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Abstract. For a positive integer d and a non negative integer a, let Sd,a

be the set of all integers of the form dn + a for any non negative integer n.

A (positive definite integral) quadratic form f is said to be Sd,a-universal if
it represents all integers in the set Sd,a, and is said to be Sd,a-regular if it

represents all integers in the non empty set Sd,a∩Q(gen(f)), where Q(gen(f))

is the set of all integers that are represented by the genus of f . In this article
we prove that there is a polynomial U(x, y) ∈ Q[x, y] (R(x, y) ∈ Q[x, y]) such

that the discriminant df for any Sd,a-universal (Sd,a-regular) ternary quadratic

forms is bounded by U(d, a) (R(d, a), respectively).

1. Introduction

A positive definite integral quadratic form f is called regular if it represents all
integers that are represented by the genus of f . Regular quadratic forms were
first studied systematically by Dickson in [5] where the term “regular” was coined.
Jones and Pall in [8] classified all primitive positive definite diagonal regular ternary
quadratic forms. In the last chapter of his doctoral thesis [18], Watson showed
by arithmetic arguments that there are only finitely many equivalence classes of
primitive positive definite regular ternary forms (see also [20]). More generally,
a positive definite integral quadratic form f is called n-regular if f represents all
quadratic forms of rank n that are represented by the genus of f . It was proved in
[3] that there are only finitely many positive definite primitive n-regular forms of
rank n+ 3 for n ≥ 2. See also [14] on the structure theorem of n-regular forms for
higher rank cases.

The problem of enumerating the equivalence classes of the primitive positive
definite regular ternary quadratic forms was recently resurrected by Kaplansky and
his collaborators [9]. They provided a list of 913 candidates of primitive positive
definite regular ternary forms and stated that there are no others. All but 22 of 913
are already verified to be regular. Recently the author verified in [15] that eight
forms among 22 candidates are, in fact, regular.

For a positive integer d and a non-negative integer a, we define a set

Sd,a = {dn+ a | n ∈ Z+ ∪ {0}}.
A positive definite integral quadratic form f is said to be Sd,a-universal if it rep-
resents all integers in the set Sd,a, and f is said to be Sd,a-regular if it represents
every integer in the set Sd,a that is represented by the genus of f . Since there
are infinitely many quadratic forms whose genera do not represent any integer in
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the set Sd,a, we additionally assume that for any Sd,a-regular form f , at least one
integer in the set Sd,a is represented by the genus of f .

Clearly, from the definition, every Sd,a-universal form is Sd,a-regular. Every
regular form is Sd,a-regular if the genus of it represents at least one integer in
the set Sd,a. The famous Fermat’s four squares Theorem (for the proof see, for
example, [13] p. 21) says that the unary form bx2 for every positive integer b does
not represent at least one integer in {a, d + a, 2d + a, 3d + a} for any non zero d
and a. Hence there is no Sd,a-universal unary form for any d and a. Recently
Williams and his collaborators proved in [1] that there is no binary Sd,a-universal
positive definite quadratic form for any d and a. As proved in that article, there
are indefinite binary quadratic forms representing all integers in the set Sd,a, for
any d and a.

Though there does not exist a universal ternary quadratic form, that is, a ternary
form representing every positive integer, there are some examples of Sd,a-universal
ternary quadratic forms. For example, Kaplansky proved in [10] that there are
exactly 5 equivalence classes of S2,1-universal ternary quadratic forms. They are,
in fact,

x2+y2+2z2, x2+2y2+3z2, x2+y2+4z2, x2+3y2+2yz+3z2, x2+3y2+2yz+5z2.

In this article we prove that there is a polynomial U(x, y) ∈ Q[x, y] such that
the discriminant df for any Sd,a-universal ternary quadratic form f is bounded by
U(d, a). Hence there are only finitely many ternary Sd,a-universal quadratic forms
up to equivalence.

For the regular case, we also prove that there is a polynomial R(x, y) ∈ Q[x, y]
such that the discriminant df for any Sd,a-regular ternary quadratic form is bounded
by R(d, a).

The subsequent discussion will be conducted in the better adapted geometric
language of quadratic spaces and lattices, and any unexplained notations and ter-
minologies can be found in [11] or [16].

The term “lattice” will always refer to an integral Z-lattice on an n-dimensional
positive definite quadratic space over Q. The scale and the norm ideal of a lattice
L are denoted by s(L) and n(L) respectively. Let L = Zx1 + Zx2 + · · ·+ Zxn be a
Z-lattice of rank n. We write

L ' (B(xi, xj)).

The right hand side matrix is called a matrix presentation of L, which we often
identify with L itself. If L admits an orthogonal basis {x1, . . . , xn}, we call L
diagonal and simply write

L ∼= 〈Q(x1), . . . , Q(xn)〉.

The determinant of the matrix (B(xi, xj)) is called the discriminant of L, denoted
d(L).

Throughout this paper, we always assume that every Z-lattice L is positive def-
inite and is primitive in the sense that s(L) = Z. In particular, a Z-lattice L is
called odd if n(L) = Z, even otherwise. For any odd prime p, ∆p is denoted by a
non square unit in Z×p .

The successive minima of a Z-lattice L of rank n are denoted by µ1(L) ≤ · · · ≤
µn(L). It is well known that dL ≤

∏n
i=1 µi(L) (see, for example, [6]). If an integer t

is represented by a Z-lattice L, then we write t→ L. If t is represented by the genus
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of L, that is, if t is represented by L⊗Zp for any prime p, we write t→ gen(L). For
any Z-lattice L, we define sets

Q(L) = {t ∈ Z : t → L}

and

Q(gen(L)) = {t ∈ Z : t → Lp = L⊗ Zp for any prime p}.

2. Sd,a-Universal lattices

Recall that a Z-lattice L is called Sd,a-universal if it represents every integer in
the set Sd,a. Hence we have

L is Sd,a-universal if and only if Sd,a ⊂ Q(L).

The following lemma shows that for any binary lattice L, the set Q(L) always
contains an arithmetic progression with an arbitrary finite length.

Lemma 2.1. Let L be a binary Z-lattice. For any positive integer k, there is an
arithmetic progression of length k such that every integer in the arithmetic progres-
sion is represented by L.

Proof. Note that there is an integer s such that sLi→ L for every Li ∈ gen(L). Let
{p1, p2, . . . , pt} be the set of odd primes dividing dL. We also let p0 = 2. For each
i = 1, 2, . . . , t, there is an integer api such that gcd(api , pi) = 1 and

Lpi ' 〈api , pibpi〉,

and an integer a0 such that 4 - a0 and a0→L2. If L is odd, then we may assume
that a0 is odd.

Let a be a positive integer such that a ≡ ai (mod gcd(2, pi)
3pi) for every i =

0, 1, . . . , t and d = 8
∏t
i=0 pi. If L is odd, then every prime p ∈ Sd,a is represented

by the genus of L by the reciprocity law for Hasse symbols. If L is even, every
integer 2p ∈ Sd,a for a prime p is represented by the genus of L. For every integer
k, there are integers b and c such that Sd,a contains an arithmetic progression
T = {c, b + c, 2b + c, . . . , (k − 1)b + c} consisting of primes or even integers of the
form 2p, p a prime, by the celebrated result [7] of Green and Tao. Hence every
integer in T is represented by the genus of L. Consequently every integer in the set
s2T = {s2t : t ∈ T} is represented by L. This completes the proof. �

Lemma 2.2. Let d be a positive integer and a be a non-negative integer. There is
a ternary Z-lattice L such that Sd,a ⊂ Q(gen(L)) if and only if d - a. In particular
there does not exist an Sd,0-universal ternary Z-lattice for any d > 0.

Proof. First assume that a is divisible by d. Suppose that there exists a ternary Z-
lattice L such that Sd,a ⊂ Q(gen(L)). Since the map Sd,a−{0}→ Q×p→ Q×p /(Q×p )2

is surjective for every prime p, Vp ' 〈−1, 1,−dVp〉, where Vp = Qp ⊗ L. Hence the
Hasse symbol SpVp = (−1,−1)p for every prime p. This contradicts the reciprocity
law for Hasse symbols because V is positive definite.

Assume that gcd(d, a) = g does not equal to d. If there is a Z-lattice L such that
S d
g ,
a
g
⊂ Q(gen(L)), then Sd,a ⊂ Q(gen(Lg)). Hence we may assume that g = 1.

Furthermore since Sd,a ⊂ Sq,a for any prime q dividing d, we may assume that
d = q is a prime without loss of generality. Since the ternary Z-lattice 〈1, 1, 2〉
represents every integer in S2,1, we may further assume that q is odd.
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Let r be an odd prime such that r ≡ a (mod p), and let s be a prime such that

s ≡ −q (mod 4),

(
s

q

)
= −

(
−r
q

)
and

(s
r

)
=

(
−q
r

)
.

Then one may easily show that for a diagonal Z-lattice L = 〈q, r, s〉,

S2(L) = Sq(L) = −Sr(L) = −1.

Hence Ss(L) = 1 by the reciprocity law for Hasse symbols. Therefore Lp represents
all integers in Zp except p = q and Sq,a ⊂ Q(Lq). This completes the proof. �

There are many examples of Sd,a-universal ternary Z-lattices for some small
integers d and a. In particular one may easily show, by using escalation method,
that there does not exist an S23,1-universal ternary Z-lattices. For those examples
see [2].

The following theorem shows that there are only finitely many equivalence classes
of Sd,a-universal ternary Z-lattices for any d and a.

Theorem 2.3. Let L be a ternary Sd,a-universal Z-lattice. Then we have

dL ≤ U(d, a) = a(3d+ a)(16d2a(3d+ a) + a).

Proof. Let L = Zx1 + Zx2 + Zx3 and ` = Zx1 + Zx2, where Q(xi) = µi(L) for
i = 1, 2, 3. Note that such a basis always exists (cf. [17]) and d` ≤ a(3d + a) by

Fermat’s four squares Theorem. Assume that d` = 2g
∏r
i=1 p

2ei
i

∏s
j=1 q

2fj−1
j where

pi’s and qj ’s are odd primes and ei’s and fj ’s are integers, and r or s is possibly a

zero. Suppose that s ≥ 1. Let t be an integer with
(
t
qs

)
= −1 and d̃ =

d

q
ordqsd
s

.

Then, by Chinese Remainder Theorem, there is an integer M such that

M ≡ 1

mod 8d̃

r∏
i=1

pi

s−1∏
j=1

qj

 , M ≡ t (mod qs) and M < 8d̃d`.

From this we have (
−d`
M

)
= −1 and gcd(M, 2dd`) = 1.

If s = 0, choose an integer M such that M ≡ 7 (mod 8) and gcd(M, 2dd`) = 1.
Then, in any cases, there is a prime p dividing M such that

(2.1) p < 8dd`,

(
−d`
p

)
= −1 and gcd(p, 2dd`) = 1.

Now take any positive integer k such that

ordp(kd+ a) = 1 and k ≤ 2p.

Since the integer kd+a is not represented by `, µ3(L) ≤ kd+a. Therefore we have

dL ≤
3∏
i=1

µi(L) ≤ a(3d+ a)(kd+ a).

The theorem follows from this. �
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3. Sd,a-regular ternary lattices

Recall that a Z-lattice L is called Sd,a-regular if it represents every integer in the
set Sd,a ∩Q(gen(L)), and at least one integer (therefore infinitely many) in the set
Sd,a is represented by the genus of L. Hence

L is Sd,a-regular if and only if ∅ 6= Q(gen(L)) ∩ Sd,a ⊂ Q(L).

There are many examples of Sd,a-regular ternary lattices for some d and a. For
example the Ramanujan form 〈1, 1, 10〉 is S3,1- and S10,5-regular though it is not
regular. In this section we prove that there are only finitely many Sd,a-regular
ternary Z-lattices.

Lemma 3.1. Let L be a ternary Z2-lattice such that s(L) = Z2 and Sd,a ∩Q(L) 6=
∅. Then there is a positive integer n0 such that S16d,dn0+a ⊂ Q(L).

Proof. Assume that ord2(gcd(d, a)) = g. Assume that d
2g is even. Let dt + a ∈

Sd,a ∩ Q(L) and let t0 be the remainder of t divided by 8. Note that dt+a
2g is odd

and

d(8n+ t0) + a = 2g
(

8
dn

2g
+
dt0 + a

2g

)
= 2g

(
8

(
dn

2g
+
d(t0 − t)

2g+3

)
+
dt+ a

2g

)
Hence for any integer n, there is an εn ∈ Z×2 such that

d(8n+ t0) + a = (dt+ a)ε2n ∈ Q(L).

Therefore S8d,dt0+a ⊂ Q(L) in this case.

Assume that d
2g is odd. First we consider the case when L is odd. Let τ ∈ {0, 1}

be an integer having same parity to g. Note that there is an integer s0 ∈ {1, 3, 5, 7}
such that S8,s0 ⊂ Q(L). Let n0 ≤ 2τ+3 be a non negative integer such that

dn0 + a

2g
≡ 2τs0 (mod 2τ+3).

Since

d(2τ+3n+ n0) + a = 2g+τ
(
s0 + 8

(
dn

2g
+
dn0 + a− 2g+τs0

2g+τ+3

))
,

we have S2τ+3d,dn0+a ⊂ Q(L).
Finally assume that L is even. Since s(L) = Z2 from the assumption, L has

an even unimodular sublattice of rank 2. Therefore S16,2s0 ⊂ Q(L) for any s0 ∈
{1, 3, 5, 7}. So the proof is quite similar to the above one. �

Lemma 3.2. For an odd prime p, Let L be a ternary Zp-lattice such that Sd,a ∩
Q(L) 6= ∅. Then there is a positive integer n0 such that Sp2d,dn0+a ⊂ Q(L).

Proof. Since the proof is quite similar to the above, the proof is left to the readers.
�

Corollary 3.3. Let L be an Sd,a-regular ternary Z -lattice. Then there is a positive
integer t (t ≤ 16d2) such that S16d3,dt+a ⊂ Q(Lp) for every prime p dividing 2d.

Proof. This corollary is a direct consequence of Lemmas 3.1 and 3.2. �
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From now on we always assume that d is divisible by 16 and for every Sd,a-regular
ternary Z-lattice L,

(3.1) Sd,a ⊂ Q(Lp) for every prime p dividing d.

Let L be a Z-lattice. For any positive odd integer m, the Watson transformation
Λm is defined by

Λm(L) = {x ∈ L : Q(x+ z) ≡ Q(z) (mod m) for all z ∈ L}.
The Z-lattice λm(L) is denoted by the primitive lattice obtained from Λm(L) by
scaling L⊗Q by a suitable rational number.

For any odd prime p, a ternary Z-lattice L is called p-stable if

〈1,−1〉→ Lp or Lp ' 〈1,−∆p, pεp〉,
where εp is a unit in Zp. It is well known that if L is regular and Lp is not p-stable
then λp(L) is also regular. For some properties of this transformation, see [4] or
[19].

Lemma 3.4. Let L be an Sd,a-regular ternary Z-lattice and let p be a prime not di-
viding d such that Lp is not p-stable. Then λp(L) is a Sd,a0-regular lattice satisfying
(3.1) for a suitable non-negative integer a0 ≤ max(d, a).

Proof. Let Lp ' 〈ε1, ε2pα2 , ε3p
α3〉 be a Jordan decomposition, where εi ∈ Z×p for

i = 1, 2, 3, and 0 ≤ α2 ≤ α3. We define τ = 1 when α2 = 1, τ = 2 otherwise. Then
clearly s(Λp(L)) = pτZp. Let s be an integer such that

ds+ a ≡ 0 (mod pτ ) and 0 ≤ s ≤ pτ − 1.

Note that a0 = ds+a
pτ ≤ max(d, a) and

(3.2) Spτd,pτa0 ⊂ Sd,a ⊂ Q(Lq) = Q(Λp(L)q) for every prime q dividing d.

From this one may easily show that

Spτd,pτa0 ∩Q(gen(Λp(L))) 6= ∅.

Assume that dn = pτdn + pτa0 is represented by the genus of Λp(L) ⊂ L.
Then dn = d(pτn + s) + a is represented by L. Since Lp is not p-stable, dn is
also represented by Λp(L). Therefore Λp(L) is Spτd,pτa0 -regular and hence λp(L) is
Sd,a0 -regular. The equation (3.2) shows that λp(L) satisfies the condition (3.1). �

Lemma 3.5. Let L be an Sd,a-regular ternary Z-lattice and let {p1, p2, . . . , pt} ⊂
{p : p is a prime such that p | dL and p - d}. If L represents every element in Sd,a
that is not divisible by P =

∏t
i=1 pi, then there is a polynomial F (x, y) ∈ Q[x, y]

such that dL ≤ F (d, a).

Proof. We define g = gcd(d, a) and d = gd1, a = ga1. Let p < d be a prime not

dividing d and let u < p be any positive integer such that
(
u
p

)
= −1. Note that

such a prime p always exists, for d is divisible by 16 from the assumption. For these
p and u, let a2 = ga′2 be a positive integer satisfying

a1 ≤ a′2 ≤ a1 + (p− 1)d1, a′2 ≡ a1 (mod d1), and a′2 ≡ u (mod p).

Then for any e ∈ Spd,a2 ⊂ Sd,a, e/g is not a square of an integer. Furthermore

every integer in Spd,a2 relatively prime to P is represented by L. We define P̃ as

follows: if p divides P , then we define P̃ = P
p , otherwise P̃ = P .
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Now by Lemma 3 of [12], if we define n1 = (t + 1)2t, which is greater than
p1+t−1
p1−1 2t, then there is a non negative integer k < n1 such that pdk+a2 is relatively

prime to P . Hence it is represented by L. Therefore we have

µ1(L) ≤ a2 + (n1 − 1)pd ≤ a+ (d− 1)d+ ((t+ 1)2t − 1)d2.

Let x ∈ L be a vector such that Q(x) = pdk + a2.
Let q be any prime such that ordq(pd1k+a′2) ≡ 1 (mod 2). Since pd1k+a′2 is not

a square, such a prime q always exists. Furthermore if q divides pd1, then q divides
both d1 and a1. This is a contradiction. Now if n2 = (t+ 2)2t+1 ≥ p1+t

p1−12t+1, then

there is an integer s (k+ 1 ≤ s ≤ k+ n2) such that pd1s+ a′2 is relatively prime to

P̃ q. From the assumption on the prime q, we may easily check that the quadratic
space spanned by x does not represent pds+ a2. Therefore we have

µ2(L) ≤ a2 + (n1 + n2 − 1)pd ≤ a+ (d− 1)d+ ((3t+ 5)2t − 1)d2.

Let ` = Zx1 + Zx2 be a primitive sublattice of L such that Q(xi) = µi(L) for
i = 1, 2. For this binary lattice `, we may find a prime r such that

r < 8pdd`, gcd(r, pdd`) = 1, and

(
−d`
r

)
= −1

by applying a similar argument in the proof of Theorem 2.3.

We define integers mr, εr and P̃r as follows: If r - P̃ , then mr = 1, εr = 1 and

P̃r = P̃ . If r | P̃ , then we let mr be the largest odd integer less than or equal to
ordr(dL) + 1. In this case εr is any integer such that

rmrεr→Lr and gcd(εr, r) = 1,

and P̃r = P̃
r . Now let a3 be the positive integer such that

a3 ≡ a2 (mod pd) a3 ≡ rmrεr (mod rmr+1), and a2 ≤ a3 ≤ a2+pd(rmr+1−1).

Then Spdrmr+1,a3 ⊂ Spd,a2 and every integer in Spdrmr+1,a3 relatively prime to P̃r
is represented by L. Furthermore Spdrmr+1,a3 ∩Q(gen(`)) = ∅. Hence we have

µ3(L) ≤ pdrmr+1((t+ 1)2t − 1) + a3.

Therefore there is a polynomial f(x1, x2, x3, x4) ∈ Q[x1, . . . , x4] such that

P =

t∏
i=1

pi ≤
dL

rmr−2
≤
∏3
i=1 µi(L)

rmr−2
≤ f(2t, t, d, a).

As a consequence of this inequality, t is bounded and hence P as well as dL are
also bounded. �

Theorem 3.6. There is a polynomial G(x, y) ∈ Q[x, y] such that∏
p∈{p:Lp is anisotropic}

p ≤ G(d, a),

for any Sd,a-regular ternary Z-lattice L.

Proof. Let {p1 < p2 < · · · < pt} be the set of all anisotropic primes of L not

dividing d and P =
∏t
i=1 pi. Then it suffices to show that there is a polynomial in

Q[d, a] that is independent of L and is greater than P .
For any prime p - d such that Lp is not stable, we apply the Lemma 3.4 repeatedly

so that we obtain a new lattice, denoted by λ(L), satisfying the following properties:
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(i) λ(L) is Sd,a0-regular for some a0 ≤ max(d, a);
(ii) λ(L) satisfies the condition (3.1);

(iii) λ(L)p is p-stable for every prime p - d.

Let p be a prime not dividing d. If λ(L)p is isotropic, then Lp represents every
element in Zp and if λ(L)p is anisotropic then Lp represents every element in Z×p .
Hence λ(L), Sd,a0 and P satisfies all conditions in Lemma 3.5. Therefore the
theorem follows from the fact that Lp is anisotropic if and only if λ(L)p is anisotropic
for any prime p. �

Corollary 3.7. Let L be any Sd,a-regular ternary Z-lattice. Then there is a poly-
nomial T (x, y) ∈ Q[x, y] satisfying the following properties: there are integers
d0, a0 ≤ T (d, a) such that

(a) L is Sd0,a0-regular;
(b) Every anisotropic prime of L divides d0, and in particular 16 | d0.
(c) For every prime p | d0, Sd0,a0 ⊂ Q(Lp)

Proof. Let p be an anisotropic prime of L not dividing d. Then there is an integer
ap ≤ d(p− 1) + a such that Sdp,ap ⊂ Sd,a ∩Q(Lp). Note that Sdp,ap ∩Q(Lq) 6= ∅
for any prime q - dp. Hence the corollary follows directly from Theorem 3.6. �

Theorem 3.8. There is a polynomial H(x, y) ∈ Q[x, y] such that∏
p∈{p:p is a prime such that p | dL}

p ≤ H(d, a)

for any Sd,a-regular ternary Z-lattice.

Proof. Let d0, a0 be integers satisfying all conditions given in Corollary 3.7. Define

Φ = {p : p | dL is a prime not dividing d0}.
We also define ∏

p∈{p1,...,pt}

λp(L) = λp1 ◦ · · · ◦ λpt(L).

Note that Lp is isotropic for any prime p ∈ Φ. For each p ∈ Φ we define a non
negative integer sp as follows: if Lp is p-stable then sp = 0, otherwise sp is a positive
integer such that λsp(L)p is not p-stable for any 0 ≤ s ≤ sp − 1 and λ

sp
p (L)p is p-

stable. Let Φ1 be the subset of Φ consisting of all primes p such that Lp is p-stable
or det(λ

sp
p (L)) is divisible by p. Let Φ2 ⊂ Φ−Φ1 be the subset of all primes p such

that λ
sp−1
p (L) ' 〈1,−∆p, p

2ε〉 for ε ∈ Z×p . Finally we define Φ3 = Φ − (Φ1 ∪ Φ2).
Note that for any prime p ∈ Φ3,

λsp−1
p (L)p ' 〈εp,1, p2εp,2, p

2εp,3〉,

where εp,i ∈ Z×p for i = 1, 2, 3.
Now there is an integer a1 ≤ max(d0, a0) such that

M =
∏

p∈Φ1∪Φ3

λspp ◦
∏
p∈Φ2

λsp−1
p (L)

is Sd0,a1 -regular. Note that M represents every integer e ∈ Sd0,a1 that is not
divisible by

∏
p∈Φ2

p. Therefore by Lemma 3.5,

(3.3)
∏
p∈Φ1

p×
∏
p∈Φ2

p2 ≤ dM ≤ F (d0, a1).
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Finally there is also an integer a′1 ≤ max(d0, a0) such that

N =
∏

p∈Φ1∪Φ2

λspp ◦
∏
p∈Φ3

λsp−1
p (L)

is Sd0,a′1 -regular. In this case N represents every integer e ∈ Sd0,a′1 such that

eεp,1 ∈ (Z×p )2 for any p ∈ Φ3. Define P =
∏
p∈Φ3

p. For any ε > 0, there is a

constant C = C(ε) satisfying the following property: there is a positive integer

m < CP
3
8 +ε such that(d0m+ a′1)εp,1 ∈ (Z×p )2 for any p ∈ Φ3 (see Corollary 3.3 of

[6]). From this and the fact that for any binary sublattice ` of N , d(`) is divisible
by P 2, we have

(3.4) P 2 ≤ (d0(CP
3
8 +ε) + a′1)(d0(3P + CP

3
8 +ε) + a′1).

The theorem follows from (3.3) and (3.4). �

Theorem 3.9. There is a polynomial R(x, y) ∈ Q[x, y] such that

d(L) ≤ R(d, a)

for any Sd,a-regular ternary Z-lattice L. Therefore there are only finitely many
Sd,a-regular ternary Z-lattices up to equivalences.

Proof. Let L be an Sd,a-regular Z-lattice. Fix a polynomial T (x, y) and integers
d0, a0 < T (d, a) in Corollary 3.7, and H(x, y) in Theorem 3.8. Let p1 < p2 < · · · <
pt be all prime divisors of dL that are relatively prime to d, and let P =

∏t
i=1 pi

which is less than or equal to H(d, a). There is an integer a1 < d0P + a0 such that
L is Sd0P,a1 -universal. Therefore, by Theorem 2.3,

dL ≤ U(d0P, a1) ≤ U(T (d, a)H(d, a), T (d, a)(H(d, a) + 1)).

This completes the proof. �

Corollary 3.10. There is a polynomial f(x) ∈ Q[x] satisfying the following prop-
erty: for any ternary Z-lattice L whose discriminant is bigger than f(k), the set
Q(gen(L))−Q(L) contains an integer not less than k.

Proof. Define f(x) = R(1, x). Since S1,k ∩Q(gen(L)) 6= ∅ for any ternary Z-lattice
L, the corollary follows directly from Theorem 3.9. �

Remark 3.11. If we use the method in [15], we may find various examples of Sd,a-
regular ternary lattices. For example, both diagonal ternary Z-lattices 〈1, 2, 12〉
and 〈2, 3, 4〉, which are in the same genus, are S3,0-regular. Note that these two
lattices are not regular.
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