic polynomial φA(t) \�¦ ½̈���.

(b) A _� minimal polynomial mA(t) \�¦ ½̈���.

(c) Cyclic Decomposition Theorem �̀¦ s�6 x�#�, A \�¦ companion matrix [þt_� block diagonal
matrix �Ð ����?/#Q��.

(d) A _� Jordan canonical form �̀¦ ½̈���.

6. (10&h�) f(t), g(t) ∈ P2(R) {9� M:, P2(R) _� inner product \�¦,

〈f(t), g(t)〉 =
1
2

∫ 1

−1

f(t)g(t) dt

�Ð &ñ
_�½+É M:, v := t2/‖t2‖ �̀¦ �í�<Ê���H P2(R) _� orthonormal basis \�¦ ½̈���.

7. (10&h�) A ∈Mm,n(C) {9� M:, A∗A �� invertible s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér A(= LA) �� injective
map e���̀¦ �Ð#���.

8. (10&h�) ��6£§�̀¦ 7£x"î
�����, ��f±	{9� �â
Äº ìøÍYV\�¦ [þt��.

F = C s��¦ dim V < ∞ {9� M:, T ∈ L(V, V ) s��¦ T ∗T −TT ∗ _� eigenvalue �� �̧¿º nonnegative
s����, T ��H normal operator s���.


