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ABSTRACT. Given a system of vector fields on a smooth manifold that spans a
plane field of constant rank, we present a systematic method and an algorithm
to find submanifolds that are invariant under the flows of the vector fields. We
present examples of partition into invariant submanifolds, which further gives
partition into orbits. We use the method of generalized Frobenius theorem by
means of exterior differential systems.

1. INTRODUCTION

Let M be a smooth (C∞) connected manifold of dimension m. We consider an
open cover {Uα}α∈A , for some index set A, and a smooth vector field Xα on Uα,
for each α ∈ A. Let G be the pseudogroup of local diffeomorphisms generated
by the 1-parameter groups

exp tXα, −ε< t < ε,
whose infinitesimal generator is Xα, where ε> 0 depends on α and the domain
of a local diffeomorphism. A submanifold N ⊂ M is said to be invariant if for
any x ∈ N we have g(x) ∈ N for all g ∈G.

A point y ∈ M is said to be reachable from x ∈ M, denoted by x ∼ y, if y =
g(x) for some g ∈ G. x ∼ y is an equivalence relation. Its equivalence class Sx,
the set of all points reachable from x, is called the orbit of x. An orbit is a
submanifold (cf. [Sus, Theorem 4.1]), not necessarily an embedding (cf. [AS,
Example 5.5]). An orbit is an invariant submanifold. The orbits of an arbitrary
set of vector fields have been studied because of their importance in control
theory. If the smallest Lie algebra (a module that is closed under the bracket)
that contains all Xα has the maximal rank m, then the orbit of any point is
the whole manifold M by Chow’s theorem (cf. [Chow], [Kre]). We refer the
readers to [Jur], [Sus] and [BMS] for further results on the orbits of vector
fields. In this paper we are concerned with the problem of finding invariant
submanifolds assuming the following:

Constant rank condition: the linear span of {Xα,α ∈ A} has constant dimension
p, for some p, 1≤ p ≤ m−1.

This is a strong condition on the topology of M. For instance, the constant
rank condition with p = 1 holds if and only if M has the Euler characteristic
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zero (cf. [MS]). Once the constant rank condition is assumed to find the invari-
ant submanifolds is a local problem. Our object of study is indeed a sub-bundle
T ′ of rank p of the tangent bundle TM spanned by Xα. Suppose that

(1.1) {X1, . . . , X p}

spans T ′ locally. If

(1.2) [T ′,T ′]⊂ T ′

holds, which means that the module generated by (1.1) is closed under the
bracket, by applying the Frobenius theorem locally, we see that M is foliated
by orbits of dimension p. The minimal dimension of an orbit is p. If (1.2) does
not hold we may reduce the control system given by (1.1) to invariant subman-
ifolds. By partitioning M into a disjoint union of invariant submanifolds one
may obtain a finer partition by orbits as shown in the examples in §4.

Suppose that N is locally defined as a common zero locus of a non-degenerate
set (definition in §2) of smooth real-valued functions ρ = (ρ1, . . . ,ρd), d ≥ 1, where
d is the codimension of N. A local characterization for N to be invariant is that

(1.3) (X jρ)(x)= 0, j = 1, . . . , p, for all x with ρ(x)= 0.

If p ≥ 2, then (1.3) is over-determined, hence there are no such ρ generically.
In the case p = 1 the classical first integrals ρ = (ρ1, . . . ,ρm−1) satisfies X jρ = 0.
Thus every level set of a non-degenerate first integral is an invariant subman-
ifold. Furthermore, every common zero locus of a non-degenerate set of first
integrals is an invariant submanifold. In solving (1.3) we use the method of
exterior differential systems (cf. §2) and the generalizations of the Frobenius
theorem as in §3.

2. PRELIMINARIES

In this section, we review some of the basic facts of the exterior differential
system and the theory of the first integrals due to E. Cartan and R. Gard-
ner. Then we define the generalized first integral, or functions with invariant
zero locus, which has been used in [AH, HL, HP1, HP2]. In this section our
argument is purely local, thus M is a small open set of a smooth manifold of
dimension m, which is allowed to shrink finitely many times as our argument
proceeds. We fix notations first: let

Ω∗ =Ω0 ⊕Ω1 ⊕·· ·⊕Ωm ,

be the exterior algebra of smooth differential forms, where Ω0 is the ring of
smooth real-valued functions and Ωr, r = 1, . . . ,m, is the module over Ω0 of
smooth r-forms on M.

Definition 2.1. A subalgebra I is called an ideal (algebraic ideal) if the fol-
lowing conditions hold:

(i) I ∧Ω∗ ⊂I .
(ii) Homogeneity condition: If φ := ∑m

r=0φr ∈ I , where φr ∈ Ωr, then each
component φr ∈I .

The homogeneity condition implies that I is a two-sided ideal, that is,

Ω∗∧I ⊂I

.
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A system of C∞ real-valued functions r1, . . . , rd are said to be non-degenerate
if dr1 ∧·· ·∧drd 6= 0. Let θ = (θ1, . . . ,θs) be a system of smooth 1-forms. Rank of θ
at x ∈ M is the dimension of the linear span 〈θ1, . . . ,θs〉. If θ has constant rank
on a submanifold N ⊂ M, then 〈θ〉⊥, the set of vectors tangent to M that are
annihilated by θ, forms a vector bundle over N, where the fibre at x ∈ N is a
subspace of the tangent space of M at x.

Definition 2.2. An ideal I is said to be regular if I is generated by a non-
degenerate system of real-valued functions r := (r1, . . . , rd) and a finite set of
smooth 1-forms θ := (θ1, . . . ,θs) of constant rank. A regular ideal generated by r
and θ shall be denoted by I (r,θ) or by {r,θ}. For φ,ψ ∈Ω∗ we write

φ≡ψ mod {r,θ}

if and only if φ−ψ ∈ {r,θ}.

A regular ideal {r,θ} corresponds in one-to-one manner to a vector bundle
V → N, where N is the common zero set of r, and V = 〈θ〉⊥ as in the following
diagram:

V ,→ TM
↓ ↓
N ,→ M

Suppose that the regular ideals {r,θ} and {r̃, θ̃} define vector bundles V → N
and Ṽ → Ñ, respectively. We define the inclusion (V → N)⊂ (Ṽ → Ñ) by

N ⊂ Ñ and Vx ⊂ Ṽx, ∀x ∈ N.

We observe that (V → N)⊂ (Ṽ → Ñ) if and only if

{r,θ}⊃ {r̃, θ̃}.

Remark 2.3. Let {r,θ} ⊂ Ω∗ be a regular ideal and ω be a k-form for some
k = 1, . . . ,m. Then ω ∈ {r,θ} if and only if ω(V1, . . . ,Vk) = 0, for any V1, . . . ,Vk in
the same fibre Vx, x ∈ N. If N is the common zero locus of a non-degenerate
r = (r1, . . . , rd), the tangent bundle TN corresponds to the ideal {r,dr}.

We consider a set of smooth vector fields

(2.4) X1, . . . , X p,

that are linearly independent at all points of M. A smooth real-valued function
ρ is called a first integral of (2.4) if ρ remains constant along integral curves of
each X j, j = 1. . . . , p, that is, if

(2.5) X jρ = 0, j = 1, . . . , p.

There can be at most s := m− p first integrals ρ1, . . . ,ρs with dρ1 ∧ ·· ·∧dρs 6= 0,
which is the case that the Frobenius integrability condition (1.2) holds with
T ′ =< X1, . . . , X p > . Now let

(2.6) θ = (θ1, . . . ,θs), where s = m− p,

be a system of independent smooth 1-forms that annihilate X j, j = 1, · · · , p.
Then (1.2) is equivalent to

(2.7) dθ ≡ 0, mod {θ}.

By a Pfaffian system we shall simply mean a system of independent 1-forms.
Pfaffian system (2.6) is said to be integrable, or involutive, if (2.7) holds. It is
easy to see the following
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Proposition 2.4. Let X1, . . . , X p be smooth independent vector fields and θ =
(θ1, . . . ,θs), s = m− p, be a system of smooth independent 1-forms as in (2.4) and
(2.6). Then for a smooth real-valued function ρ with dρ 6= 0 the following are
equivalent:

(i) ρ is a first integral;
(ii) X j, j = 1, . . . , p, is tangent to the level sets of ρ;

(iii) ρ satisfies

(2.8) dρ ∈ {θ}.

Next we review the notion of the derived flag of Pfaffian systems as in [Gar].
Given a system θ = (θ1, . . . ,θs) of independent 1-forms, we denote by I the sub-
bundle of T∗(M) spanned by θ. We regard I also as a submodule of Ω1 gener-
ated by θ. Let d : I →Ω∗ be the exterior differentiation and π :Ω∗ →Ω∗/I be the
projection. Then

(2.9) δ=π◦d : I →Ω2/I

is a module homomorphism. Let I(1) ⊂ I be the kernel of δ. Then we have the
following exact sequence

0−→ I(1) −→ I δ−→ dI/I −→ 0.

I(1) is called the first derived system. Inductively, assuming that I(r−1) has
constant rank, we construct the r-th derived system by the exactness of

0−→ I(r) −→ I(r−1) δ−→ dI(r−1)/I(r−1) −→ 0.

Again we assume that I(r) has constant rank, that is, a sub-bundle of T∗(M).
Then there will be a smallest integer ν such that I(ν+1) = I(ν). We call

I = I(0) ⊃ I(1) ⊃ I(2) ⊃ ·· · ⊃ I(ν−1) ⊃ I(ν)

the derived flag of I and ν the derived length. Note that I(ν) is the largest
involutive subsystem of I.

A basic observation in [Gar] is that a function ρ is a first integral if and only
if dρ ∈ I(ν). Let q be the rank of I(ν). Then by the Frobenius theorem there
exist q first integrals that are functionally independent. If the rank of I(ν) is
non-zero the Pfaffian system θ is said to be of type ν. If I(ν) has rank zero, the
Pfaffian system θ is said to be of infinite type. The condition that θ has type
ν is given as a system of non-linear partial differential equations of order ν+1
for the coefficients of θ (cf. [HK]).

Now we define the generalized first integral to be a function ρ that satisfies
(2.5) on its zero set, namely,

Definition 2.5. Let ρ = (ρ1, . . . ,ρd), d ≤ s, be a non-degenerate set of smooth
real-valued functions. We say that ρ is a system of generalized first integrals if

(2.10) dρδ ∈ {ρ,θ}, for each δ= 1, . . . ,d.

Compare (2.10) with the notion of first integral (2.8). We also observe that
(2.10) is equivalent to one of the following:

(i) (X jρ
δ)(x)= 0, δ= 1, . . . ,d, for all x ∈ M with ρ(x)= 0;

(ii) X j are tangent to the common zero set of ρ.
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Our standard reference of the theory of exterior differential system is [BCG3].

3. INVARIANT SUBMANIFOLDS

In this section, we discuss the existence of invariant submanifolds for (2.4)
that spans a rank p sub-bundle T ′ of TM. Let θ = (θ1, . . . ,θs) be 1-forms as in
(2.6). The torsion tensor for θ is by definition dθα mod {θ}. Invariant subman-
ifolds are the zero sets of generalized first integrals. Our strategy is to find a
function or a system of functions ρ that can possibly be a generalized first in-
tegral by linear algebraic investigation of the torsion tensor for (2.6) and then
to check whether thus found ρ indeed satisfies (2.8) or (2.10). To represent the
torsion tensor in matrices let ω1, . . . ,ωp be a set of closed 1-forms that completes
θ to a local coframe

(3.11) (θ1, . . . ,θs,ω1, . . . ,ωp).

Set
dθα ≡ ∑

1≤i< j≤p
Tα

i jω
i ∧ω j, mod {θ}, α= 1, . . . , s.

Arranging the pairs (i, j) with i < j in lexicographical order, we write in matri-
ces as

(3.12)

dθ1

...
dθs

≡


T1

12 T1
13 · · · T1

p−1,p
...

...
Ts

12 Ts
13 · · · Ts

p−1,p


︸ ︷︷ ︸

T


ω1 ∧ω2

ω1 ∧ω3

...
ωp−1 ∧ωp

 , mod {θ}.

The matrix T of size s×
(

p
2

)
shall be called the torsion matrix with respect to

the coframe (3.11). T = 0 is the Frobenius integrability condition, which is the
case of type 0. In general, we construct the derived flag as follows: Suppose
that φ=∑s

α=1 aαθa is in the kernel of δ as in (2.9), that is, dφ≡ 0, mod {θ}. Since

dφ≡
s∑

α=1
aαdθα, mod {θ},

by substituting (3.12) for dθα we have

(3.13) (a1, . . . ,as)


T1

12 T1
13 · · · T1

p−1,p
...

...
Ts

12 Ts
13 · · · Ts

p−1,p


︸ ︷︷ ︸

T


ω1 ∧ω2

ω1 ∧ω3

...
ωp−1 ∧ωp

≡ 0, mod {θ}.

Since the 2-forms ω j ∧ωk, j < k, are independent (3.13) implies that the row
vector (a1, . . . ,as) is in the kernel of the multiplication by T on the right. Thus
by finding the basis of the kernel we obtain the generators of I(1). Inductively,
if φ = (φ1, . . .) are the generators of I(k) then I(k+1) is found by finding the null
vectors of the torsion tensor dφ mod φ.

Now we discuss how to find the generalized first integrals: Suppose that
ρ = (ρ1, . . . ,ρd) is a generalized first integral. Then (2.10) implies

(3.14) dρδ =
s∑

α=1
aδαθ

α, mod {ρ}, δ= 1, . . . ,d,
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for some functions aδα. Applying d to (3.14), we obtain

(3.15) 0≡∑
α

aδαdθα, mod {ρ,θ}

Substitute (3.12) for dθα in (3.15), to obtain

0≡
s∑

α=1
aδα

∑
1≤i< j≤p

Tα
i jω

i ∧ω j, mod {ρ,θ}, δ= 1, . . . ,d,

which can be written in matrices as

(3.16)

0
...
0

≡

a1
1 · · · a1

s
...

...
ad

1 · · · ad
s


︸ ︷︷ ︸

A


T1

12 T1
13 · · · T1

p−1,p
...

...
Ts

12 Ts
13 · · · Ts

p−1,p


︸ ︷︷ ︸

T


ω1 ∧ω2

ω1 ∧ω3

...
ωp−1 ∧ωp

 , mod {ρ,θ}.

Since dρ1 ∧ ·· · ∧ dρd 6= 0, A has maximal rank d and ωi ∧ω j with i < j are
independent 2-forms (3.16) implies A T = 0. Hence T has rank at most (s−
d) on the zero set of ρ. Thus a necessary condition for ρ = (ρ1, . . . ,ρd) to be a
generalized first integral is that the null space of the torsion matrix on the
zero locus of ρ has dimension d, that is, rank of T is at most s−d on the zero
locus of ρ. In the cases that s ≤ (p

2
)
, this rank condition is equivalent to that the

square submatrices of size s−d+1 have determinants zero. By factoring those
determinants we find ρ such that all those determinants are elements of the
ideal {ρ}.

Summarizing our observations we find the first integrals and the general-
ized first integrals as follows:

i) Find null vectors of T , that is, vectors A = (a1, . . . ,as) such that AT = 0. Then
1-forms φ = ∑s

α=1 aαθα span the first derived system I(1). Then the Frobenius
integrability

[I(1), I(1)]⊂ I(1)

is equivalent to

(3.17) dφδ = 0, mod {φ},

where φ= (φ1, . . . ,φd), d is the rank of I(1) and δ= 1, . . . ,d. If (3.17) holds then d is
the number of independent first integrals and the Pfaffian system θ is of type 1.
If (3.17) does not hold, repeat the same process starting with I(1), to construct
I(2) and inductively the derived flag. Then find functions ρ with dρ ∈ I(ν), which
are the first integrals.

ii) For a given d with 1≤ d ≤ s, check the determinants of square submatrices of
T of size s−d+1. If there exists a non-degenerate set of real-valued functions
ρ = (ρ1, . . . ,ρd) so that each of those determinants is in the ideal {ρ}, then ρ can
possibly be a generalized first integral. It is indeed a generalized first integral
if ρ satisfies (2.10). Recalling that ρ is obtained from T , which comes from dθ,
we see that (2.10) is a second order system of non-linear partial differential
equations for θ.
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4. EXAMPLES

Example 4.1. On R4 = {(x, y, z,u)} let

X = ∂

∂x
+ eu ∂

∂u
, Y = ∂

∂y
+u

∂

∂z
.

Then the system of 1-forms

θ1 =−udy+dz

θ2 =−eudx+du

annihilates X and Y . We have(
dθ1

dθ2

)
=

(−eu

0

)
︸ ︷︷ ︸

T

dx∧d y, mod {θ}

and
[X ,Y ]= eu ∂

∂z
.

Since a null vector (a1,a2) of T as in (3.13) is (0,1),

φ=
2∑

α=1
aαθα = θ2

generates I(1). Thus I(1) has rank 1. Since
dφ=−eudu∧dx

≡ 0, mod {φ},

I(1) is involutive, thus the Pfaffian system (θ1,θ2) has type 1. In fact ρ(x, y, z,u)=
x+ e−u is a first integral because

dρ =−e−uφ ∈ I(1).

Therefore, R4 is foliated by the invariant hypersurfaces

(4.18) x+ e−u = constant.

Since X , Y and [X ,Y ] are independent each leaf in (4.18) is an orbit by Chow’s
theorem.

Example 4.2. On R4 = {(x, y, z,u)} let

X = ∂

∂x
+ eu ∂

∂u
, Y = ∂

∂y
+u

∂

∂z
+ ∂

∂u
.

Then the system of 1-forms

θ1 =−udy+dz

θ2 =−eudx−d y+du

annihilates X and Y . By the same arguments as in Example 4.1 we see that

the torsion matrix with respect to the coframe (θ1,θ2,dx,dy) is T =
(−eu

eu

)
, that

φ= θ1 +θ2 generates I(1) and that

dφ= (
0, eu, 1

)︸ ︷︷ ︸
T ′

dx∧dy
dx∧du
d y∧du

 , mod {φ}.
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Hence I(1) is not involutive and I(2) = {0}, so that the Pfaffian system (θ1,θ2) has
infinite type. Therefore, there are no first integrals other than constants.

Example 4.3. On M =R3 consider vector fields X = ∂

∂x
and Y = ∂

∂y
+xz

∂

∂z
. Then

θ = dz− xzdy annihilates X and Y . We have

dθ ≡−zdx∧d y− xdz∧d y

≡−zdx∧d y mod {θ}

≡T dx∧d y mod {θ}, where T (x, y, z)=−z

Thus ρ(x, y, z) = z is a candidate for a generalized first integral. Now we check
(2.10), namely, whether ρ satisfies 0 6= dρ ∈ (ρ,θ): Indeed we have

dρ = dz

≡ θ, mod {ρ}.

Therefore, the invariants manifolds are

(4.19) R3 =O+∪O0 ∪O−,

where O+ = {(x, y, z) ∈R3 : z > 0}, etc. Since

[X ,Y ]= z
∂

∂z
by Chow’s theorem each of O+, O0 and O− is an orbit. Thus (4.19) is partition of
R3 by orbits.
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