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ENTANGLEMENT ENTROPIES IN THE ABELIAN ARITHMETIC CHERN-SIMONS

THEORY

HEE-JOONG CHUNG, DOHYEONG KIM, MINHYONG KIM, JEEHOON PARK, AND HWAJONG YOO

Abstract. The notion of entanglement entropy in quantum mechanical systems is an important quantity, which

measures how much a physical state is entangled in a composite system. Mathematically, it measures how much

the state vector is not decomposable as elements in the tensor product of two Hilbert spaces. In this paper, we seek

its arithmetic avatar: the theory of arithmetic Chern-Simons theory with finite gauge group G naturally associates

a state vector inside the product of two quantum Hilbert spaces and we provide a formula for the von Neumann

entanglement entropy of such state vector when G is a cyclic group of prime order.
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1. Introduction

Arithmetic topological quantum field theory is an area that is gradually growing into a substantial direction of

research based on examples [10, 7, 6, 9] and analogies [4] as well as the potential to cast light on phenomena as deep

as the Langlands programme [3]. This paper is mostly concerned with a new arithmetic invariant of collections of

primes that imports to number theory a well-known quantity in quantum mechanics that has received a good deal

of attention in recent years in the context of quantum foundation and quantum computation [2].

The notion of entanglement in quantum mechanical systems is straightforward from a mathematical point of

view. The composite of two systems A and B has state space modelled by a tensor-product Hilbert space

H = HA ⊗ HB

and an entangled state in H is merely a vector that is not decomposable. Recall that a decomposable vector in

H is one of the form v ⊗ w. In particular, in any reasonable sense, a state is entangled with probability 1. This

elementary notion becomes of interest in physics already in the simplest situation when we have a state of the form

ψ :=
1√
2

(v1 ⊗ w1 + v2 ⊗ w2),

where v1, v2 are orthonormal eigenvectors for an observable F of system A and w1, w2 are orthonormal eigenvectors

for an observable G of system B. In this case, v1 ⊗ w1 and v2 ⊗ w2 are orthonormal eigenstates of the observables

F ⊗ I, I ⊗ G, and F ⊗ G of the composite system and ψ is a superposition of them. Thus, if a measurement is

made of F ⊗ I, for example, then ψ will ‘collapse’ into v1 ⊗ w1 or v2 ⊗ w2. Which is the case can be determined
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just by looking at system A. However, if the state of system A is v1, then the state of system B must be w1, in

spite of the fact that G has not been measured at all. Thus, the states of the two systems have become ‘entangled’.

Particular interest is attached to the situation where A and B denote different regions of space. The state ψ as

above indicates that the state of the system in a region could be entangled with the state in a very distant region.

1.1. TQFT and entanglement entropy. In [1], a variation on this scenario is considered where M is an n-

manifold with boundary ∂M = A ⊔ B, and we are given an n-dimensional unitary TQFT (topological quantum

field theory) Z. Then the theory will assign a vector in the tensor product of Hilbert spaces ZA and ZB

ZM ∈ ZA ⊗ ZB,

that can be entangled. One interpretation is that A ⊔ B is space, and the theory has created the state ZM
from the vacuum along the spacetime M . In particular, the authors in [1] take M to be the complement of

tubular neighbourhoods of two knots C,D, in which case the entanglement of ZM can be considered as a quantum

manifestation of linking, in some sense.

It is useful at this point to utilize a well-known numerical measure of entanglement, namely, the von Neumann

entanglement entropy. The definition is made in terms of partial traces and the formalism of mixed states. For this,

we will avoid technicalities by assuming all Hilbert spaces (Hermitian inner product spaces) to be finite-dimensional.

One takes a normalised state ψ ∈ H = HA ⊗HB and regards it as a projection operator πψ : H → H. We have the

isomorphism

End(HA ⊗ HB) ≃ End(HA) ⊗ End(HB)

and the linear map

Tr : End(HB) → C.

Hence, there is a ‘partial trace’ map

TrB : End(HA ⊗ HB) → End(HA).

We define the reduced density matrix of ψ to be

ρψ,A := TrB(πψ) : HA → HA,

using which the entanglement entropy of ψ is defined by

Ent(ψ) := − Tr(ρψ,A log ρψ,A).(1.1)

Even though such an expression for entropy may be familiar, the computation is not entirely easy. It can be shown

from the singular value decomposition that the expression

− Tr(ρψ,B log ρψ,B)

yields the same number. For the moment, we merely note that Ent(ψ) = 0 if and only if ψ is decomposable.

1.2. Arithmetic TQFT and the main theorem. The upshot of [1] is that Ent(ZM ) is a refined linking invariant

when Z is a topological quantum field theory like Chern-Simons theory. It is this framework one can try to recreate

in the setting of arithmetic topological quantum field theory. We fix a prime p. Let F be a totally imaginary

number field and S be a finite set of primes in the ring OF of integers such that S contains all the prime ideals

dividing p. Let

XS = Spec(OF ) \ S.
A choice of a finite gauge group G and a 3-cocycle in H3(G,Z/pZ) determines the arithmetic Chern-Simons theory.

Then the theories of [10, 7, 9] associate a normalised state vector (see (2.7) for details)

ZXS1,S2
∈ HS1

⊗ HS2
(1.2)

in the product of two Hilbert spaces HS1
and HS2

, whenever we have a decomposition S = S1 ⊔S2. The main goal

of this paper will be to compute the entanglement entropy of ZXS1,S2
when G is cyclic of prime order p, thereby

obtaining a sense of the information it contains.

Let ΠS = Gal(FS/F ) where FS is the maximal unramified extension of F outside S. We consider the case

G = Z/pZ; let

FXS
:= Homcts(Π

S ,Z/pZ) = H1(ΠS ,Z/pZ)

be the set of continuous group homomorphisms from ΠS to Z/pZ. Consider the localisation maps

locSSi
: H1(ΠS ,Z/pZ) →

∏

p∈Si

H1(Πp,Z/pZ), i = 1, 2
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where Πp = Gal(F p/Fp) is the absolute Galois group of Fp. A rather simple formula is given by the following:

Theorem 1.1. The entanglement entropy of ZXS1,S2
associated to the arithmetic Chern-Simons theory for the

gauge group G = Z/pZ and the 3-cocycle1 [c] ∈ H3(Z/pZ,Z/pZ), is given by

Ent(ZXS1,S2
) =

(

dimFp
(FXS

) − dimFp

(

Ker (locSS1
) + Ker (locSS2

)

))

log p.

Even though not much structure is evident in the formula, it does bring forth the interaction of invariants that are

normally somewhat difficult to consider, namely, the images of the two separate localisation maps from S-ramified

cohomology. The image of the localisation to both sets of primes is the subject of the Poitou-Tate duality, but each

of the individual images is more mysterious and not subject to much general analysis. The Poitou-Tate duality tells

us about

dim(Ker (locSS1
) ∩ Ker (locSS1

)).

When combined with above theorem, we can compute

dim(Ker (locSS1
) + Ker (locSS1

)),

a quantity not normally considered in classical duality theory. The TQFT analogy calls attention thereby to this

natural arithmetic quantity.

It should be admitted that the results of this paper do not yet make clear that the notion of entanglement is

useful for number theory.2 In future work, we will investigate entanglement for different choices of a 3-cocycle [c]

and a gauge group G. Moreover we will study entanglement for arithmetic BF theories, relate the computation

of entanglement entropy to the path integrals of ‘L-function type’ in [5], and seek out applications to questions of

concrete arithmetic interest. In the meanwhile, it is hoped that the existence of new invariants of number fields

and primes that make use of essentially classical machinery within a TQFT framework will be of intrinsic interest

to arithmeticians and mathematical physicists.

1.3. Acknowledgement. The work of D.K. was supported by the National Research Foundation of Korea (2020R1C1C1A01006819

and by Samsung Science and Technology Foundation (SSTF-BA2001-01). M.K. was supported in part by UKRI

grant EP/V046888/1 and a Simons Fellowship at the Isaac Newton Institute. The work of J.P. was supported by

the National Research Foundation of Korea (NRF-2021R1A2C1006696) and the National Research Foundation of

Korea (NRF) grant funded by the Korea government (MSIT) (No.2020R1A5A1016126). The work of H.Y. was

supported by the National Research Foundation of Korea(NRF) grant funded by the Korea government(MSIT) (No.

2020R1A5A1016126).

2. Abelian arithmetic Chern-Simons theory and entanglement entropy

We fix a gauge group G = Z/pZ. Assume that F contains µp2 (where µn is the group of n-th roots of unity in

the algebraic closure F ). Consider the Bockstein exact sequence

0 −→ Z/pZ −→ Z/p2Z
mod p−−−−−→ Z/pZ.

Let s be a set-theoretic splitting of mod p-map. Then this gives us a 3-cocycle

c = α ∪ d(s(α)) ∈ Z3(Z/pZ,Z/pZ)(2.1)

where

(α : Z/pZ → Z/pZ) ∈ H1(Z/pZ,Z/pZ)

is the identity map and d is the differential on inhomogeneous cochains. From now on, we fix a section s and the

3-cocycle c, and work with the ACST (arithmetic Chern-Simons theory) as developed in [10, 7, 9] associated to

F,G, and c. Since G is abelian, we call such theory the abelian ACST.

1See (2.1) for its precise definition.
2Though Ent(ZXS1,S2

) was expected to contain some sort of information on arithmetic linking numbers of primes like the topological

case [1], it turns out not in our setting. One might try to change [c] and G to obtain such information, but one seems to need a new

idea for an explicit computation of entanglement entropy.
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2.1. Hilbert spaces and state vectors. We fix a finite set S of prime ideals of OF , which contains all the prime

ideals dividing p. Let r be the cardinality of S and S = {p1, . . . , pr}. Here we briefly review how to construct the

finite dimensional Hilbert space HS and a normalised vector in HS in the abelian ACST.

For any prime ideal p of OF , let Πp = Gal(F p/Fp) where F p is the algebraic closure of the local field Fp. We

define

FS = FYS
:=

r
∏

i=1

FYpi
, Fp = FYp

:= Homcts(Πp,Z/pZ).(2.2)

The general theory [10, 7, 9] associates a Z/pZ-torsor CSS over FS (Definition 2.1). Let us briefly recall it here. For

p ∈ S, we define

CSp(ρp) := d−1(c ◦ ρp) mod B2(Πp,Z/NZ), ρp ∈ Fp.

Then CSp(ρp) becomes a Z/pZ-torsor via the local invariant map invp : H2(Πp,Z/pZ) ≃ Z/pZ. Then we define

̟p : CSp =
⊔

ρp∈Fp

CSp(ρp) → Fp, ̟p(αp) := ρp

where αp ∈ CSp(Fp) (i.e., d(αp) = c ◦ ρp). This CSp becomes a Z/pZ-torsor over Fp. For ρS = (ρp1
, . . . , ρpr

) ∈ FS ,

we define

CSS(ρS) :=

r
∏

i=1

CSpi
(ρpi

)/ ∼

where (α1, . . . , αr) ∼ (α′
1, . . . , α

′
r) if and only if

∑r
i=1 invpi

(αi − α′
i) = 0. Let CSS =

⊔

ρS∈FS
CSS(ρS).

Definition 2.1. Define a Z/pZ-torsor ̟S : CSS → FS by

̟S(αS) = (̟p1
(αp1

), . . . , ̟p1
(αp1

)), αS = [(αp1
, . . . , αpr

)] ∈ CSS(ρS).

We associate a C-line bundle πS : CSS → FS to ̟S : CSS → FS

CSS = CSS ×Z/pZ C = CSS × C/ ∼

where ([αS ], z) ∼ ([αS ] ·m, ζ−m
p z) for m ∈ Z/pZ and ζp is a primitive p-th root of unity.

Definition 2.2 (Hilbert spaces). We define

HS := Γ(FS , CSS)

to be the space of global sections of the line bundle CSS . Note that HS has a canonical Hilbert space structure

because the line bundle CSS comes from an U(1)-torsor (and hence has a Hermitian metric). Let || · || be the

associated norm on HS .

The natural embedding ιpi
: Πpi

→ ΠS gives us the restriction homomorphism

locS : FXS
→ FS , ρ 7→ (ρ ◦ ιpi

)i.

Note that there is a map ι : CSS(ρS) → CSS(ρS) defined by ι([α]) := [([α], 1)]. For each ρ ∈ FXS
, we define

CSXS
(ρ) := ι(CSXS

(ρ)) = ι[locS(βρ)] ∈ π−1
S (ρS), ρS = locS(ρ)(2.3)

where βρ ∈ C2(ΠS ,Z/pZ) mod B2(ΠS ,Z/pZ) is given by3

d(βρ) = c ◦ ρ(2.4)

due to the fact H3(ΠS ,Z/pZ) = 0 (since S contains all the prime ideals dividing p).

Definition 2.3 (state vectors). Let

FXS
(ρS) := {ρ ∈ FXS

: locS(ρ) = ρS}, ρS ∈ FS .(2.5)

We define the normalised quantum arithmetic Chern-Simons invariant ZXS
=

Z̃XS

||Z̃XS
||

∈ HS with boundary S as

follows:

Z̃XS
(ρS) :=

1

p

∑

ρ∈FXS
(ρS)

CSXS
(ρ) ∈ π−1

S (ρS), ρS ∈ FS .(2.6)

We call ZXS
a normalised state vector in HS .

3By using global class field theory, one can show that CSXS
(ρ) does not depend on a choice of βρ.
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2.2. The bipartite entanglement entropy and set-up of the problem. We take a partition S = S1 ⊔ S2

where neither of S1 nor S2 is empty. For a Hilbert space H, we denote by H
1 the set of norm 1 vectors. The

bipartite entanglement entropy

Ent : (HS1
⊗ HS2

)1 → R

was defined in (1.1) as the von Neumann entropy of either of its reduced states; the result is independent of which

one we pick, since they are of the same value (can be proved from the Schmidt decomposition of the state with

respect to the bipartition).

For a partition S = S1 ⊔ S2 above, the natural identification FS = FS1
× FS2

induces a canonical isomorphism

of Hilbert spaces

ΘS1,S2

S : HS
∼−→ HS1

⊗ HS2
.

Using this isomorphism, we define the normalised vector in the Hilbert space HS1
⊗ HS2

,

ZXS1,S2
= ΘS1,S2

S (ZXS
) ∈ HS2

⊗ HS2
,(2.7)

which was mentioned in (1.2) of the introduction, whose entanglement entropy is our main interest.

Remark 2.4. In our finite arithmetic Chern-Simons theory, one may consider a more “physical” quantum abelian

arithmetic Chern-Simons invariant using the Lagrangian locS(FXS
) of FS (Lemma 3.1): we may view ZXS

as an

element of Hglob
S := Γ(locS(FXS

), CSS) where

Z̃XS
(ρS) :=

1

p

∑

ρ∈FXS
(ρS )

CSXS
(ρ).

Since locS(FXS
) = locS1

(FXS1
) × locS2

(FXS2
), we have an induced identification

H
glob
S ≃ H

glob
S1

⊗ H
glob
S2

with respect to which one can examine entanglement entropy. In this case we find the entanglement entropy always

zero due to Lemmata 3.3 and 3.5. Thus we concentrate on the situation ZXS1,S2
∈ HS1

⊗ HS2
, where one regards

FS as a discrete space as in [8].

2.3. A computational tool: an explicit trivialisation of the line bundle. In order to compute entanglement

entropies, we choose a section xS to ̟S : CSS → FS , i.e., a map xS : FS → CSS such that ̟S ◦ xS = id, which

enables us to construct an explicit trivialisation of ̟S : CSS → FS : we consider

CS
xS

S := FS × Z/pZ, ̟xS

S = pr1 : CSxS

S → FS

where pr1 : CS
xS

S → FS is the projection to the first factor. Then CSS ≃ CS
xS

S are isomorphic as Z/pZ-torsors.

Under this isomorphism, (2.3) can be interpreted as follows:

CS
xS

XS
(ρ) =

r
∑

i=1

invpi

(

locSpi
(βρ) − xpi

(locSpi
(ρ))

)

∈ Z/pZ, ρ ∈ FXS
.(2.8)

We will sometimes use the notation locSpi
(βρ) − xpi

(locSpi
(ρ)) = invpi

(

locSpi
(βρ) − xpi

(locSpi
(ρ))

)

for simplicity, when

there is no chance of confusion. We also associate a C-line bundle CSxS

S to CS
xS

S :

CSxS

S := CS
xS

S ×Z/pZ C = FS × C.

Then there is an isomorphism ΘS : CSS → CSxS

S as C-line bundles over FS .

A benefit of choosing a section xS to CSS is that we can view sections of CSxS

S as a function space, i.e.,

H
xS

S = Γ(FS , CS
xS

S ) = MapG(FS ,C).

For any sections xS , x
′
S of ̟S , there are isomorphisms of C-vector spaces ΘxS

S : HS
∼−→ H

xS

S and Θ
xS,x

′

S

S : HxS

S
∼−→

H
x′

S

S such that Θ
xS,x

′

S

S ◦ ΘxS

S = Θ
x′

S

S , which implies that the Hermitian inner product on H
xS

S given by

〈f, g〉 :=
∑

x∈FS

f(x) · g(x), f, g ∈ MapG(FS ,C) = H
xS

S(2.9)

where g(x) is the complex conjugation of g(x), transports to a canonical Hilbert space structure on HS via ΘxS

S .

Let ||v||2 = 〈v, v〉 for v ∈ H
xS

S . Using a section xS , (2.6) can be interpreted as

Z̃xS

XS
(ρS) =

1

p

∑

ρ∈FXS
(ρS)

ζ
CS

xS
XS

(ρ)

p ∈ C, ZxS

XS
=

Z̃xS

XS

||Z̃xS

XS
||
.(2.10)
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Then Z̃xS

XS
∈ H

xS

S and Θ
xS,x

′

S

S (Z̃xS

XS
) = Z̃

x′

S

XS
. We have a commutative diagram of isomorphisms of Hilbert spaces

HS HS1
⊗ HS2

H
xS

S H
xS1

S1
⊗ H

xS2

S2Θ
S1,S2
S,xS

Θ
S1,S2
S

Θ
xS
S

Θ
xS1
S1

⊗Θ
xS2
S2

for any partition S = S1 ⊔ S2 and any section xS of ̟S : CSS → FS together with xS1
and xS2

. Then we have

Ent(ZXS1,S2
) = Ent((Θ

xS1

S1
⊗ Θ

xS2

S2
)(ZXS1,S2

)), ZXS1,S2
= ΘS1,S2

S (ZXS
), ZXS

∈ HS

for any choice of xS1
and xS2

. In other words, the entanglement entropy does not depend on the choices of sections

xS1
and xS2

. Our strategy is to find a suitable section xS so that Ent((Θ
xS1

S1
⊗ Θ

xS2

S2
)(ZXS1,S2

)) can be computed

in a simple way.

3. Explicit computations

3.1. Preliminaries. Note that the Fp-vector space Fv is equipped with a symplectic paring which is given by the

local duality theorem of Tate:

Fv × Fv Fp

H1(Πv,Z/pZ) × H1(Πv, µp) H2(Πv,Z/pZ) ≃ H2(Πv, µp).

= ≃ inv−1
v

In the following lemma, S can be any finite set of primes of F .

Lemma 3.1. Let F
ur
v be the unramified cohomology subgroup of Fv.

(1) The image locS(FXS
) is a Lagrangian subspace of FS =

∏

v∈S Fv.

(2) If v ∈ S and v does not divide p, then F
ur
v is a Lagrangian subspace of Fv.

Proof. (1) follows from the Tate-Poitou exact sequence [12, Theorem 4.10].

(2) is well-known; it follows from the inflation-restriction exact sequence, the local duality, and the Euler-Poincaré

characteristic formula. �

We recall the definition of the p-Selmer group with respect to S:

SelS(F,Z/pZ) := Ker

(

H1(F,Z/pZ) →
∏

v/∈S

H1(Fv,Z/pZ)/H1
ur(Fv,Z/pZ)

)

where H1
ur(Fv,Z/pZ) = H1(πv,Z/pZ) is the unramified cohomology subgroup of H1(Fv,Z/pZ). Let U = O

×
F and

US = OF [1/S]×.

Definition 3.2. Define Cl(XS) = H1(XS ,Gm) to be the class group of XS , which is isomorphic to the quotient

of the usual ideal class group Cl(X) of F by the subgroup generated by the classes of all prime ideals in S (see

Proposition 8.3.11. (ii), [11]).

Let A[p] denote the p-torsion of an abelian groupA. Then the Kummer theory gives us the following commutative

diagram:

F×/(F×)p H1(F, µp) ≃ H1(F,Z/pZ) = Hom(Gal(F/F ),Z/pZ)

US/U
p
S SelS(F,Z/pZ) ≃ FXS

Cl(XS)[p]

≃

where the first row is the Kummer isomorphism, an isomorphism SelS(F,Z/pZ) ≃ FXS
is given in [13, Lemma5.3]

(since S contains all the prime ideals dividing p), and we refer to the proof of [11, (8.7.4)] for the exact sequence of

the second row.
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3.2. Choices of sections in the case Cl(XS)[p] = 0. We assume that Cl(XS)[p] = 0, which implies that the

Kummer map κp : US/U
p
S ≃ FXS

is isomorphic.

We construct a section xpi
to ̟pi

: CSpi
→ Fpi

using the splitting s given in (2.1) and the Kummer isomorphism:

we define

xpi
(ρpi

) = −ρpi
∪ (s ◦ ρpi

− κpi

p2 (ũρpi
)), ρpi

∈ H1(Πpi
,Z/pZ)(3.1)

where

κpi

p2 : F×
pi
/(F×

pi
)p

2 ≃ H1(Πpi
,Z/p2Z)

is the local Kummer isomorphism and ũρpi
∈ F×

pi
/(F×

pi
)p

2

is chosen such that

κpi

p2(ũρpi
)(γ) ≡ ρpi

(γ) mod p, γ ∈ Πpi
.

Then d
(

xpi
(ρpi

)
)

= c ◦ ρpi
. Let US be the group of global S-units of F . Then we have the global Kummer

isomorphism (due to the assumption Cl(XS)[p] = 0)

κp : US/(US)p ≃ H1(ΠS ,Z/pZ) = Hom(ΠS ,Z/pZ) =: FXS

Using the global Kummer isomorphism (using the running assumption µp2 ⊂ F )

κp2 : US/(US)p
2 ≃ H1(ΠS ,Z/p2Z),

for given ρ ∈ H1(ΠS ,Z/pZ) we choose ũρ ∈ US/(US)p
2

such that κp2 (ũρ)(γ) ≡ ρ(γ) mod p for γ ∈ ΠS . Let

βρ = −ρ ∪ (s ◦ ρ− κp2 (ũρ)) ∈ C2(ΠS ,Z/pZ), ρ ∈ H1(ΠS ,Z/pZ).(3.2)

Then it satisfies (2.4).

The Hilbert space H
xS

S = MapG(FS ,C) is a finite dimensional C-vector space of dimension |FS |. Let δρS
be the

delta function of ρS on FS and {δρS
: ρS ∈ FS} forms an orthonormal C-basis of HxS

S with respect to the Hermitian

inner product (2.9). Then

Z̃xS

XS
=

∑

ρS∈FS

Z̃xS

XS
(ρS) · δρS

=
∑

ρS ∈FS

1

p

∑

ρ∈FXS
(ρS )

ζ
CS

xS
XS

(ρ)

p · δρS
∈ H

xS

S

Z̃xS

XS1,S2

= ΘS1,S2

S,xS

(

Z̃xS

XS

)

=
∑

ρS=(ρS1
,ρS2

)∈FS

Z̃xS

XS
(ρS) · δρS1

⊗ δρS2

where ΘS1,S2

S,xS
: HxS

S
≃−→ H

xS1

S1
⊗ H

xS2

S2
is a Hilbert space isomorphism sending δρS

to δρS1
⊗ δρS2

and Z̃xS

XS
(ρS) was

given in (2.10).

We have a formula for (2.8) using βρ and xpi
: for ρ ∈ FXS

(ρS)

CS
xS

XS
(ρ) =

r
∑

i=1

(

locSpi
(βρ) − xpi

(locSpi
(ρ))

)

=
r
∑

i=1

ρpi
∪
(

locSpi
(κp2 (ũρ)) − κpi

p2 (ũρpi
)
)

.

Thus the difference between the global Kummer lifting and the local Kummer lifting (to µp2 ) plays a key role in

the computation of ZxS

XS
(ρS).

3.3. The entanglement entropy formula in the case Cl(XS)[p] = 0 and |S| = 2. In this subsection we assume

that Cl(XS)[p] = 0 and |S| = 2. The formula and its verification under this assumption serve as a good guide to

the general case (Theorem 1.1) both conceptually and technically.

Let p1 be a prime ideal of F dividing p, which is inert, and p2 be a prime ideal of F not dividing p. Let

S = {p1, p2}.

Theorem 3.1. Assume Cl(XS)[p] = 0 and S = {p1, p2}. The entanglement entropy is given by

Ent(ZXp1,p2
) =

(

Rank(locSp2
) − Nullity(locSp1

)

)

log p.

Note that the Artin reciprocity map provides an isomorphism Cl(X)
rec
∼−−→ Πab = Gal(Fur,ab/F ) where Fur,ab is

the maximal unramified abelian extension of F . Also note that

Ker (locSp1
) ∩ Ker (locSp2

) = Hom(Πur,ab
S ,Z/pZ)

where Πur,ab
S = Gal(Fur,abS /F ) and Fur,abS is the maximal unramified abelian extension of F in which S splits

completely, and thus Πur,ab
S is a quotient of Πab. Moreover, one can check that Cl(XS) is isomorphic to Πur,ab

S as finite



ENTANGLEMENT ENTROPIES IN THE ABELIAN ARITHMETIC CHERN-SIMONS THEORY 8

abelian groups. Therefore the assumption Cl(XS)[p] = 0 implies that locS = (locSp1
, locSp2

) : FXS
→ FS = Fp1

×Fp2

is injective. Let

s1 = Nullity(locSp1
) and t2 = Rank(locSp2

).

Then we have 0 ≤ t2 ≤ 2 and t2 −s1 ≥ 0 (due to the injectivity of locS). Theorem 3.1 says that the more degenerate

the restriction maps locSp1
and locSp2

are, the smaller the entanglement entropy is.

Lemma 3.3. If Cl(XS)[p] = 0, |S| = 2 and we choose xS as in (3.1), then

Z̃xS

XS
(ρS) =

{

1
p , if FXS

(ρS) is non-empty

0, otherwise

where FXS
(ρS) is defined in (2.5).

Proof. If FXS
(ρS) is empty, the result is clear. So we concentrate on the case that FXS

(ρS) is non-empty. For

given such ρS , there is a unique ρ ∈ FXS
such that locS(ρ) = ρS , because locS is injective. The computation in

Subsection 3.2 says that

Z̃xS

XS
(ρS) =

1

p

∑

ρ∈FXS
(ρS )

ζ

∑

2

i=1
ρpi

∪
(

locS
pi

(κp2 (ũρ))−κ
pi

p2
(ũρpi

)
)

p

=
1

p
· ζ
∑

2

i=1
ρpi

∪
(

locS
pi

(κp2 (ũρ))−κ
pi

p2
(ũρpi

)
)

p (locS is injective and locS(ρ) = ρS).

Since the assumption Cl(XS)[p] = 0 (which implies that the Kummer map κp : US/U
p
S ≃ FXS

is isomorphic)

enables us to choose both global and local Kummer liftings uniformly, we have

locSpi
(κp2 (ũρ)) − κpi

p2(ũρpi
) = 0,

which implies that Z̃xS

XS
(ρS) = 1/p. �

Proof of Theorem 3.1. According to [11, Corollary (7.3.9)], we have Fp-vector space isomorphisms

US/U
p
S ≃ FXS

≃ Fµp , µ = 2 +
[F : Q]

2
,

Fp1
≃ Fµ1

p , µ1 = 2 + [F : Q],

Fp2
≃ Fµ2

p , µ2 = 2.

Recall that we view ZxS

Xp1,p2

(ρp1
, ρp2

) as |Fp1
| × |Fp2

| matrix A = A
ρp2
ρp1

using the bases {δρpi
: ρpi

∈ Fpi
}, i = 1, 2:

the (ρp1
, ρp2

)-entry of A is 1
p

∑

ρ∈FXS
(ρS ) ζ

CS
xS
XS

(ρ)

p where ρS = (ρp1
, ρp2

). So A is a p2+n by p2 matrix, where

n = [F : Q]. Because 2 ≥ t2 > 0 and t2 − s1 ≥ 0 (the injectivity of locS : FXS
→ FS), there are only 5 cases

to consider.4 Moreover, we observe that the rank of A is pt2−s1 and the inner product (2.9) gives rise to a norm

||A|| =
√

∑

i,j |aij |2 of A, where aij is the (i, j)-entry of A.

If, for a given local representation ρS = (ρp1
, ρp2

), there were no global ρ such that locS(ρ) = ρS , then the

corresponding matrix entry of A
ρp2
ρp1

is zero. Since locS is injective, only p2+ n
2 -entries of the p2+n × p2-matrix A,

corresponding to local representations which factor through ΠS , are non-zero. By Lemma 3.3, each such entry is 1
p .

In order to compute the entanglement, we need to express ZxS

Xp1,p2

in the form (using the Schmidt decomposition

based on the singular value decomposition)

Z̃xS

Xp1,p2

=
∑

ρS =(ρp1
,ρp2

)∈FS

A
ρp2
ρp1

· δρp1
⊗ δρp2

=

Rank(A)
∑

i=1

λi · ei ⊗ fi, λi ∈ C

where {e1, · · · , es} ⊂ H
xp1

p1
and {f1, · · · , fs} ⊂ H

xp2

p2
are orthonormal sets and s is the rank of A. Let At be the

transpose of A. Now we compute the p2 ×p2 matrix AtA and find the nonzero eigenvalues of AtA: the λ′
is are given

by square roots of non-zero eigenvalues of AtA. By the singular value decomposition there are unitary (in fact,

orthogonal since A has entries in real numbers) matrices U (a p2+n × p2+n matrix) and V (a p2 × p2 matrix) such

that A = UΣV t where Σ is a p2+n × p2 matrix whose (i, i)-entry is the singular value λi (where 1 ≤ i ≤ Rank(A))

4The case t2 = 0 can not happen due to Lemma 3.1 (1), since FXp2
injects into FXS

and the image locp2 (FXp2
) becomes a

Lagrangian of Fp2 ≃ F2
p.
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and other entries are all zeros. Then {ei} (respectively {fi}) consists of the first s column vectors of U (respectively

V ). Then the entanglement entropy is given by

Ent(ZXp1,p2
) = Ent(ZxS

Xp1,p2

) =

Rank(A)
∑

i=1

− |λi|2
||A||2 log

|λi|2
||A||2 .

We compute the matrix A (up to permutation of the basis δρpi
), AtA, and the entanglement entropy using the

above facts in all possible 5 cases. Note that the entanglement entropy does not depend on such a choice of a basis

and ||A||2 = 1
p2 p

µ = pµ−2 = pn/2.

• (s1 = 0, t2 = 2: the rank of A is p2 and µ = t1 = s2 + 2) We compute

A =













































1/p 0 0

.

.

. 0

1/p 0

0 1/p 0

.

.

.

0

.

.

. 0

0 1/p 0 · · ·

0 1/p
.
.
. 0

.

.

. 0 1/p

0

.

.

.

0 0 1/p

0 · · · 0 0

0 · · · 0

.

.

.













































,
AtA

||A||2
=









p−t2 0 0 0

0

.
.
. 0 0

0 0

.
.
. 0

0 0 0 p−t2









.

Then AtA
||A||2 has eigenvalue p−t2 of multiplicity p2 and so

Ent(ZXp1,p2
) = p2 · (−p−t2 · log(p−t2)) = 2 log p = (t2 − s1) log p.

• (s1 = 1, t2 = 2: the rank of A is p and µ = 1 + t1 = s2 + 2) We compute

A =

































1/p · · · 1/p 0 0 0

.

.

.

.
.
.

.

.

. · · · 0

.
.
. 0

1/p · · · 1/p 0 0 0

.

.

.

.
.
.

.

.

.

0 0 0 1/p · · · 1/p

0

.
.
. 0 · · ·

.

.

.

.
.
.

.

.

.

0 0 0 1/p · · · 1/p

0

.

.

. 0 0 0 0

0 · · · 0 0 · · · 0

































,
AtA

||A||2
=

























p−t2 · · · p−t2 0 0 0

.

.

.

.
.
.

.

.

. · · · 0

.
.
. 0

p−t2 · · · p−t2 0 0 0

.

.

.

.
.
.

.

.

.

0 0 0 p−t2 · · · p−t2

0

.
.
. 0 · · ·

.

.

.

.
.
.

.

.

.

0 0 0 p−t2 · · · p−t2

























.

Then AtA
||A||2 has eigenvalue p−t2+1 of multiplicity p and so

Ent(ZXp1,p2
) = p · (−p−t2+1 · log(p−t2+1)) = log p = (t2 − s1) log p.

• (s1 = 2, t2 = 2: the rank of A is 1 and µ = 2 + t1 = s2 + 2) We compute

A =

























1/p · · · 1/p 1/p · · · 1/p

.

.

.

.
.
.

.

.

. · · ·

.

.

.

.
.
.

.

.

.

1/p · · · 1/p 1/p · · · 1/p

0 0 0 · · · 0 · · · 0 0 0

.

.

.

.
.
.

.

.

.

0 0 0 0 · · · 0

0

.
.
. 0 · · ·

.

.

.

.
.
.

.

.

.

0 0 0 0 · · · 0

























,
AtA

||A||2
=









p−t2 p−t2 · · · p−t2 p−t2

p−t2 p−t2 · · · p−t2 p−t2

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

p−t2 p−t2 · · · p−t2 p−t2

p−t2 p−t2 · · · p−t2 p−t2









.

Then AtA
||A||2 has eigenvalue p−t2+2 of multiplicity 1 and so

Ent(ZXp1,p2
) = −p−t2+2 · log(p−t2+2) = 0 = (t2 − s1) log p.
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• (s1 = 0, t2 = 1: the rank of A is p and µ = t1 = s2 + 1) We compute

A =











































1/p 0 0 0 0 0 · · · 0

.

.

. 0

.

.

. · · ·

.

.

.

.
.
.

.

.

.

1/p 0 0 0 0 · · · 0

0 1/p 0 · · · 0 · · · 0 0 0

.

.

.

.

.

.

0 1/p

0 0

.
.
. 0 · · · 0

0

.
.
. 0 1/p 0

.

.

.

.
.
.

.

.

.

0 0 0

.

.

. 0 · · · 0

0 0 0 1/p 0

0

.

.

. 0

.

.

. 0 · · · 0

0 0 0 0 0 0 · · · 0











































,
AtA

||A||2
=















p−t2 0 0 0 · · · 0

0

.
.
. 0 0 · · · 0

0 0 p−t2 0 · · · 0

0 0 0 0 · · · 0

.

.

.

.

.

.

.

.

. 0

.
.
. 0

0 0 0 0 · · · 0















.

Then AtA
||A||2 has eigenvalue p−t2 of multiplicity p and so

Ent(ZXp1,p2
) = p · (−p−t2 · log(p−t2)) = log p = (t2 − s1) log p.

• (s1 = 1, t2 = 1: the rank of A is 1 and µ = 1 + t1 = s2 + 1) We compute

A =

























1/p · · · 1/p 0 0 · · · 0

.

.

.

.
.
.

.

.

. 0 · · ·

.

.

.

.
.
.

.

.

.

1/p · · · 1/p 0 0 · · · 0

0 0 0 · · · 0 · · · 0 0 0

.

.

.

.
.
.

.

.

.

0 0 0 0 · · · 0

0

.
.
. 0 · · ·

.

.

.

.
.
.

.

.

.

0 0 0 0 · · · 0

























,
AtA

||A||2
=















p−t2 · · · p−t2 0 0 0

.

.

.

.
.
.

.

.

. 0 · · · 0

p−t2 · · · p−t2 0 0 0

0 0 0 0 0 0

0

.

.

. 0 0

.
.
. 0

0 0 0 0 0 0















.

Then AtA
||A||2 has eigenvalue p−t2+1 of multiplicity 1 and so

Ent(ZXp1,p2
) = −p−t2+1 · log(p−t2+1) = 0 = (t2 − s1) log p.

�

3.4. A generalized formula without Cl(XS)[p] = 0. Here we drop the assumption Cl(XS)[p] = 0 and |S| = 2.

We use the glueing formula of ACST to derive the generalized formula in Theorem 1.1. Choose any finite set S3 of

primes disjoint from S and write

S′ := S ⊔ S3

For xS ∈ Γ(FS ,CSS) and xS3
∈ Γ(FS3

,CSS3
), we define xS′ ∈ Γ(FS′ ,CSS′) by

xS′(ρS , ρS3
) = [xS(ρS) + xS3

(ρS3
)].(3.3)

The glueing formula ([9, Theorem 5.2.1]) gives that for ρ ∈ FXS

CS
xS

XS
(ρ) = CS

xS′

XS′
(ρ ◦ ηS′,S) − CS

xS3

VS3

((ρ ◦ up)p∈S3
)(3.4)

where ηS
′,S : ΠS′ → ΠS is the natural quotient map, up : Π̃p := Gal(Furp /Fp) → ΠS is the embedding for p ∈ S3,

and for ρ̃p ∈ Hom(Π̃p, µp)

CS
xS3

VS3

((ρ̃p)p∈S3
) :=

∑

p∈S3

invp

(

β̃p − xp(ρ̃p)
)

∈ Z/pZ

with d(β̃p) = c ◦ ρ̃p (using the unramified trivialisation H3(Π̃p,Z/pZ) = 0). Define

Z
xS3

V ∗

S3

(ρS3
) :=

∑

FVS3
(ρS3

)∋(ρ̃p)p∈S3

ζ
CS

xS3

V ∗

S3

((ρ̃p)p∈S3
)

p :=
∑

FVS3
(ρS3

)∋(ρ̃p)p∈S3

ζ
−CS

xS3
VS3

((ρ̃p)p∈S3
)

p(3.5)

and FVS3
(ρS3

) = {ρ̃ = (ρ̃p)p∈S3
∈ ∏

p∈S3
Hom(Π̃p, µp) : ρ̃p ◦ qp = ρp, p ∈ S3} (here qp : Πp → Π̃p is the natural

quotient map). Then Z
xS3

V ∗

S3

∈ H
xS3

S∗

3
and Z

xS3

V ∗

S3

(ρS3
) are independent of choices of β̃p (see [9, Theorem 5.1.4]).

Lemma 3.4. [9, Theorem 5.2.4] For any section xS′ satisfying (3.3), we have that

ZxS

XS
(ρS) =

∑

ρS3
∈Fur

S3

Z
xS′

XS′
(ρS , ρS3

) · ZxS3

V ∗

S3

(ρS3
), (ρS , ρS3

) = ρS′ .
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Proof. The equality follows from the glueing formula (3.4), the definitions of ZxS

XS
, Z

xS′

XS′
and Z

xS3

V ∗

S3

based on the

following bijection5

FXS
(ρS) ≃

⊔

ρS3
∈FS3

(

FXS′
(ρS , ρS3

) × FVS3
(ρS3

)
)

, ρ 7→ (ρ ◦ ηS′,S , (ρ ◦ up)p∈S3
)(3.6)

where we recall FXS′
(ρS′) = {ρ ∈ FXS′

: locS′(ρ) = ρS′}. In fact, there is a bijection
⊔

ρS3
∈FS3

(

FXS′
(ρS , ρS3

) × FVS3
(ρS3

)
)

≃
⊔

ρS3
∈Fur

S3

(

FXS′
(ρS , ρS3

) × FVS3
(ρS3

)
)

where F
ur
S3

consists of unramified representations of FS3
. �

Lemma 3.5. If we choose any finite set S3 of primes which is disjoint from S such that Cl(XS⊔S3
)[p] = 0 (such S3

always exists), then there exists a local section xS⊔S3
to the Z/pZ-torsor map ̟S⊔S3

: CSS⊔S3
→ FS⊔S3

such that

Z̃xS

XS
(ρS) =

{

1
p

∑

ρS3
∈Fur

S3

Z
xS3

V ∗

S3

(ρS3
), if ρS ∈ locS(FXS

)

0, otherwise

where Z
xS3

V ∗

S3

(ρS3
) is given in (3.5). In particular, Z̃xS

XS
(ρS) obtains the same value regardless of ρS , once we fix S3.

Proof. By Lemma 3.3 (note that the same proof works for an arbitrary partition S = S1 ⊔ S2, though Lemma 3.3

was stated in the case #S1 = #S2 = 1), there is a section xS′ (S′ = S ⊔ S3) such that

Z̃
xS′

XS′
(ρS′) = Z̃

xS′

XS′
(ρS , ρS3

) =
1

p
, ρS′ ∈ locS′(FXS′

)

because of Cl(XS′)[p] = Cl(XS⊔S3
)[p] = 0. Observe that ρS ∈ locS(FXS

) implies ρS′ ∈ locS′(FXS′
), since ρS3

∈ F
ur
S3

.

Thus Lemma 3.4 implies that

Z̃xS

XS
(ρS) =

∑

ρS3
∈Fur

S3

p−1 · ZxS3

V ∗

S3

(ρS3
), ρS ∈ locS(FXS

).

If ρS /∈ locS(FXS
), the result clearly holds by definition (2.10). �

Now we prove the generalized formula (Theorem 1.1). Choose subsets S1, S2 of S such that S = S1 ⊔ S2

(S1 ∩ S2 = φ) and neither S1 nor S2 is empty.

Proof of Theorem 1.1. We have the following commutative diagram

FS1

F
S
X FXS

FS = FS1
× FS2

FS2

locS
S1

locS
S2

locS=locS
S

pr
S1

pr
S2

where F
S
X := Ker (locS) ≃ Hom(Πur,ab

S ,Z/pZ) (recall that Πur,ab
S is the maximal unramified abelian extension of F

such that all the primes above S split), locSSi
is the map induced from the embedding Πp → ΠS (p ∈ Si), and prSi

is the projection map to FSi
.

Let ν be the Fp-dimension of F
S
X . Let si be the Fp-dimension of the kernel of locSSi

for each i. Let ti be the

Fp-dimension of the image of locSSi
for each i. Define µi := dimFp

FSi
and µ := µ1+µ2

2 . Then dimFp
(FXS

) = µ+ ν

by Lemma 3.1. Then we have

t2 − s1 + ν =
(

dimFp
(FXS

) − dimFp
(Ker (locSS1

) + Ker (locSS2
))
)

,

because t2 − s1 + ν = µ− s1 − s2 + 2ν (due to µ+ ν = s2 + t2) and so t2 − s1 + ν is the Fp-dimension µ+ ν of FXS

minus the Fp-dimension s1 + s2 − ν of the space Ker (locSS1
) + Ker (locSS2

).

We choose a section xS′ as in Lemma 3.5. By using the same technique as in the proof of Theorem 3.1, we

compute the matrix A associated to Z̃xS

XS1,S2

(possibly permuting the basis elements δρS
of FS), the matrix AtA,

and the entanglement entropy

The matrix A has the following 3 properties:

5The surjectivity of ηS′,S implies the injectivity of the map. For the surjectivity of the map, consider (τ, (τ̃p)p∈S3
) ∈ FXS′

(ρS , ρS3
)×

FVS3
(ρS3

). Then there exists ρ ∈ FXS
such that τ = ρ ◦ ηS′,S , since locS′

p (τ) is unramified for p ∈ S3, and ρ ◦ up = τ̃p for p ∈ S3 due

to the surjectivity of qp.
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• there are pt2−s1+ν linearly independent non-zero columns;

• if a row vector is non-zero, there are only ps1−ν non-zero entries in that row vector;

• there are only pµ non-zero entries.

In fact, the pµ1 × pµ2 matrix A is a block diagonal type matrix whose each block is a pµ−t2 × ps1−ν matrix with

each entry6

µ
S3

:= Z̃xS

XS
(ρS) = p−1 ·

∑

ρS3
∈FS3

Z
xS3

V ∗

S3

(ρS3
)

and the number of the non-zero blocks is pt2−s1+ν :

A =























B1 0 · · · 0

0 B2 0
...

0 0
. . . 0

...
...

... 0 Bpt2−s1+ν 0

0 0 · · · 0 · · · 0























, Bi =









µ
S3

· · ·µ
S3

...
. . .

...

µ
S3

· · ·µ
S3









where each Bi is a pµ−t2 × ps1−ν matrix. Then the pµ2 × pµ2 matrix AtA/||A||2 is again a block diagonal type

matrix whose each block is a ps1−ν × ps1−ν matrix with all the entries

p−t2 =
µ2

S3
· pµ−t2

µ2
S3

· pµ

and the number of non-zero blocks is pt2−s1+ν (note that ||A||2 = µ2
S3

· pµ, since each entry of A is µ
S3

):

AtA

||A||2 =























C1 0 · · · 0

0 C2 0
...

0 0
. . . 0

...
...

... 0 Cpt2−s1+ν 0

0 0 · · · 0























, Ci =









p−t2 · · · p−t2

...
. . .

...

p−t2 · · · p−t2









where each Ci is a ps1−ν × ps1−ν matrix. Therefore AtA/||A||2 has eigenvalue p−t2+s1−ν with multiplicity pt2−s1+ν

and so we conclude that

Ent(ZXS1,S2
) = (−p−t2+s1−ν log p−t2+s1−ν) · pt2−s1+ν = (t2 − s1 + ν) log p.

�
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