
Aut(Bn)
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Aut(Bn) =the set of all biholomorphic maps Bn → Bn

z = (z1, · · · , zn) ∈ Cn, | z |= z1z1 + · · ·+ znzn

Bn = {z ∈ Cn :| z |< 1}

{9����Ãº_� �â
Äº B1 =unit disk ∀ϕ ∈ Aut(B1)�Ér ��6£§ g1Js���.

ϕ(z) = eiθ0 z−a
1−az

, a ∈ B1

= eiθ0 (z−a)

e−iθ0 (1−az)
= Az+B

Bz+A
where A = eiθ0 , B = −aeiθ0/2.

s��¦̀�	כ normalize by A√
1−|a|2

= α0,
B√

1−|a|2
= β0
���� ϕ(z) = α0z+β0

β0z+α0
,

#�l�"f | α0 |2 − | β0 |2 = 1.

Bn
�̀¦ ��6£§õ� °ú �Ér �'a&h�\�"f �Ð��.(��%ò
l�
�&h� �'a&h�)

Cn+1 = {(ζ1, · · · , ζn+1)}, Cn+1 − {0}/ ∼
ζ, η ∈ Cn+1, 6= 0, ζ ∼ η ⇐⇒ η = λζ, some λ ∈ C∗ i.e., colinear.

CPn = Cn+1 − {0}/ ∼
ζ ∈ Cn+1 − {0}, [ξ] equivalence class. i.e., a point of CPn.

[ξ]_� ýa³ð,(ζ1/ζn+1, · · · , ζn/ζn+1) ∈ Cn, if ζn+1 6= 0.

Cn+1\� hermitian inner product F , signature(n, 1) �� ÷&>� ��6£§õ� °ú 

s� &ñ
_�
���.

ζ, η ∈ Cn+1, F (ζ, η) = −
∑n

j=1 ζjηj + ζn+1ζn+1.

Õª�Q��� {ζ ∈ Cn+1 : F (ζ, ζ) > 0}�Ér open cone s���. s�]j {ζ ∈
Cn+1 : F (ζ, ζ) > 0} = MÜ¼�Ð ¿º��� CPnÜ¼�Ð_� projection π\� @/


�#� π(M)�̀¦ ýa³ð�Ð ³ð�&³
���� zj =
ζj

ζn+1
Ü¼�Ð �Ð�¦, −(ζ1ζ1 + · · · +

ζnζn)+ ζn+1ζn+1 > 0���)a��.ÂÒ1pxd��_��ª�Aá¤�̀¦ ζn+1ζn+1Ü¼�Ð��¾º#QÅÒ
1
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���, 0A ÂÒ1pxd���Ér −(z1z1 + · · ·+ znzn) + 1 > 0, 7£¤, unit ball Bn ⊂ Cns�

�)a��.

Äºo���H s�]j F\�¦ �Ð�>r
���H Cn+1_� ���+þA���8̈� ����̂_� ç�H G\�¦ Òqty��


���: G : subgroup of GL(n+ 1, C)s��¦

g ∈ G⇐⇒ F (gζ, gη) = F (ζ, η),∀ζ, η ∈ Cn+1.

Introduce a matrix

ß =

(
−In 0
0 1

)
=


−1 0 0
0 −1 0

0
. . . 0

0 −1 0
0 1



Õª�Q��� ß2 = In+1s��¦  7�'� ζ =

 ζ1
...

ζn+1

 s���
���� F (ζ, η) = ζtßη.

Õª�Q��� (gζ)tß(gη) = ζtßη�� ÷&�¦, 7£¤ ζtgtßgη = ζtßη,∀ζ, η ∈ Cn+1.

����"f gtßg = ß.
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Proposition | detg |= 1

(7£x"î
 )detgt det ß det g = det ßs�Ù¼�Ð | det g |2 = 1s� �)a��.

Proposition\� ·ú¡������õ�_� d��_� �ª����\� ß\�¦ Y�L
���� gtßgß = ß2 =

In+1s� ÷&Ù¼�Ð gtßgßgt = gts��¦ ßgßgt = In+1. s�]j �ª����\� ß\�¦ Y�L


���� gßgt = ß\�¦ %3���H��.

s�]j g =

(
A B
C D

)
, An×n, D ∈ C�� Z�~��.

Õª�Q���0A_��7Ho�[þt�ÐÂÒ'�

(
A B
C D

) (
−In 0
0 1

) (
At Ct

Bt D

)
=

(
−In 0
0 1

)
\�¦

%3��¦ s��Ü¼�Ð	כ ÂÒ'� ��6£§_� [jd���̀¦ %3���H��.


AAt −BBt = In
CCt −DD = −1

−ACt +BD = 0.

s�]j 0A d���̀¦ ëß�7á¤r�v���H (n+ 1)× (n+ 1)matrix_� |9�½+Ë�̀¦ U(n, 1) =

unitary group of sig(n, 1)s����¦ ÂÒØÔ��.

g ∈ U(n, 1)\�¦ g =

(
A B
C D

)
, ζ ∈ Cn+1−{0}, ζ = (ζ1, · · · , ζn, ζn+1)

�� ¿º�¦ , ζ
′
= (ζ1, · · · , ζn)Ü¼�Ð ¿º��� gζ =

(
Aζ

′
+Bζn+1

Cζ
′
+Dζn+1

)
.�� �)a��.

projection
�#� CPn_�ýa³ð{zj =
ζj

ζn+1
}�Ð³ð�&³
���� [gζ] = Aζ

′
+Bζn+1

Cζ′+Dζn+1
=

Az+B
Cz+D

≡ ϕg(z).

Theorem (Osgood)

If f : Ω → Ω #�l�"f Ω : open ∈ Cn is holomophic, bijective, then

f−1 : Ω → Ω is also holomorphic.

Proposition

g ∈ U(n, 1), ϕg : Bn → Bn is injective.
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(7£x"î
) ϕg(z) = ϕg(z
′
)�� 
���. z, z

′ ∈ Bn. Let L = {ζ ∈ Cn+1 :

ζ1
ζn+1

= z1, · · · , ζn

ζn+1
= zn} ∪ {0} = {ζ ∈ Cn+1 : ζ = λ(z1, · · · , zn, 1), λ ∈

C} and same for z
′
, i.e., L

′
= {ζ ∈ Cn+1 :

ζj

ζn+1
= zj

′
, j = 1, · · · , n}∪{0}

Õª�Q��� ϕg(z) = ϕg(z
′
)Ü¼�ÐÂÒ'� g(L) = g(L

′
)�̀¦·ú��¦ g��H non-singular

s�Ù¼�Ð L = L
′
s� ÷&�¦ ����"f z = z

′
s���.

Proposition ϕg is onto Bn → Bn

2005¿=> 10\Ôö 27��
 ��£o>ÊÁ¡�́�¿B��7�Áþ� "�×�+�¿çÃ

ϕg is onto.

(7£x"î
) ∀p = (p1, · · · , pn) ∈ Bn, L = [(p1, · · · , pn, 1)] line in Cn+1

�̀¦ Òqty��
���. Õª�Q��� g�� non-singular matrix s�Ù¼�Ð L
′
:= g−1(L) �̧

lines�÷&�¦s���Ér/BI	כ [g−1(p1, · · · , pn, 1)]s��)a��.Õªo��¦ g��H F\�¦�Ð�>r


�Ù¼�Ð g−1(p1, · · · , pn, 1) ∈Ms���.����"f g(L
′
) = L,7£¤ ϕg([g

−1(p1, · · · , pn, 1)]) =

ps���.

{ϕg : g ∈ U(n, 1)} is a subgroup of Aut(Bn).

g =

(
A B
C D

)
, ϕg(z) = Az+B

Cz+D
.

Proposition G acts on Bn transitively.(/BI Bn is a homogeneous

space e���̀¦ ú́�K�ï�r��. )

(7£x"î
) ∀p ∈ Bn, ϕg(p) = 0s� ÷&��H g ∈ U(n, 1)�� �>rF��<Ê�̀¦ �Ðs����

Ø�æì�r
���.

ëß�{9� g =

(
A B
C D

)
�� e������� Ap+B = 0s���. Õª���X< "é¶A� g_� �̧

|	�Ü¼�ÐÂÒ'� AAt−BBt = In, AC
t = BD, | D |2−CCt = I\�¦ëß�7á¤r�&�
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�� 
�Ù¼�Ð 'Í	���P: d���̀¦ ���+þA
���� AAt −ApptAt = In�̀¦ ·ú��¦, ¢̧ ��r�

���+þA
���� A(In−ppt)At = Ins��¦¿º���P:d���̀¦���+þA
���� ACt = −ApD
s��¦ Ct = −pD\�¦ ·ú� Ãº e����. ����"f C = −Dpt, C = −Dpt�� ÷&�¦

s��
¦��t�}��d��\�@/{9��̀¦̀�	כ���� | D |2(1−ptp) = 1s��)a��. p ∈ Bn\�

@/
�#� s���� D�� �>rF�
���� C�� �>rF��<Ê�̀¦ ·ú��¦ A_� �>rF��� B\�¦ ���

&ñ
�<Ê�̀¦ ·ú��¦ e��Ü¼Ù¼�Ð A(In − ppt)At = In�̀¦ ëß�7á¤
���H A_� �>rF�\�¦ ú́�


���� Ø�æì�r�<Ê�̀¦ îß���. ëß���� Õª��� A\�¦ ½̈Ùþ¡��
���� ϕ(z) = A(z−p)
(1−ptz)D

=

Az−Ap
D−Dptz

= Az+B
Cz+D

= ϕg(z)s� 9 ,ϕ(p) = 0 �� �)a��. s���s	כ ½̈
���H ϕgs�

��.

���$� H := In − ppt�� hermitian positive definitee���̀¦ �'a¹1Ï
���.

(l�ËÂ): ∀q ∈ Cn, qt(I − ppt)q = qtq − qtpptq = | q |2 − |< q, p >|2 ≥
| q |2(1 − | p |2) > 0 if q 6= 0. Linear algebra \� ���̧��H ��6£§õ� °ú 

�Ér ��z�́�̀¦ �©�l�
���. ∃unitary matrix U such that U tHU := H
′

= λ1 0
. . .

0 λn

, each λj > 0.

s�]j 4 =


√
λ1

−1

. . . √
λn

−1

 �� 
���� 4H ′4 = Ins���. ����

"f 4U tHU4 = Ins��¦ D ∈ R s�Ù¼�Ð 4 = 4s��¦ p = U4s��� 
����
ptHp = In. ����"f A = pt�� 
���� A��H �̧|	��̀¦ ëß�7á¤r������.

{9�ìøÍ&h�Ü¼�ÐX : a sets���½+ÉM:G : a group of bijections ϕ : X → X.

G acts transitively ⇐⇒ ∀p, q ∈ X,∃ϕ ∈ G such that ϕ(p) = q.

H = isotropy subgroup for p ∈ X. ⇐⇒ H = {ϕ ∈ G | ϕ(p) = p}.
Then G/H = X.
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Isotropy subgroup of 0 ∈ Bn.

g ∈ U(n, 1)×�æ\�"f 0\�¦�¦&ñ
r�v���H g =

(
A B
C D

)
��H#Q�"� �̧�ª������?

ϕg(0) = Az+B
Cz+D

= B
D

= 0-vector. ����"f B = 0-vector.

Õª���X<"é¶A� U(n, 1)_�~½Ó&ñ
d���Ér AAt−BBt = In, AC
t = BD, | D |2−

CCt = 1 �Ð ÂÒ'� AAt = In, C = 0, | D |2 = 1�� ÷&�¦, Isotropy sub-

group�Ér

(
A 0
0 eiθ

)
, A ∈ U(n). 7£¤ U(n) × U(1)s���. ����"f Bn =

U(n, 1)/U(n)× U(1)s���.

��6£§õ� °ú �Ér ��z�́s� ·ú��94R e����.

1) Ω ⊂ Cn bounded complete Reinhardt domain, ϕ ∈AutΩ, ϕ(0) = 0.

Then ϕ is linear: 7£¤, ϕ(z) =

(
A

matrix

)  z1
...
zn


g1Js���.

2) :£¤y� Ω = Bns���� A ∈ U(n)s���.

G =Aut(Bn) ¦�>ÉÙ

∀ψ ∈ Aut(Bn), ψ(0) = p�� 
���. Õª�Q��� g ∈ U(n, 1)s� �>rF�
�#�

ϕg(p) = 0. Õª�Q��� ϕg ◦ψ ∈ Aut(Bn)("é¶&h��̀¦"é¶&h�Ü¼�Ð�Ð?/��H)����"f

ϕg ◦ψ = U ∈ U(n)s��¦ ψ = ϕg
−1 ◦Us� 9 U��H

(
U 0
0 1

)
∈ U(n, 1)ü<

1lx{9�r� ÷&Ù¼�Ð U ∈ Gs���. ����"f ψ ∈ G.


