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1. (6&h�) A =
(

α β
γ δ

)
∈ M2,2(R)s� ÅÒ#Q&���̀¦ M: linear map T : M2,2(R) → M2,2(R)�̀¦

T (B) = AB, B ∈ M2,2(R)

�Ð &ñ
_����. M2,2(R)_� standard basis {E1,1, E1,2, E2,1, E2,2}\� �'aô�Ç linear map T_� matrix rep-
resentation�̀¦ ½̈���.

2. (6&h�) A ∈ Mm,n(F ), B ∈ Mn,m(F )s��¦, AB = Im, BA = Ins����, n = me���̀¦ �Ð#���.

3. (6&h�) {A1, . . . , An} ⊂ Rns� {9�	�7áx5Åqs����, det(A1, . . . , An) = 0e���̀¦ �Ð#���.

4. (6&h�) A =
(

2 1
3 4

)
{9� M:, B3 = A��� B ∈ M2,2(R)�̀¦ (���ëß�) ½̈���.

5. (6&h�) T : V → V�� linear maps��¦ f(t) ∈ F [t]{9� M:, λ�� T_� eigen-values����, f(λ)��H f(T )_�
eigen-valuee���̀¦ �Ð#���.

6. (6&h�) S, T : V → V�� linear maps��¦ S ◦ T = T ◦ Ss����, kerSü< imS��H T -stablee���̀¦ �Ð#���.

7. (��) (10&h�) A ∈ Mn,n(F )�� diagonalizables�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér minimal polynomial
mA(t)�� multiplicity 1��� F [t]_� {9�	�d��[þt�Ð ���Ãºì�rK�÷&��H �¦e���̀	כ �Ð#���.
(��) (6&h�) B ∈ Mn,n(R){9� M:, B�� orthogonally diagonalizables����, B��H symmetric matrixe���̀¦
�Ð#���.

8. W =
〈
(−1, 1, 0), (1, 0,−1)

〉
< R3���¦ ½+É M:,

(��) (6&h�) W_� orthonormal basis\�¦ ½̈���.
(��) (6&h�) &h� (2, 3, 4)\�"f W\� ?/�2; Ãº���_� µ1Ï�̀¦ ½̈���.

9. (6&h�) R20A_� rotation�Ér ¿º>h_� reflection_� Y�LÜ¼�Ð ����èq Ãº e��6£§�̀¦ �Ð#���.

10. (6&h�) T : V → V��H Ä»ô�Ç	�"é¶ vector space V0A_� linear maps��¦ , {vi}, {v∗i } ��H y��y�� basis ü<
Õª��_	כ dual basis�� ½+É M:, tr(T ) =

∑
v∗i (T

(
vi)

)
e���̀¦ �Ð#���.

11. (��) (6&h�) Ä»ô�Ç	�"é¶ vector space V��H Õª_� double dual V ∗∗ü< naturally isomorphic�<Ê�̀¦ �Ð#�
��.
(��) (6&h�) Ä»ô�Ç	�"é¶ vector space V, Wü< linear map T : V → W�� ÅÒ#Q&���̀¦ M:, ��6£§ diagrams�
commute�<Ê�̀¦ �Ð#���.

V
T // W

V ∗∗ T ∗∗ // W ∗∗

12. (��) (6&h�) Symmetric matrix
(

1 0
0 −1

)
∈ M2,2(R)\� _�K� ÅÒ#Qt���H non-degenerate sym-

metric bilinear form B : R2×R2 → R�̀¦Òqty�����. (R2)∗ü< R2\�¦ B-identifyÙþ¡�̀¦M:, R20A_� linear
functional f(x, y) = x + yü< @/6£x÷&��H R2_� vector\�¦ ½̈���.
(��) (6&h�) Linear map T : Rn → Rn�̀¦

T (x1, · · · , xn) = (xn, x1, · · · , xn−1), (xi ∈ R)

�Ð &ñ
_����. s�M: canonical inner product�Ð (Rn)∗ü< Rn\�¦ identify����, dual map T ∗\�¦ Rn�©�_�

linear mapÜ¼�Ð s�K�½+É Ãº e����. T ∗(x1, · · · , xn) ∈ Rn�̀¦ ½̈���.


