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8.1 Forward Rate

A bond is a financial instrument (contract) that stipulates the issuer
to pay its holder (owner) specified amounts at specified times. These
payments usually consists of interest and principal payments.

Assume there are n payments at times t1, · · · , tn and let qi be
the amount to be paid at time ti. Then the payment schedule can
be visualized as

0 t1 t2 t3 tn· · ·

q1 q2 q3 qn· · ·

If the discount rate is r, the present value P of the bond is given by

P =
q1

(1 + r)t1
+ · · ·+ qn

(1 + r)tn
. (8.1)

Or, if one uses the continuous compounding, P is given by

P = q1e
−rt1 + · · ·+ qne

−rtn . (8.2)

Obviously, P increases if r decreases, and vice versa.
But each single payment can be viewed as an instrument on its

own, and if so, the bond itself can be viewed as a combination of these
single payment instruments. Each of such single payment instrument
can be identified with the so-called zero coupon bond. Here, coupon
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means an interest payment and the word “zero” means that there
is no coupon, and hence the entire payment is a single pay at one
specified time as an amalgamation of interest and principal.

Suppose that t = 0 represents the present, and t = T represents
the time at which the zero coupon bond matures (i.e. the payment
is made). Since in this chapter we will be exclusively dealing with
zero coupon bonds, we drop the word “zero coupon” and simply say
“bond” instead. Figure 9.1 shows the yield (interest rate) of such
zero coupon bond. As the interest rate (yield) for different maturity

Figure 8.1: Yield curve.

differs, it is not accurate to apply the constant rate to (8.1). One
should rate change (8.1) to

P =
q1

(1 + r1)t1
+ · · ·+ qn

(1 + rn)tn
,

where ri is the interest rate (yield) for the zero-coupon bond with
maturity ti. If continuous compounding is used, P should be written
as

P = q1e
−r1t1 + · · · qne−rntn .

To understand such interest rate variations, let p(t, T ) be the
price of bond at time t. For the sake of normalization, we assume
that the payment at time t = T is 1, i.e.,

p(T, T ) = 1.

Its present value is p(0, T ) which is the price of this bond traded at
the market. Hence p(0, T ) is deemed a known quantity.

We further assume that the price p(t, T ) of this bond is unknown
at time 0, i.e., is random. The whole purpose of this chapter is to
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develop models that purports to describe the stochastic behavior of
p(t, T ).

Now, since we normally assume the interest rate to be positive,
it is assumed that for 0 < t < T

0 < p(t, T ) < 1.

When viewed from a slightly different angle, it represents the fact

that if one invests 1 at time t, it will become
1

p(t, T )
at time T .

Subsequently, we always adopt the convention that t = 0 is the
present, and t = T is the time of maturity of the zero-coupon bond.

• Spot Rate

The spot rate R(t, T ) is defined by

R(t, T ) = − log p(t, T )

T − t
, (8.3)

or equivalently by
p(t, T ) = e−R(t,T )(T−t). (8.4)

Namely, R(t, T ) is the discount factor from time t to T , or when
written as

eR(t,T )(T−t) =
1

p(t, T )
,

R(t, T ) is the interest rate “in the future” from time t to T as the
rate with which to compound continuously. Figure ?? is the graph of
R(0, T ) of September 15, 2011, and Figure 8.2 is the graph of R(0, T )
for various times. As one can observe in Figure 8.2, the yield curve
changes quite a bit as time changes, which makes its study difficult
but interesting. The purpose of this chapter is to understand/model
such dynamics.

• Forward Rate

The concept of yield curve is easy to understand and is widely used.
But it is hard to model. So we use a derived quantity called the
forward rate. Let S be a time between t and T , i.e.,

t < S < T.

Suppose one enters into a contract at time t that stipulates that one
pays k at the future time S in return for the receipt of 1 at time T .
The question is what the fair value of k at time t should be. This
contract is equivalent to agreeing at time t that
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Figure 8.2: Yield curves for different times.

(i) one sells, at time t, k units of bond with maturity S,

(ii) one buys, at time t, 1 unit of bond with maturity T .

The value, at time t, of this contract is then

p(t, T )− kp(t, S).

To make it fair to both concerned parties, it must be zero, i.e.,

k =
p(t, T )

p(t, S)
. (8.5)

This k is called the forward price and is denoted by

Ft = Ft(S, T ) = F (t;S, T ).

The meaning this forward price is that from the vantage point at
time t, the amount k = p(t, T )/p(t, S) = Ft deposited at time S
will grow to 1 at time T. The yield (interest rate) f(t;S, T ) of such
investment for the the time period [S, T ] when viewed at time t is
then

f(t;S, T ) = − log p(t, T )− log p(t, S)

T − S

=
log 1

F (t;S,T )

T − S
,

(8.6)

or
P (t, T )

P (t, S)
ef(t;S,T ) = 1. (8.7)
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This yield, f(t;S, T ), is called the forward rate at time t for the
interval [S, T ]. The above argument suggests that the forward rate
f(t;S, T ) represents the yield (interest rate) “in the future” between
time S and T when viewed at time t, Note also that

R(t, T ) = f(t; t, T ).

If we let S → T in (8.6), we get

f(t;T, T ) = − ∂

∂T
log p(t, T ).

For brevity, we usually denote

f(t, T ) = f(t;T, T ) = − ∂

∂T
log p(t, T ). (8.8)

f(t, T ) represents the instantaneous rate at time T viewed at time t.
Rewriting (8.8), we have

p(t, T ) = exp

[
−
∫ T

t
f(t, u)du

]
. (8.9)

Rewrite (8.9) as

exp

[∫ T

t
f(t, u)du

]
= 1/p(t, T ). (8.10)

As discussed above, the right hand side of (8.10) is the total return
at time T of the investment of 1 at time t. Let t = u0 < u1 < · · · <
uN = T be a partition of [t, T ]. Then the left hand side of (8.10) is
approximately

exp

[∫ T

t
f(t, u)du

]
≈ exp

[
N∑
i=1

f(t, ui)∆ui)

]

=
N∏
i=1

ef(t,ui)∆ui (8.11)

The last term of (8.11) can be interpreted as follows: The investment
of 1 made at time t = u0 will grow to ef(t,u1)∆u1 at time ui with the
continuous compounding with interest rate f(t, u1)∆u1 for the period
[u0, u1]. For the period [u1, u2], the interest is f(t, u2)∆2, therefore,
ef(t,u1)∆u1 will grow to ef(t,u1)∆u1ef(t,u2)∆u2 . Successively applying
this argument, one can easily see that the total return at time uN is

ef(t,u1)∆u1ef(t,u2)∆u2 · · · ef(t,uN )∆uN . (8.12)

Therefore the last term of (8.11) is the result of successive com-
pounding with varying interest rate f(t, ui)∆ui for the time period
[ui−1, ui] for i = 1, · · · , N .
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0 t = u0 u1 · · · ui−1 ui · · · uN−1 uN = T

f(t, u1)∆u1 f(t, ui)∆ui f(t, uN )∆uN

Obviously letting N → ∞, i.e., letting max|∆ui| → 0, (8.12) con-
verges to the left hand side of (8.10). In other words, the left hand
side of (8.10) is nothing but the continuous compounding with vari-
able interest rate for the period [t, T ]. This way, the meaning of the
forward rate f(t, u) can be best understood. Combining (8.3) and
(8.8), we also have

f(t, T ) = R(t, T ) + (T − t)∂R
∂T

(t, T ). (8.13)

• Short Rate

The short rate rt = r(t) is defined as

rt = r(t) = f(t, t). (8.14)

The short rate is also called the instantaneous forward rate in that
the maturity is infinitely close to the current time t, i.e.,

rt = lim
T→t

f(t, T ).

This rate represents the yield during the infinitesimally short period
of time, and is not an observable quantity in the market.

8.2 Martingales and Tradables

In Chapter 5, we have developed the Black-Scholes model assuming
the short rate is constant. Later in Chapter 6, we have briefly dis-
cussed the case in which σ is a deterministic function of t and St. But
in real world, they are too unrealistic assumptions. In this chapter,
we assume the short rate is modeled as a stochastic process rt. Then
the riskless bond price Bt satisfies

dBt = rtBtdt (8.15)

B0 = 1.

Upon integrating this equation pathwise, we have

Bt = exp

(∫ t

0
rsds

)
.
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Suppose St is an asset traded in the market, the martingale mea-

sure Q is a measure that makes the discounted process S∗t =
St
Bt

a martingale. If, in particular, St satisfies the following stochastic
differential equation

dSt = St (µtdt+ σtdWt) , (8.16)

where µt and σt are continuous stochastic process satisfying appro-
priate integrability conditions, then it is trivial to see that S∗t satisfies

dS∗t = S∗t [(µt − rt) dt+ σtdWt] .

Applying the usual Girsanov theorem, we can find a measure Q under
which the new process W̃t given by

dW̃t = dWt + λtdt (8.17)

is a Q-Brownian motion. Thus S∗t satisfies

dS∗t = S∗t

[
(µt − rt − λtσt) dt+ σtdW̃t

]
.

Upon setting

λt =
µt − rt
σt

, (8.18)

we have

dS∗t = S∗t σtdW̃t, (8.19)

thereby making S∗t a Q-martingale also.
Suppose Pt is the value process of another asset whose discounted

value P ∗t =
Pt
Bt

is also a Q-martingale. Then, by the martingale

representation theorem, there exists a predictable (in our setting,
continuous) process αt such that

dP ∗t = αtdW̃t.

Combining this with (8.19) and taking into account that σt and S∗t
never vanish, we get

dP ∗t = ζtdS
∗
t , (8.20)

where ζt =
αt
σtS∗t

.
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Construct a dynamic portfolio consisting of ζt units of St and ξt
units of Bt, where

ξt = P ∗t − ζtS∗t , (8.21)

i.e.,

Pt = ζtSt + ξtBt. (8.22)

We can then employ argument in Section 5.3 to show that this port-
folio is self-financing. It is important to note that (8.22) implies that
this portfolio exactly replicates Pt so that owning Pt is the same as
owning this dynamic portfolio. Furthermore, since St and Bt are
prices of tradable assets, we can conclude that the asset whose value
is Pt has to be deemed a tradable security. In fact the converse also
holds as the following theorem states.

Theorem 8.1. An asset with value process Vt is a tradable security if

and only if its discounted value process V ∗t =
Vt
Bt

is a Q-Martingale,

where Q is a martingale measure of the market.

Proof. To prove this theorem, we have only to show that if Vt is
the value (price) of a tradable security, then V ∗t is a Q-martingale.
Suppose Vt is the price process of a tradable asset but V ∗t is not a
Q-martingale. Define a new martingale U∗t by

U∗t = EQ[V ∗T | Ft],

i.e.,

Ut = BtEQ

[
VT
BT
| Ft

]
.

We then can treat Ut as if it were a tradable security, for there is a
replicating portfolio by the argument presented above. Then suppose
V ∗t is not a Q-martingale. Then there exists a time t such that

P (Vt 6= Ut) > 0.

Since VT = UT , this gives an arbitrage opportunity. Namely, sup-
pose, at time t, that Vt > Ut. Then sell Vt and buy Ut and hold
that position (i.e., dynamically hedging) until t = T . This will pro-
duce riskless profit. We can do similarly in case Vt < Ut. Note that
with non-zero probability we can set up this kind of arbitrage trad-
ing since Vt is the price of a tradable security, and Ut, having the
property that U∗t is a Q-martingale, must be the price of a tradable
security by our previous argument.
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Suppose now there is a tradable security with price process Pt.
Assume further that Pt satisfies the following stochastic equation

dPt = αtdt+ βtdWt.

Upon setting αt = Ptmt and βt = Ptvt, we have

dPt = Pt (mtdt+ vtdWt) . (8.23)

Therefore
dP ∗t = P ∗t [(mt − rt) dt+ vtdWt] .

Upon applying (8.4) to the above equation, we have

dP ∗t = P ∗t

[
(mt − rt − λtvt) dt+ vtdW̃t

]
.

By the above theorem, P ∗t is a Q-martingale, therefore, the drift term
must vanish, i.e.,

λt =
mt − rt
vt

.

This λt is called the market price of risk and is the same for all
process of the form (8.16) or (8.23).

8.3 Single Factor Short Rate Models

In this section, we study single factor short rate models and their
consequences.

• Model

We assume that the short rate rt is described by the following stochas-
tic differential equation

drt = νtdt+ ρtdWt,

where νt and ρt are predictable (continuous) process and Wt is a
Brownian motion. We also assume the usual probability space, in-
formation structure, measurability and integrability. The short rate
gives rise to the riskless bond Bt by

dBt = rtBtdt,

upon integrating this, we get

Bt = exp

(∫ t

0
rsds

)
.
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Let p(t, T ) be the price at time t of the (zero coupon) bond with ma-
turity T and payoff p(T, T ) = 1. Since bonds are tradable securities,
p(t, T )

Bt
must be simultaneously martingales for all T with respect to

some martingale measure Q.
Recall Q is defined as

dQ = dQT ,

where dQt is defined on Ft by

dQt = MtdP,

where Mt in turn is an exponential martingale satisfying

dMt = −λtdWt,

M0 = 1,

for suitable λt. The Girsanov theory implies that the new Brownian
motion W̃t with respect to Q is given by

dW̃t = dWt + λtdt.

We want to make p∗(t, T ) =
p(t, T )

Bt
a Q-martingale for all T si-

multaneously. Thus, if so, by the martingale representation theorem,
there exist predictable processes v(t, T ) for each T such that

dp∗(t, T ) = p∗(t, T )v(t, T )dW̃t.

Thus

dp(t, T ) = d(p∗(t, T )Bt)

= Btdp
∗(t, T ) + p∗(t, T )dBt

= Btp
∗(t, T )v(t, T )dW̃t + p∗(t, T )rtBtdt

= p(t, T )[rtdt+ v(t, T )dW̃t]

= p(t, T )[(rt + λtv(t, T ))dt+ v(t, T )dWt]

= p(t, T )[m(t, T )dt+ v(t, T )dWt], (8.24)

where m(t, T ) = rt + λtv(t, T ). Thus we have

λt =
m(t, T )− rt
v(t, T )

, (8.25)

which is exactly the market price of risk for all bonds. (For the
market price of risk, see Section 5.2.) Note the trivial but curious
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fact that the market prices of risk for all bonds are the same as λt is
independent of T . Assume now that νt and ρt are of the form

νt = ν(t, rt),

ρt = ρ(t, rt),

where ν and ρ are known deterministic functions of two variables.
One should note that there is no a priori reason why they should be
so. It is part of model assumption. Since rt is determined by the
stochastic differential equation

drt = ν(t, rt)dt+ ρ(t, rt)dWt,

it is reasonable to suppose that the bond price p(t, T ) should also be
of the form

p(t, T ) = p(t, T, rt),

where p(t, T, r) is a deterministic function of three variables t, T
and r. We will see later that this indeed is the case. Our first task
is to determine which stochastic differential equation this p(t, T, rt)
satisfies. Applying the usual stochastic calculus, while holding T
fixed, we have

dp =
∂p

∂t
dt+

∂p

∂r
drt +

1

2

∂2p

∂r2
(drt)

2

=
∂p

∂t
dt+

∂p

∂r
(νtdt+ ρtdWt) +

1

2

∂2p

∂r2
ρ2
tdt

=

(
∂p

∂t
+ νt

∂p

∂r
+

1

2
ρ2
t

∂2p

∂r2

)
dt+ ρt

∂p

∂r
dWt

= p [m(t, T, rt)dt+ v(t, T, rt)dWt] , (8.26)

where

m(t, T, rt) =
1

p

(
∂p

∂t
+ νt

∂p

∂r
+

1

2
ρ2
t

∂2p

∂r2

)
, (8.27)

v(t, T, rt) =
1

p
ρt
∂p

∂r
. (8.28)

Plugging (8.27) and (8.28) into (8.25), and simplifying the formula,
we obtain the following equation

∂p

∂t
+ (νt − λtρt)

∂p

∂r
+

1

2
ρ2
t

∂2p

∂r2
− rtp = 0. (8.29)
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This equation has the form of PDE, although it is not yet as such
since ρt, νt and rt are still stochastic processes and λt is not yet
resolved. However, we will see that with proper assumptions it will
lead to the so-called bond PDE.

There is another way deriving (8.29) that is based on arbitrage
free argument. In what follows, we sometime omit to explicitly write
some variables for simplicity of notation. For example, when we write
p(t, T ), it should be understood as p(t, T, rt), etc.

Now since all bonds are tradable securities, any bond can be
replicated by any other as long as neither matures. Say, we want
to know how to replicate p(t, T1) with p(t, T2). Think of a portfolio
that goes long with one unit of p(t, T1) bond and short with ∆ units
of p(t, T2) bond. Then this portfolio’s value should be

Π = p(t, T1)−∆p(t, T2). (8.30)

Since this portfolio has to be self-financing we must have

dΠ = dp(t, T1)−∆dp(t, T2)

= p(t, T1) [m(t, T1)dt+ v(t, T1)dWt]

−∆p(t, T2) [m(t, T2)dt+ v(t, T2)dWt]

= [p(t, T1)m(t, T1)−∆p(t, T2)m(t, T2)]dt

+[p(t, T1)v(t, T1)−∆p(t, T2)v(t, T2)]dWt.

In order to kill the random term, we set

∆ =
p(t, T1)v(t, T1)

p(t, T2)v(t, T2)
. (8.31)

Therefore, we have

dΠ =

[
p(t, T1)m(t, T1)− p(t, T1)v(t, T1)

p(t, T2)v(t, T2)
m(t, T2)p(t, T2)

]
dt. (8.32)

If this portfolio is free of the Brownian motion term, it must be
compatible with the riskless bond, this we must have

dΠ = rtΠdt. (8.33)

For further simplicity of notation, we write

p1 = p(t, T1),

p2 = p(t, T2),

m1 = m(t, T1),

m2 = m(t, T2),

v1 = v(t, T1),

v2 = v(t, T2).
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Then equating (8.32) and (8.33) and using (8.30) and (8.31), we have

p1m1 −
p1v1

p2v2
p2m2 = rt

[
p1 −

p1v1

p2v2
p2

]
.

Therefore, we have

m1 −
v1

v2
m2 = rt

[
1− v1

v2

]
,

i.e.,
m1 − rt
v1

=
m2 − rt
v2

,

Namely,

m(t, T1)− rt
v(t, T1)

=
m(t, T2)− rt
v(t, T2)

. (8.34)

Since T1 and T2 are arbitrary, the quantity

m(t, T )− rt
v(t, T )

is seen to be independent of the maturity T and hence depends only
on t. This quantity is called the market price of risk and we denote
it by

m(t, T )− rt
v(t, T )

= λ(t) = λt. (8.35)

Rewriting (8.35) with the aid of (8.27) and (8.28), we have

∂p
∂t + νt

∂p
∂r + 1

2ρ
2
t
∂2p
∂r2

p
− rt = λt

ρt
∂p
∂r

p
.

Rearranging it, we have

∂p

∂t
+

1

2
ρ2
t

∂2p

∂r2
+ (νt − λtρt)

∂p

∂r
− rtp = 0, (8.36)

p(T, T ) = 1. (8.37)

(8.36) is again the equation p = p(t, T ) satisfies, given market price
of risk λt. The terminal condition (8.37) is the restatement of the
fact that the zero-coupon bond pays 1 at maturity. Note also that
once this bond equation is given, the value p(t, T, rt) is completely
determined.

Note also what the market price of risk λt is exactly the quantity
that was used in the Girsanov theorem, i.e.,

dW̃t = dWt + λtdt.
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Thus suppose the short rate model is given by

drt = νtdt+ ρtdWt.

Then under the martingale measure Q, it is given by

drt = νtdt+ ρt(dW̃t − λtdt)
= (νt − λtρt)dt+ ρtdW̃t

= µtdt+ ρtdW̃t.

By dropping the “tilde” on top of Wt and letting Wt mean W̃t, we
have

drt = µtdt+ ρtdWt

and declare this is a risk-neutral (martingale measure) description of
short rate process. With this formulation, (8.36) becomes

∂p

∂t
+

1

2
ρ2
t

∂2p

∂r2
+ µt

∂p

∂r
− rtp = 0, (8.38)

p(T, T ) = 1.

• How to determine λt?

λt is not given endogenously by the model itself. It must be given
exogenously, i.e., the choice of λt exactly corresponds to the choice
of the martingale measure Q. The trouble is that there are infinitely
many possibilities, namely, our argument leading to (8.34) only says
that the market price of risk is independent of T , but it does not
say what this λt has to be. For short rate model, the choice of λt
amounts to calibration — a topic we will take up later.

• Bond PDE

In case ρt and µt are of the form

ρt = ρ(t, rt)

µt = µ(t, rt)

where ρ(t, r) and µ(t, r) are deterministic functions of two variables
t and r, Equation (8.38) can be written as

∂p

∂t
+

1

2
ρ2(t, rt)

∂2p

∂r2
+ µ(t, rt)

∂p

∂r
− rtp = 0, (8.39)

p(T, T ) = 1.

where p = p(t, T, r) is a function of three deterministic variables t, T
and r. In fact if T is held fixed, p can be regarded as a function of
two deterministic variables. Equation (8.39) is called the bond PDE.
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8.4 Single Factor Exponential Affine Short
Rate Models

Assume the short rate model is given by

drt = µdt+ ρdWt

in the risk-neutral (martingale) setting.

Definition 8.2. A short rate model is said to have an (exponential)
affine term structure if the bond price p(t, T, r) is of the form

p(t, T, r) = e−A(t,T )−B(t,T )r, (8.40)

where A(t, T ) and B(t, T ) are deterministic functions of two variables
t and T .

In this section, we study under what conditions such model can
appear. Assume, for now, that p(t, T ) = p(t, T, r) is of the form
(8.40). Plug this in the bond PDE (8.39) to discover that A and B
must satisfy the following equation

−∂A
∂t
− ∂B

∂t
r − µB +

1

2
ρ2B2 − r = 0. (8.41)

In fact, since T is held fixed, (8.41) represents a family of ordinary
differential equations parameterized by T . The boundary condition
p(T, T ) = 1 can be satisfied if we impose the conditions

A(T, T ) = 0,

B(T, T ) = 0.
(8.42)

Assume further that µ and ρ are of the form

µ(t, r) = β(t)r + α(t),

ρ(t, r) =
√
γ(t)r + δ(t).

Plug these into (8.41) to get(
∂A

∂t
+ αB − 1

2
δB2

)
+

(
1 +

∂B

∂t
+ βB − 1

2
γB2

)
r = 0.

Since this equation must hold for all r, each coefficient must be iden-
tically zero. Combining this fact with the boundary condition (8.42)
above, we have

∂B

∂t
= −β(t)B +

1

2
γ(t)B2 − 1,

B(T, T ) = 0.
(8.43)
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and

∂A

∂t
= −α(t)B +

1

2
δ(t)B2,

A(T, T ) = 0.
(8.44)

Note that (8.43) is the so-called Riccati equation and once (8.43)
is solved, (8.44) becomes a simply integration problem. We now
enumerate a few well-known models.

8.4.1 Vasicek model

Vasicek model sets

µ(t, r) = −ar + b,

ρ(t, r) = σ,

where a, b, σ are positive constants. Thus the short rate model
becomes

drt = (b− art)dt+ σdWt.

Note that rt is modeled after the famous Ornstein-Uhlembeck process
which is a random perturbation of the ordinary differential equation

dr = (b− ar)dt

that converges to the attractor
b

a
as t → ∞. (See Example 4.32.)

Note that (8.43) becomes

∂B

∂t
= aB − 1,

B(T, T ) = 0.

This is a simple ordinary differential equation whose solution is seen
to be

B(t, T ) =
1

a

(
1− e−a(T−t)

)
.

Once B(t, T ) is computed, it is an easy matter to find A(t, T ). Since
in Vasicek model α(t) = b and δ(t) = σ2, (8.44) becomes

∂A

∂t
= −bB +

1

2
σ2B2,

A(T, T ) = 0.

We can integrate this to get

A(t, T ) = −
∫ T

t

∂A

∂t
(s, T )ds

=

∫ T

t

[
bB(s, T )− 1

2
σ2B2(s, T )

]
ds,

which is trivial to write in explicit form.
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8.4.2 Calibration

The short rate model in the risk-neutral setting is given by

drt = µ(t, rt)dt+ ρ(t, rt)dWt, (8.45)

where µ(t, r) and ρ(t, r) are deterministic functions involving two
variables t and r. They also involve some other parameters as one can
see in the Vasicek model. The next task of fixing the short rate model
is to fix these parameters. There is, however, one very important
subtlety. Namely, these parameters, and by the same token, the
short rate model itself are not quantities directly observable in the
market. The reason is that this model, being in the risk-neutral
setting, should involve the market price of risk, which again is not
a directly observable quantity. Thus to fix those parameters one
must resort to the “price” data available in the market. This process
of fixing the parameter of the model utilizing the “market price” of
fixed-income securities is called —calibration. We show here a simple
example of calibration.

Suppose p̄(0, T ) is the market price of the bond with maturity T
observed at time t = 0. Then the calibration is a process to choose
parameters of the short rate model so that the theoretical (model)
price p(0, T ) is set to coincied with the market price p̄(0, T ), i.e.,

p(0, T ) = p̄(0, T ).

It is clear that depending on the short rate model chosen one may
or may not succeed in calibration. For instance, the Vasicek model
dose not lend itself to calibration, because while it only has three
real parameters to fiddle with, the shape of p̄(0, T ) can be infinite
dimensional.

8.4.3 Hull-White Extension of the Vasicek and the Ho-
Lee Models

The first breakthrough to remedy the inability of the Vasicek medel
to calibrate came from the model proposed by Ho and Lee. They
proposed the following short rate model

drt = Φ(t)dt+ σdWt,

where Φ(t) is a deterministic function of t, which is to be determined
to meet the calibration requirement and σ is a constant. This simple
device was enough to exactly calibrate the initial data p̄(0, T ).

Hull and White later proposed the following model that extends
both the Vasicek and the Ho-Lee models.

drt = (a(t)− brt)dt+ σdWt,
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where b and σ are constants, and a(t) is deterministic function to be
determined to calibrate the initial data p̄(0, T ). It is trivial to see
that the Hull-White model reverts to the Ho-Lee model when b = 0;
and to the Vasicek model when a(t) is a constant.

Since in the Hull-White model α(t) = a(t), β(t) = −b, γ(t) = 0,
and δ(t) = σ2, (8.43) becomes

∂B

∂t
= bB − 1,

B(T, T ) = 0.

Therefore we have

B(t, T ) =
1

b

(
1− e−b(T−t)

)
. (8.46)

(8.44) becomes

∂A

∂t
(t, T ) = −a(t)B(t, T ) +

1

2
σ2B2(t, T ),

A(T, T ) = 0.

Since B(t, T ) is explicitly given, this equation can be integrated to
give

A(t, T ) = −
∫ T

t

∂A

∂t
(s, T )ds

=

∫ T

t

[
a(s)B(s, T )− 1

2
σ2B2(s, T )

]
ds. (8.47)

Recall that the forward rate is given by

f(0, T ) = − ∂

∂T
log p(0, T ).

Upon using (8.40), we have

f(0, T ) =
∂B

∂T
(0, T )r(0) +

∂A

∂T
(0, T ).

Therefore, upon plugging (8.46) and (8.47) into the formula above,
we have

f(0, T ) = e−bT r(0) +

∫ T

0

[
a(s)

∂B

∂T
(s, T )− σ2B(s, T )

∂B

∂T
(s, T )

]
ds

+

[
a(T )B(T, T )− 1

2
σ2B2(T, T )

]
= e−bT r(0) +

∫ T

0
a(s)e−b(T−s)ds−

∫ T

0
σ2 1

b

[
1− e−b(T−s)

]
e−b(T−s)ds

= e−bT r(0)− σ2

2b2

(
1− e−bT

)2
+

∫ T

0
a(s)e−b(T−s)ds. (8.48)
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On the other hand, from the market data, we can derive the market
forward rate

f̄(0, T ) = − ∂

∂T
log p̄(0, T ),

which is deemed to be given. Therefore the calibration becomes the
problem of finding constants b, σ, and the deterministic function a(t)
such that

f̄(0, T ) = e−bT r(0)− σ2

2b2

(
1− e−bT

)2
+

∫ T

0
a(s)e−b(T−s)ds. (8.49)

Look for a function x(t) such that

∂

∂t

(
e−b(T−t)x(t)

)
= a(t)eT−t, (8.50)

Namely x(t)is a solution of the ODE

x′(t) = −bx(t) + a(t)

Set its initial condition

−x(0) = r(0).

Then multiplying e−b(T−s) as an integrating factor on both sides, we
have

d

dt

(
e−b(T−t)x(t)

)
= e−b(T−t)

(
x′ + bx

)
= e−b(T−t)a(t)

Thus integrating (8.50), we have

x(T )− e−bTx(0) =

∫ T

0
e−b(T−s)a(s)ds. (8.51)

Define

g(T ) =
σ2

2b2

(
1− e−bT

)2
=

1

2
σ2B2(0, T ). (8.52)

Then by (8.51) and (8.52) calibration (8.49) equation becomes

f̄(0, T ) = x(T )− g(T ). (8.53)

Differentiate both side to get, using (8.50),

∂

∂T
f̄(0, T ) = x′(T )− g′(T )

= −bx(T ) + a(T )− g′(T ).
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Therefore, using (8.53), we have

a(T ) =
∂

∂T
f̄(0, T ) + bx(T ) + g′(T )

=
∂

∂T
f̄(0, T ) + b

(
f̄(0, T ) + g(T )

)
+ g′(T ). (8.54)

Since the right hand side of (8.54) involves the quantities that are ei-
ther explicitly given or obtainable from the market, a(t) is completely
determined by such quantities. Hence the calibration is possible.
Note also that the parameters b and σ are not explicitly specified
here. In fact, a(t) can be find for any choice of b and σ. These pa-
rameters will be used later to fit other fixed-income derivatives such
as swaps, floors or caps.

8.5 More Single Factor Short Rate Models

A drawback of the exponential affine term structure models we have
just discussed in the previous section is that they do not preclude the
possibility (probability) of the short rate becoming negative. This is
one of the bad trait all Gaussian short rate models share; and since
it presents many unpleasant anomalies in finance, people tried to
remedy them by making some modifications. Among the well-known
elementary ones are models by Black-Derman-Toy and Cox-Ingersoll-
Ross.

8.5.1 Log-normal Model

Dothan proposed to are the log-normal model

drt = rt (adt+ σdWt) ;

and Black, Derman, and Toy proposed to make these parameters
time dependent deterministic functions. So the Black-Derman-Toy
model is

drt = a(t)rtdt+ σ(t)rtdWt.

One good point of this model is that as long as r(0) > 0, r(t) > 0
almost surely. However, it has an upward bias that tend to make the
short rate get larger.

8.5.2 Squared Gaussian Model

Let Xt be a solution of

dXt = −1

2
bXtdt+

1

2
σdWt, (8.55)
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where b and σ are positive constants. Define

rt = X2
t .

Then rt satisfies

drt = 2XtdXt + |dXt|2

= 2Xt

(
−1

2
bXt +

1

2
σdWt

)
+

1

4
σ2dt

=

(
−bX2

t +
1

4
σ2

)
dt+ σXtdWt

=

(
1

4
σ2 − brt

)
dt+ σ

√
rtdWt. (8.56)

Here we use the fact that the solution of (8.55) is positive almost
surely as long as r(0) > 0. (The proof of this fact is well-known,
but we omit it here.) (8.56) suggest the following Cox-Ingersoll-Ross
model

drt = (a− brt)dt+ σ
√
rtdWt,

where a, b, and σ are positive constants. The merit of Cox-Ingersoll-
Ross model is that the short rate stays positive almost surely if r(0) >
0.

Hull and white also generalized the Cox-Ingersoll-Ross model by
turning the constants into positive derterministic functions of t, i.e.,

drt = (a(t)− b(t)rt) dt+ σ(t)
√
rtdWt. (8.57)

It should be noted that (8.57) still falls into the category of the
exponential affine model. Therefore we can find the formula for

p(t, T ) = e−A(t,T )−B(t,T )r

by setting up two separate ordinary differential equations for A and
B, the details of which are omitted here.

8.6 Heath-Jarrow-Morton Model

Heath, Jarrow and Morton came up with a model that directly de-
scribes the stochastic movement of the entire forward rate curve
f(t, T ) by setting up the following infinite family of stochastic differ-
ential equations for each T :

df(t, T ) = α(t, T )dt+ σ(t, T )dWt (8.58)

Here α and σ are assumed to be “nice” in general. For simplicity we
assume in this lecture that
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(i) for each T , α(t, T ) and σ(t, T ) are continuous stochastic process
[therefore can be continuous deterministic function of t.]

(ii) σ(t, T ) > 0 almost surely for all T .

(iii) α(t, T ) and σ(t, T ) are uniformly bounded in the sense that
there exists large positive constants to and C such that

|α(t, T )| ≤ C,

|σ(t, T )| ≤ C.

almost surely for any t ≤ T ≤ T0.

For more elaborate relaxed conditions, the reader is referred to any
standard text like Financial Calculus by Baxter and Rennie. We also
assume for the purpose of calibration that

(iv) f(0, T ) is a continuous function of T ≤ T0.

Let us now find the formula for the bond price p(t, T ) using this

model. Since p(t, T ) = exp

[
−
∫ T

t
f(t, u)du

]
, we let Y (t, T ) desig-

nate the exponent, i.e.,

Y (t, T ) = −
∫ T

t
f(t, u)du

upon differentiating it, we have1

dY (t, T ) = f(t, t)dt−
∫ T

t
df(t, u)du

= rtdt−
∫ T

t

(
α(t, u)dt+ σ(t, u)dWt

)
du

= rtdt−
∫ T

t
α(t, u)du dt−

∫ T

t
σ(t, u)du dWt

= rtdt+A(t, T )dt+ S(t, T )dWt (8.59)

where

A(t, T ) = −
∫ T

t
α(t, u)du,

S(t, T ) = −
∫ T

t
σ(t, u)du.

1If f(t, u) are deterministic continuous functions of two variable, this differ-
entiation under integral sign is trivial. For the stochastic processes, it has to be
justified. In this lecture, we will not go into the details.
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Thus we can derive the following stochastic differential equation the
bond price must satisfactory:

dp(t, T ) = deY (t,T )

= eY (t,T )dY (t, T ) +
1

2
eY (t,T )|dY (t, T )|2

= p(t, T )
[
rtdt+A(t, T )dt+ S(t, T )dWt

+
1

2
S2(t, T )dt

]
. (8.60)

From this the discounted bond price p∗(t, T ) =
p(t, T )

Bt
is easily seen

to satisfy

dp∗(t, T ) = p∗(t, T )

[(
A(t, T ) +

1

2
S2(t, T )

)
dt

+S(t, T )dWt

]
. (8.61)

What have been developed so far are done under the physical measure
P with its correspoding Brownian motion Wt. Let us now see how
we can introduce the risk neutral framework. Recall that by the
Girsanov theorem we can define a new measure Q so that the new
Brownian motion W̃t is given by

dW̃t = dWt + λtdt.

Plugging this into (8.61), we have

dp∗(t, T ) = p∗(t, T )

[(
A(t, T ) +

1

2
S2(t, T )− S(t, T )λt

)
dt

+S(t, T )dW̃t

]
.

If Q is a martingale measure, p∗(t, T ) has to be a Q-martingale mea-
sure. Namely the family of equations

A(t, T ) +
1

2
S2(t, T )− S(t, T )λt = 0 (8.62)

must be satisfied simultaneously for all T . Upon differentiating (8.62)
with respect to T , we have

−α(t, T )− σ(t, T )S(t, T ) + σ(t, T )λt = 0. (8.63)

As λt depends only on t while (8.63) must be satisfied for all T simul-
taneously once the choice of λt is made, it imposes some restriction
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on the relation between α(t, T ) and σ(t, T ). It is customary to fix
(choose) σ(t, T ); and if done so, (8.63) says that the drift α(t, T ) is
automatically determined by it. It is also customary to put (8.58)
in terms of the martingale measure, which amounts to saying that
P = Q, or λt = 0 and Wt is W̃t. If done so, (8.63) becomes

α(t, T ) = σ(t, T )

∫ T

t
σ(t, u)du (8.64)

and this equation is usually called the “HJM drift condition.” In
other words, in the HJM model, the drift term α(t, T ) is completely
determined by the volatility term σ(t, T ).
From now on, we are Wt to denote the Brownian motion with respect
to the Martingale measure Q and (8.58) is given in the risk-neutral
setting, i.e.,in terms of the martingale measure Q.

• Calibration

Calibration in HJM is trivial. Namely, upon integration of (8.58),
we have

f(t, T ) = f(0, T ) +

∫ t

0
α(s, T )ds+

∫ t

0
σ(s, T )dWs (8.65)

If α(t, T ) and σ(t, T ) are determined by the procedures above, what
remains to be determined is f(0, T ). But it is the initial forward
curve of the HJM model, and it is clear to equate it with f̄(0, T )
which is the forward rate obtained in the market. This naturalness
of calibration is indeed one of the main appealing points of the HJM
model.

• Relation with the Short Rate Models

Putting T = t in (8.65), we have the expression

rt = f(t, t) = f(0, t) +

∫ t

0
α(s, t)ds+

∫ t

0
σ(s, t)dWs.

Differentiating this we have

drt =
∂f

∂T
(0, t)dt+ α(t, t)dt+

∫ t

0

∂α

∂T
(s, t)dtds

+σ(t, t)dWt +

∫ t

0

∂σ

∂T
(s, t)dtdWt

=
∂f

∂T
(0, t)dt+ α(t, t)dt+

(∫ t

0

∂α

∂T
(s, t)ds

)
dt

+σ(t, t)dWt +

∫ t

0

(
∂σ

∂T
(s, t)dWs

)
dt. (8.66)
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[Here, we are, of course, assuming that α(t, T ) and σ(t, T ) are differ-
entiable with respect to T .]
This shows what the HJM model gives rises to the short rate model.
Let us see how the HJM model can be derived from the short rate
model. The formula (8.23) in section 8.2 and the subsequent argu-
ments thereof shows that the bond price p(t, T ) dynamics can be
described in general2 as

dp(t, T ) = p(t, T )[m(t, T )dt+ v(t, T )dWt]. (8.67)

Therefore

d log p(t, T ) =

(
m(t, T )− 1

2
v2(t, T )

)
dt+ v(t, T )dWt

Upon differentiating it and exchanging the order of differentiation,
we obtain3

df(t, T ) = −d ∂

∂T
log p(t, T )

=

(
−∂m
∂T

(t, T ) + v(t, T )
∂v

∂T
(t, T )

)
dt+

∂v

∂T
(t, T )dWt.

This way, it is seen that the short rate model naturally gives rises
to an HJM model. In this sense, both models are equivalent; the
difference is how well adapted each model is to the situation at hand.

• Example (Constant volatility case)

Suppose σ(t, T ) = σ for the HJM model. Then the HJM drift con-
dition says that

α(t, T ) = σ

∫ T

t
σds = σ2(T − t)

Therefore

df(t, T ) = σ2(T − t)dt+ σdWt

Thus

f(t, T ) = f̄(0, T ) + σ2t

(
T − t

2

)
+ σWt

2It is also in the same form as the one derivable directly from the HJM model.
3The change of the order of differentiation can be justified the details of which

we will not go into here.
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where f̄(0, T ) is the initial forward curve obtained from the market
data. Thus the short rate rt is

rt = f(t, t) = f̄(0, t) +
σ2t2

2
+ σWt

Thus

drt =

(
∂f̄

∂T
(0, t) + σ2t

)
dt+ σdWt

= a(t)dt+ σdWt.

Namely, in this case the HJM model coincides with the Ho-Lee model.
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Exercises

8.1. Answer the following questions.

(a) Write p(t, T ) in terms of f(t, T ).

(b) Write R(t, T ) in terms of p(t, T ).

(c) Show that

f(t, T ) = R(t, T ) + (T − t)∂R
∂T

(t, T ).

8.2. Ho-Lee model is a short rate model given by

drt = a(t)dt+ σdWt,

where a(t) is a deterministic function of t and σ is a positive constant.
Its bond price is then given by

p(t, T, r) = e−A(t,T )−B(t,T )r,

where

∂B

∂t
= −1

B(T, T ) = 0

and

∂A

∂t
= −a(t)B(t, T ) +

1

2
σ2B2(t, T )

A(T, T ) = 0.

(a) Show that

f(0, T ) = r(0)− σ2

2
T 2 +

∫ T

0
a(s)ds.

(b) Find a(t) and explain what calibration is.

8.3. (15pt)The market price of the zero-coupon bond that pays 1
after two years is 0.9 and the market price of the zero-coupon bond
that pay 1 after two and half years is 0.8. Calculate the forward rate
during the period starting from two years from now ending at two
and half years from now. Use log 0.8 = −0.22 and log 0.9 = −0.11

8.4. (a) Write down the stochastic equation for the HJM model in
the case of constant volatility.
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(b) In this case, write down the stochastic equation for the short
rate model.

(c) Explain why and how the calibration can be done so easily.
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