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Abstract. We study the compatibility conditions and the existence of solutions
for overdetermined PDE systems that admit complete prolongation. For a complete
system of order k there exists a submanifold of the (k − 1)st jet space of unknown
functions that is the largest possible set on which the initial conditions of (k− 1)st
order may take values. There exists a unique solution for any initial condition that
belongs to this set if and only if the complete system satisfies the compatibility
conditions on the initial data set. We prove by applying the Frobenius theorem to
a Pfaffian differential system associated with the complete prolongation.

Introduction . In this paper we study the compatibility conditions and the ex-
istence of solutions for overdetermined systems of partial differential equations by
means of complete prolongation and finding the Frobenius integrability conditions.
Consider a system of partial differential equations of order q (q ≥ 1) for unknown
functions u = (u1, · · · , um) of independent variables x = (x1, · · · , xn)

(1) ∆λ(x, u(q)) = 0, λ = 1, · · · , l,

which is overdetermined, that is, m < l. Here x varies in an open set X ⊂ Rn, u
in open set U ⊂ Rm and u(q) denotes all the partial derivatives of u up to order
q and each ∆λ(x, u(q)) is a polynomial in u(q) with coefficients that are smooth
functions in x. We call such ∆λ a differential polynomial of order q. For each
positive integer p the set Ap of all differential polynomials of order ≤ p forms
a commutative algebra over the ring of smooth functions in x. We call the set
Jq(X, U) := {(x, u(q)) : x ∈ X, u ∈ U} the space of q-th jets of u. If f : X → U
is smooth (C∞) , let (jkf)(x) = (x, f(x), ∂αf(x) : |α| ≤ k), then jkf is a smooth
section of the vector bundle Jk(X, U) → X called the k-jet graph of f . The total
derivative of a differential polynomial H(x, u(k)) of order k with respect to xλ is
a differential polynomial of order k + 1 defined by the chain rule:

(2) (DλH)(x, u(k+1)) :=
∂H
∂xλ +

m
∑

a=1

∑

J

ua
J,λ

∂H
∂ua

J
,
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where J = (j1, · · · , jn) is a multi-index such that |J | ≤ k and
J, λ = (j1, · · · , jλ + 1, · · · , jn).

By prolongation of (1) we simply mean any process of total differentiations
and algebra operations on ∆ to get new equations. Let S∆ be the subvariety of
Jq(X, U) defined by (1). A smooth function u = f(x) is a solution of (1) if the
q-jet graph

x 7→ (x, f (q)(x))

is a submanifold of S∆. Our viewpoint in this paper is purely local and we assume
that the reference point (x0, u

(q)
0 ) ∈ S∆ has a neighborhood Ω which is open in

Jq(X, U) such that

(3)

i) S∆ ∩ Ω is a smooth manifold

and

ii) dx1 ∧ · · · ∧ dxn 6= 0 on S∆ ∩ Ω.

We further assume that (3) holds at each stage of prolongation. In this paper
we study the cases that the total derivatives of (1) of sufficiently high order, say
order r, can be solved for all the partial derivatives of u of certain order, say k, as
functions of the lower order derivatives:

(4) ua
K = Ha

K(x, u(k−1)), ∀K with |K| = k, ∀a = 1, . . . ,m.

We will call (4) a complete system of finite order k and (1) is said to admit
prolongation to a complete system (4) (see Definition 1.3). An easy calculation
shows that as we differentiate (1) r times

number of the equations
number of the variables in u(q+r)

tends to l/m as r → ∞. Hence, for a sufficiently large r it happens generically
that the hypothesis of the implicit function theorem holds so that

DJ∆λ = 0, |J | ≤ r, λ = 1, . . . , l

is solvable for all the k-th order partial derivatives of u, for some k, in terms of
the lower order derivatives as in (4). In this paper, however, we consider only the
cases where Ha

K are differential polynomials. Every ordinary differential equation
of order n

y(n) = F (x, y, y′, y′′, . . . , y(n−1))

is obviously a complete system of order n.

Example 1. Consider the following system for one unknown function u(x, y) in
two independent variables:

(5)
{

ux + uuy = a(x, y)

uyy + u2 = b(x, y).
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We shall show that (5) admits prolongation to a complete system of order 2.
Differentiate the first equation of (5) with respect to x and y , respectively, to
obtain

(6)

uxx + uxuy + uuxy = ax

uxy + u2
y + uuyy = ay

uyy + u2 = b.

By solving (6) for all the second order derivatives we have

(7)

uxx = H11(x, u(1)) := −uxuy + uuy
2 − u4 + bu2 − ayu + ax

uxy = H12(x, u(1)) := −uy
2 + u3 − ub + ay

uyy = H22(x, u(1)) := −u2 + b,

which is a complete system of order 2.

Once a complete prolongation is attained, the problems of existence, uniqueness
and regularity of solutions of (1) reduce to those of a Pfaffian differential system
in the jet space, which are essentially problems of ordinary differential equations:
On the jet space J (k−1)(X, U) we consider a Pfaffian differential system

(8)























θa := dua −
n

∑

λ=1

ua
λdxλ = 0,

θa
I := dua

I −
n

∑

λ=1

ua
I,λdxλ = 0, |I| ≤ k − 2,

(9) θa
J := dua

J −
n

∑

λ=1

Ha
J,λdxλ = 0, |J | = k − 1

with the independence condition

(10) Ω := dx1 ∧ · · · ∧ dxn 6= 0,

where Ha
J,λ are as in (4). Observe that (9) is defined only for those points

(x, u(k−1)) that satisfy (1) and its prolongations. Let u = f(x) be a Ck map-
ping of an open subset of Rn into Rm. If u = f(x) is a solution of (1) then

x 7→ (x, f (k−1)(x))

is an integral manifold of the n-dimensional distribution defined by (8)-(10). Thus
we have
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Theorem 1. (Uniqueness and regularity of solutions)
Suppose that (1) admits polongation to a complete system of order k. Then a

Ck solution is uniquely determined by its (k−1)-jet at a point, that is, if u = f(x)
and u = g(x) are Ck solutions of (1) and if g(k−1)(x0) = f (k−1)(x0) then f = g.
Furthermore, a Ck solution f is indeed C∞. If the coefficients of each ∆λ in (1)
is real analytic then f is real analytic.

Now suppose that a complete system (4) is obtained from the r-th prolongation
of (1). We consider a subset Sr

k−1 of Jk−1(X,U) where the initial data may vary
(Definition 1.4). Then we apply the Frobenius theorem to the Pfaffian system (8)-
(10) on Sr

k−1 to obtain necessary and sufficient conditions for a unique solution to
exist for any initial data that lies on Sr

k−1. Let D be the distribution defined along
Sr

k−1 by (8)-(10). We prove

Theorem 2. Suppose that (4) is a complete system of order k obtained from the
r-th prolongation of (1) and that Sr

k−1 is the associated initial data set. Then the
following are equivalent:

i) (1) has a unique smooth solution for every initial condition (x0, u
(k−1)
0 ) ∈

Sr
k−1.
ii) D is tangent to Sr

k−1 and integrable in the sense of Frobenius.
iii) D is tangent to Sr

k−1 and (4) satisfies the compatibility conditions on Sr
k−1,

namely,

(11) DλHa
J,µ = DµHa

J,λ, on Sr
k−1

for each a = 1, . . . , m, each multi-index J with |J | = k−1 and each µ, λ = 1, . . . , n.

To relate our theorems to the theory of exterior differential system we recall
first that a smooth mapping u = f(x) is a solution of (1) if and only if the q-th
jet graph jqf(x) is an integral manifold of the Pfaffian differential system (8) with
|I| ≤ q − 1 and the independence condition (10) on S∆. Then the Cartan-Kähler
theorem asserts that if all the data are real analytic and the system is involutive
(see [BCGGG] for definition) then there exist integral manifolds. The existence
of integral manifolds is proved by repeated applications of the Cauchy-Kowalevski
theorem. The Cartan-Kuranishi theorem [Kura] asserts that given an analytic
Pfaffian differential system θ = 0, Ω 6= 0, under certain regularity assumptions
the system converts by a finite number of prolongations either to an involutive
system or to a system that has no solutions. For the Pfaffian differential system
(8)-(10) given by a complete system of order k the 1-forms {θa

I : |I| ≤ k − 1}
and dx1, . . . , dxn form a coframe of Jk−1(X, U) along Sr

k−1 and the involutivity is
equivalent to the conditions as in Theorem 2. Complete prolongation has twofold
merits: Firstly, all the terms of order ≥ k are reduced to the lower orders so that
our argument stays in the (k−1)st jet. Secondly, the existence of solutions can be
discussed in smooth (C∞) category, where the problem is finding an appropriate
submanifold S of Jk−1(X,U) having the following properties:

i) the initial data up to order (k− 1) take values in S and the distribution D is
uniquely defined along S
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ii) D is tangent to S
iii) D satisfies the Frobenius conditions on S.
The submanifold Sr

k−1 in Theorem 2 is the largest such S. Recently, several
authors have constructed complete systems in various mapping problems, namely,
[Haya] for CR mappings between real hypersurfaces of finitely degenerated Levi
form, [H2] for mappings of CR manifolds of nondegenerate Levi form into a higher
dimensional CR manifold, [Kim] for pseudohermitian embeddings. Similar con-
struction is possible for the mappings preserving Riemannian or conformal struc-
tures, see [H3]. Determination of mappings by finite jet that are studied in [Eben]
and [Zait] seems to be closely related to the complete prolongation. We attempt
to develop existence theory for such mappings that are determined by finite jet.

For the definitions and notations that are not defined in this paper we refer
to our main references [BCGGG], [GJ] and [Olver]. The algebraic setting is to
be chosen appropriately depending on the problems. In this paper we restrict our
interest solely to differential polynomials. This paper was written in the fall of 2000
when the authors were visiting the University of Illinois. We thank J. P. D’Angelo
and the faculty of the Math Department for their interest and hospitality.

1. Complete prolongation and the Frobenius integrability .

Overdetermined PDE systems generically admit prolongation to complete sys-
tems of finite order as we have observed. However, actual calculation of prolon-
gation to a complete system is usually very complicated. The crux of the method
of prolongation is in the reduction of order by eliminating the highest order terms
using the symmetry of the system. In the cases of embedding equations knowing
the geometric local invariants are often helpful in finding the right symmetry (cf.
[CH], [H1], [H3]). In this section we discuss the compatibility conditions and the
existence of solution of (1) that admits prolongation to a complete system (4) of
order k. Our strategy is to find a submanifold Sr

k−1 of Jk−1(X, U) where the
initial condition may vary and then check the Frobenius integrability conditions.
Let

∆ = (∆1, · · · ,∆l)

be a system of differential polynomials of order q as in (1). The common zero set
S∆ ⊂ Jq(X,U) of ∆λ, λ = 1, . . . , l, shall be called the solution submanifold of
(1). A smooth mapping u = f(x) of X into U is a solution of (1) if and only if its q-
jet graph (x, f (q)(x)) is contained in S∆. The set A of all differential polynomials
forms a commutative algebra over the ring of smooth functions in x. For each
nonnegative integer p let Ap be the subalgebra of differential polynomials of order
≤ p. Let ∆̄ be the set of all the differential polynomials that are raised up to order
q by differentiating ∆λ’s. For each nonnegative integer r the r-th prolongation of
∆, denoted by ∆(r), is the ideal (algebraic ideal) in the algebra Aq+r generated by
all the total derivatives of ∆̄ of order up to r. For each pair (r, s) of nonnegative
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integers let
∆r

s = ∆(r) ∩As.

Then ∆r
s is an ideal in As. The elements of ∆r

s \∆r−1
s with s < q + r occur when

the highest order terms in ∆(r) cancel out by the algebra operations of Aq+r as the
following two examples show. These elements play important roles in prolongation.

Example 1.1. Let u be an unknown function in two variables (x1, x2). Let
∆ = (u11 + u2, u12 + u1). Then

D2(u11 + u2)−D1(u12 + u1) = u22 − u11 ∈ ∆1
2 \∆0

2.

Example 1.2. Let Mn be a smooth manifold with a smooth Riemannian metric
g. Let x = (x1, . . . , xn) be local coordinates of M . A smooth mapping u =
(u1, . . . , um) of M into Rm is an isometric embedding if u satisfies

(1.1) ∆ij :=
m

∑

a=1

ua
i ua

j − gij(x) = 0.

By differentiating (1.1) two times we get the Gauss equations: For each 4-tuple of
integers i, j, k, l = 1, . . . , n we have

(1.2)
m

∑

a=1

(ua
ikua

jl − ua
ilu

a
jk) =

1
2

[

∂2gjk

∂xi∂xl +
∂2gil

∂xj∂xk −
∂2gjl

∂xi∂xk −
∂2gik

∂xj∂xl

]

.

In the process of addition and subtraction of second derivatives of (1.1) all the third
order derivatives of u cancel out due to the symmetry in (1.1). Each equation of
(1.2) belongs to ∆2

2 \∆1
2. See [CH] for the details.

Let Sr
s ⊂ Js(X,U) be the set of common zeros of all elements of ∆r

s.

Definition 1.3. Given a system (1) of order q let r and k be a pair of nonneg-
ative integers having the following properties: the r-th prolongation ∆(r) contains
differential polynomials of the form

(1.3) ba
K(x, u(k)) := ua

K −Ha
K(x, u(k−1)),

for each a = 1, . . . , m, each multi-index K with |K| = k.
If such a pair of integers (r, k) exists we say that (1) admits prolongation to a

complete system of order k and ba
K(x, u(k)) = 0 is called a complete prolongation

of (1).

Definition 1.4. Let (4) be a complete prolongation of (1) that is obtained from
the r-th prolongation ∆(r). Then the common zero set Sr

k−1 ⊂ Jk−1(X, U) of ∆r
k−1

is called the initial data set associated with the complete prolongation.
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Theorem 1.5. (Uniqueness of the complete prolongation)
Suppose that the complete system (4) is attained by the r-th prolongation of (1).

Then (4) is the unique complete system of order k on Sr
k−1.

Proof. Let
ua

K = Ga
K(x, u(k−1)), a = 1, . . . ,m |K| = k

be a complete system of order k obtained from the r-th prolongation ∆(r). Then
the difference between these two complete systems Ha

K −Ga
K belongs to the ideal

∆(r) and hence belongs to ∆r
k−1. Therefore, on Sr

k−1 we have

Ha
K −Ga

K = 0,

for each a = 1, . . . , m, each multi-index K with |K| = k and each a = 1, . . . ,m.

Now let D be the n-dimensional distribution defined along Sr
k−1 by (8) - (10).

The main theorem of this paper is the following

Theorem 2. Suppose that (4) is a complete system of order k, k ≥ q, obtained
from the r-th prolongation of (1) and that Sr

k−1 is the associated initial data set.
Then the following are equivalent:

i) (1) has a unique smooth solution for every initial condition (x0, u
(k−1)
0 ) ∈

Sr
k−1.
ii) D is tangent to Sr

k−1 and integrable in the sense of Frobenius.
iii) D is tangent to Sr

k−1 and (4) satisfies the compatibility conditions on Sr
k−1,

namely,

(11) DλHa
J,µ = DµHa

J,λ, on Sr
k−1

for each a = 1, . . . , m, each multi-index J with |J | = k−1 and each µ, λ = 1, . . . , n.

Proof. i) ⇐⇒ ii)
Suppose that i) holds. For any point (x0, u

(k−1)
0 ) ∈ Sr

k−1 let u = f(x) be the
solution with the initial condition f (k−1)(x0) = u(k−1)(x0). Then for every x in a
neighborhood of x0 in Rn (x, f (k−1)(x)) annihilates every differential polynomial
of ∆r

k−1. Hence, the (k− 1)-jet graph x 7→ (x, f (k−1)(x)) is a submanifold of Sr
k−1

and also an integral manifold of D. This implies that D is tangent to Sr
k−1 at

(x0, u
(k−1)
0 ) and Sr

k−1 is foliated by integral manifolds of D, which is the Frobenius
integrability of D. Conversely, by the Frobenius theorem ii) implies that for every
(x0, u

(k−1)
0 ) ∈ Sr

k−1 there exists a unique integral manifold (x, f (k−1)(x)) of D such

that f (k−1)(x0) = u(k−1)
0 . Then u = f(x) is a solution of (1).

ii) ⇐⇒ iii)
Extend D by extending (9) to a neighborhood of Sr

k−1 in Jk−1(X, U). We use
the summation convention under the agreement that the indices in Greek letters
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vary 1 through n and the indices in the Roman letters vary 1 through m. Now we
compute the exterior derivative of each 1-form: By (8)

(1.4)

dθa = d(dua − ua
λdxλ)

= −dua
λ ∧ dxλ

= −(θa
λ + ua

λµdxµ) ∧ dxλ

≡ −ua
λµdxµ ∧ dxλ

≡ −
∑

µ<ν

(ua
λµ − ua

µλ)dxµ ∧ dxλ, mod θ.

Since ua
λµ = ua

µλ we have

(1.5) dθa ≡ 0, mod θ.

Similarly, for the multi-indices I with |I| ≤ k − 3 we have

(1.6) dθa
I ≡ 0, mod θ.

For the multi-indices I with |I| = k − 2 we have

(1.7)

dθa
I = −dua

I,λ ∧ dxλ

= −(θa
I,λ + HI,λ,µ)dxµ ∧ dxλ

≡ −
∑

µ<λ

(Ha
I,λ,µ −Ha

I,µ,λ)dxµ ∧ dxλ, mod θ.

Since Ha
I,λ,µ = Ha

I,µ,λ we have

dθa
I ≡ 0, mod θ.

Now for the multi-indices J with |J | = k − 1 we have

(1.8)

−dθa
J = dHa

J,λ ∧ dxλ

= (Ha
J,λ)xµdxµ ∧ dxλ + (Ha

J,λ)uj duj ∧ dxλ

+
∑

|I|≤k−2

(Ha
J,λ)uj

I
duj

I ∧ dxλ +
∑

|I|=k−1

(Ha
J,λ)uj

I
duj

I ∧ dxλ.

Substituting duj = θj + uj
µdxµ, duj

I = θj
I + uj

I,µdxµ for |I| ≤ k− 2 and duj
I =

θj
I + Hj

I,µdxµ for |I| = k − 1 the right hand side of (1.8) becomes, mod θ,
∑

λ,µ

{(Ha
J,λ)

xµ + (Ha
J,λ)

uj u
j
µ +

∑

|I|≤k−2

(Ha
J,λ)

uj
I
uj

I,µ

+
∑

|I|=k−1

(Ha
J,λ)

uj
I
Hj

I,µ}dxµ ∧ dxλ

=
∑

µ,λ

Dµ(Ha
J,λ)dxµ ∧ dxλ

=
∑

µ<λ

(DµHa
J,λ −DλHa

J,µ)dxµ ∧ dxλ.
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Therefore, dθa
J ≡ 0, mod θ, on Sr

k−1 if and only if (11) holds. This completes the
proof.

2. Examples .

In this section we present two examples of overdetermined PDE systems and
discuss the compatibility conditions and the existence of solutions by using Theo-
rem 2.

Example 2.1. For one unknown function of two variables u(x, y) let

(2.1)
{

∆1 := ux + uy − a(x, y) = 0
∆2 := uyy + c(x, y)u2 − b(x, y) = 0.

Differentiate the first equation of (2.1) with respect to x and y , respectively, to
obtain

(2.2)

uxx + uxy = ax

uxy + uyy = ay

uyy + cu2 = b.

Solving for all the second order derivatives of u we obtain

(2.3)

uxx = ax − ay − cu2 + b := H11

uxy = ay + cu2 − b := H12

uyy = −cu2 + b := H22.

Notice that (2.3) was obtained from the ideal ∆0 of A2 generated by

∆̄ := {∆1, Dx∆1, Dy∆1, ∆2}.

Thus, we take the initial data set S0
1 , the zero set of ∆0

1. It is easy to see that S0
1

is the subset of J1(X, U) defined by the first equation of (2.1), namely, ∆1 = 0.
The distribution D is given by 1-forms

θ := du− uxdx− uydy

θx := dux −H11dx−H12dy

θy := duy −H12dx−H22dy.

To see whether D is tangent to S0
1 we check whether the exterior derivative of the

defining function ∆1 belongs to the algebraic ideal generated by {θ, θx, θy} on S0
1 .

A straightforward calculation shows that

d∆1 = d(ux + uy − a) = θx + θy,
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which implies that D is tangent to S0
1 .

As coordinates of S0
1 we use (x, y, u, ux). Compatibility conditions are

(2.4)
DyH11 = DxH12

DyH12 = DxH22.

Restriction (2.4) to S0
1 gives

(2.5) ayy − (bx + by) + 2acu + (cx + cy)u2 = 0.

By Theorem 2 the system (2.1) has a unique solution for every initial condition
(x0, y0, u0, (ux)0, (uy)0) with (ux)0 +(uy)0 = a(x0, y0) if and only if (2.5) holds on
S0

1 . Now (2.5) is equivalent to

(2.6)

ayy − (bx + by) = 0

ac = 0

cx + cy = 0,

which holds if and only if either

(2.7)

a = 0

bx + by = 0

cx + cy = 0

or

(2.8)
c = 0

ayy − (bx + by) = 0.

Therefore, (2.1) has a unique solution for any initial condition that lies on S0
1 if

and only if the coefficients satisfy either (2.7) or (2.8).

Our second example is the ”test case” (see [Spi]) of the equivalence problem of
Riemannian structures. We present another proof of the classical theorem which
states that a Riemannian n-manifold is locally isometric to Rn if and only if the
curvature tensor is zero.

Example 2.2. Let M be a smooth manifold of dimension n with a smooth Rie-
mannian metric g. Let x = (x1, . . . , xn) be a local coordinate system of M . A
mapping u = (u1, . . . , un) : M → Rn is an isometric equivalence if u satisfies

(2.9)
n

∑

α=1

uα
i uα

j = gij , for each i, j = 1, . . . , n,

where uα
i = ∂uα

∂xi and gij = g(∂i, ∂j). Differentiating (2.9) with respect to xk we
have

n
∑

α=1

uα
ikuα

j +
n

∑

α=1

uα
i uα

jk =
∂gij

∂xk , for each i, j, k = 1, · · · , n
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A linear summation after permuting the indices in the above yields

n
∑

α

uα
jkuα

i =
1
2

[

∂gij

∂xk +
∂gik

∂xj −
∂gjk

∂xi

]

.

Denoting the right hand side by [jk, i] we have

(2.10)
n

∑

α=1

uα
jkuα

i = [jk, i], for each i, j, k = 1, . . . , n

Since the matrix [uα
i ]α,i is nonsingular, we can solve (2.10) for all the second order

derivatives of uα in terms of (x, u(1)) by the implicit function theorem. To work in
the category of differential polynomials we consider the following dual expressions
of (2.9):

(2.11)
n

∑

i,j=1

gijuα
i uβ

j = δαβ ,

where the matrix
[

gij
]

is the inverse matrix of [gij ] and δαβ is the Kronecker delta.
By multiplying (2.10) by uβ

l gil and summation over repeated indices we obtain

(2.12)
∑

α,i,l

uα
jkuα

i uβ
l gil =

∑

il

[jk, i]uβ
l gil.

Let Γl
jk :=

∑n
i=1 gil[jk, i] be the Christoffel symbols. Substituting (2.11) for

uα
i uβ

l gil in the left hand side of (2.12) we have for each β, j, k = 1, . . . , n

(2.13) uβ
jk =

n
∑

l=1

Γl
jk(x)uβ

l ,

which is a complete prolongation of order 2 of (2.9). (2.13) is obtained from the
first prolongation of (2.9) and the associated initial data set is S1

1 ⊂ J1(X,U),
which is defined by (2.9). For each α, j = 1, . . . , n let

(2.14) θα
j := duα

j − Γl
jλuα

l dxλ.

Then the exterior derivative of the defining functions of S1
1 is

(2.15)
d(uα

i uα
j − gij) = duα

i uα
j + uα

i duα
j − dgij

≡ (Γl
iλuα

l uα
j + Γl

jλuα
l uα

i −
∂gij

∂xλ )dxλ, mod θ := {θα
j },

by (2.14). Substituting Γl
iλ :=

∑n
t=1 gtl[iλ, t] and Γl

jλ :=
∑n

t=1 gtl[jλ, t] we see
that for each λ the quantitiy in the parenthesis of the last equation of (2.15) is
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zero on S1
1 , which implies that the distribution D defined by θα

j = 0 is tangent to
S1

1 . Therefore, by Theorem 2, (2.9) has a unique solution for any initial condition
(x0, u

(1)
0 ) ∈ S1

1 if and only if the compatibility conditions

(2.16) Di

(

n
∑

l=1

Γl
jkuβ

l

)

= Dj

(

n
∑

l=1

Γl
ikuβ

l

)

holds on S1
1 for all i, j, k, β = 1, . . . , n. Then by (2.13) the left hand side of (2.16)

is
n

∑

λ=1

(

∂Γλ
jk

∂xi +
n

∑

l=1

Γl
jkΓλ

li

)

uβ
λ

and the right hand side of (2.16) is similarly

n
∑

λ=1

(

∂Γλ
ik

∂xj +
n

∑

l=1

Γl
ikΓλ

lj

)

uβ
λ.

Therefore, (2.16) holds if and only if

(2.17)
n

∑

λ=1

[

∂Γλ
jk

∂xi − ∂Γλ
ik

∂xj +
n

∑

l=1

(

Γl
jkΓλ

li − Γl
ikΓλ

lj

)

]

uβ
λ = 0.

The quantity in the bracket in (2.17) is the component Rλ
ijk of the curvature tensor.

Since the matrix
(

uβ
λ

)

is nonsingular on S1
1 , (2.17) holds if and only if Rλ

jkl is equal
to zero for each j, k, l, λ.
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