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Abstract. We explain the notion of complete system and how it naturally arises

from the equivalence problem of G-structures. Then we construct a complete system

of 3rd order for the infinitesimal CR automorphisms of CR manifolds of nondegen-
erate Levi form.

§0. Introduction.
Let M and M ′ be real analytic (Cω) real hypersurfaces in Cn+1 and CN+1,

respectively, where N ≥ n ≥ 1. A pseudoconformal mapping of M into M ′ is a
holomorphic mapping of a neighborhood of M that maps M into M ′. Then the
restriction of f is a Cω CR embedding of M into M ′. Recently many authors,
[Eben], [Han5], [Hay1], [Kim1], [Kim2], [KO], [Zait1] and others, studied the de-
pendence of f on its finite jet at a point. There have been two approaches: one is
using the fact that f maps the Segre varieties of M into the Segre varieties of M ′

and the other is prolongation of the tangential Cauchy-Riemann equations and con-
struction of complete system of finite order of which every CR map f is a solution.
In this paper we briefly review the equivalence problem of E. Cartan and define
the notion of complete system as a generalization of Cartan’s complete system of
invariants. Then we construct a complete system of order 3 for the infinitesimal
CR automorphisms of CR manifolds of nondegenerate Levi form.

Given a system of partial differential equations prolongation is a process of re-
peated differentiation and algebraic operations to get a new system of desired form.
Prolongation seems to be a very effective and widely applicable method in the qual-
itative study of partial differential equations, especially for overdetermined systems.
The crux of the method of prolongation is in the reduction of order by eliminating
the highest order terms using the symmetry of the system. In most cases, however,
one can hardly find the symmetry that can be used for this reduction of order. For
the embedding equations the geometric invariants are often useful in finding the
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right symmetry that reduces the order by eliminating the highest order terms in the
prolonged system. This is the key observation in [CH1] and [Han2]. Generically, in
a finite number of steps an overdetermined system can be prolonged to a level on
which all the partial derivatives of unknown functions of certain order, say m, can
be solved in terms of derivatives of lower order. This level of prolongation shall be
called a complete prolongation and the resulting system a complete system of order
m, which we shall discuss in detail in §2.

In geometric equivalence problems where the mappings are determined by a
finite number of constants it seems to the author that the defining property of the
mappings can be expressed as a complete system of finite order. For instance, a
biholomorphism φ of the unit disk D is of the form

φ(z) = eiθ0
z − α

1− ᾱz
, θ0 ∈ R, α ∈ D

and therefore φ is determined by three real constants θ0,Reα and Imα. On the
other hand φ is an isometry of the Poincare metric of the disk. Therefore, φ
satisfies a complete system of order 2 and thus φ is determined by its 1-jet at a
point, that is, by three real constants, see Example 2.3. Similarly, it follows from
the Chern-Moser theory [CM] that a CR equivalence between Cω CR manifolds
of nondegenerate Levi form is determined by its 2-jet at a point. In §3 we shall
construct a complete system for infinitesimal CR automorphisms.

In CR geometry our primary concern associated with the complete system is the
existence of integral manifolds. This is the equivalence problem when M and M ′

are of the same dimension and the embeddability question in different dimensional
cases. Secondarily, the existence of complete system for CR mappings between
Cω real hypersurfaces implies the holomorphic extendability of CR mappings (see
[Han5], [Hay1]). The existence of complete system for the infinitesimal CR au-
tomorphisms implies that the space of infinitesimal automorphisms forms a finite
dimensional Lie algebra (see Theorem 3.1). In the cases N > n the existence of
complete system for infinitesimal deformations implies the finite dimensionality of
the deformations or the infinitesimal rigidity of an embedding. In §4 we shall discuss
further problems along these lines.

The author thanks D. Zaitsev for his interest and for many valuable discussions
and suggestions. As he pointed out the complete differential system of order 3 for
the infinitesimal automorphisms can be obtained by differentiating with respect to
the 1-parameter in the 1-parameter family of CR automorphisms. However, the
proof of Theorem 3.1 is more direct and simpler. As a rule we study infinitesimal
change first to understand nonlinear objects.

§1 Equivalence problem of G-structures.
Let M be a C∞ manifold of dimension n and G be a linear subgroup of GL(n; R).

A G-structure on M is reduction of coframe bundle of M to a subbundle with the
structure group G. For instance, a Riemannian structure on M is a SO(n)-structure
and the subbundle in this case is the orthonormal coframe bundle of M .
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Now let M and M̃ be manifolds of dimension n with G-structure. The equiv-
alence problem is deciding whether there exists a structure preserving mapping
f : M → M̃ . Locally, this is a question of existence of solutions for an overde-
termined system of first order partial differential equations in cases where G is a
sufficiently small group.

E.Cartan’s method to this problem is as follows: We fix coframes θ = (θ1,· · · ,θn)t

of M and θ̃ = (θ̃1, · · · ,θ̃n)t of M̃ adapted to the G-structure, where θ and θ̃ are
defined over an open set U of M and an open set Ũ of M̃ , respectively. Then the
question is whether there exists a mapping f : M → M̃ that satisfies

(1.1) f∗θ̃α = aα
β θβ ,

where a := [aα
β(x)]n×n is a G-valued function of M . In terms of local coordinates,

(1.1) is a system of first order partial differential equations for f = (f1, · · · , fn)
and system of algebraic equations for aα

β(x). Thus we consider the product U ×G
and the tautological 1-form Θ, which is a vector valued 1-form defined by Θ = gθ
on U ×G, namely

(1.2) Θ(x,g) = gθx, ∀x ∈ U, ∀g ∈ G,

where θx is a column vector (θ1
x, · · · , θn

x )t. G acts on U×G on the left by the action
defined by

h(x, g) = (x, hg), ∀x ∈ U, ∀g, h ∈ G.

Proposition 1.1. A diffeomorphism f : U → Ũ satisfies (1.1) if and only if there
exists a diffeomorphism F : U ×G → Ũ ×G satisfying

i) F ∗Θ̃ = Θ

ii) the following diagram commutes:

U ×G
F−−−−→ Ũ ×G

π

y yπ̃

U
f−−−−→ Ũ

iii) F (x, gh) = gF (x, h), for each x ∈ U, and g, h ∈ G.

Proof. Suppose that f satisfies f∗θ̃ = g0θ, where g0 is a G-valued function on M .
Define F : U ×G → Ũ ×G by F (x, g) = (f(x), gg−1

0 (x)). Then F satisfies ii) and
iii). Moreover,

F ∗Θ̃ = F ∗(g̃θ̃) = (gg0
−1)f∗θ̃ = (gg0

−1)g0θ = gθ = Θ.
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Conversely, suppose that F : U ×G → Ũ ×G satisfies i) - iii). Define f : U → Ũ

and g0 : U → G by F (x, e) = (f(x), g0(x)−1), where e is the identity of G. Then
F (x, g) = gF (x, e) = (f(x), gg−1

0 ), and i) implies that

gθ = F ∗(g̃θ̃) = (gg0
−1)f∗θ̃

therefore, f∗θ̃ = g0θ. �

Now apply d to (1.2). We get

dΘ = dg ∧ θ + gdθ;

substituting θ = g−1Θ, we obtain

(1.3) dΘ = dgg−1 ∧Θ + gdθ.

We need the following

HYPOTHESIS: There exists unique 1-forms ωi
j , i, j = 1, · · · , n, such that

(1.4) dθi = −ωi
j ∧ θj

and
[ωi

j(x)] ∈ G, for each x ∈ U,

where G is the Lie algebra of G.
This Lie algebra valued 1-form ω = [ωi

j ] is called a torsion-free connection (see
[Chern]). Substitute dθ = −ω ∧ θ and θ = g−1Θ in (1.3), to get

dΘ = dgg−1 ∧Θ − gω ∧ g−1Θ = (dgg−1 − gωg−1) ∧Θ.

Let

(1.5) Ω = −(dgg−1 − gωg−1),

then Ω is a G-valued 1-form on U ×G and we have

(1.6) dΘ = −Ω ∧Θ.

Now it is easy to show

PROPOSITION 1.2. Let Θi and Ωi
j , i, j = 1, · · · , n, be the 1-forms defined by

(1.2) and (1.5) on U ×G. Then Θi,Ωi
j spans the cotangent space at each point of

U ×G. Furthermore, if Θ̃i, Ω̃i
j are the corresponding 1-forms on Ũ ×G and

F : U ×G → Ũ ×G

is the mapping as in Proposition 1.1, then

(1.7) F ∗Ω̃i
j = Ωi

j .

The set {Θi,Ωi
j} is called a complete set of invariants for the equivalence problem.

Ω is called a torsion-free connection form on U ×G. Note that ω is a 1-form on the
base manifold U and that the restriction of Ω on each fibre is the Maurer-Cartan
form of G.
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§2 Complete systems.
Let f be a smooth (C∞) mapping of an open subset X of Rn into an open subset

U of Rm. In this section we use superscripts for each components of vectors , thus
x = (x1, · · · , xn) and u = (u1, · · · , um) are the standard coordinates of Rn and Rm,
respectively, and f(x) = (f1(x), · · · , fm(x)).

Let Uk be the space of all the different k-th order partial derivatives of the
component of f at a point x. Set U (q) = U×U1×· · ·×Uq be the Cartesian product
space whose coordinates represent all the derivatives of a mapping u = f(x) of all
orders from 0 to q. A point in U (q) will be denoted by u(q).

The space Jq(X, U) = X × U (q) is called the q-th order jet space of the space
X × U . If f : X → U is smooth, let (jqf)(x) = (x, f(x), ∂αf(x) : |α| ≤ q), then
jqf is a smooth section of Jq(X, U) called the q-graph of f .

Consider a system of partial differential equations of order q (q ≥ 1) for unknown
functions u = (u1, · · · , um) of independent variables x = (x1, · · · , xn),

(2.1) ∆λ(x, u(q)) = 0, λ = 1, · · · , l,

where ∆λ(x, u(q)) are smooth functions in their arguments. Then
∆ = (∆1, · · · ,∆l) is a smooth map from X×U (q) into Rl, so that the given system
of partial differential equations describes the subset S∆ of zeros of ∆λ in X ×U (q),
called the solution subvariety of (2.1). Thus, a smooth solution of (2.1) is a smooth
map f : X → U whose q-graph is contained in S∆.

A differential function P (x, u(q)) of order q defined on X × U (q) is a smooth
function of x, u, and derivatives of u up to order q. The total derivatives of
P (x, u(q)) with respect to xi is the unique smooth function defined by

DiP (x, u(q+1)) :=
∂P

∂xi
+

m∑
a=1

∑
J

ua
J,i

∂P

∂ua
J

,

where J = (j1, · · · , jn) is a multi-index such that |J | ≤ q and
J, i = (j1, · · · , ji + 1, · · · , jn). For each nonnegative integer r, the rth-prolongation
∆(r) of the system (2.1) is the system consisting of all the total derivatives of(2.1)
of order up to r. Let (∆(r)) be the ideal generated by ∆(r) of the ring of differential
functions on X × U (q+r). If ∆̃ ∈ (∆(r)) for some r, the equation

(2.2) ∆̃(x, u(q+r)) = 0

is called a prolongation of(2.1). Note that any smooth solution of (2.1) must satisfy
(2.2). If k is the order of the highest derivative involved in ∆̃, we call (2.2) a
prolongation of order k.

We now define the complete system.
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Definition 2.1. We say that (2.1) admits a complete prolongation to a system of
order k if there exist prologations of (2.1) of order k

(2.3) ∆̃ν(x, u(k)) = 0, ν = 1, · · · , N

which can be solved for all the k-th order partial derivatives as smooth functions of
lower order derivatives of u, namely, for each a = 1, · · · ,m and for each multi-index
J with |J | = k,

(2.4) ua
J = Ha

J (x, u(p) : p < k)

for some function Ha
J which is smooth in its arguments.

Every ordinary differential equation of order n

y(n) = F (x, y, y′, y′′, . . . , y(n−1))

is obviously a complete system of order n. Then the existence and uniquensess of
solutions for given initial condition follow from the fundamental theorem of ordinary
differential equation. Moreover, if F is analytic in its arguments then the solutions
are analytic. If a given system of partial differential equations admits prolongation
to a complete system the solutions have the same properties, see Proposition 2.5.

Example 2.2. Consider the following system for one unknown function u(x, y) of
two independent variables.

(2.5)
{

ux + uuy = a(x, y)
uyy + u2 = b(x, y).

We shall show that (2.5) admits a prolongation to a complete system of order 2.
Differentiate the first equation of (2.5) with respect to x and y , respectively. then
we have

(2.6)

uxx + uxuy + uuxy = ax

uxy + u2
y + uuyy = ay

uyy + u2 = b.

(2.6) is a quasi-linear system of second order. The second order terms are 1 u 0
0 1 u
0 0 1

  uxx

uxy

uyy

 .

Since the matrix of the coefficients is invertible we can solve for all the second order
derivatives of u in terms of lower order terms to get a complete system of order 2.
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Thus a C2 solution u of (2.5) is is uniquely determined by u(0), ux(0), and uy(0)
and u is Cω.

Coming back to the equivalence problem let G be a Lie-subgroup of GL(n; R).
Suppose that a manifold E of dimension n has a G-structure and π : Y → E is
the associated principal bundle. The equivalence problem is finding canonically a
system of differential 1-forms

(2.7) ω1, · · · , ωN , where N = n + dimG,

so that a mapping f : E → Ẽ preserves the G-structure if and only if there exists
a mapping F ;Y → Ỹ , which is a lift of f ,that is, π̃ ◦ F = f ◦ π, and such that

(2.8) F ∗ω̃i = ωi, i = 1, · · ·N,

where Ẽ is a manifold of dimension n with a G-structure and π̃ : Ỹ → Ẽ is the
associated principal bundle and ω̃i are the corresponding 1-forms on Ỹ . (2.7) is
called a complete system of invariants of the G-structure and (2.8) is a complete
system of order 1 for F in the sense of Definition 2.1. It turns out that (2.8) is
equivalent to a complete system of order 2 for f . In the following we present a
direct construction of a complete system for Riemannian isometries.

Example 2.3. Let (M, g) and (M̃, g̃) be smooth Riemannian manifolds with Rie-
mannian metric g and g̃, respectively. A C1 map u : M → M̃ is an isometry
if

(2.9) u∗g̃ = g.

In term of local coordinates (2.9) can be written as

(2.10) uα
i uβ

j g̃αβ(u) = gij(x), (summation convention),

for each i, j = 1, . . . , n. By applying ∂k to (2.10) we have

(2.11) (uα
ikuβ

j + uα
i uβ

jk)g̃αβ(u) + uα
i uβ

j

∂g̃αβ

∂uγ
(u)uγ

k =
∂gij

∂xk
(x),

for each i, j, k = 1, . . . , n. We may assume that u(0) = 0, gij(0) = δij , g̃αβ(0) = δαβ ,
and uα

j (0) = δα
j . Then at the reference point 0 (2.11) is

(2.12) ui
jk + uj

ik = −g̃ij,k(0) + gij,k(0).

By permuting the indices {i, j, k} in (2.12) we get

(2.13) uj
ki + uk

ji = −g̃jk,i(0) + gjk,i(0)
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and

(2.14) uk
ij + ui

kj = −g̃ki,j(0) + gki,j(0).

Then (2.12) + (2.14)− (2.13) yields

2ui
jk = −g̃ij,k(0) + g̃jk,i(0)− g̃ki,j(0) + gij,k(0)− gjk,i(0) + gki,j(0).

Therefore, on a neighborhood of (0, u(0), ui(0)) in the space of first jets of u we
have

(2.15) ui
jk = Hi

jk(x, u(1)),

which is a complete system of order 2.

Now we observe that solving the given system of partial differential equations
(2.1) is equivalent to finding an integral manifold of the corresponding exterior
differential system

dua
I −

n∑
i=1

ua
I,idxi = 0

for all multi-index I with |I| < q and a = 1, · · · ,m, with an independence condition
dx1 ∧ · · · ∧ dxn 6= 0 on S∆(see [BCGGG]). If a solution of (2.1) satisfies a complete
system of order k then we have the following Pfaffian system on Jk−1(X, U):

(2.16)



dua −
n∑

j=1

ua
j dxj = 0,

...

dua
I −

n∑
j=1

ua
I,jdxj = 0, |I| = k − 2,

dua
I −

n∑
i=1

Ha
I,idxi = 0, |I| = k − 1.

with an independence condition dx1 ∧ · · · ∧ dxn 6= 0, where Ha
I,i are as in (2.4).

Thus a solution u = f(x) of (2.1) of class Ck satisfies a complete system of order k
if and only if

(x) 7→ (x, f(x), ∂Jf(x) : |J | ≤ k − 1)

is an integral manifold of the Pfaffian system (2.16). In particular, we have

Proposition 2.5. Let f be a solution of (2.1) of class Ck. Suppose that f satisfies
a complete system (2.4), then f is C∞. If each Ha

J is real analytic then f is real
analytic. Furthermore, a solution is uniquely determined by its (k − 1)-jet at a
point.
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§3 Complete system for the infinitesimal CR automorphisms. In this sec-
tion we construct a complete system for the infinitesimal CR automorphisms of a
CR manifolds of nondegenerate Levi forms. Let M be a differentiable manifold of
dimension 2n + 1. A CR structure of hypersurface type on M is a subbundle V of
the complexified tangent bundle TCM having the following properties :
i) each fiber is of complex dimension n,
ii) V ∩ V̄ = {0},
iii) [V,V] ⊂ V (integrability).
Given a CR structure V the Levi form L is defined by

L(L1, L2) :=
√
−1[L1, L̄2], mod (V + V̄).

L is a hermitian form on V with values in TCM/(V + V̄). M is said to be strictly
pseudoconvex if L is definite. A real hypersurface in a complex manifold has natural
CR structure induced from the complex structure of the ambient space. A complex
valued function f is called a CR function if f is annihilated by V̄. Let {L1, · · · , Ln}
be a set of complex vector fields that generates V. Then f is a CR function if and
only if

(3.1) L̄if = 0, i = 1, · · · , n (tangential Cauchy-Riemann equations).

A system of CR functions (f1, · · · , fn+1) with df1∧· · ·∧dfn+1 6= 0 is a CR immersion
into Cn+1.
Let (N,V ′) be a CR manifold of dimension 2N +1, N ≥ n, with the CR structure
bundle V ′. A mapping F : M → M ′ is called a CR mapping if F preserves the CR
structure, that is,

(3.2) F∗V ⊂ V ′.

A real vector field X on a CR manifold (M,V) is an infinitesimal CR automorphism
if the flow maps φt of X are the local CR diffeomorphisms for each t with |t| ≤ ε.
A smooth vector field X is an infinitesimal CR automorphism if and only if the Lie
derivative of a section L of V with respect to X is again a section of V, that is,
[X, L] ∈ V. We set

(3.3) [X, Li] = αj
i Lj , (summation convention),

for some functions αj
i for each i = 1, . . . , n. We have

Theorem 3.1. Let M2n+1 be a Cω CR manifold of nondegenerate Levi form.
Then the defining equation (3.3) of the infinitesimal CR automorphisms admits
prolongation to a complete system of order 3. Therefore, a C3 infinitesimal CR
automorphism is in fact Cω. Moreover, the set of infinitesimal CR automorphisms
of M forms a finite dimensional Lie algebra.

Proof. In this proof we use summation convention: repeated indices mean the sum-
mation over 1 through n. (3.3) is linear in X. Suppose that X1 and X2 are solutions
of (3.3). Then

(3.4) [[X1, X2], L] = −[[X2, L], X1]− [[L,X1], X2],
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by Jacobi identity. Each Xj , j = 1, 2, is an infinitesimal CR automorphism
and hence Zj := [Xj , L] is a section of V. Then the right hand side of (3.4) is
−[Z2, X1] + [Z1, X2], which is again a section of V. This shows that infinitesimal
CR automorphisms are closed under the bracket operation and hence form a Lie
algebra. To prove the other assertions of the theorem it suffices to show that (3.3)
admits a prolongation to a complete system of order 3. Choose a Cω nonvanishing
real vector field T of M which is transversal to the CR structure bundle V and set

(3.5) [Li, L̄j ] =
√
−1ρij̄T, mod (V + V̄).

The hermitian matrix (ρij̄)i,j=1,... ,n is the Levi form. We may assume that at the
reference point (ρij̄) is a diagonal matrix with diagonal elements ±1, for otherwise
we make a suitable linear change of basis L1, . . . , Ln. Set

(3.6) X = fλLλ + f̄λL̄λ + gT, g is real

(3.7) [Li, L̄j ] =
√
−1ρijT + aλ

ijLλ + bλ
ijL̄λ

(3.8) [Li, Lj ] = cλ
ijLλ

and

(3.9) [T,Li] = Aλ
i Lλ + Bλ

i L̄λ + EiT.

By substituting (3.6) for X in (3.3) and by equating the corresponding componets
we have

(3.10) αλ
i = −Lif

λ + fµcλ
µi − f̄µaλ

iµ + gAλ
i ,

and
−Lif̄

λ − f̄µbλ
iµ + gBλ

i = 0

or equivalently

(3.11) L̄if
λ = −fµb̄λ

iµ + gB̄λ
i

and

(3.12) Lig = −f̄µρiµ + gEi.

On the other hand by Jacobi identity

(3.13)

[X, [Li, L̄j ]] = −[Li, [L̄j , X]]− [L̄j , [X, Li]]

= [Li, −ᾱλ
j L̄λ]− [L̄j , αλ

i Lλ]

= (ᾱλ
j ρiλ + αλ

i ρλj)T + L and L̄ components
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In the left hand side of (3.13) substitute (3.6) for X and (3.7) for [Li, L̄j ]. By
equating the T -components and by (3.12) we obtain

(3.14) ᾱλ
j ρiλ + αλ

i ρλj = −
√
−1ρijTg+ < 1, f, f̄ , g >,

where <> denotes an element of the module over the ring of analytic functions
of M generated by the arguments inside <>, that is, a linear combination of the
arguments with analytic coefficients. In (3.14) substitute (3.10) for αλ

i then we
have

(3.15) ρijTg = (Lif
λ)ρλj + (L̄j f̄

λ)ρiλ+ < 1, f, f̄ , g > .

Since the matrix of coefficients (ρλj)λ,j=1,... ,n is invertible we can solve (3.15) for
Lif

λ to obtain

(3.16) Lif
λ =< 1, f, g, f̄ , L̄f̄ , T g > .

Now we shall express all the 3rd order partial derivatives LαL̄βT tf and LαL̄βT tg
as analytic functions of lower order derivatives, where α = (α1, . . . , αn) and β =
(β1, . . . , βn) are multi-indices and |α| + |β| + t = 3. If |β| 6= 0 then by (3.11)
LαL̄βT tf reduces to the second order. If |α|+|β| 6= 0 then by (3.12) and its complex
conjugate LαL̄βT tg reduces to the second order. Thus it suffices to express LαT tf
with |α| + |β| = 3 and T 3g in terms of derivatives of f and g of order ≤ 2. By
applying Lj to (3.16) we obtain

LjLif =< 1, f, g, , Ljf, Ljg, LjL̄f̄ , L̄L̄f̄ , LjTg > .

In the right hand side LjL̄if̄ = ([Lj , L̄i]+L̄iLj)f̄ =< L̄f̄ , T f̄ > by (3.7) and (3.11),
Lig =< g, f̄ > by (3.12) and Lf =< 1, f, g, f̄ , L̄f̄ , T g > by (3.16) and

LjTg = (−[T,Lj ] + TLj)g

=< g, Tg, f̄ , T f̄ >

by (3.12). Hence we have

(3.17) LjLif =< 1, f, g, Tg, f̄ , L̄f̄ , T f̄ > .

Apply Lk to (3.17). Then in the same way as above we have

(3.18) LkLjLif =< 1, f, g, Tg, f̄ , L̄f̄ , T f̄ >, ∀i, j, k = 1, . . . , n.

Apply L̄l to (3.18). Then we have

L̄lLkLjLif = LkLjLiL̄lf

− {ρklTLjLi + ρjlTLkLi + ρilTLjLk}f+ < f, Lf, Tf, L2f, TLf, >,
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where the last two terms occur when L̄l commutes with L’s. In the first term of the
RHS L̄lf =< f, g > by (3.11) hence by (3.18) and (3.12) the first term of the RHS
is < 1, f, g, Tg, f̄ , L̄f̄ , T f̄ > . Since (ρkl) is diagonal and invertible at the reference
point we can solve for TLjLi for each i, j = 1, . . . , n. Thus we have

(3.19) TLjLif =< 1, f, g, Lf, Tf, Tg, TLf > + < f̄, L̄f̄ , T f̄ , L̄2f̄ , T L̄f̄ > .

Apply L̄k to (3.19). Then
(3.20)
T 2Lif =< 1, f, g, Lf, Tf, Tg, L2f, TLf, T 2f > + < f̄, L̄f̄ , T f̄ , L̄2f̄ , T L̄f̄ , L̄3f̄ , T L̄2f̄ > .

In the right hand side of (3.20) substitute for L̄3f̄ and for T L̄2f̄ the complex
conjugate of (3.18) and (3.19), respectively, then we have
(3.21)

T 2Lif =< 1, f, g, Lf, Tf, Tg, L2f, TLf, T 2f > + < f̄, L̄f̄ , T f̄ , L̄2f̄ , T L̄f̄ > .

Apply L̄i to (3.21). Then we have

(3.22) T 3f =< 1, f, g, Lf, Tf, L2f, TLf, T 2f > + < f̄, L̄f̄ , L̄2f̄ , T L̄f̄ > .

Finally, by applying T 2 to (3.15) we have

T 3g =< terms of order ≤ 2 > + < T 2Lf, T 2L̄f̄ > .

In the right hand side we substitute (3.21) for T 2Lf and the complex conjugate of
(3.21) for T 2L̄f̄ , to obtain
(3.23)

T 3g =< 1, f, g, Lf, Tf, Tg, L2f, TLf, T 2f > + < f̄, L̄f̄ , T f̄ , L̄2f̄ , T L̄f̄ , T 2f̄ > .

Thus we obtained a complete system of order 3 for (f, f̄ , g).

§4 Complete system, rigidity of embeddings and regularity of rigid em-
beddings. Hayashimoto [Hay2] constructed complete systems of finite order for
the cases of CR manifolds of degenerate Levi forms of finite type. He used the
method of prolongation and made essential use of the fact that the CR functions
f = (f1, . . . , fn+1) are related by r ◦ f = 0, where r is a Cω defining function
of the target manifold. In pseudo-hermitian embedding (see [Web1] for definition)
, however, there is no such relation among f1, . . . , fn+1. Instead, the mappings’
being psudo-hermitian gives relation among derivatives of f and Kim [Kim1] ob-
tained a complete system for this case also under a very complicated but generic
assumption. In general, if a family of mappings of a manifold M into M ′ satisfy a
complete system (2.4) of order k then a mapping of the family is determined by its
(k−1)-jet at a point. Conversely, if a mapping of a certain family is determined by
its finite jet at a point our question is whether the system of differential equations
that defines the family admits prolongation to a complete system. The first result



EQUIVALENCE PROBLEM AND COMPLETE SYSTEM 13

in this direction is [Kim2], where Kim proved using the Segre variety the finiteness
of CR immersions of a Cω CR manifold M into another Cω CR manifold M ′ with
degenerate Levi forms of finite type and then constructed a complete system for
the CR immersions of M into M ′. It seems that if the Segre variety argument
shows the finite determination of CR mappings then this finiteness actually comes
from a complete system. Our further question is whether a rigid local embedding
necessarily satisfies a complete system, namely

Problem 4.1. Let M be a Cω CR manifold of hypersurface type of dimension 2n+
1, n ≥ 1. A CR immersion f of M into a sphere S2N+1, N ≥ n, is said to be rigid
if for any CR immersion g of M into the sphere there exists a CR automorphism
φ of the sphere such that g = φ ◦ f . If M admits a rigid immersion into the sphere
does there exist a complete system of finite order for the CR immersions?

Problem 4.2. Let (M, g) be a Riemannian manifold of dimension n. A smooth
map u = (u1, . . . , uN ) : M → RN is an isometric immersion if

(4.1) < du, du >= g.

In terms of local coordinates x = (x1, . . . , xn) (4.1) is

N∑
α=1

uα

∂xi

uα

∂xj
= gij(x)

for each i, j = 1, . . . , n , where gij(x) =< ∂
∂xi

, ∂
∂xj

>. A solution f = (f1, . . . , fN )
of (4.1) is said to be rigid if for any solution g of (4.1) there exists an isometry
φ of RN such that f = φ ◦ g. If M admits a rigid isometric immersion then does
(4.1) admit a prolongation to a complete system of finite order? If M is Cω then
is a rigid isometric immersion f necessarily Cω?

There is a conformal version of the above questions where the embedding equa-
tion is

(4.2) < du, du >= λg,

for some positive valued function λ and the other analogies are obvious.
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