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Abstract. For any integer x, let Tx denote the triangular number
x(x+1)

2
.

In this paper we give a complete characterization of all the triples of positive

integers (α, β, γ) for which the ternary sums αTx +βTy +γTz represent all but
finitely many positive integers, which resolves a conjecture of Kane and Sun.

1. Introduction

In 1796 Gauss recorded in his diary that he had found a proof that every natural
number is a sum of three triangular numbers. This is equivalent to the statement
that every natural number of the form 8n+3 is represented as a sum of three squares.
That only numbers not of the form 4a(8n+ 7) with a and n non-negative integers
can be represented as a sum of three squares was proved by Legendre in 1798 and
independently by Gauss himself in 1801. Later in 1862 Liouville considered a more
general type of ternary Diophantine problem. Namely, he determined all triples of
positive integers (α, β, γ) for which the ternary sums αTx + βTy + γTz represent
all positive integers. Here, Tx denotes the polynomial x(x+ 1)/2 in the variable x.
For a more detailed historical account of subject, the readers are referred to [1] and
[15]. Recently, Sun and his collaborators determine in [7], [12] and [13] all triples
of positive integers (α, β, γ) for which the mixed sums of squares and triangular
numbers of the forms αx2 + βy2 + γTz and αx2 + βTy + γTz represent all positive
integers.

We call a polynomial of the form αTx + βTy + γTz a ternary triangular form.
A ternary triangular form is said to be almost universal if it represents all but
finitely many positive integers. In [14] Sun conjectures some infinite families of
ternary triangular forms to be almost universal. All the triangular forms on Sun’s
list have been studied by Kane [9] and for each of them he has either confirmed or
disproved its almost universality. In their work [10, Theorem 1.17] Kane and Sun
give necessary and sufficient conditions on (α, β, γ) with ord2(α) = 0 ≤ ord2(β) ≤
ord2(γ) such that αTx + βTy + γTz is almost universal, except in the cases when

(ord2(β), ord2(γ)) = (0, 3), (1, 4), (2, 2) and ord2(β) = 3 or 4.

In these exceptional cases they give only sufficient conditions, but in [10, Conjecture
1.19(ii)] they conjecture that those sufficient conditions are also necessary.

The main goal of this paper is to resolve Kane and Sun’s conjecture. Our ap-
proach is similar to that of [10] in the sense that both reply heavily on the theory of
primitive spinor exceptions of ternary quadratic forms. However, instead of using
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only diagonal quadratic forms derived from αTx + βTy + γTz, we adopt the geo-
metric language of quadratic spaces and lattices which is more flexible and hence
allows us to use more fully the known results. In particular, the representations of
a ternary triangular form αTx + βTy + γTz are the same as the representations of
the ternary Z-lattice L associated to the quadratic form αx2 +βy2 + γz2 satisfying
some specific congruence conditions. This, in turn, is equivalent to the represen-
tations of a suitable coset of the sublattice 2L. We then consider the Z-lattice M
generated by this coset and other auxiliary Z-lattices, which are not necessarily
diagonal, whose representations without congruence conditions will correspond to
the representations of the original ternary triangular form.

Instead of giving the arguments just enough for proving Kane and Sun’s con-
jecture, we provide the proof of a complete characterization of all positive almost
universal triangular forms. Theorems 3.1 to 3.6 presented in Section 3 together
effectively determine when a given triangular form αTx + βTy + γTz is almost uni-
versal. This not only is for the readers’ convenience but also provides a much better
understanding of the geometric setting we described above.

The subsequent discussion involves the computation of the spinor norms of local
integral rotations and the relative spinor norm groups of primitive representations
of integers by ternary quadratic forms. The readers can find all the relevant material
and formulae in [4], [5], [6] and [8].

2. Notations and Preliminaries

Henceforth, the geometric language of quadratic spaces and lattices will be
adopted, following [11]. Any unexplained notations and terminologies can be found
there. All the Z-lattices discussed below are positive definite. If K is a Z-lattice
and A is a symmetric matrix, we shall write “K ∼= A” if A is the Gram matrix for
K with respect to some basis of K. The discriminant of K, denoted dK, is the
determinant of A. An n×n diagonal matrix with a1, . . . , an as the diagonal entries
is written as 〈a1, . . . , an〉. The symbol θ always denotes the spinor norm map.

When we work with primitive spinor exception, we shall follow the notations
introduced in [6]. In particular, if t is a primitive spinor exception of gen(K) and
p is a prime, then θ∗(Kp, t) is the primitive relative spinor norm group of the Zp-
lattice Kp. If E is a quadratic extension of Q, Np(E) denotes the group of local
norms from Ep to Qp, where p is an extension of p to E.

Let a, b and c be relatively prime positive odd integers, and r ≤ s be nonnegative
integers. The square-free part of abc is denoted by sf(abc). Let L be the Z-lattice
〈a, 2rb, 2sc〉 with respect to the orthogonal basis {x1, x2, x3}, and v := x1 +x2 +x3.
Then a simple algebraic computation reveals that a positive integer n is represented
by aTx + 2rbTy + 2scTz if and only if a+ 2rb+ 2sc+ 8n is represented by the coset
v + 2L.

Lemma 2.1. If aTx + 2rbTy + 2scTz is almost universal, then Lp represents all
p-adic integers for every odd prime p. Consequently, we have

(1) Lp ∼= 〈1,−1,−dL〉 and θ(O+(Lp)) ⊇ Z×p for all odd primes p;
(2) Q2L is anisotropic.

Proof. Suppose that aTx+2rbTy+2scTz is almost universal. Then v+2L represents
all but finitely many integers of the form a+2rb+2sc+8n. Let p be an odd prime.
Since 2v ∈ 2L, Lp = v + Lp. Therefore, Lp must represent all p-adic integers. In
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particular Lp must be isotropic. All these together shows that Lp ∼= 〈1,−1,−dL〉.
The second assertion in (1) is [11, 92:5].

For (2), note that for every place p (including the case p =∞), QpL is isotropic
if and only if the Hasse invariant of QpL is equal to (−1,−1)v [11, 58:7a]. By the
Hilbert Reciprocity Law it follows that the number of places p over which QpL is
anisotropic is even. Since RL is anisotropic, Q2L must be anisotropic as well. �

The condition that Lp represents all p-adic integers for every odd prime p can
be stated in the following more elementary manner:

(i) a, b, c are pairwise relatively prime, and (ii) if an odd prime p
divides one of a, 2rb or 2sc, then the negative of the product of the
other two is a square modulo p.

This is precisely the condition described in [10, Lemma 3.1].
LetM be the Z-lattice Zv+2L. Its Gram matrix relative to the basis {2x1, 2x2, v}

is 4a 0 2a
0 2r+2b 2r+1b
2a 2r+1b a+ 2rb+ 2sc


and its discriminant is 2r+s+4abc. Let P be the binary sublattice Z2x2 +Zv, which
is isometric to (

2r+2b 2r+1b
2r+1b a+ 2rb+ 2sc

)
with discriminant 2r+2b(a+ 2sc).

Lemma 2.2. Suppose that Lp represents all p-adic integers for every odd prime p.
Then

(1) every positive integer of the form a+2rb+2sc+8n is represented primitively
by gen(M);

(2) if t is a primitive spinor exception of M , then Q(
√
−tdM) is either Q(

√
−1)

or Q(
√
−2).

Proof. (1) This is obvious if a + 2rb + 2sc is odd. Suppose that it is even. Then
0 = r < s and, since L2 is anisotropic, a+ b ≡ 2 mod 4 or ≡ 4 mod 8.

Suppose that a+b ≡ 2 mod 4. When s ≥ 2, then ord2(a+b+2sc+8n) = 1 for all
n and P2 is a proper 2-modular Z2-lattice which represents a+ b+ 2sc. Therefore,
P2 also represents a + b + 2sc + 8n for all n. If s = 1, −dP = −4b(a + 2c) which
cannot be a square in Z2. Therefore, a + b + 2c ≡ 4 mod 8. This implies that
P2
∼= 2A(2, 2) which certainly represents all integers of the form a+ b+ 2c+ 8n.
Suppose now that a + b ≡ 4 mod 8. Then s is odd since L2 is anisotropic. If

s = 1, then P2 is proper 2-modular; otherwise P2
∼= 2A(2, 2). In either case, the

proof can proceed as is in the last paragraph.
(2) Let E := Q(

√
−tdM). For all odd primes p, we have Z×p ⊆ θ(O+(Mp)) ⊆

Np(E). Therefore, E must be an imaginary quadratic extension unramified outside
2. As a result, E = Q(

√
−1) or Q(

√
−2). �

Lemma 2.3. Suppose that Lp represents all p-adic integers for every odd prime p.
If ord2(a+ 2rb+ 2sc) ≤ 1 and a+ 2rb+ 2sc+ 8n is not a primitive spinor exception
of gen(M) for all n ≥ 0, then aTx + 2rbTy + 2scTz is almost universal.
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Proof. Let m be a positive integer of the form a + 2rb + 2sc + 8n. Since spn(M)
represents m primitively, M represents m primitively if m is sufficiently large [2,
Theorem 1]. But any representation of m by M must lie in v + 2L. Thus aTx +
2rbTy + 2scTz is almost universal. �

3. Main Results

We continue to assume that a, b, c are relatively prime positive odd integers and
r ≤ s are nonnegative integers. Theorems 3.1 to 3.6 below determine exactly all
the triples (a, 2rb, 2sc) for which aTx+2rbTy +2scTz are almost universal. There is
no doubt that one can forge a single theorem by combining all six together. But we
refrain ourselves from doing so since the end result would have been complicated
and less transparent to the readers.

Theorem 3.1. Suppose that a+ b ≡ 2 mod 4. Then aTx + bTy + 2scTz is almost
universal if and only if ax2 + by2 + 2scz2 represents all p-adic integers over Zp for
every odd prime p and one of the followings holds:

(1) s is even or s = 1;
(2) sf(abc) is divisible by a prime congruent to 3 mod 4;
(3) ab 6≡ 1 mod 8;
(4) (2sf(abc)− (a+ b+ 2sc))/8 is represented by aTx + bTy + 2scTz.

Proof. Suppose that ax2 + by2 + 2scz2 represents all p-adic integers for every odd
prime p. Thus M2, as a sublattice of L2, is anisotropic. Therefore P2 is also
anisotropic and hence −22b(a+2sc) is not a square (or, equivalently, a+b+2sc 6≡ 0
mod 8) when s > 1.

If s = 0, Z2v splits M2 and its orthogonal complement is an improper modular
lattice; whence θ(O+(M2)) ⊇ Z×2 . Together with Lemma 2.1(1) we deduce that
gen(M) has only one spinor genus. By Lemma 2.3, aTx + bTy + cTz is almost
universal.

When s = 1, Lemma 2.3 cannot apply even though one can show that gen(M)
still has only spinor genus. Consider the Z-lattice R with Rp = Mp for all odd
primes p and

R2 = Z2v + Z22x3 + Z2(2bx1 − 2ax2) ∼=
(
a+ b+ 2c 4c

4c 8c

)
⊥ 〈4ab(a+ b)〉.

Note that R ⊆M and

R
1/4
2
∼=
(
a+b+2c

4 c
c 2c

)
⊥ 〈ab(a+ b)〉.

Since (a+ b+ 2c)/4 is odd,
(

a+b+2c
4 c
c 2c

)
is a binary proper unimodular Z2-lattice.

This, together with the fact that a + b ≡ 2 mod 4, shows that R1/4
2 primitively

represents all odd integers. For any odd integer t, the extension Q2(
√
−tdR1/4)/Q2

is ramified and ord2(−tdR1/4) is odd. By [6, Theorem 2(c)], θ(O+(R1/4
2 )) is not

contained in the norm group of Q2(
√
−tdR1/4). Therefore, t is never a primitive

spinor exception of gen(R1/4). By [2, Theorem 1], R represents all but finitely
many positive integers of the form a+ b+ 2c+ 8n. But any representation of those
integers in R must lie inside v + 2L. This shows that aTx + bTy + 2cTz is almost
universal.
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Suppose that s ≥ 2. In particular, ord2(a + b + 2sc) = 1. It is more convenient
to work with the lattice G := M1/2. Note that dG = 2s+1abc and

G2
∼= 〈ε, εb(a+ 2sc)〉 ⊥ 2s+1〈ac(a+ 2sc)〉, ε := (a+ b+ 2sc)/2.

We first determine the conditions for which gen(G) does not any odd primitive
spinor exception and hence Lemma 2.3 applies. Suppose that t is an odd primitive
spinor exception of gen(G). Let E be the field Q(

√
−tdG). Since θ(O+(Gp)) ⊇ Z×p

for all odd primes p, E is either Q(
√
−1) or Q(

√
−2) (see the proof of Lemma

2.2(2)). When s is even, ord2(dG) = s+ 1 is odd and so E = Q(
√
−2). But by [6,

Theorem 2(c)], since r = 0, θ(O+(G2)) 6⊆ N2(E). Hence gen(G) does not have any
odd primitive spinor exception when s is even.

Now, let us assume that s is odd. Then E = Q(
√
−1), and so t = m2sf(abc)

for some odd integer m. Let p be a prime congruent to 3 mod 4. By [6, Theorem
1(a)], either ordp(sf(abc)) = 0 or p - t. Thus every prime divisor of sf(abc) must be
congruent to 1 mod 4. At the prime 2, we have

G2
∼= 〈ε, εab〉 ⊥ 2s+1〈c〉.

From [8, Proposition B] we know that θ(O+(G2)) contains {x ∈ Q×2 : (x,−ab)2 =
1}. But since θ(O+(G2)) is a subgroup of N2(E), we must have

θ(O+(G2)) = {x ∈ Q×2 : (x,−1)2 = 1}

and ab ≡ 1 mod 8. Therefore if either (2) or (3) is satisfied then gen(G) does not
have any odd primitive spinor exception.

We claim that if ab ≡ 1 mod 8 and every prime divisor of sf(abc) is congruent
to 1 mod 4, then sf(abc) is a primitive spinor exception of gen(G). Under these
conditions we have sf(abc) ≡ 1 ≡ ε mod 4. Thus sf(abc) is represented primitively
by gen(G). The field Q(

√
−sf(abc)dG), still denoted by E since no confusion will

arise, is just Q(
√
−1). When p is an odd prime, it follows easily from [6, Theorem

1] that θ(O+(Gp)) ⊆ Np(E) and θ∗(Gp, sf(abc)) = Np(E). For the prime 2, we
need to look at [6, Theorem 2(b)]. It is clear that θ(O+(G2)) = N2(E). The lattice
K in [6, Theorem 2(b)] is 〈2−2ε, εab, 2s+1c〉, whence θ(O+(K)) ⊆ {1, 2, 5, 10}Q×2

2

by [4, Theorem 2.7] and so θ(O+(K)) ⊆ N2(E). The lattice K ′ in [6, Theorem
2(b)] is just G2 itself; thus θ(O+(K ′)) ⊆ N2(E). Clearly, 2s+1 - sf(abc). Therefore,
θ∗(G2, sf(abc)) = N2(E). This proves our claim.

Now suppose that conditions (1), (2) and (3) are not satisfied. If sf(abc) is not
represented by G, then by [3, Theorem 1] there are infinitely many odd primes p
such that sf(abc)p2 is not represented primitively by G. For each of these p, we
have

sf(abc)p2 ≡ sf(abc) ≡ 1 ≡ ε mod 4.

Therefore, for infinitely many such p, n := (2sf(abc)p2−(a+b+2sc))/8 is a positive
integer and a+b+2sc+8n is not represented primitively by M . But this is the same
as saying that a+ b+ 2sc+ 8n is not represented by v + 2L. So aTx + bTy + 2scTz
is not almost universal.

Conversely, suppose that sf(abc) is represented by G. If a + b + 2sc + 4n is not
a primitive spinor exception of gen(G), then a + b + 2sc + 4n is represented by G
if n is sufficiently large. Otherwise, a + b + 2sc + 4n must be a square multiple of
sf(abc) and hence a+ b+ 2sc+ 4n is represented by G. We can now conclude that
a+ b+ 2sc+ 8n is represented by M for almost all n. But again any representation
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of a+ b+ 2sc+ 8n must be in v+ 2L; hence aTx + bTy + 2scTz is almost universal.
This completes the proof of the theorem. �

The next case we consider is when r = 0 and a+ b ≡ 0 mod 4.

Theorem 3.2. Suppose that a+ b ≡ 0 mod 4.
(a) If a+ b ≡ 0 mod 8, then aTx + bTy + 2scTz is not almost universal.
(b) If a+ b ≡ 4 mod 8, then aTx + bTy + 2scTz is almost universal if and only

if ax2 + by2 + 2scz2 represents all p-adic integers over Zp for every odd
prime p and s is odd.

Proof. (a) This is clear since L2 is isotropic if a+ b ≡ 0 mod 8.
(b) We assume throughout that ax2 + by2 + 2scz2 represents odd p-adic integers

for every odd prime p. Since a+b ≡ 4 mod 8, ab ≡ 3 mod 8. Thus aTx+bTy+2scTz
is not almost universal if s is even, since in this case L2 is isotropic.

Suppose that s = 1. Since once again ab ≡ 3 mod 8, sf(abc) must be divisible
by a prime that is congruent to 3 mod 8. This shows that gen(G) cannot have any
odd primitive spinor exception, where G = M1/2 as is in the proof of the previous
theorem. We then apply Lemma 2.3 to show that aTx + bTy + 2scTz is almost
universal.

Now, let us suppose that s ≥ 3 and s is odd. Consider the sublattice R of
M defined by setting Rp = Mp for all odd primes p and R2 = Z2v + Z24x1 +
Z2(2s+1cx2 − 2bx3). It is not hard to see that

R
1/4
2
∼=
(
a+b+2sc

4 a
a 4a

)
⊥ 〈2sc〉.

One can show that gen(R1/4) primitively represents all positive odd integers, and
by [6, Theorem 2(c)] it follows that gen(R1/4) does not have any odd primitive
spinor exception. Therefore, R primitively represents all sufficiently large integers
of the form a+ b+ 2sc+ 8n, and so aTx + bTy + 2scTz is almost universal. �

We now proceed to the cases in which 0 < r < s. For technical reason, we treat
the cases 3 ≤ r and r = 1 or 2 separately. Over Z2,

M2
∼= 〈η〉 ⊥ 2r+2〈ab(a+ 2rb)〉 ⊥ 2s+2〈c(a+ 2rb)η〉,

where η := a+ 2rb+ 2sc. If (s, r) = (1, 2), (2, 3) or (2, 5), then M2 is of type E (see
[5, page 531] and [4, Theorem 2.2]) and θ(O+(M2)) = Q×2 . Otherwise, θ(O+(M2))
is computed as follows. Let

U := 〈1〉 ⊥ 2r+2〈ab(a+2rb)η〉 and W := 2r+2〈ab(a+2rb)η〉 ⊥ 〈2s+2〈c(a+2rb)〉.
Also, let P(U) be the set of primitive anisotropic vectors in U whose associate
symmetries are in O(U). The set P(W ) is defined similarly. Then θ(O+(M2)) =
Q(P(U))Q(P(W ))Q×2

2 [4, Theorem 2.7]. Note that Q(P(U))Q×2
2 = θ(O+(U))

and Q(P(W )) = 2r+2ab(a + 2rb)ηθ(O+(W )). The formulae for θ(O+(U)) and
θ(O+(W )) are available in [4, 1.9]. Define an integer δ by

δ :=

{
1 if r + s is even;
2 otherwise.

Theorem 3.3. Suppose that 3 ≤ r < s. Then aTx + 2rbTy + 2scTz is almost
universal if and only if ax2 + 2rby2 + 2scz2 represents all p-adic integers over Zp
for every odd prime p and one of the followings holds:
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(1) sf(abc) is divisible by a prime p satisfying
(
−δ
p

)
= −1;

(2) bc 6≡ 1 mod 8;
(3) (sf(abc)− (a+ 2rb+ 2sc))/8 is represented by aTx + 2rbTy + 2scTz.

Proof. Suppose that ax2 + 2rby2 + 2scz2 represents all p-adic integers over Zp for
every odd prime p. The proof is a case-by-case analysis according to s−r = 1, 2, 3, 4
or ≥ 5. However, since all these cases follow the same line of argument, we shall
provide detail only for the cases s − r = 1 or 3 and indicate at the end what is
needed to be changed in the proofs for the other cases.

Suppose that s− r = 1 or 3. If t is an odd primitive spinor exception of gen(M),
then E := Q(

√
−tdM) must be Q(

√
−2). Moreover, t = m2sf(abc) for some odd

integer m. This implies that abc ≡ a mod 8, that is, bc ≡ 1 mod 8. It also follows
from [6, Theorem 1] that all prime divisors of sf(abc) must be congruent to 1 or 3
mod 8 (those are the primes p such that

(
−2
p

)
= 1). At this point we have shown

that gen(M) does not have any primitive spinor exception when either (1) or (2)
holds.

Now let us suppose that both (1) and (2) do not hold. We claim that sf(abc) is
an odd primitive spinor exception of gen(M). It is clear from [6, Theorem 1] that
θ(O+(Mp)) ⊆ Np(E) and θ∗(Mp, sf(abc)) = Np(E) for all odd primes p. Over Z2,

U ∼= 〈1〉 ⊥ 2r+2〈ab〉, W ∼= 2r+2ab(〈1〉 ⊥ 2s−r〈1〉).

Since r + 2 ≥ 5 and s− r = 1 or 3, we have

Q(P(U)) = {1, 2r+2ab}Q×2
2 , Q(P(W )) = 2r+2ab{1, 2, 3, 6}Q×2

2 .

Thus θ(O+(M2)) = N2(E). Now, by [6, Theorem 2(c)] we have θ∗(M2, sf(abc)) =
N2(E). Therefore, sf(abc) is a primitive spinor exception of gen(M).

The final step is to show that if both (1) and (2) do not hold, then aTx+2rbTy+
2scTz is almost universal if and only if (3) holds. This can be done by the same
argument used in the proof of Theorem 3.1.

For the rest of the cases, there are the following slight changes needed to be
made. First, the field E = Q(

√
−tdM) is Q(

√
−1), if s − r is even, and Q(

√
−2)

if s− r is odd. This explains the appearance of the quantity δ in the statement of
the theorem. Second, as s− r changes the set Q(P(W )) changes as follows [4, 1.9]
(assuming bc ≡ 1 mod 8):

Q(P(W )) =

{
2r+2ab{1, 5}Q×2

2 if s− r = 2 or 4;
2r+2ab{1, 2s−r}Q×2

2 if s− r ≥ 5.

We therefore still have θ(O+(M2)) ⊆ N2(E) in all cases. �

Theorem 3.4. The triangular form aTx+ 2bTy + 2scTz, s > 1, is almost universal
if and only if ax2 +2by2 +2scz2 represents all p-adic integers over Zp for every odd
prime p and one of the followings holds:

(1) s is odd or s = 2;
(2) sf(abc) is divisible by a prime congruent to 5 or 7 mod 8;
(3) abc 6≡ a+ 2b mod 8;
(4) (sf(abc)− (a+ 2b+ 2sc))/8 is represented by aTx + 2bTy + 2scTz.
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Theorem 3.5. The triangular form aTx+ 4bTy + 2scTz, s > 2, is almost universal
if and only if ax2 +4by2 +2scz2 represents all p-adic integers over Zp for every odd
prime p and one of the followings holds:

(1) s is odd;
(2) sf(abc) is divisible by a prime congruent to 3 mod 4;
(3) abc 6≡ a+ 4b mod 8;
(4) (sf(abc)− (a+ 4b+ 2sc))/8 is represented by aTx + 4bTy + 2scTz.

Theorem 3.6. The triangular form aTx+ 2rbTy + 2rcTz is almost universal if and
only if ax2+2rby2+2rcz2 represents all p-adic integers over Zp for every odd prime
p and one of the followings holds:

(1) r = 0 or 1;
(2) sf(abc) is divisible by a prime congruent to 3 mod 4;
(3) bc 6≡ 1 (mod 8);
(4) (sf(abc)− (a+ 2rb+ 2rc))/8 is represented by aTx + 2rbTy + 2rcTz.

The last three theorems cover all the remaining cases. Their proofs use the
same idea and method we have been using thus far, except that different formulae1

for θ(O+(M2)) are used in different cases. Instead of burdening the readers with
repetitive arguments, we simply outline the steps as follows. Once again, we assume
that the triangular form in question represents all p-adic integers over Zp for every
odd prime p. Under this assumption it can be shown that gen(M) does not have
any odd primitive spinor exception if one of the first three conditions holds; hence
Lemma 2.3 applies. Otherwise, we show that the corresponding triangular form is
almost universal if and only if (4) holds.

The following is conjectured by Kane and Sun in [10, Conjecture 1.19(ii)] which
completes their classification of almost universal positive triangular forms.

Corollary 3.7. Suppose that r ∈ {3, 4} or (r, s) = (2, 2), (0, 3) or (1, 3), and that
ax2 + 2rby2 + 2scz2 represents all p-adic integers over Zp for every odd prime p.
Then aTx + 2rbTy + 2scTz is not almost universal if the following three conditions
hold:

(1) 4 - a + 2rb + 2sc and sf(abc) ≡ 2−v(a + 2rb + 2sc) mod 23−v, where v =
ord2(a+ 2rb+ 2sc) < 2.

(2) All primes divisors of sf(abc) are congruent to 1 modulo 4 if sf(2r+sabc) ≡
a+ 2rb+ 2sc mod 2, and congruent to 1 or 3 modulo 8 otherwise.

(3) ax2 +2rby2 +2scz2 = 2vsf(abc) has no integral solutions with x, y, z all odd.

Proof. Note that condition (3) is equivalent to saying that (2vsf(abc)− (a+ 2rb+
2sc))/8 is not represented by aTx + 2rbTy + 2scTz.

We first treat the case (r, s) = (0, 3). Suppose a+ b ≡ 2 mod 4. Then a+ b = 2t
with t odd. Conditions (1) and (2) together imply that t ≡ 1 mod 4, which means
that a ≡ b mod 8. By Theorem 3.1, aTx+ 2rbTy + 2scTz is not almost universal. In
the case of a+ b ≡ 0 mod 4, condition (1) is never satisfied and hence the corollary
is just a consequence of Theorem 3.2.

1John Hsia communicated to the first author that [4, Theorem 3.14] and even its corrected
version [5, 1.2] need modification. The beginning of the fourth line of [5, 1.2] should be “all 2riMi

have the same order...”, and one should change Case (3)(iii) in [5, 1.2] to “rj+1 − rj ≥ 4, or

rj+1 − rj = 2 with rank(Lj) = rank(Lj+1) = 1 and det(2rjLj ⊥ 2rj+1Lj+1) det(2ri0Li0 ) ∈
{1,∆}, for i = 1, . . . t− 1.”
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The other cases can be verified similarly. Indeed, Theorem 3.4 and Theorem 3.6
deal with the cases (r, s) = (1, 4) and (r, s) = (2, 2), respectively, while Theorem
3.3 resolves the case when r = 3 or 4. �

We conclude by exhibiting a few examples which are direct consequences of the
main theorems.

Example 3.8. The triangular form Tx+Ty +2scTz is almost universal if and only
if every prime divisor of c is congruent to 1 mod 4 and s is 1 or even.

Example 3.9. The triangular form Tx+2Ty+2scTz is almost universal if and only
if every prime divisor of c is congruent to 1 or 3 mod 8 and one of the following
holds:

(1) s is 2 or odd;
(2) s is even and c ≡ 1 mod 8.

Example 3.10. The triangular form Tx + 2rTy + 2sTz, 0 ≤ r ≤ s, is almost
universal if and only if one of the following holds:

(1) r = 0 and s is 1 or even;
(2) r = 1;
(3) r = 2 and s ≥ 3.

Remark 3.11. In Corollaries 1.16 and 1.18 of [10], Kane and Sun give necessary
and sufficient conditions on m for which Tx + 2εTy +mTz is almost universal when
ε = 0 or 1 and ord2(m) 6= 3 + ε. Our Examples 3.8 and 3.9 subsume their results
and include the untreated case ord2(m) = 3 + ε.

Acknowledgement. The authors thank the referee for his/her valuable comments
and suggestions.
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