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EUCLIDEAN ALGORITHMS ARE GAUSSIAN OVER
IMAGINARY QUADRATIC FIELDS

DOHYEONG KIM, JUNGWON LEE, AND SEONHEE LIM

ABSTRACT. The distributional analysis of Euclidean algorithms was carried
out by Baladi and Vallée. They showed the asymptotic normality of the num-
ber of division steps and associated costs in the Euclidean algorithm as a ran-
dom variable on the set of rational numbers with bounded denominator based
on the transfer operator methods. We extend their result to the Euclidean
algorithm over appropriate imaginary quadratic fields by studying dynamics
of the nearest integer complex continued fraction map, which is piecewise an-
alytic and expanding but not a full branch map. By observing a finite Markov
partition with a regular CW-structure, which enables us to associate the trans-
fer operator acting on a direct sum of spaces of C'l-functions, we obtain the
limit Gaussian distribution as well as residual equidistribution.
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1. INTRODUCTION

The Gauss map G, defined on [0, 1] by G(0) = 0 and

yields
a; = |

G:x»—>1—FJ (£ 0),

x xT

for x € [0,1] the regular continued fraction expansion z = [0; a1, az, . .

Define

Q]R,N3:{921§a<C§N,(a,C):1}.
c
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For € Qg n, denote by ¢(x) the length of the continued fraction expansion of .
By a digit cost, we mean a function ¢ : N — R>( and define the associated total

cost to be C(z) := ) ¢(a;).

Jj=1

Theorem 1.1 (Baladi-Vallée [4, Theorem 3]). Suppose that ¢ satisfies the moderate
growth condition [4, (2.5)]. Then, the distribution of C' on Qg N is asymptotically
Gaussian, with the speed of convergence O(1/4/log N) as N tends to infinity.

The proof of the theorem is based on various spectral properties of the transfer
operator associated to the Gauss map. Among others, one needs the spectral gap
and the Dolgopyat-type uniform estimate. Once necessary spectral properties are
established, one can express the moment generating function of the total cost in
terms of transfer operator and apply Hwang’s Quasi-power Theorem [4, Theorem
0]. The aim of this article is to generalise the result and techniques to Euclidean
imaginary quadratic fields.

Remark 1.2. The motivation behind our work is to extend the dynamical approach
to the statistical study of modular symbols and twisted L-values formulated in
Lee—Sun [24] and Bettin—Drappeau [6] under base change over imaginary quadratic
fields. For instance, we plan to give an alternative proof of Constantinescu [12],
Constantinescu—Nordentoft [13] on the normal distribution and residual equidistri-
bution of Bianchi modular symbols in hyperbolic 3-space.

1.1. Complex continued fraction maps. Consider an imaginary quadratic field
K = Q(v/—d) where d > 0 is square-free integer. Let @ C K be its ring of integers,
which is a lattice in C. Note that

o_ {Z[\/Td] if d # 3 (mod 4),

(1.1) Z[@] if d =3 (mod 4).

When d € {1,2,3,7,11}, K has class number 1 and O is a Euclidean domain with
respect to the norm map. Throughout, we only consider these five norm-Euclidean
imaginary quadratic fields.

We introduce two types of fundamental domains for the translation action of O
on C. The rectangular domain I 4 and its open dense subset Iy 4 are defined for
d=1,2 as

I?%,d i=1IRpq— U Ipq+ a.
a=1,v/—d

The hexagonal domains I = Iy 4 are defined for d = 3,7,11 as

1 x d+1
Igg=<z+iy:|z|< -, [y —| < ——%
e { vils g e 4\/&}
IZI,d =1Igq— U I+ a.

a=1, 1i\2/—d

Let I be one of the five domains I 4 or Iy 4, and let I = I — I°. Note that for
z € C there is a unique element [z] € O such that z — [z] € I°. Using this, define a



EUCLIDEAN ALGORITHMS ARE GAUSSIAN OVER IMAGINARY QUADRATIC FIELDS 3

self-map on I by

1 17
T:z%){z_ [E] ifz7#0,
0 if z=0.
This is called the nearest integer complex continued fraction map. It generalizes
the Gauss map and was introduced by Hurwitz [20] for d = 1.
This type of complex continued fractions has been discussed by Lakein [22] in
a wider context, by Ei-Nakada—Natsui [16] for certain ergodic properties, and by
Hensley [19] and Nakada et al. [15, 17, 26] for the Kuzmin-type theorem. More
recently, Bugeaud-Robert—Hussain [10] established the metrical theory of Hurwitz
continued fractions towards the complex Diophantine approximations. Here, we
first present a dynamical framework for the statistical study of K-rational trajec-
tories based on the transfer operator methods.
In the following, we assume that (I,T) is one of the five cases above and call it
the complex Gauss dynamical system.

1.2. Inverse branches of 7. Observe, for any z € I, that T yields a continued
fraction expansion z = [0; a1, az,...] by putting a; := [1/T971(z)] for j > 1. We
call o; a digit in the continued fraction expansion.

The notion of digits naturally gives rise to a partition of I in the following way.
For a € O, put

0 ou-{rer [}] -}

Note that O, may be empty for finitely many a’s with small modulus. The complete
list is given in the Table 1. Non-empty O,’s form a partition for I into pairwise
disjoint sets such that T'|o, : Oq — TO, is bijective.

d «

1 +1,+v/—1

2 +1

3 | +1,+10Y8 4 1oy5S
7 +1

11 +1

TABLE 1. The list of a’s for which O, is empty.

Denote by hg : TO, — O, the map

1
zZ+ «

heg 12—

which is the inverse of T'|p,. By an inverse branch of T', we mean the map h,, for
some « € O for which O, is non-empty. We remark that TO, = I° for all but
finitely many «, but there is always some non-empty O, such that TO,, is a proper
subset of I°. Since our system (I,T) fails to be a full branch map, i.e., TO, = I°
for all non-empty O, while much of the analysis in Baladi—Vallée [4] relies on the
Gauss map being a full branch map, our analysis involves additional steps.
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1.3. Cell structures on I and function spaces. We adopt the following conven-
tion. By a cell structure on a topological space X, we mean a regular CW-structure
on it. By a cell of dimension k£ > 1, we mean an open subset of the k-skeleton of X
which is image of the open k-dimensional ball along an attaching map. In particu-
lar, such a cell is properly contained in its closure in X. A zero-dimensional cell is
a point in X, which is of course equal to its closure in X. A cell structure is called
finite if the set of all cells, which we denote by P, is finite.

We introduce a finite cell structure P on I, which is required to have a certain
compatibility with the countable partition (1.2) (see Definition 1.4 below). For
0 < i < 2, let P[i] be the set of cells of real dimension . Since I C C, we have
P = U?:o P[i]. For P € P, we denote by P its closure.

Definition 1.3. Define C'(P) to be the space of functions f: I — C such that
for every P € P, f |p extends to a continuously differentiable function on an open
neighborhood of P.

Denote the extension of f|p to P by resp(f). By the uniqueness of such an
extension, it defines a linear map resp: C*(P) — C'(P). They collectively define
a linear map

(1.3) resp: C1(P) — ED C'(P)
PeP
fr— (resp (f)) pep

which is in fact bijective. We then introduce a key definition.

Definition 1.4. A cell structure P on [ is said to be compatible with T if the
following conditions are satisfied.

(1) (Markov) For each non-empty O, TO, is a disjoint union of cells in P.
(2) For any inverse branch h,, and any P € P, either there is a unique member
Q € P such that h,(P) C Q or hy(P) is disjoint from I.

Note that if P is compatible with T, then 170, the characteristic function of
TO,, belongs to C*(P). We have the following observation, which heavily depends
on the work of Ei-Nakada—Natsui [17]. See §3 for the details.

Proposition A (Proposition 3.7). For each of the five systems, namely Ig q with
d=1,2 and Iy q with d = 3,7,11, there exists a cell structure compatible with T'.

1.4. Transfer operators associated to (I,7). We introduce the transfer oper-
ator.

Set A:={a € O: O, is non-empty}. For a € A, the origin is not a limit point
of O, whence the inverse branch h,: TO, — O, extends holomorphically to an
open neighborhood of TO,. The extension is unique since T'O, has non-empty
interior for any a € A. Denote by h/, the holomorphic derivative of h,. Under
the identification C ~ R2?, we regard ho as a R%-valued function and write J,, for
its Jacobian determinant. As a consequence of the Cauchy—Riemann equation, we
have

(1.4) Jal(2) = o ()"
In particular, J,(z) > 0 for all z € TO,,.
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FIGURE 1. Partition element O14; and image 701, (as a disjoint
union of cells in a finite partition P) depicted in grey (d = 1).

By a digit cost ¢, which mean a function on A such that ¢(a) > 0 for all a € A.
Abusing the notation, we also regard ¢ as a function on I, by letting ¢(2) := ¢(«)
for z € O,.

Definition 1.5. Let s and w be complex parameters. For a digit cost ¢, define
gsw(2) == exp(we(z))J.-1)(T(2))*. For a function f : I — C, the weighted transfer
operator is defined by

ﬁs,wf(z) = Z gs,w(ZO)f(ZO)'
T(z0)=%
Due to the properties of inverse branches in §1.2, we have
(1.5) Lowf(2) = gsw(2) (f 0 ha)(2) - 170, (2).
acA
To proceed, we settle a few notations. For a subset P € P of TO,, denote the
restriction of h, to P by (a)S: P — Qif ho(P) C Q. For P.Q € P, set
H(P,Q)={h: P> Q: h= <a>g for some a € O}

to be the collection of restricted inverse branch maps from P to . Then by
Proposition A, (1.5) becomes, for z € P

(1'6) (ES,wf)P (Z) = Z Z gS,ﬂ)(z) : (fQ © <O‘>g) (Z)

QEP () 5EH(P.Q)

This shows that if P is compatible with 7" and (1.6) is convergent for each P,
then the operator L, preserves C'(P). To ensure the convergence, we assume a
moderate growth assumption on the digit cost ¢; See (4.1).

1.5. Main results. We study the spectral properties of L, ,, acting on a Banach
space C1(P) with respect to a family of norms || - ||;) parametrised by a non-zero
t € R. The norm takes the form

1

(1.7) 1flly = ||f||o+m||f|\1
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where ||-|lo is essentially the sup-norm and ||-||; is a semi-norm; See §4.1 for the
precise definition.

Write s = o+it and w = u+i7, with o, ¢, u, 7 € R. We establish the following key
facts, namely the Ruelle-Perron—Frobenius Theorem and a Dolgopyat-type uniform
estimate.

Theorem B (Theorem 4.7 and 6.1). For (s,w) with (o,u) close to (1,0),

(1) For (s,w) near (1,0), there is a spectral gap, in particular, L., has an
eigenvalue Ag o, of mazimal modulus and there are no other eigenvalues on
the circle of radius |As |, and Xs ., is algebraically simple.

(2) For a suitable & > 0 and sufficiently large |t|,

I = Low) My <

The implied constant is determined by a real neighborhood of (o,u) = (1,0). See
the paragraph above (4.1) for details.

Part (1) is obtained by so-called Lasota—Yorke inequality with topological mix-
ing property of (I, T). For the Dolgopyat estimate (2), the main steps are parallel
to those of Baladi—Vallée [4] but we deal with technical difficulties that arise from
higher dimensional nature of complex continued fractions. In particular, our proof
relies on the analysis due to Ei-Nakada—Natsui [17] of the natural invertible exten-
sion of (I,T) as well as a version of Van der Corput Lemma in dimension 2. See §6
for details.

Consequently, we obtain a Central Limit Theorem for the complex Gauss sys-
tem (I,T). Recall that for z € I, we have the continued fraction expansion z =
[0; 1,9, ..., ap, .. .|, which terminates uniquely in a finite step ¢(z) if z € IN K.
Define

Cn(z) == Zc(aj) for z € I, and
j=1
(=)
C(z) := Zc(aj) forze INK.
j=1
We regard C,, as a random variable on I. Theorem B.(1) leads to the following
Gaussian distribution for continuous trajectories. Here, we use the convention that
big-O notation has an implied constant depending only on (,T) and P.

Theorem C (Theorem 7.2). Let ¢ be a digit cost satisfying the moderate growth
assumption (4.1), which is not of the form g—goT for some g € C*(P). Let 1i(c),
d(c), 1(c), and §1(c) be the certain constants given in the proof of Theorem 7.2.
For anyn > 1 and u € R, the distribution of C,, is asymptotically Gaussian;
C,— 1 1 v ;2 1
Cuiton ) L[ fyo(L)
5(c)/n 21 J—oo Vn
Also, the expectation and variance satisfy
E[Cn] = (e)n + pn(c) + O(0")
V[C,] = 8(c)n + 81 (c) + O(8™)

for some 0 < 1.
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Now we regard C' as a random variable on a set of K-rational points with the
bounded height, i.e., for a fixed N > 1,

Qn:={z€INK:ht(z)> <N}

where ht : K — Z>( denotes the height function on K; See (8.1).

Then Theorem B yields analytic properties of a Dirichlet generating series that is
written in terms of resolvent of the operator L, ,,. Applying a Tauberian argument,
finally we obtain the uniform Quasi-power estimate for the moment generating
function Ey [exp(wC)|Qy] for w close to 0. In turn, we obtain the limit Gaussian
distribution for rational trajectories, a generalisation of Theorem 1.1 over Euclidean
imaginary quadratic fields:

Theorem D (Theorem 8.7). Take ¢ as in Theorem C and further assume that it
is bounded. Let p(c), d(c), pi(c), and d1(c) be the certain constants given in Theo-
rem 8.7. For any u € R, the distribution of C on Qp is asymptotically Gaussian;

C — p(c)log N 1 /” 2 1
Py | ———— <u|Qn| = — Tdt+ 0| — | .
N 0(c)vIog N~ u‘ N o _Ooe + Viog N

Also, the expectation and variance satisfy
En[CI0n] = u(c)log N + g () + O(N ™)
Vn[C[Qn] = d(c)log N + 61(c) + O(N ™)
for some v > 0.

Here, we present another consequence, which is the estimate for E y [exp(i7C) |2 ]
for 7 outside of the neighborhood of zero, which implies the following residual
equidistribution. We remark that the result of this type was first given in Lee-Sun
[24] for real continued fractions.

Theorem E (Theorem 9.2). Take ¢ as in Theorem C. Further assume that c is
bounded and takes values in Z>o. Let ¢ > 1 be an integer. Then, the values of C
modulo q are equidistributed on Qy, i.e., for any a € Z/qZ,

Py[C =a (mod q)|Qn] = ¢ ' + o(1).

Remark 1.6. The boundedness assumption on ¢ in Theorem D and E is used in the
proofs to deduce C(z) = O(log N) for z € Q. This bound is stronger than what
can be proved using the moderate growth condition, namely C(z) = O(log® N),
but simplifies the proofs by allowing us to use Theorem 8.3, the truncated Perron
formula.

While the boundedness assumption is satisfied in the instances of our major
interest, we note that the moderate growth condition is sufficient in the alternative
approach [4, § 4] where the Perron formula without truncation is used in conjunction
with the smoothing process.

This article is organised as folows. In §2, we study expanding, distortion prop-
erties of the complex Gauss dynamical system (I,7T). In §3, we show the existence
of a finite Markov structure compatible with the countable inverse branches. In §4,
we show quasi-compactness of the associated transfer operator acting on piecewise
C'-space, hence a spectral gap. In §5, we settle a priori bounds for the normalised
family of operator which will be used in §6, where we have Dolgopyat-type estimate.
In §7-8, we have limit Gaussian distributions for complex and rational trajectories.
In §9, we obtain residual equidistribution.
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2. COMPLEX (GAUSS DYNAMICAL SYSTEM

In this section, we note that the complex Gauss map admits uniform expanding
and distortion properties. We point out that these estimates will be crucially used
later for spectral analysis.

2.1. Metric properties of inverse branch. Recall that we denote an inverse
branch of T' by h, for some o € O, which induces a bijection TO, — O,. More
generally, for a sequence @ = (aq,- - , ) € O™, define O, inductively as

O(al’az) = {Z S Oall T(Z) S Oaz}

O(al’... an) = {Z S Oa1 : T(Z) S O(Q%...’an)} .

It follows that hq := hqa, © - 0 h,,, induces a bijection T7"0Oq — Og. Also, we
call n the depth of ha. We call (a)f := hqa|p an inverse branch of depth n from P
to @ and denote by H™(P, Q) the set of all such inverse branches. Note that (a)é

extends uniquely to a conformal map on C U {oo}.
For P,@Q € P, put

H(P,Q) = |JH"(P,Q) and H'= | H*(P.Q).

n=1 P,QeP

For (o) € H*(P,Q), denote by |a| the integer satisfying (o) € H!®I(P, Q) and call
it again the depth of (cv).

Observe that the inverse branches are conformal and have contracting properties.
For sufficiently large n, we have

sup sup sup |Jq(2)] < 1.
|a|=n PEP z€P

Define the contraction ratio to be the positive real number p < 1 given by

(2.1) p:= lim sup sup |Ja(2)*/™

N0 | o|=n 2z€T0

It follows that |Jo| < pl®. Since the Jacobian of z +— 1/z as a function on R? is of
the form |z| =%, we obtain the following.

Proposition 2.1. Suppose that the domain I C C is contained in an open ball
centered at zero of radius R. Then, p < R*. In particular, p < 1.

Proof. For a € A, recall (1.4) that we have
[a(2)] = o (2)* = |h2(2)* < R™.

The chain rule implies that |Jo| < RYl From this, we conclude p < R*.
To see p < 1, it suffices to observe R < /15/16 in all cases of d we consider. [
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2.2. Distortion estimate. Next we observe the following distortion property of
inverse branches.

Proposition 2.2 (Bounded distortion). There is a uniform constant M > 0 such
that for any n and he, = hqa, © -+ 0 hq,,, and any unit tangent vector v,

0vJa(2)] < 2M|Ja(2)|
for all z € T"O,. Here 0, denotes the directional derivative.

Proof. Let v = (111%, 'UQ%) be a unit tangent vector in the complex plane so that
v} +v3 = 1/2. Then for any h,, i.e., n = 1, we have

Ovda(2) = av|h/a(z)|2 =1 hZ(Z)WJF v2 - hfx(z)m

and obtain
(2.2) Ouda(2)|  |v1- BE(2)R(2) + va - K (2)RI(2)
: Jo(2) | |hiy (2)]2
| ha(2) hy(2)
“M G e
B (2) 2
< 2 2 @
SR )] =

Note that for z € TO,, and o € A, |z+ « is bounded below by 1, since z + « lies in
the exterior of union of circles given by inversion image of the boundaries of I and
the unit circle properly lies inside the union of these circles for all d = 1,2,3,7,11).
Hence, we have a uniform upper bound M= J/\/[\(d) > 0 for (2.2).

Suppose now hg = hg, 0+ 0hg, and n > 1. Write kp,_; = ho,, 0+ 0 hqg,.
Then by the chain rule of complex derivative and contraction from Proposition 2.1,

‘hg‘(z) _ ’ (h/o/q o k/’nfl)(z) Lt (Z) + ;{—1(2)
ha(2) | [(h, 0kno1)(2) "7 kn-1(2)
o h Ky "
(hty, © kn-2)(2) Ky _2(2)
<M 4+ +p2 +1)
inductively. This is uniformly bounded by the constant M := 135? 7z > 0. ]

3. FINITE MARKOV PARTITION WITH CELL STRUCTURE

In this section, we recall the work of Ei-Nakada—Natsui [17] regarding the finite
range structure of (I,7"),which leads to the existence of an absolutely continuous
invariant measure and a dual fractal domain. Then we obtain a cell structure out
of the finite partition P and show that this is indeed Markov and compatible with
T as in Definition 1.4.

3.1. Work of Ei-Nakada—Natsui. Let Wy be the set of lines such that any
z € OI is contained in some w € Wy. That is each w € Wy is a line spanned by
a side of I. If w C C is a line or a circle, we denote by w™! the line or the circle
obtained as the image under the inversion map z — 1/z.
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Now define W,, for n > 1 inductively as follows. First, put
Aw) ={ae A:w ' NI +a) #0},
and define
(3.1) Wy = {w? —a:weW, acAw)}.
For n > 1, recursively define
Wy ={w ! —a:weWyU---UW,_1, a € Alw)}.
Ei-Nakada—Natsui [17, Theorem 2] showed that W,, stabilises.

Theorem 3.1 (Ei-Nakada—Natsui [17]). For the complex Gauss system (I,T),
there exists ng = ng(d) > 1 such that

no
Who+1 C U W;.

j=1
Moreover, W; is finite for each integer j > 1.

In fact, we have ng(1) = ng(3) = 1, no(2) = 2, and ng(7) = ng(11) = 4. See [17,
§4.3] for a complete list of equations for the lines and circles in W,,,.

Definition 3.2. Let P[2] be the set of connected components of I — U2, W;.

Ezample 3.3 (d = 1). The set Wy contains the lines /f : Re(z) = +1/2 and
¢f : Im(z) = £1/2. Then the step (3.1) induces the circles CF : |z + 1| = 1,
Cfilz+il=1,Cf: [z (1+d)|=1,and CF : |24+ (1 —i)| =1 in W,.

Then we see, under the inversion map, £+ maps to C;, £ maps to C, and C
maps to Cf . Hence, Wo = W; and ng = 1.

Based on Theorem 3.1, Ei-Nakada—Natsui [17, §5] constructed the natural ex-
tension 7' of T on C* and found a subset |Jpop P x P* on which T is one-to-one
and onto. Here, P* is defined to be the closure of the set

(3.2) U {f"(z,O): z € P} .

n>1
Accordingly, this yields the density function of an absolutely continuous invariant
measure for (I,7) and a bounded fractal domain I* = Upep P* which is contained
in the closed unit disc.

In view of continued fraction expansion, if the sequence of digits a = (g, -, @)
is an expansion for z € I, then the backward sequence a* = (v, -+ , 1) is also an
admissible expansion for some w € I*. We denote by hq+ the corresponding inverse
branch and call this the dual inverse branch. We remark that it satisfies the same
distortion properties as in Proposition 2.2 due to the boundedness of I*. Further,
we notice the following estimates, which will be crucially used later in §6.2 to have
Uniform Non-Integrability.

Denote by Leb the Lebesgue measure on R2. For z € I, write % =1[0;a1,...,q,]
for the n-th convergent. Remark that we have % = [0; tny . .., 1]

Proposition 3.4. Ford € {1,2,3,7,11}, there is a positive constant R = Ry < 1
such that for ho+ € H*™ and P € P,

(1) Diam(hq-(P*)) < R2=D|1 - R~
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(2) Leb(ha-(P*)) < (R2=D[1 — R|71)%.
Proof. Let Cy = 1/Rg, where Ry < 1 is the minimal radius of the ball containing
I; centered at the origin. Since Qf_,/QF € I, it follows that C4|Qk_1| < |Q%].

For instance, we have C; = v/2.
Following Ei-Ito-Nakada—Natsui [15] (which covers the case d = 1), we have

iy 1
w— —2| <
1T 10 n(y) @n-
‘ QT jQuf2 |1+ Ty (w) %2
1 2(n—1) —1
<———— <R 1-R .
=@ 1jeg =
Then (2) follows immediately from (1). O

Proposition 3.5. There exist L1, Lo > 0 such that for any n > 1 and hgs € H™,

all 21,20 € 1,
h/
L, < ’,Q(ZQ < Ls.
ha(ZQ)

The same property holds for the dual inverse branch hgx € H*™.

Proof. Notice that he with an admissible & = (ay, - -+ , @) corresponds to GLz(O)
matrices with determinant +1,

0 1 0 1] _ [Py P,
|:]- al:l o |:]- an:| N |:Qn1 Qn:| '

Po_12+P, Ppn2" +Qn_1 - .
Thus we have he(z) = 22=22 0 and hg.(2*) = L2512 4891 iy tyrn we obtain

T Qu_12+Qn Ppz*+Qn
the expression
_ 2 N 2
Moz | _ |t t 1 e (1) | _ | 225 +1
(33) 7 = On_1 and / * = P, _x
ha(ZQ) ﬁ?& +1 ha* (22) ﬁzl +1

Recall the triangle inequality that ||z1| — |22|| < |21 + 22| < |21] + |22] for any
21,22 € C. Since a and a* are admissible, we have % < Ry, \QQWI | < 1. Further
for j € {1,2}, [2;| < Rq and |2} <1 as I* is a domain bounded by the unit circle.

Hence (3.3) yields the final bounds, e.g., by taking Lo = ﬁ and L = L% O

Remark 3.6. The same argument yields

ha(21)
Mo (23)

L < < La

for all z; € I and 25 € I*.

3.2. Existence of the finite Markov partition. We define P to be as follows.
Recall that we have P[2] from Definition 3.2. Set
Pl ={(wNP)°:weWyU---UW,,, P € P[2]}.
Poj=1- |J P
PeP[i]

i=1,2

Then P := U?:o Pli]. Using Theorem 3.1, we claim that P is a Markov partition
which is compatible with T" in the following sense.

Proposition 3.7. For the cell structure P of (I,T), we have
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(1) For each non-empty O, TO,, is a disjoint union of cells in P.
(2) For each inverse branch hy and P € P, either there is a unique member
Q € P such that ho(P) C Q or ho(P) is disjoint from I.

Proof. (1) This is clear from the construction of W, from §3.1.

(2) Let W be the set of circles and lines which give the equations for all the
elements of P[1]. Thus it is enough to show that if ko (P) N T # 0, then hy Nw = 0
for all w € W.

If ho(P) Nw # () for some w € W, then O, Nw # () since O, contains hy (P).
It follows that O, Nw=! # (), which in turn implies that (I +a)Nw™! # (. Thus
« is one of the elements that are used in the inductive process of constructing W.
It follows that w = hq(w’) for some w’ € W, since W is stable under the inductive
process (3.1). In other words, hy(P)Nho(w') # 0, ie., (P+a) tN(w' +a)~t £ 0.
Thus we conclude that P N w’ # (), which contradicts to the construction of the
partition P. See Figure 2. O

FIGURE 2. Boundary of cells in P induced by a circle in Wy U W3
intersecting I + (1 + 2:¢), and all images of hjy2;(P) inside Oy yo;
depicted in grey (d = 1).

4. TRANSFER OPERATORS ON PIECEWISE C!-SPACE

In this section, we study the spectrum of transfer operator L, ,, when (s,w) is
close to (1,0). When L, is acting on C(P), we show that the operator has a
spectral gap with the dominant eigenvalue A, ,, which is unique and simple.

Throughout, write s = o+t and w = u+i7, and (L) for the spectral radius of
the operator £. We say the digit cost ¢ is of moderate growth if ¢(a) = O(log |a|)
for any o € A. For such ¢, there exists a real neighborhood K of (1,0) € R? such
that for any (s, w) with (o,u) € K, the series

(4.1) Z exp (we(a)) | Jol®
(@) EEH(P,Q)

converges for all P,@Q € P. Then we have Ax > 0, depending only on K, such that
the absolute value of (4.1) is bounded by Ag.
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4.1. Function space: Norms on C'(P). We show that Proposition 3.7 allows
us to consider the space of piecewise continuously differentiable functions, on which
the L ., acts properly.

Definition 4.1. Define C''(P) to be the space of functions f: I — C such that for
every P € P, f| p extends to a continuously differentiable function on on an open
neighborhood of P.

Denote the extension of fp to P by resp(f). By the uniqueness of such an
extension, it defines a linear map resp: C1(P) — C*(P). They collectively define
a linear map resp : C1(P) = @ pep CH(P) given by f — (vesp (f)) pep-

Proposition 4.2. The map resp is a bijection.

Proof. We show that resp is an isomorphism by constructing an inverse. For each
fp € CY(P) let fp: I — C be the function defined as
= fr(z) ifze P,
folz) = {7
0 if z¢ P.
Define j: @pep CH(P) — C*(P) by sending (fp)pep t0 Y pep fp. Since P is a
set-theoretic partition of I, the restriction of ), p fp to a given P € P agrees

with fp on P. Thus, > pcp fp belongs to C'(P). Once we have defined 7, it is
easy to verify that resp oj and j o resp are identity maps, respectively. (I

Let P[i] C P be the set of open i-cells for ¢ = 0,1,2. Consider the following
norms and semi-norms on C'*(P[i]) for each i = 0,1,2. For P € P and fp € C*(P),
define

Il fello :=sup |fr(2)].
z€P
For a positive-dimensional cell P, define
| fpll1 = supsup |0, fp(2)]
z€P v

where the inner supremum is taken over the set of all unit tangent vectors v with
directional derivative d,. When the dimension of P is zero, there is no such tangent
vector and we adopt the convention that ||fp|j1 = 0.

For t # 0, put .
el
By abusing the notation, we equip C*(P) with following norms. For f = (fp)p
and k= 0,1, set

Ilfrlle = lfpllo +

(4.2) 1l = sup [[fpllx
PeP
1

(4.3) £l = Hf||o+m||f\|1~

Remark that |- ||1 is only a semi-norm, while both | - [|o and || - ||¢) are norms on
C*(P) with which C*(P) is a Banach space. We refer to e.g., Brezis [7, Proposition
8.1] for C'-norm, and remark that the norm || - || is equivalent to || - [|(1) for any
non-zero t.

Decompose L, ., as the sum of component operators

(4.4) L5 (s C (L)) = CH(PLj])
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with 0 < i,j < 2. In particular, £’ (s0) = 0 whenever j > i. We first study the

real parameter family £, , and obtain the boundedness.
Proposition 4.3. For (o,u) € K, we have L, ,,(C*(P)) C C*(P) and the operator
‘(1) < Ag with Ag > 0.

norm || Lyu
Proof. This is a straightforward calculation using (4.1) and (2.1), similar to Propo-
sition 4.6 below, by taking Ax = |P|Ax (1 + |o| + R*). O
4.2. Sufficient conditions for quasi-compactness. The following is a sufficient

criterion for the quasi-compactness of the bounded linear operators on a Banach
space due to Hennion [18, Theorem XIV.3]:

Theorem 4.4 (Hennion). Let (B, ||-||) be a Banach space. Let ||-||" be a continuous
semi-norm on B and L a bounded linear operator on B such that

(1) The set {L(f): f € B,||f]| <1} is pre-compact in (B, ]|-]").

(2) For f e B, [ILfII"<[IFII-

(3) There exist n > 1, and real positive numbers r and C such that for f € B,
(4.5) L™l < o™ [[fI1+ CUA" and v < r(L).

Then L is quasi-compact, i.e., there is o < r(L) such that the part of its spectrum
outside the disc of radius 7. is discrete.

We remark that the two-norm estimate in (3) is so-called Lasota—Yorke (or
Doeblin—Fortet, Ionescu—Tulcea and Marinescu) inequality. In this subsection, we
verify the conditions of Hennion’s criterion for the quasi-compactness of the oper-
ator L,,, on C1(P).

We immediately have (2) with ||£su]lo < |P|Ak. Further, we observe the fol-
lowing compact inclusion, which implies (1) that || - [|(1) is pre-compact in || - ||o.
Lemma 4.5. The embedding (C*(P), | - ||1)) = (C*(P), || - llo) is a compact oper-

ator.

Proof. 1t suffices to show that (C*(P[i]), |- l1)) = (C*(Pi]), - llo) is compact for
each i = 0,1,2. When ¢ = 0, it follows from the Bolzano—Weierstrass theorem. For
1 =1,2, it follows from the Arzela—Ascoli theorem. a

Finally we obtain the key Lasota—Yorke estimate in (3). This will be also useful
for the later purpose.
Proposition 4.6. For f € CY(P) and n > 1, we have
1£5.uf Iy < Cr(lalll fllo + 2" 1 fll 1))
for some Cx > 0, depending only on K, where p < 1 denotes the contraction ratio.

Proof. It suffices to check for a positive dimensional P. Let v = (vla%, UQ%) be a
unit tangent vector with vf + v3 = 1/2. Recall that for any () € H(P,Q) and
z € P,

BoJa(2) = 0ul(ho) (2)I* = vi(hp) (2) (W a)(2) + va(hi) (2) (R o) (2).-

Recall the notation that for (o) € H"(P,Q), (o) = (an>g"’1 oo (m)p, for
some Ry, -+ ,R,_1 € P. We put ¢(ax) := Z?Zl ¢(a;). For n > 1, we have

(Loup() =3 D D)l foo la)(z).
Q

o) €H™(P,Q)
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Thus we have

106(L5u NP ()] < DD e8| Jal2)|” - fq o {e)(2)
Q ()

+ %: (z; ") Jo(2)]7 - 0u(fo o (a))(2)

O Ja(z)

() |fq o {a)(2)]

< ZZe“‘(“ o] Ja(2)]7

SN e o (2)]7 - 20 a(2)] - 90 fq 0 (@)(2)]
Q (a)

The first term is then bounded by AxM|o|||f]lo and the second term is bounded
by Agp™||fll1 (for a suitable Ax > 0 due to moderate growth (4.1)), where p from
Proposition 2.1 and M from Proposition 2.2. By taking supremum and maximum
on both sides, we obtain the inequality for some Cx > 0. (]

4.3. Ruelle—Perron—Frobenius Theorem. In this subsection, we conclude the
quasi-compactness by §4.2, and in turn obtain the following Ruelle-Perron—Frobenius
theorem, i.e., spectral gap for £,,, on C(P).

Theorem 4.7. For (o,u) € K, the operator L, on CY(P) is quasi-compact. It
has a real eigenvalue A, ,, with the following properties:

(1) The eigenvalue Ao > 0 is unique and simple. If X is an eigenvalue other
than A, then |A| < Agy.

(2) A corresponding eigenfunction Yoy = (Vo u2: Vou1s You.0) fOr e is pos-
itive. That i, You,; > 0 for all j =0,1,2

(3) There exists a unique probability measure vy ,, such that it is absolutely con-
tinuous with the 2-dimensional Lebesgue measure and that the dual operator
satisfies £j‘,7u1/gyu = Aoulo,u-

(4) In particular, A1 o =1 and the density function for v1 o is ¢1,0,2

Proof. First we prove the quasi-compactness using Theorem 4.4. The required
estimate (4.5) for some n would follow from Proposition 4.6 if p < r(L,,,) for any
(0,u) € K. Since r(Ly,) = (L} ,), where L7 is the dual operator, it suffices to
prove p < (L} ). Indeed, observe that the change of variable formula implies

(4.6) /I Laof (@, y)dudy = /I f(z,y)dedy

for any f € C'(P), which means 1 € Sp(Lj,). By the analyticity of r(L} ) in
(0,u), we conclude p < (L} ,) for any (o,u) € K, when we choose a sufficiently

small K.
To proceed, we state and prove some L'-estimates. In view of Proposition 4.2,
we have a decomposition

Cl(P) = Cl(Pl2)) & C'(P[1]) & C* (P[0])
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and accordingly the operator £ := L, can be written as

£Z 0 0] [f

Lf=|Ly Li 0| |fi

Ly Ly Lg] Lfo
with £ : C*(Pli]) — C'(P[j]) from (4.4). Equip each C'(P) for P € P[i] with the
L'-norm, by which we mean the L'-norm with respect to the Lebesgue measure,
L'-norm with respect to the length element, and the counting measure, respectively
for i = 2,1,0. Define the L'-norm on C1(P[i]) to be the sum of L!'-norms on its

direct summands C1(P).
We claim, for (o,u) = (1,0),

(4.7) L[ < RY™2 for i = 2,1,0.

To obtain the case i = 2, it suffices to prove ||L3f]|r < ||f|lz: for f € CYH(P[2])
by using the change of varlable formula and the triangle inequality. To obtain the

cases ¢ = 1,0 we use similar arguments. Consider the case i = 1. By definition of
L1, for f € LY(P[1]) and P € P[1], we have

el = > [ 2+ al ™ fg o (a) ()| dep
QeP[1) a)eH (P,Q)
where dlp is the length element of the curve P. Applying the change of variable
formula to the right hand side, we obtain

el = 3 | Plia(ie

QeP[1

Since ho(P) are disjoint and |z| < R for any z € I, we conclude || £3f]|z1 < ||f]lz:-
Now consider the case i = 0. For P € P|[0], we have

o f)pll = D Y lztal™feo ()

QEP(0] [{a)eH(P,Q)

where L!(P[0])-norm is given by the integral with respect to a counting measure.
Again by the disjointness of h,(P), we conclude ||£3f|L: < R*||f]|L:-

By the density of C!(P) in the L'-space, (4.7) yields, for (o,u) = (1,0), r(L£}) <
R*2% for 4 = 2,1,0. It follows that

(4.8) r(L2) > r(LY)

for i = 0,1, and for all (o,u) € K. In particular, we have r(£) = r(L£3).

We prove (1) in two steps. First, we prove the assertion for £3 when (o, u) € K.
Lastly we prove the assertion for £ when (o,u) € K. For the first step, we may
adapt the proof of [3, Theorem 1.5.(4)]. We proceed to the second step. Note that
if (f2, f1, fo) is an eigenfunction of £ then f, is an eigenfunction of £2 with the
same eigenvalue. In particular, it induces a map from the A, ,-eigenspace of L to
that of £3. We claim that (4.8) implies that this is an isomorphism. Indeed, if f2
is a A, ,-eigenfunction for £3 then there is a unique way to complete it as a triple
(f2, f1, fo) which is an eigenfunction of £. Concretely, f; and fy are determined by
f2 via the formulae

(4.9) fr=20u(1 =200 L) (La o)
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and
(4.10) fo=20u(1 = ATLL3) T (Lo fo + Lo f1)
where the existence of (1 — A3, £;)~! for i = 0,1 follows from (4.8).

Now we prove (2). From the referred proofs [3, 19] for the fist step in the preced-
ing paragraph, we know there is a A, ,-eigenfunction v, , 2 which is positive. The
positivity of ¢, ., 2 together with the formulae (4.9) and (4.10) imply ¢, 1 > 0 and
Vom0 > 0in order. So Yo u2 = (You2: You1, You0) is the positive eigenfunction
for L, as desired.

We prove (3). This is nothing but an equivalent form of (1) in terms of the dual
of a Banach space. We remark that for a bounded linear operator £ on a Banach
space, the notion of dual £* is well-defined and A € Sp(£) if and only if A € Sp(L*).
The operator L£* is upper-triangular and its A, ,-eigenspace is identified with that
for (£3)*. The latter is further identified with a suitable measure space by the Riesz
representation theorem, yielding the desired uniqueness.

To prove (4), it suffices to show 7(£3) = 1 when (o,u) = (1,0), because we had
proved that r(£3) = r(L£). By (4.6), we have r((£3)*) > 1 when (o,u) = (1,0). On
the other hand, (4.7) implies r((£3)*) < 1. We conclude A\; g = 1. The assertion
about the density function follows from the proof of (3). O

Remark 4.8. Theorem 4.7.(4) can be viewed as an alternative proof of the main
result of Ei-Nakada—Natsui [17] based on a thermodynamic formalism. However,
their proof based on the construction of an invertible extension yields an integral
expression for the density function ; ¢ 2;

1
4.11 = — —dLeb
(a.11) vroale) = [ = dLebu)
for z € P, where P € P[2]. See also Hensley [19, Thm.5.5] for the case d = 1.

We state some consequences of the assertion of Theorem 4.7 (1), whose proofs
are referred to Kato [21, §VI1.4.6, §IV.3.6]. First, there is a decomposition

Es,w = As,w738,w + Ns,w

where P; ,, is a projection onto the A ,,-eigenspace and N ,, satisfies both r(Nj ,,) <
|As,w| and Ps N = Ny Ps,w = 0. Moreover, Ag ., Ps.w, and N ,, vary analyt-
ically in (s, w).

In particular, for a given & > 0, for any (s, w) in a sufficiently small neighborhood
K of (1,0), we have r(N ) < |As.w| —&. This yields

(4.12) L2, =N Pow + NI,

s,w s,w

where 7(|As | " N,) converges to zero as n tends to infinity.
For the later purpose, we state the following.

Lemma 4.9. The function (s,w) — As. satisfies:

(1) We have 82‘;’0 |S:1 < 0, whence there is a complex neighborhood W of 0 and

unique analytic function sg : W — C such that for all w € W,

)‘so(w),w - ]..
In particular, so(0) = 1.
(2) We have dd—;)\lﬂé(w)w’w}wzo # 0 if and only if c is not of the form g—goT
for some g € C1(P).
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Proof. (1) Recall Theorem 4.7 and (4.12) that we have a spectral gap given by
the identity L w¥sw = Asw¥s,w and corresponding eigenmeasure vy ,,. We can
assume that v, ,, is normalised, i.e., fI Ys,wdVs . = 1. Observe that

Esnuws,w = Z Z ewc(a)|Ja|s . (ws,w)Q o <a>

QEP (a)eH(P,Q)
(4.13) = L10(e”|Ir|" ™" tsw) = As wtlsw
where we regard c as a function on I given by ¢(z) := ¢(«) if z € O,,. Differentiating
(4.13) with respect to s and integrating with respect to v ¢ yields the identity:
OXs 0
Jds

From the right-hand-side, we see that it is negative from the positivity of |Jr| and
¥1,0. Then the existence of sy is obtained by implicit function theorem.

(2) This is a standard argument (convexity of the pressure) using a spectral gap
as detailed in e.g., Parry—Pollicott [27, Proposition 4.9-4.12], Broise [8, Proposition
6.1], or Morris [25, Proposition 3.3]. Here, we briefly recall the main ideas.

Set L(w) := Aty (w)ww and ¥(w) 1= Y14 ¢ (wyw,w- Notice that L(0) = 1 and
L’(0) = 0 by the mean value theorem. Similarly as (4.13), we have for any n > 1,

Liys W(w) = L (e == T DI W (w)) = L(w)" ¥ (w).

o (w)w,w
Differentiating this twice, setting w = 0, and integrating gives

(4.14) L"(0) = hm 7/ ZCOTJ Y2 (0)dvy o

—/log |J7|11,0dr1 0.
I

s=1

with the use of limiting argument for ¥’ (0) Further, one can observe that the
right hand side of (4.14) equals to f] c2W(0)dvy o, where ¢ := c+goT — g for some
g € CY(P). Hence L"”(0) = 0 if and only 1f ¢ = 0, which yields the final form of the
statement. O

5. A PRIORI BOUNDS FOR THE NORMALISED FAMILY

In this section, we establish some a priori bounds, which will be crucially used
for Dolgopyat—Baladi—Vallée estimate in the section 6.
For each P € P, normalise L, ,, by setting

(5.1) (Zonf)p = Lowlouf))p

ou(¢0 u)P
where A, , and 1, are from Theorem 4.7, and (¢,,)p denotes the restriction
of 94, to P. This satisfies La,ul = 1 and ﬁ;u fixes the probability measure
Mo = wa,u’/a,w

5.1. Lasota—Yorke inequality. We begin with the Lasota—Yorke estimate and
integral representation of the projection operator for the normalised family.

Lemma 5.1. For (s,w) with (o,u) € K, we have for f € C*(P) and some constant
Ck >0

W 18w fllay < Crslllfllo + 2" fll2))-

(2) £ 0fllo = [; fdpao+ O Lol fllry)-
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Here 74, denotes the spectral radius of ﬁﬁs,w — Psw-

Proof. We prove (1). It is enough to show that

1L P play < Cr(sllfllo + o™ 11l 1))

for each P. If P € P[0], then the left hand side involves no derivatives and the
inequality holds for all sufficiently large Cx. Assume that P is positive dimensional.
Recalling that we put ¢(a) = Z?Zl c(a;), we divide |0, (Z?7wf)p| into three terms
(I), (I1) and (II1):

Asiu Ol¥sn)e ZZ@“’“("‘)IJ " (Yo flgola) (I),

wm ZZ@““‘)I [0l 00T e - (o © ) (D)

and

w ZZ | Ty |* (f-Ovthorn + Vou-0uf)g o (a).  (ITT)

Here, the inner sum is taken over (o) € H" (P, Q), while the outer one is taken over
QeP.
The term (I) is equal to ’%(ﬁzwﬁp‘, whence it is bounded by A [|£7 [ f]llo

for some Ax = supy ||[Yo,ull1][¥5 2 llo, which depends only on K by perturbation
theory. This is bounded by Ak f|lo. The term (II) is bounded by M |s||| f]|o, where
M is the distortion constant in Proposition 2.2. The term (III) is bounded by

Arcp"||fllo + ™)1 f]l1, up to constant. Taking a suitable Cix > 0, we obtain (1).
We prove (2). Assume that eigenfunction and measure are normalised, i.e.,
J; Yo.uVeu = 1. For f € C'(P), we have for any n > 1

Lg,uf = A<7,u'wo’,'uc(f) +N<:L,uf
by the spectral decomposition (4.12). It follows that
/\aﬁﬁguf = Youc(f) + A NG W T,

which yields the identity ¢(f) = [ ; fdvs . by integrating against v, , and taking
the limit as n tends to inﬁnity.
Due to the normalisation (5.1), we have

£g7uf = /\Z,uz/)a 11L‘C¢77L u(wo',u f)
—an, / Fdtio + O o105 2t [ Fll )
with 75, < 1, which gives (2). O

5.2. Key relation of (o,u) and (1,0). We aim to relate Eg,u to EI,O in a suitable
way, in order to utilise the properties of 1 o proved in Lemma 5.1.

Lemma 5.2. For (s,w) with (o,u) € K, there are constants Bx > 0 and Ay, > 0
such that

L2 FIIR < BrAZ LT o(1F1)lo-
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Proof. For P € P, we have

_ 7211
(B )l < 5205 | 030 el o al o (@)
Uu Q (@)
)\ 2n
< ot | 30 Ol Y el Dol fe)
TUIP A @ (a) Q. ()

by the Cauchy-Schwartz inequality.
The second factor is equal to (L o|(¢e,u- f)|?)p, while the rest satisfies

—2n
)‘a,u

m ZGQUC(Q)UOLEJ?I :)‘30—1,211.(1/)2(7—1,2u)P(£30—1,2u1/}2_0171,2u)P

Q,()

< Sl;%p )\30'71,2u‘|w20'71,2u||0||1/);;—1,2u|‘0

A20—1,2u
3
)‘a,u,

and taking the supremum over P, we obtain the desired inequality. O

where the first equality follows from normalisation (5.1). By setting Ay, =

6. DOLGOPYAT-BALADI-VALLEE ESTIMATE

In this section, we show the Dolgopyat-type uniform polynomial decay of transfer
operator with respect to the (¢)-norm. The main steps of the proof parallel those in
Baladi—Vallée [4, §3]; Local Uniform Non-Integrability (Local UNT) property for the
complex Gauss system that is modified with respect to the finite Markov partition,
a version of Van der Corput lemma in dimension 2, and the spectral properties we
settled in §4-5.

6.1. Main estimate and reduction to L?-norm. Our goal is to prove the fol-
lowing main result on the polynomial contraction property of the family of transfer
operators (Dolgopyat—Baladi—Vallée estimate).

As before, let K be a neighborhood of (1,0) in Definition 4.1.

Theorem 6.1. There exist 5’,? > 0 such that for (s,w) with (o,u) € K, and for
n = [Clog |t|] with any |t| > 1/p?, we have

Lr < —.
|| s,w”(t) |t|7

Here, the implied constant depends only on the given neighborhood K.
Moreover, there exists € > 0 such that

(6.1) I = Law) My < [HE-

The main steps in Dolgopyat [14] are to observe that the proof of Theorem 6.1
can be reduced to the following L?-norm estimate through the key relation in §5.2.

Proposition 6.2. There exist E,E > 0 such that for (s,w) with (o,u) € K, and
for any ng = [Blog |t|] with any |t| > 1/p%, we have

(62) /|£n0 f10 < Hf”(t)

117
Here, the implied constant depends only on the given neighborhood K.
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Dolgopyat’s estimate was first established for symbolic coding for Anosov flows,
and Baladi—Vallée [4, 5] adapted the argument to countable Markov shifts such
as continued fractions. Avila-Gouézel-Yoccoz [2] generalised Baladi—Vallée [5] to
the arbitrary dimension. Here, we explain the reduction step (that Proposition 6.2
implies Theorem 6.1) for the complex Gauss map following Baladi—Vallée [4, §3.3]
as follows. N N

Set ng = no(t) = [Blog|t|]] > 1. For n = n(t) = [C'log|t|], we have

L2 IS < IL3o (L2 F DG
< BicAL 285 (635 ) o
by Lemma 5.2. Recall from Lemma 5.1.(2) that there is a gap in the spectrum of
L1,0, which yields

1821 < Breaz ([ 1o+ o5 12,
(63 < Breag <|t|~+ ?O"Ohe) 191,

by Proposition 6.2. Choose C' > 0 large enough so that 77 To It <[t~ 8. Choose a
sufficiently small neighborhood K so that A7~ " < \t|ﬂ/ 2. Then (6.3) becomes

= 11ty
6.4 L7 =
( ) || s,waO < |t|B/4
By using Lemma 5.1.(1) twice and (6.4), for n > 2ng, we obtain
£l
Lr =
|| s w.f”(t) < |t|7

for some 4 > 0, which in turn implies the first bound for the normalised family in
Theorem 6.1. Returning to the operator L ,,, we obtain the final bound with a
suitable choice of implicit constants.

Hence, it suffices to prove Proposition 6.2. Observe that

AT IYER D S W e W=
I PeP[2]

since p1 0 is equivalent to 2-dimensional Lebesgue measure. We put

Ip = /P (Vo) p 1(£2 0 (o £)) | ddy

and expand it as
(6.5) = Y Z / eveleruclBleittean RY drdy
QEeP[2] {a

where we let

RZ 5= (Vi) p 1Jal”lJpl7 - (Yo Flg o (@) - (You g o (B)

bap = log|Ja| —log|Jg|

in order to simplify the notation. The inner sum in (6.5) is taken over H"(P, Q)?.
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To bound (6.5), we decompose it into two parts with respect to the following
distance A on the set of inverse branches. For (a),(8) € H"(P,Q), define the
distance

A(a,ﬁ) = inf |(az¢aﬂ(xay)782¢aﬂ(x7y))‘2

(z,y)eP
where 0, and 9; respectively denote the derivative in z = x + iy and Z = x — iy.
Here | - |2 denotes the 2-norm of a vector.
Given € > 0, decompose Ip as
Ip:=1Ip1+1Ippo

where we define

D D D
QeP[2] Alap)<e P

and

Ipyo = Z Z /ewc(a)"'wc(ﬁ)e’w“*BRiﬁdxdy.
QeP2] Ala,B)>e ¥

In the following subsections, we estimate Ip; by showing local UNI property, and
Ip> by showing a 2-dimensional version of Van der Corput Lemma. Accordingly,
we complete the proof of Theorem 6.2 and obtain the main estimate (6.2).

6.2. Local Uniform Non-Integrability: Bounding Ip;. In order to bound
Ip;1, we need technical Lebegue measure properties of the complex Gauss system
(I,T). This is an analogue of Baladi—Vallée [4, §3.2], which is formulated alge-
braically as an adaptation of UNT condition of foliations in Dolgopyat [14]. Since T'
is not a full branch map, we modify the condition locally with respect to the finite
Markov partition as follows.

Proposition 6.3 (Local UNI). Let P,Q € P[2] and (o) € H"(P,Q). Then,
(1) For any sufficiently small a > 0, we have

(6.6) Leb U e | <o

(BYEH™(P,Q)
Ae,B)<pan/2

(2) There is a uniform constant C > 0 such that for any direction v and w,

and for any (B8) € H™"(P,Q),

sup sup |0y (0pda,(z,y))]2 < C.
PEP (z,y)eP

Before the proof, we first make the following observation. Recall from Propo-
sition 3.5 that for (a) € H"(P,Q), the linear fractional transformation hs corre-

sponds to [éz g‘;] € GL2(0O), where the matrix is given by the identity
Ao Bal [0 1170 1 0 1
© Aol | P B
with determinant +1 and a = (aq, -+ ,a,) € O™ We have [’gz gZ] for the

corresponding dual branch hgx.
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Recall |Jq(z,y)| = |hL,(2)|>. Proposition 2.2 allows us to see that for a fixed
() € H™(P, Q) and (B) of the same depth satisfying A(a, 3) < e, we have

> i f az [e3 9 ,82 « ’
e> it [(0:6ap(,), 0:da(w 1),

ha(z) _ h5() hg(z) M)
ho(2)  hg(2) B (2)  hjg(2)
2v/2(CoDg — CgDy,)

(Caz+ Da)(Caz+ Dg)

inf
z€P

n
z€eP

Observe that |k, ()] = m. Then we obtain

|(Caz + Da) ™' (Cpz + Dp) ™| = |hiy (2)|/? | g (2)] /2
1

1/2
Ly

[ (0)[*/2 i (0)]/2

by Proposition 3.5 (where Ly = 1/L1). Thus it follows that

>2J§ Coa Cg| 2V2

T [?|Da Dg| L2

€ |ha- (0) = - (0)]-

Proof of Proposition 6.3. (1) By the above observation, if the distance A(a, 3) < &
then |ha~(0) — hg+(0)| < 2y/2L;1e. Recall Proposition 3.4 that for hg- € H*" and
PeP,

Diam(hg- (P*)) < R2" V|1 — Ry ™! < p*/?
with any sufficiently small 0 < a < 1. Thus if we take & < p®*/2, then

Diam U hg-(P*) | < p™/2.
(B)EH (P,Q)
AlaB)<pan

It implies that

(6.8) Leb U he(P) | <™
(BYEH™ (P,Q)
A(e,B)<pam
Note that for any he € H™ and hgx € H™,
Leb(ha(P)) = [ Ja(e.y)ldady < sup 1 (2)
P zel

and
Leb(hee (P*)) = /
Then by Remark 3.6, we obtain sup; |hL |?> < L2 -inf;« |hL,.
Leb(ha(P)) < L3 - Leb(hg- (P*)).

[T (2, y)|dwdy > inf [hi ()],

*

2. hence

Since the cells hg- (P*) are disjoint in the union (6.8), finally we obtain (6.6).
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(2) Observe that we have

h/l/h/ _ hl/2 h///h,@ h//2
aw(av¢a, ) = w11 o o
B8 hg h/2
h,,,h, h,,2 h///h/ h//2
T wavy h/2 h/2 ’

Thus, to bound |0, (0y¢a,8)|2, it suffices to show that the right hand side of

gk, — 2| (| (R (e
2 T 2 ’ 2

has a uniform upper bound on P. Recall from Proposition 2.2 that the ﬁecond term

is bounded by M?. For the first term, if |a| = 1, we have };LW((ZZ)) |Z+a

is uniformly bounded since |z + a| > 1. Hence for any |a] = n > 1, we obtain a
h '(2)
b (2)
Finally, we observe the following non-trivial consequence of bounded distortion,
which plays a crucial role in the proof of Proposition 6.5.

e which

< N in the same way as in Proposition 2.2. [J

Lemma 6.4. For (o,u) € K, there are uniform constants C}; > 0 and C% > 0
such that

(1) For any (o) € H"(P,Q), we have

Jal|§ Jol|§
C}(H)\:HO S Mo,u(ha(P)) S CIQ{H)\ZHO

(2) For any € CH™(P,Q) and J = nyee ha(P), we have
fiou(J) < AL Leb(J)"/2,
where Ay, is as in Lemma 5.2.
Proof. (1) Recall from (5.1) that

> [ Butdic= Y [ rdve

PEP PEP
holds for all f € L(P). Taking f = Xho(P) 8ives the identity

euc(a) .
poalha(P) = S [
o ha(P)

Thus by bounded distortion from Proposition 3.5 yields the bound (1).
(2) Recall that fis,y = Yo uVeu Where py o is equivalent to Lebesgue, we observe

No,u(J) < Z /‘a,u(h

(a)e€&

<<Z

: wa,u o <a>d,ufa,u .

- Leb(ha(P))”

U,u
1/2 1/2

<A D €l Leb(ha(P))* ! > Leb(ha(P))
(x)e€ (a)eE
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by Cauchy—Schwarz inequality. Then by Lemma 5.2, the first factor is bounded
by AZ,_1.9, (up to a uniform constant). Since all the cells hq(P) are disjoint, we
obtain the statement. ]

Now we are ready to present:

Proposition 6.5. For any sufficiently small a > 0 and n > 1, the integral Ip; of
(6.5) restricted to pairs ((), (B)) of depth n for which Ala, B) < p®™/? satisfies

1Ipa| < p™2| fII3-

Proof. Notice that for some Mg > 0, we have

CAESTS - DD DI NN
P

Al QeP[2] A(e,B)<e
Observe that

/ | al”|Jpl" dedy < sup |Ja|” sup| Ja|°
P I I

< (13 inf [ o) (13 - inf | J5I°)

< (/P|Ja|"da:dy) (/P|J,3|"dasdy>

by Proposition 3.5 and the mean value theorem for integrals in dim 2.
Then by Lemma 6.4, up to a positive constant (depending only on K), we have

pal < IfI D" tow(ha(P)itou(ha(P))
AfaB)<e

< Hf”%Z/la,u(ha(P)) Z tou(hg(P))

AlaB)<e
< | f1545 . Leb(ha(P))/*Leb(Ua(a,p)<chp(P)/2.

Finally, UNI property from Proposition 6.3.(1) completes the proof by taking ¢ in
the scale p®/2. (]

6.3. Van der Corput in dimension two: Bounding Ip,. Now it remains to
bound the sum Ipy of (6.5). The strategy is to bound each term of Ipo by taking
advantage of the oscillation in the integrand. We begin by having a form of Van
der Corput lemma in dimension two.

Let © C R? be a domain having a piecewise smooth boundary. For ¢ € C?(1Q),
set Mo(¢) := supq |¢| and Mi(¢) := supg |V¢|2 where |- |2 denotes the 2-norm.
Also we set My(¢p) = supp2 supg, |D?¢| where the outer supremum is taken over
D? € {92,0, 8y,8§} Put my(¢) = infq |V¢|a. Finally, write Voly(Q2) for the area
of © and Vol; (09) for its circumference.

Lemma 6.6. Suppose ¢ € C*(Q) and p € C1(Q). For A € R, define the integral

// REACRY p(x,y)dxdy.

M (p) 5M0( )Mo ()
m1(¢) my(¢)?

Then we have a bound:

Mo(p)
69) O < S0 ol (0) + (

> Vola(Q).
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Proof. Let w = dz A dy be the standard volume form on R2. Put

a = €i>\¢ 7[) Ly pW

Vo3
where 1y, denotes the contraction by V¢. Differentiating, we obtain
(6.10) da = ixe™ pw + e*9d (szv¢w>
IVol3

by using d¢ A ivew = w. The second term can be rewritten using

p
d - —
<|v¢|§w°’> v <|V¢QW’>

which holds because for any f we have an identity d(fivgw) = V - (fV@)w. By
Green’s theorem, we have [, da = [, o, which yields

Af o= [ o[ <|V¢|2 ¢>

The first integral is bounded by m1(¢)~2My(p) Vol; (992). To bound the second

integral, we use
v (o £ YO L (0V8) - (V1T
Vol3 Vo3 [Vel3 ’

whose first and second summands have absolute values bounded by M; (p)m1(¢)~
and Mo (p) Ma(p)m1(¢)~2, respectively. For the last summand, a direct computa-

tion shows
| oy Mo(p) 40y (p) Ma (9)

Summing up, we obtain (6.9). O

Vo) = ToL(Ye) | 27

1

(Vo) (VIVe[3) <

Proposition 6.7. For all a with 0 < a < i, there is ng such that the integral Ip o
of (6.5) for the depth n = ng with A(a, B) > p@™ and for any [t| > 1/p* satisfies
Tpal < o' 2117,

Proof. Recall that

(6.11)  Ipo =A% Z Do eweledtoe(d) / e!tOen @ RT o (2, y)dady
QEP[2 AB)>e F
and by Lasota—Yorke arguments used in Lemma 5.1, we obtain

1R sllay < ITallg 1613 111 (1 + 672 12]).

Since P is a bounded domain with piecewise smooth boundary, by applying
Lemma 6.6 to the oscillatory integral for each P in (6.11), we have

14 p™/2|t|) [ Vol;(OP) + Voly(P C
() (Yo (OF) Vol ) Vo))
g e/V2 (e/V2)?
for some Mg > 0, where C' is the UNI constant from Proposition 6.3.(2). Here we
used the identity v2|Vda gle = [(0:0a.8, 0z0a.8)|2-

[Ipa| < Mkl|fII%

It remains to take ¢ = p®™ and ng in a suitable scale. Setting ng := [mlog |t]]
with m small enough to have (1 4 p™/2|t|) (VOll(alﬁzj”\SOb(P) Slr 5 VOIQ(P)) de-

caying polynomially in |¢|, we conclude the proof. a
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Remark 6.8. More detailed computations in Baladi—Vallée [4, §3.3] show that the
constant ¢ in Theorem 6.1 can be taken between 0 and % by choosing a in Propo-
sition 6.5 and Proposition 6.7 with % <a< i.

7. GAUSSIAN I

In this section, we observe the central limit theorem for continuous trajectories
of (I,T). For z € I N (C\K), recall that we defined

n
Cn(2) =Y clay)
j=1
where z = [0; a1, a2,...] with a; = [TJ+1(2)] We show that C,,, where z is dis-
tributed with law g1 o from Theorem 4.7, follows the asymptotic normal distribution
as n goes to infinity.
First we state the following criterion due to Hwang, used in Baladi-Vallée [4,
Theorem 0]. This says that the Quasi-power estimate of the moment generating
function implies the Gaussian behavior.

Theorem 7.1 (Hwang’s Quasi-Power Theorem). Assume that the moment gener-
ating functions for a sequence of functions Xy on probability space (En,Pn) are
analytic in a neighborhood W of zero, and

Enlexp(wXn)|En] = exp(ByU(w) + V(w))(1 + O(ky'))
with By, kN — 00 as N — oo, U(w), V(w) analytic on W, and U"(0) # 0.
(1) The distribution of Xy is asymptotically Gaussian with the speed of con-

vergence O(k ' + 5;,1/2)

, i.e.,
XN —ﬁNU/(O) . :| 1 /u _ 2 1
———= < u|EN| = — e 2dt+ 0| ——=
VBN N Vor J_o HN+511\,/2

where the implicit constant is independent of u.
(2) The expectation and variance of Xn satisfy

E[Xn |En] = AnU'(0) +V'(0) + O(ry'),
V[XN ‘ EN] = BNUH(O) + V”(O) + O(lﬁ?;,l)

Py

Recall the moment generating function of a random variable C,, on the proba-
bility space (I, p1,0): Let ¢ = 110 and p = p11,0. Then we have

Elexp(wCp)] = / exp(wCh(z, ) $(z, y)dady

(7.1) = > e @ S [ e ydady
(a)eHn pep /ha(P)
where (a) = <an>g"‘1 o---0(aq)p, for some P, Ry, ,Ry_1,Q in the set of all

admissible length n-sequences of inverse branch, which is given by

n = J H(PrQ)

P,QcP
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We further observe that (7.1) can be written in terms of the weighted transfer
operator. By the change of variable (z,y) = ha(X,Y), we obtain

Elexp(wC,)] = Z ewe(®) Z/ 1Ta(X,Y)| -0 ha(X,Y)dXdY

a)eH” PeP

(7.2) / £ (X, Y)dXdy.

Then by (4.12), LT, splits as A} ,,P1,w + N7, and (7.2) becomes

(7.3) Elexp(wCl,)] = ( T /P1 WwO(X, Y)dXdY> (1+0(6™)).

where the error term is uniform with 8 < 1 satisfying r(N1,w) < 0]A1 ]
Hence by applying Theorem 7.1, we conclude the following limit Gaussian dis-
tribution result for the complex Gauss system (I, T).

Theorem 7.2. Let ¢ be the digit cost with moderate growth assumption, which is
not of the form g — go T for some g € C*(P). Then there exist positive constants

p(c) and g(c) such that for anyn > 1 and u € R,
(1) the distribution of Cy, is asymptotically Gaussian,

P Wéu] :L/u e—fdt+o<1>.
§(c)yv/n Vor o vn

(2) the expectation and variance satisfy

E[Cn] = fi(c)n + ir(c) + O(0")

V[C,] = d(c)n + 81 (c) + O(6™)

for some constants fiy(c) and 61(c), where 0 < 1 is as given in (7.3).

Proof. From the expression (7.3), the function U is given by w +— log Ay, and V
is given by w + log([; P1w®) with 8, = n and &, = 67". Take 7i(c) = U'(0),
5(c) = U"(0), fir(c) = V'(0), and 8y(c) = V"(0). We have U”(0) # 0 by Lemma
4.9, in turn conclude the proof by Theorem 7.1. O

8. GAUsSIAN II

In this section, we obtain the central limit theorem for K-rational trajectories
of (I,T).

For preparation, we first introduce a height function. For any z € K> it can
be written in the reduced form as z = «/f with relatively prime «, 8 € O. Define
ht: K — Z>¢ by

(8.1) ht : z — max{|al, |8]},

where | - | denotes the usual absolute value on C. The height is well-defined since
O consists of roots of unity. By convention, write ht(0) = 0.
Let N > 1 be a positive integer. Set

Yy :={z€INK:ht(z)? =N}

and
Oy :=Up<nS, = {2z € INK : ht(2)> < N}.
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Recall that the total cost is defined by

(z)
C(z) =Y clay)
j=1
for 2 = [0; a1, ..., ayz)] € IN K. From now on, we impose a technical assumption

that c is bounded. See Remark 1.6.

Now C' can be viewed as a random variable on X5 and Qy with the uniform
probability Py . Studying the distribution on X, i.e., K-rational points with the
fixed height, is extremely difficult in general, there is no single result as far as the
literature shows. Instead, we observe the asymptotic Gaussian distribution of C on
the averaging space Qx by adapting the established framework (cf. Baladi—Vallée
[4], Lee—Sun [24], Bettin—Drappeau [6]), along with spectral properties settled in
§4-6 as follows.

8.1. Resolvent as a Dirichlet series. Let 1 € C!(P) be the characteristic func-
tion on I. We obtain an expression for L7 ,1(0) as a Dirichlet series.
Let O € P[0] be the zero-dimensional cell consisting of the origin. Then

(8.2) £r,100=Y"" Y exp(we(a)) | Jal0)
QEP (a)eH"(0,Q)
To proceed, we make the following observation.
Lemma 8.1. Let (a) € H"(0,Q). If z = ha(0), then |Jo(0)| = ht(z)~*
Proof. Recall that he corresponds to [AB]=[9 1] [1 a. | € GL2(0). Then a

1 o

simple calculation shows |J4(0)| = |k, (0)|? = |D|~* = ht(z)~%. O

Set Qg\?) ={z € Qn:T"(z) = 0}, i.e., elements whose length of continued frac-
tion expansion is given by n. Then (8.2) becomes

£r,1(0)= lim > exp(wC(z)) ht(z)~".

N —oc0
ZEQS(,L)
Summing over n, we obtain
" ,1(0) = li ht(2) .
> L) = Jim 3 exp(uC() ()
n—= z N

Recall that Qn = |J,,<y Xn. By putting

dn(w) = 3" exp(wC(2)),
zEX,
we have the expression for the resolvent of the operator as a Dirichlet series

(8.3) L(2s,w) == dn(w) _ (I = Lsw)~"1(0).

an

n=1
In the next proposition, we deduce the crucial analytic properties of Dirichlet
series as a direct consequence of spectral properties of L ,,. Recall from Lemma 4.9
that there is an analytic map sg : W — C such that for all w € W, we have
Aso(w),w = 1. Recall that ¢ denotes the imaginary part of s.
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Proposition 8.2. For some £ > 0, we can find 0 < ap,a1 < % with the following
properties:
For any @y with 0 < ay < g and w € W,

(1) %So(w) >1-— (040 — ao)

(2) L(2s,w) has a unique simple pole at s = so(w) in the strip |Rs — 1| < ap,.

(3) |L(2s,w)| < [t|* for sufficiently large |t| in the strip |Rs — 1| < ag.

(4) |L(2s,w)| < max(1,[t|*) on the vertical line Rs = 1 £ ayg.
Furthermore, for all T € R with 0 < |7| <,

(5) L(2s,i1) is analytic in the strip |Rs — 1] < ay.

(6) |L(2s,iT)| < |t|* for sufficiently large |t| in the strip |Rs — 1| < ay.

(7) |L(2s,i7)| < max(1,[t|*) on the vertical line Rs =1+ a.

Proof. This is an immediate consequence of Theorem 4.7 and (6.1) of Theorem 6.1,
through the identity (8.3) as in Baladi—Vallée [4, Lemma 8,9]. Each vertical line
R(s) = o splits into three parts: Near the real axis, spectral gap for (s,w) close
to (1,0) gives (1), the location of simple pole at s = so(w). For the domain with
[t| > 1/p?, Dolgopyat estimate yields the uniform bound.

To finish, it remains to argue (3) that there are no other poles in the compact
region [t| < 1/p?, which comes from the fact that 1 & Sp(L144t.4-) if (¢,7) # (0,0).
This is shown following the lines in Baladi—Vallée [4, Lemma 7]. d

8.2. Quasi-power estimate: applying Tauberian theorem. We remark that
the coefficients d,, (w) of the Dirichlet series L(2s, w) in (8.3) determines the moment
generating function of C on Q. That is, we have

En[exp(wC)|Qx] = ﬁ S da(w).
<N

Thus, we obtain the explicit estimate of the moment generating function by
studying the average of the coefficients d,,(w). This can be done by applying a
Tauberian argument. We will use the following version of truncated Perron’s for-
mula (cf. Titchmarsh [28, Lemma 3.19], Lee—Sun [23, §3]).

Theorem 8.3 (Perron’s Formula). Suppose that a, is a sequence and A(x) is
a non-decreasing function such that |a,| = O(A(n)). Let F(s) = > ;5 for
Rs := 0 > 04, the abscissa of absolute convergence of F(s). Then for all D > o,
and T > 0, one has

Z a, = 2%” /D-i—iT F(s)%sds +0 ($D|};|(D)) +0 <’W>

n<lz D—i
+ O A( )IIllIl L ].
X 7 5

Fl() = Y 122!

n>1

as T tends to infinity, where

for o > 0, and M is the nearest integer to x.

Proposition 8.2 enables us to obtain a Quasi-power estimate of Ey[exp(wC)|2n]
by applying Theorem 8.3 to L(2s,w). We first check the conditions of Perron’s
formula.
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Lemma 8.4. For z € Qn, we have £(z) = O(log N).

Proof. Recall that there is R < 1 such that for all z € I we have |z| < R. Explicitly,
we may take R = /15/16.

Let z € Q. Write z in the form z = u/v with u,v € O, which we assume to
be relatively prime. Write T'(u/v) = w;/v; with relatively prime uy,v; € O. We
claim that |v1| < R|v|. Indeed, by the definition of T, T'(u/v) = v/u — [v/u]. Put
o = [v/u]. Then, T(u/v) = uy/v; with v; = u and u; = v — au. This proves the
claim.

Inductively, if we put T'(u;/vj) = wj41/vj41, then we have |v; 1] < R|v;| for all
j > 1. This yields the desired bound ¢(z) = O(log N).

Lemma 8.5. Suppose k > 0 satisfies £(z) < klogn for all n and z € Q,, and
M > 0 satisfies c(a) < M for all « € A. For any € > 0, we have

|dn(1U)| < n1+s+kM§Rw
for all sufficiently large n. The implied constant only depends on €.

Proof. To begin with, we claim that |%,| < n'*¢ for any ¢ > 0, where the implied
constant depends on e. To prove the claim, if z € ¥,,, we write it as z = u/v for
some u,v € O satisfying [v|> = n and |u[? < n and we will enumerate u and v
separately.

We first count the number of v’s satisfying |v|? = n, which we temporarily denote
by a,. Using the fact that o +— |a|? is a quadratic form on O, one can identify the
formal power series )" ., a,q™ with the theta series associated with the quadratic
form. By a general theory of theta series, treated in [11, §2.3.4] and [9, §3.2] for
example, it is a modular form of weight one. Using a general asymptotic for such
forms, given in [11, Remarks 9.2.2. (¢)] for example, we conclude that a,, = O(oo(n))
where o¢(n) denotes the number of positive divisors of n. A well-known bound [1,
§13.10] is og(n) = o(n®) for any £ > 0.

Now we turn to v. Since the condition |v|?> < n cuts out the lattice points in a
disc of area 27n, the number of v’s is O(n). Adding up, we obtain |3, | < n!*e.

To proceed, notice that the assumptions imply C(z) < kM logn. Combine it
with the earlier bound for |,| to conclude |d,, (w)| < nitetkMRw, O

Together with a suitable choice of T', we obtain:

Proposition 8.6. For a non-vanishing D(w) and v > 0, we have

> du(w) = D@)N?0 (1 4+ O(N 7).
n<N

Proof. Recall that Proposition 8.2 (2) allows us to apply Cauchy’s residue theorem
to obtain:
1 N2 E(w)
L(2 d(2s) = ——= N2so(w),
(25,w) G -d(2s) = =3

2mi Uz (w)

Here, E(w) is the residue of L(2s,w) at the simple pole s = so(w) and Ur(w) is
the contour with the positive orientation, which is a rectangle with the vertices
l4+ag+i¢T,1—ay+1T,1—ay—1iT, and 1 + ag — ¢T. Together with Perron’s
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formula in Theorem 8.3, we have

Z d, (1) f)((z;}) N2 4 o <N2(;+040)> Lo (A(QN)J]YlogN> +O(AN)
n<N

1— 040+1T N2(1—a0)
/ 25,w)|ds)
1

ag—1iT |S|

1+aotiT N2§Rs
1o / L@2s,w)| s | .
1—aoxiT T

Note that the last two error terms are from the contour integral, each of which
corresponds to the left vertical line and horizontal lines of the rectangle Uy (w). Let
us write the right hand side of the last expression as

> dn(w )N%D(W(1+1+H+IH+IV+V).
n<N ’LU)

By Proposition 8.2, we have 0 < aig < % Choose ay with
2 ~
3040 < o <

and set
T — N2a0+4&0 .

Notice that S}i((z)) is bounded in the neighborhood W since s9(0) = 1. Note also
from Proposition 8.2 that Rsp(w) > 1— (ap — Qp). Below, we explain how to obtain
upper bounds for the error terms in order.

(I) The error term I is equal to O(N2(1=280—=%so(w))) - Observe that the exponent

satisfies
2(1 — 28y — Nso(w)) < 2(ap — 3ap) < 0.

(IT) By Lemma 8.5, for any ¢ with 0 < & < %, we can take W from Lemma 4.9
small enough to have kRw < ¢ so that A(N) = O(N'*2¢) and log N < N¢. Then
the exponent of N in the error term II is equal to

~ 21
2+ 3e — 2(ap + 200 — Rsp(w)) < —Zao <0.

(IIT) Similarly, the error term IIT is equal to O(N!T2¢=2%s0(w)) The exponent
satisfies

3. 3.
1+ 2e — 2Rsp(w) < —1 4+ 29 — 500 < —50 <0.

Here, recall that 0 < ap < %
(IV) For 0 < £ < §, we have |L(2s,w)| < [t|* by Proposition 8.2 where ¢t = Ss.
The error term IV is O(N2(1=@0=Rso(w))T€) and the exponent of N is equal to

R 2 14
2(1 — ap — Rso(w)) + (2 + 400p)€ < §a0 — an <0
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(V) The last term V is O(T¢ 1 N2(I+eo=Rso(w)) (]Jog N)~1). Hence, the exponent
satisfies

(2&0 + 4&0)(5 - 1) + 2(1 + ag — %SO('IU))

< @Oéo — @&0 < 0.
9 9
By taking
Y = max (2(3&0 — Oé())7 an — 2Oé(), @a() - 200[0) ,
9 9 9 9
we obtain the theorem. O

Finally by applying Theorem 7.1, we conclude the following limit Gaussian dis-
tribution for K-rational trajectories.

Theorem 8.7. Take ¢ as in Theorem 7.2 and further assume that it is bounded.
For suitable positive constants u(c) and 6(c), and for any u € R,
(1) the distribution of C' on Qu is asymptotically Gaussian,
C — p(c)log N ] 1 /u 2 < 1 )
P —<u‘Q = — e T+ 0| — ).
N 0(c)vIog N~ N Vor oo Viog N
(2) the expectation and variance satisfy
En[C|QNn] = p(c)log N + pur(c) + O(N77)
Vx[Clw] = 8(c) log N + b1(c) + O(N~)
for some v > 0, constants p1(c) and 61(c).
Proof. Proposition 8.6 yields that with a suitable 0 < v < g, the moment gener-
ating function admits the quasi-power expression, i.e., for w € W
D(w)

Ey[exp(wC)|Qn] = WNQ(SO(UJ)?SO(O))“ +O(N)

holds where D(w) = Sb;((ﬁ)) from Proposition 8.6 is analytic on W.

Take U(w) = 2(so(w) — s0(0)), V(w) = log %7 By =logN, and Ky = N7,
We put p(c) = U'(0), 6(c) = U"(0), u1(c) = V'(0), and d1(c) = V" (0). Observe
that we have s{(0) = —22(1,0)/22(1,0) since Ay (u)w = 1 for w € W. Further,

the derivatives of the identity log Ay, (w),. = 0 yield

oA d?
a(la 0)58(0) = W)‘l-‘rs[’)(w)w,w

w=0

Thus by Lemma 4.9, we have U”(0) = 2s((0) # 0 if ¢ is not a coboundary. Applying
Theorem 7.1, we obtain the statement. [l

9. EQUIDISTRIBUTION MODULO ¢

In this section, we show that for any integer ¢ > 1 and a bounded digit cost
¢ : A — Z>o, the values of C' on Qp are equidistributed modulo ¢. This follows
from the following estimate for Elexp(i7C)|2n] when |7| is away from 0. Applying
Theorem 8.3 to L(2s,i7), we have:
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Proposition 9.1. Let 0 < |7| < 7. Then, there exists 0 < 6 < 2 such that we have

> da(it) = O(N).

n<N

Proof. By Proposition 8.2, L(2s,i7) is analytic in the rectangle Ur with vertices
1+a14+iT,1—ay+4iT,1—a; —iT, and 1 4+ a7 —iT. Cauchy’s residue theorem
yields

1 2s

N
b L(QS, 'LT)
278 Jyy 2s

d(2s) =0

and together with Perron’s formula in Theorem 8.3, we have

> antir) =0 (M) o (AEMIENY L o)

l—ay+iT N2(17a1)
+0 / |L(2s,iT)| ————ds
1—ay—iT |s]

1+aq +:iT N25Rs
+0 / |L(2s,iT)] ds | .
17&1:‘:’L—T T

We briefly denote this by >, _ v dy(i7) = I+ 11+ I+ IV + V. Taking
T = N>,

the error terms are estimated as follows.

(I) The error term I is simply equal to O(N2731).

(II) For any 0 < & < 2, we can take A(N) = O(N'*2¢) and log N < N°. Then
the exponent of N in the error term II is equal to

17
2+3€—5a1<2—Za1<2.

(ITT) The error term IIT is equal to O(N'**1/2),
(IV) For 0 < ¢ < §, we have |L(2s,it)| < [¢|5. Thus, the error term IV is
O(TE¢N?(1=21)) and the exponent of N is equal to

13
21 — o) + b <2 — Hal < 2.

(V) The last term V is O(T¢~ ' N2+ (log N)~1), whence the exponent of N
satisfies

22
50(1(5— 1) +2(1+O¢1) <2- gal < 2.

By taking
17 13 22
6 = Imax <2 — 30&1,2 — ZOQ,Q — 50(1’2 — 9a1>
which is strictly less than 2, we complete the proof. [

Now we present an immediate consequence of Proposition 9.1:

Theorem 9.2. Take ¢ as in Theorem C. Further assume that ¢ is bounded and
takes values in Z>o. For any a € Z/qZ, we have

Py[C = a (mod ¢)|Qn] = ¢ +o(1),

i.e., C is equidistributed modulo q.
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Proof. Observe from Proposition 8.6, we have > _\ d,(0) > N2. Then Propo-

sition 9.1 yields that with 6y := 2 —§ > 0 and 7 under the same condition, we
have

Zn<N dn (i) 5
(9.1) En[exp(itC)|Qn] = =———= < O(N7%).

Then for a € Z/qZ, we have
Py[C = a (mod q)[Q2n] = Z Py[C = m|Qx]

mez
m=a(q)
1 271,
= Z - Z exp (mk(m - a)) Pxn[C = m|Qn]
mez kEZ/qZ q
1 mi 271
= — Z e_2q ka -En [exp <mka> ‘QN:| .
4 k€EZ/qZ q

We split the summation into two parts: k = 0 and k # 0. The term correspond-
ing to k = 0 is the main term which equals to ¢g~'. For the sum over k # 0, taking
0<7<q 'in (9.1), we obtain the result. O
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