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noise-disturbance tradeoff

noise ⋅ disturbance ≥ 1



noise-disturbance tradeoff

structural relation?

noise ⋅ disturbance ≥ 1



Galois theory

Évariste Galois 
1811-1832

fields groups

inverse relation
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Galois connection

Condition 1

X′� ⊆ X ⇒ σ(X′�) ⊇ σ(X)

Y′� ⊆ Y ⇒ τ(Y′�) ⊇ τ(Y )



Galois connection

Condition 1

Condition 2

X′� ⊆ X ⇒ σ(X′�) ⊇ σ(X)

X ⊆ τ(σ(X))

Y′� ⊆ Y ⇒ τ(Y′�) ⊇ τ(Y )

Y ⊆ σ(τ(Y ))



Galois connection
Example

σ(X) = {c ∈ ℂ : f(c) = 0 ∀f ∈ X}

ℂ[x] ℂ

τ(Y) = {f ∈ ℂ[x] : f(c) = 0 ∀c ∈ Y}



quantum measurements



quantum measurements

quantum 
instrument



channels and observables

channel 
 → disturbance

observable/meter 
→ information

=

=



I(x, ϱ) = ∑
y∈ℓx

KyϱK*y

Λ(ϱ) = ∑
y

KyϱK*y

A(x) = ∑
y∈ℓx

K*y Ky POVM

CPTP map

Ky : ℋin → ℋout



compatibility relation
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and are compatible

if  there exists such that 

=
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compatibility relation

observables with input system H, arbitrary output

channels with input system H, arbitrary output

notation
H
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observables channels

Galois connection

σ

τ



What about noise and disturbance?



noise preorder

if

for some classical channel

transitive and reflexive relation on the set of  observables



noise preorder

if

for some classical channel

transitive and reflexive relation on the set of  observables

↓ A = {B ∈ O : B ≼ A}



disturbance preorder
transitive and reflexive relation on the set of  channels
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for some quantum channel



disturbance preorder
transitive and reflexive relation on the set of  channels

if

for some quantum channel

↓ Λ = {Γ ∈ C : Γ ≼ Λ}



observables

observables channels

noise disturbance
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Galois connection



observables

[observables] [channels]

noise disturbance

[A] = {B ∈ O : A ≼ B ≼ A}



observables

noise disturbance

[observables] [channels]

[identity]



observables

noise disturbance

[observables] [channels]

[discard-prepare]



observables

noise disturbance

[observables] [channels]

[coin tossing]



observables

noise disturbance

[observables] [channels]

[rank-1 POVM]



τ

A ∈ τ(Y) ⟹ ↓ A ⊆ τ(Y)

Y



A ∈ τ(Y) ⟹ ↓ A ⊆ τ(Y)

Λ ∈ σ(X) ⟹ ↓ Λ ⊆ σ(X)



observables

A) no-information-without-disturbance

τ

[identity]

[coin tossing]



observables

observables channels

B) existence of  a least disturbing channel

σ

σ(A) = ↓ ΛA



B) existence of  a least disturbing channel

σ

σ( ↓ A) = ↓ ΛA



B) existence of  a least disturbing channel

σ

τ

τ( ↓ ΛA) = ↓ Aσ( ↓ A) = ↓ ΛA



B) existence of  a least disturbing channel
τ( ↓ ΛA) = ↓ Aσ( ↓ A) = ↓ ΛA

V* ̂A(x)V = A(x)

ΛA(ϱ) = ∑
x

̂A(x)VϱV* ̂A(x)

Naimark dilation:



C) non-existence of  a least noisy observable

τ

τ(Λ) ≠ ↓ B



C) non-existence of  a least noisy observable

A ∈ τ(Λ)

pointer observable
interaction

ancillary system

Λ

PA

τ(Λ) : fix a realization for Λ and go through all pointer  
observables



C) non-existence of  a least noisy observable

A ∈ τ(Λ)

Λ

τ(Λ) : fix a realization for Λ and go through all pointer  
observables

tr[ϱA(x)] = tr[Uϱ ⊗ ξU* I ⊗ PA(x)]



D) qualitative noise-disturbance relation

σ

noise disturbance



D) qualitative noise-disturbance relation

A ≼ B σ(A) ⊇ σ(B)⟺



D) qualitative noise-disturbance relation

A ≼ B σ(A) ⊇ σ(B)⟺

⇒A ≼ B σ(A) ⊇ σ(B)

Holds also in other operational theories than quantum:



D) qualitative noise-disturbance relation

A ≼ B σ(A) ⊇ σ(B)⟺

⇒A ≼ B σ(A) ⊇ σ(B)

Holds also in other operational theories than quantum:

Does not hold in all operational theories:

⇐A ≼ B σ(A) ⊇ σ(B)



quantifications of  noise and disturbance

Basic requirements

A ≼ B ⟹ noise(A) ≤ noise(B)

Λ ≼ Γ ⟹ disturbance(Λ) ≤ disturbance(Γ)



quantifications of  noise and disturbance

Basic requirements

A ≼ B ⟹ noise(A) ≤ noise(B)

Λ ≼ Γ ⟹ disturbance(Λ) ≤ disturbance(Γ)
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c : 2𝒜 → 2𝒜

X ⊆ c(X)

c ∘ c = c

X′� ⊆ X ⇒ c(X′�) ⊆ c(X)
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is a closure map if



closure maps 

c : 2𝒜 → 2𝒜

X ⊆ c(X)

c ∘ c = c

X′� ⊆ X ⇒ c(X′�) ⊆ c(X)

1

2

3

is a closure map if

Examples: 
• topological closure 
• linear span 
• convex hull
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closure maps 

c : 2𝒜 → 2𝒜

X ⊆ c(X)

c ∘ c = c

X′� ⊆ X ⇒ c(X′�) ⊆ c(X)

1

2

3

is a closure map if

In a Galois connection         and        are closure maps.τσ στ

Further,                and                 .τστ = τ στσ = σ



simulation closure

A

B

C

M

simulation scheme



simulation closure

A

B

C

M

simulation scheme

sim({A,B,C}) = {all observables that can be simulated from  
A,B and C with some randomization and 
post-processing}



simulation closure
sim({A}) = ↓ A

sim



simulation closure
sim({A}) = ↓ A

sim

sim(τ(Y)) = τ(Y)



τσ({A}) = sim({A}) = ↓ A

simulation closure



τσ(X) ⊇ sim(X)

τσ({A}) = sim({A}) = ↓ A

simulation closure
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pointer observable
interaction

ancillary system

physical interpretation of        τσ
realization of  A

A

Λ ∈ σ(A)

M ∈ τσ(A)
means that M can be 
obtained in all 
realizations of  A by 
changing the pointer 
observable 

PA



pointer observables
interaction

ancillary system

physical interpretation of        τσ
realization of  X = {A, B}

Λ ∈ σ(X)

M ∈ τσ(X)
means that M can be 
obtained in all 
realizations of  X by 
changing the pointer 
observable 

A, B

PA, PB



physical interpretation of        τσ

τσ(X) is the “information leak” required to implement X



physical interpretation of        τσ

τσ(X) is the “information leak” required to implement X

Example: it is possible that 

interaction U(ψ ⊗ φ) = φ ⊗ ψ

PA = A, PB = B
pointer observables

σ({A, B}) = [discard-prepare]

τσ({A, B}) = O



physical interpretation of        τσ

τσ(X) is the “information leak” required to implement X

Example: it is possible that τσ({A, B}) = O

However,                       for any countable subset Xsim(X) ≠ O



physical interpretation of        τσ

τσ(X) is the “information leak” required to implement X

Example: 

E(1) = [
1 0 0
0 0 0
0 0 0] E(2) = [

0 0 0
0 1 0
0 0 0] E(3) = [

0 0 0
0 0 0
0 0 1]

A(1) = E(1) + E(2)

A(2) = E(3)

B(1) = E(1)

B(2) = E(2) + E(3)

τσ({A, B}) = ↓ E ≠ sim({A, B})



observables

observables channels

noise disturbance

σ

τ

Galois connection
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