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1(20pts). Consider a curve a(t) = (¢,

cosh t,
functions f(z,y, z) = In(x? + y? + 2?),

1 +t) in R? and real valued
a) Evaluate 4(f o)

9(x,y,2) =z — 4y + €*.
at t =0.
b) Let F = (f,g) : R? — R? and let 3(t) = F(a(t)). Find 3'(0).

*2. Let at) = (acost, asint, bt).
a) Reparametrize o by arclenth s.

b) Find the Frenet frame, the curvature and the torsion of the curve.

3(10pts). Suppose that « is a curve in R with constant speed v. Prove that the
acceleration of the curve is kv?N, where k is the curvature and N is the normal
vector field to the curve.

4(20pts). On R? consider the frame field
E1 = cos Uy +sinplUs,  FEo = —sin ¢Uq + cos ¢pUs.
a) Show that 0; = dr,

0y = rd¢ are dual 1-forms, where ¢ = tan*% and
r =/ +y>
b) For i,j = 1,2 find the 1-forms w;; that satisfies w;;(v) = V,E; o E;(P) for any
tangent vector v to R? at the point P.

*c)What are the structural equations? Answer the same questions for the spherical
frame.



5(20pts). Suppose that {E;, Ea, F3} is a frame field on R? and A is its attitude
matrix. Let w;;, 1,5 =1,2,3 be the connection form associated with the frame
field, which is defined by

wij(v) = VUEZ 0] E](P)

for any tangent vector v to R? at P.
a) Show that Wij; = —Wij.
b) Show that the 3 x 3 matrix (w;;) is given by (dA)(*A).

6(20pts). If F: R? — R3 is a diffeomorphism such that F, preserves dot product,
show that F' is an isometry.

7(10pts). Let a be a point of R? such that |a| = 1. Prove that
C(p) =a x p+ (poa)a defines an orthogonal transformation.

*8. If two unit-speed curves have the same curvature and the same torsion then
they are congruent.

9(30pts). Let S(t) = ﬁ(t ++/3sint, 2cost, +/3t—sint) and

a(t) = %(cost,sint, —t).
a) Show that a and 3 are congruent.
b) Find an isometry F' such that F(3) = a.
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