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1. Separability, PPT, Bock-Positivity

In this talk, every state is assumed to be unnormalized.

A multi-partite state % P
Ân

i“1 Mdi is said to be (fully) separable if
it is the sum of pure product states.

A multi-partite state % P
Ân

i“1 Mdi is said to be entangled if it is
not separable.



For a given subset S Ă t1, 2, ¨ ¨ ¨ , nu, the partial transpose T pSq
on

Ân
i“1 Mdi is a linear map satisfying

pa1ba2b¨ ¨ ¨banq
T pSq :“ b1bb2b¨ ¨ ¨bbn, with bi “

#

ati , i P S ,

ai , i R S .

A multi-partite state % P
Ân

i“1 Mdi is called of PPT if %T pSq is
positive for every S Ă t1, 2, ¨ ¨ ¨ , nu.

It is obvious that every separable state is of PPT.



A self-adjoint matrix W is called block positive if xW , %y ě 0 for
all separable states %.

Here, the bilinear pairing is given by

xW , %y “ Tr p%W tq “
ÿ

i ,j

Wi ,j%i ,j .

In other words, the cone of block positive matrices is the dual cone
of the cone of separable states.

Conversely, the cone of separable states is the dual cone of the
cone of block positive matrices by Hahn-Banach type separation
theorem.



Since the cone of states is self-dual, we have the inclusions:
the cone of separable states

Ă the cone of states
Ă the cone of block positive matrices.



2. X-states

A multi-qubit self-adjoint matrix W P
Ân

i“1 Mdi (di “ 2) is said to
be X-shaped if it is of the form

W “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

s00¨¨¨00 u00¨¨¨00

s00¨¨¨01 u00¨¨¨01

. . . . .
.

s01¨¨¨11 u01¨¨¨11

u10¨¨¨00 s10¨¨¨00

. .
. . . .

u11¨¨¨10 s11¨¨¨10

u11¨¨¨11 s11¨¨¨11

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

We denote the above by W “ X ps, uq briefly.



A multi-qubit state % P
Ân

i“1 Mdi (di “ 2) is said to be an X-state
if it is X-shaped., that is, it is of the form

% “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a00¨¨¨00 z00¨¨¨00

a00¨¨¨01 z00¨¨¨01

. . . . .
.

a01¨¨¨11 z01¨¨¨11

z10¨¨¨00 a10¨¨¨00

. .
. . . .

z11¨¨¨10 a11¨¨¨10

z11¨¨¨11 a11¨¨¨11

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

A self-adjoint matrix % “ X pa, zq is a state if and only if
?
aiāi ě |zi| for all i .

Each partial transpose fixes diagonal entries and permutes
anti-diagonal entries. An X-state % “ X pa, zq is of PPT if and only
if
?
ai āi ě |zj| for all i, j.



Theorem (HHK19)

(i) The X-part of a multi-qubit separable state is again separable.

(ii) The X-part of a multi-qubit block positive matrix is again
block positive.

Theorem (HHK19)

(i) An X-state is separable if and only if xW , %y ě 0 for all
X-shaped block positive W .

(ii) A self-adjoint X-shaped matrix is block positive if and only if
xW , %y ě 0 for all separable X-states %.



3. General Criterion
For an n-qubit X-shaped matrix Xps, uq with nonnegative
diagonals, we consider the following two numbers:

δnpsq

“ infts00¨¨¨00r1r2 ¨ ¨ ¨ rn´1rn ` s00¨¨¨01r1r2 ¨ ¨ ¨ rn´1r
´1
n ` ¨ ¨ ¨

` s01¨¨¨11r1r2
´1 ¨ ¨ ¨ r´1

n´1r
´1
n ` s10¨¨¨00r

´1
1 r2 ¨ ¨ ¨ rn´1rn ` ¨ ¨ ¨

` s11¨¨¨10r
´1
1 r´1

2 ¨ ¨ ¨ r´1
n´1rn ` s11¨¨¨11r

´1
1 r´1

2 ¨ ¨ ¨ r´1
n´1r

´1
n

: ri ą 0u

and

}u}Xn

“ suptu00¨¨¨00α1α2 ¨ ¨ ¨αn´1αn ` u00¨¨¨01α1α2 ¨ ¨ ¨αn´1α
´1
n ` ¨ ¨ ¨

` u01¨¨¨11α1α2
´1 ¨ ¨ ¨α´1

n´1α
´1
n ` u10¨¨¨00α

´1
1 α2 ¨ ¨ ¨αn´1αn ` ¨ ¨ ¨

` u11¨¨¨10α
´1
1 α´1

2 ¨ ¨ ¨α´1
n´1αn ` u11¨¨¨11α

´1
1 α´1

2 ¨ ¨ ¨α´1
n´1α

´1
n

: αi P Tu.



Theorem (HHK19)

An n-qubit X-shaped self-adjoint matrix W “ X ps, uq is
block-positive if and only if the inequality

δnpsq ě }u}Xn

holds.



For an n-qubit X-state % “ X pa, zq, we also introduce the two
numbers

∆npaq “ inftxs, ay : δnpsq “ 1u,

}z}1Xn
“ suptxu, zy : }u}Xn “ 1u,

which can be considered as duals of δnpsq and }u}Xn .

Theorem (HHK19)

An n-qubit X-state % “ X pa, zq is separable if and only if the
inequality

∆npaq ě }z}
1
Xn

holds.



4. Computation to algebraic or analytic formulas
For a small n like 2, 3, 4, we will use indices by natural numbers
rather than multi-indices as following:

Xpa, b, zq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a1 z1

a2 z2

. . . . .
.

a8 z8

z̄8 b8

. .
. . . .

z̄2 b2

z̄1 b1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

a1 “ a0000, a2 “ a0001, ¨ ¨ ¨ , a8 “ a0111

b8 “ a1000, b2 “ a1110, ¨ ¨ ¨ , b1 “ a1111

z1 “ z0000, z2 “ z0001, ¨ ¨ ¨ , z8 “ z0111

z̄8 “ z1000, z̄7 “ z1110, ¨ ¨ ¨ , z̄1 “ z1111.



I. Two qubit case

For a, b P R2
` and z P C2, it is easy to check that

∆2pa, bq “ mint
a

a1b1,
a

a2b2u and }z}1X2
“ }z}8.

This is consistent with the fact that two qubit state is separable if
and only if it is of PPT.



II. Three qubit case

Suppose that the X-part of a three qubit state % is given by
X pa, b, zq with a, b P R4

` and z P C4. In 2011, Gühne introduced
the following numbers:

Lp%, uq :“Re pu1z1 ` u2z2 ` u3z3 ` u4z̄4q , u P C4

Fpuq :“Repu1q cospα` β ` γq ´ Impu1q sinpα` β ` γq

` Repu2q cospαq ´ Impu2q sinpαq

` Repu3q cospβq ´ Impu3q sinpβq

` Repu4q cospγq ´ Impu4q sinpγq,

C puq :“ sup
α,β,γ

|Fpuq|.



(Gühne, 2011)
Suppose that the X-part of a three qubit state % is given by
X pa, b, zq. If % is separable, then the inequality

Lp%, uq ď C puq ∆%

holds for every u P C4, where the number ∆% is given by

∆% :“ mint
a

a1b1,
a

a2b2,
a

a3b3,
a

a4b4,
4
a

a1b2b3a4,
4
a

b1a2a3b4u.



Theorem (CHK17/HHK19)

For a three qubit X-state Xpa, b, zq, we have

∆3pa, bq

“mint
a

a1b1,
a

a2b2,
a

a3b3,
a

a4b4,
4
a

a1b2b3a4,
4
a

b1a2a3b4u.

and

}z}1X3
“ supt

Lp%, uq
C puq

: u P C4u.



Let
φ “ pθ1 ` θ4q ´ pθ2 ` θ3q.

for zi “ rie
iθi .

Theorem (HK17-2)

For z P C4
` with |zi | “ r , we have

}z}1X3
“ r

a

1` | sinpφ{2q|.



Theorem (CHK17)

For zi P C4 with |zi1 | “ |zi2 | “ r and |zi3 | “ |zi4 | “ s, we have

}z}1X “

d

r2t2
0 ` 2rst0| sinpφ{2q| ` s2

t2
0 ` 1

,

where t0 “
r2 ´ s2 `

a

pr2 ´ s2q2 ` p2rs sinpφ{2qq2

2rs| sinpφ{2q|
.



Two thick curves, circle and rectangle, represent the boundary of
the separability region pr , sq of the state

Xpp1, 1, 1, 1q, p1, 1, 1, 1q, pe iθr , r , s, sqq

for θ “ π and θ “ 0, respectively. The other curves represent the
separability regions for θ “ π{2, π{4, π{10.



Theorem (CHK17)

For z P C4, we have

}z}1X3
ě

?
2m1m2

b

m2
1 `m2

2

a

1` | sinpφ{2q|

for m1 “
|zi1 |`|zi2 |

2 and m2 “
|zi3 |`|zi4 |

2 .



III. GHZ diagonal case

A multi-qubit X-state Xpa, zq is GHZ diagonal if and only if ai “ āi
and zi P R.

Theorem (HK17-1/HHK19)

For a P R2n
` , we have

∆npaq “ min
i

ai.



For a three qubit GHZ diagonal state Xpa, a, zq, we define the real
numbers

λ5 “ 2p`z1 ` z2 ` z3 ` z4q, t1 “ z1p´z
2
1 ` z2

2 ` z2
3 ` z2

4 q ´ 2z2z3z4,

λ6 “ 2p´z1 ´ z2 ` z3 ` z4q, t2 “ z2p`z
2
1 ´ z2

2 ` z2
3 ` z2

4 q ´ 2z1z3z4,

λ7 “ 2p´z1 ` z2 ´ z3 ` z4q, t3 “ z3p`z
2
1 ` z2

2 ´ z2
3 ` z2

4 q ´ 2z1z2z4,

λ8 “ 2p´z1 ` z2 ` z3 ´ z4q, t4 “ z4p`z
2
1 ` z2

2 ` z2
3 ´ z2

4 q ´ 2z1z2z3.

and the condition

p˚q t1t4λ6λ7 ă 0 and t2t3λ5λ8 ą 0.



Theorem (HK17-1)

For z P R4, we have the following:

(i) if λ5λ6λ7λ8 ď 0, then }z}1X3
“ }z}8;

(ii) if λ5λ6λ7λ8 ą 0 and the condition p˚q does not hold, then
}z}1X3

“ }z}8;

(iii) if λ5λ6λ7λ8 ą 0 and the condition p˚q holds, then

}z}1X3
“

a

pλ5λ6 ` λ7λ8qpλ5λ7 ` λ6λ8qpλ5λ8 ` λ6λ7q

8
?
λ5λ6λ7λ8



IV. Four qubit case

For 1 “ 00, 2 “ 01, 3 “ 10, 4 “ 11, we observe that

p0, 0q ` p1, 1q “ p0, 1q ` p1, 0q.

We denote this relation by

1` 4 ” 2` 3.



The quantity

∆3pa, bq

“mint
a

a1b1,
a

a2b2,
a

a3b3,
a

a4b4,
4
a

a1b2b3a4,
4
a

b1a2a3b4u.

matches to

1 ” 1, 2 ” 2, 3 ” 3, 4 ” 4, 1` 4 ” 2` 3.

The quantity
φ “ pθ1 ` θ4q ´ pθ2 ` θ3q.

matches to
1` 4 ” 2` 3.



For 1 “ 000, 2 “ 001, 3 “ 010, 4 “ 011, 5 “ 100, 6 “ 101, 7 “
110, 8 “ 111, all nontrivial relations are

1 ” 1, 2 ” 2, 3 ” 3, 4 ” 4, 5 ” 5, 6 ” 6, 7 ” 7, 8 ” 8

and
1` 8 ” 2` 7 ” 3` 6 ” 4` 5,

1` 4 ” 2` 3, 5` 8 ” 6` 7,

1` 6 ” 2` 5, 3` 8 ” 4` 7,

1` 7 ” 3` 5, 2` 8 ” 4` 6.

and

1` 1` 8 ” 2` 3` 5, 2` 2` 7 ” 1` 4` 6,

3` 3` 6 ” 1` 4` 7, 4` 4` 5 ” 2` 3` 8,

4` 5` 5 ” 1` 6` 7, 3` 6` 6 ” 2` 5` 8,

2` 7` 7 ” 3` 5` 8, 1` 8` 8 ” 4` 6` 7.



Theorem (H)

For a, b P R8
`, we have

∆4pa, bq “ min
!

a

aibi : 1 ď i ď 8
)

Y
 

4
a

ai1ai2bj1bj2 : i1 ` i2 ” j1 ` j2
(

Y
 

6
a

ai1ai2ai3bj1bj2bj3 : i1 ` i2 ` i3 ” j1 ` j2 ` j3
(

.

For example, 1` 1` 8 ” 2` 3` 5
(p0, 0, 0q ` p0, 0, 0q ` p1, 1, 1q “ p0, 0, 1q ` p0, 1, 0q ` p1, 0, 0q)

yields 6

b

a2
1a8b2b3b5 and 6

b

b2
1b8a2a3a5.

The set which we take a minimum contains 8` 24` 16 “ 48
algebraic elements.



We define

φ1 :“ θ1 ` θ4 ´ θ2 ´ θ3, φ2 :“ θ5 ` θ8 ´ θ6 ´ θ7,

φ3 :“ θ1 ` θ8 ´ θ4 ´ θ5, φ4 :“ θ2 ` θ7 ´ θ3 ´ θ6.

These match to

1` 4 ” 2` 3, 5` 8 ” 6` 7, 1` 8 ” 4` 5, 2` 7 ” 3` 6.



Let z P C4 with zi “ rie
iθi and φ “ pθ1 ` θ4q ´ pθ2 ` θ3q.

We have
}c}1X3

“ }pc1, c1, c2, c2, c3, c3, c4, c4q}
1
X4
.

with
φ1 “ φ2 “ 0, φ3 “ φ4 “ φ.

We also have

}c}1X3
“ }pc1, c2, c3, c4, c1, c2, c3, c4q}

1
X4
.

with
φ1 “ φ2 “ φ, φ3 “ φ4 “ 0.



Theorem (H)

For z P C8 with |zi | “ r , we have the following:

(i) if φ3 “ φ4 “ 0, then

}z}1X4

“r pmaxt| cospφ1{4q|, | cospφ2{4q|u `maxt| sinpφ1{4q|, | sinpφ2{4q|uq

(ii) if φ1 “ φ2 “ 0, then

}z}1X4

“r pmaxt| cospφ3{4q|, | cospφ4{4q|u `maxt| sinpφ3{4q|, | sinpφ4{4q|uq

This recovers the three qubit result

r p| cospφ{4q| ` | sinpφ{4q|q “ r
a

1` | sinpφ{2q|.



Theorem (H)

For z P C8 with |zi | “ r and φ1 “ φ2 “ φ3 “ φ4 “ φ, we have

}z}1X4
“ rp1` | sinpφ{2q|q.



Theorem (H)

Suppose that z P C8 and |zi | “ ri . Then,

(i) we have

}z}1
X4

ěmintm1,m2u
maxt| cospφ1{4q|, | cospφ2{4q|u `maxt| sinpφ1{4q|, | sinpφ2{4q|u

maxt| cospφ3{4q|, | cospφ4{4q|u `maxt| sinpφ3{4q|, | sinpφ4{4q|u

for m1 “ pr1 ` r2 ` r3 ` r4q{4 and m2 “ pr5 ` r6 ` r7 ` r8q{4;

(ii) we have

}z}1
X4

ěmintm3,m4u
maxt| cospφ3{4q|, | cospφ4{4q|u `maxt| sinpφ3{4q|, | sinpφ4{4q|u

maxt| cospφ1{4q|, | cospφ2{4q|u `maxt| sinpφ1{4q|, | sinpφ2{4q|u

for m3 “ pr1 ` r4 ` r5 ` r8q{4 and m4 “ pr2 ` r3 ` r6 ` r7q{4.



IV. n-qubit case

By the nontrivial relations

i1 ` i2 ` ¨ ¨ ¨ ` im ” j1 ` j2 ` ¨ ¨ ¨ ` jm

we can define ∆̃npaq for a P R2n
` .

What is the formal definition of nontrivial?



For 1` 4 ” 2` 3, we observe that

t000, 011, 001, 010u “ t000, 011, 110, 101u

and
t000, 011, 110, 101u

t000, 011, 110, 001u

t000, 011, 110, 001u



A multiset is a collection which allows repetition of elements,
unlike a set.

A multiset T of length n indices of 0, 1 will be said to be balanced
if the number of indices i in T with ipkq “ 0 coincides with the
number of indices i P T with ipkq “ 1 for every k “ 1, 2, . . . , n.

We say that a balanced multiset is irreducible when it cannot be
partitioned into balanced multisets.

It is easily seen that the cardinality of a balanced multiset must be
even and the set Gn of all irreducible balanced multisets of length n
indices of 0, 1 is finite.



For a P R2n , we define

∆̃npaq :“ min

$

&

%

˜

ź

iPT

ai

¸1{#pT q

: T P Gn

,

.

-

Theorem (HHK19)

For a P R2n , we have

∆̃npaq ě ∆npaq.



5. Function systems and order unit norms

A unital subspace of C pK q had been abstractly characterized by
Kadison. It is called a function system.



Let V be an ordered vector space with a distinguished element I .

1. We call I P V an order unit for V provided that for every
x P V , there exists a positive real r such that rI ` x P V`.

2. We call I Archimedean if εI ` x P V` for all ε ą 0 implies
that x P V`.

3. V is called a function system if it has an Archimedean order
unit.



A function system V has a canonical norm

}x} :“ inftr ą 0 : ´rI ď x ď rI u,

which is called an order unit norm of V .



(Kadison,1951)
Let V be a function system. There exists a unital order embedding

Φ : V ãÑ C pK q

for a compact Hausdorff space K .

This embedding is isometric with respect to the order unit norm.



Functions systems and compact convex sets are dual to each other.

For a function system V , the state space SpV q is a compact
convex set.

For a compact convex set K , the space AffpK q of affine functions
on K is a function system.
Moreover, we have

AffpSpV qq » V and SpAffpK qq » K .



For function systems V and W , we define

V` bW` :“ t
n
ÿ

i“1

ai b bi P V bW : n P N, ai P V`, bi PW`u

and

pV bmax W q` :“ tz P V bW : @ε ą 0, z`ε1V b1V P V
`bW`u.

The maximal tensor product

V bmax W “ pV bW , pV bmax W q`, 1V b 1W q

is a function system.



For function systems V and W , we define

pV bminW q` “ tz P V bW : pf bgqpzq ě 0, f P SpV q, g P SpW qu

The minimal tensor product

V bmin W “ pV bW , pV bmin W q`, 1V b 1W q

is a function system.



pMm bmax Mnq
` coincides with the cone of separable states.

(We do not need ε ą 0 by the Carathéodory theorem.)

pMm bmin Mnq
` coincides with the cone of block positive matrices.



1
2n }u}Xn coincides with the order unit norm of self-adjoint
anti-diagonal matrix Xp0, uq in bn

minM2.

}z}1Xn
coincides with the order unit norm of self-adjoint

anti-diagonal matrix Xp0, zq in bn
maxM2.



Let si, ai ą 0 and δnpsq “ 2n, ∆npaq “ 1.

Two order units I and Xps, 0q determine the same order unit norm
on the self-adjoint anti-diagonal matrices Xp0, uq in bn

minM2.

Two order units I and Xpa, 0q determine the same order unit norm
on the self-adjoint anti-diagonal matrices Xp0, zq in bn

maxM2.
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