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2007-II

1. Let σ be the restriction of the 1-form x1dx2 − x2dx1 + x3dx4 − x4dx3

on R4 to the standard unit sphere S3. Does there exist a point in S3

where σ vanishes? (10 points)

2. If X is any closed connected subset of the plane, and U is a bounded
connected component of R2 −X, show that every closed 1-form on U
is exact. (10 points)

3. A vector field is said to be complete if its integral curves are defined for

all time. On the plane R2, is the vector field x2 ∂

∂x
+ y2 ∂

∂y
complete?

(10 points)

4. Let γ =
{

(x, y) ∈ R2 | x2 +
y2

4
= 1
}

. Compute

∫

γ

(y − 1)dx− xdy
x2 + (y − 1)2

,

where γ is oriented counter-clockwise with respect to the origin. (10
points)

5. Let Σ be a compact oriented regular surface without boundary in R3.
Does there exist a point p on Σ such that the Gaussian curvature K(p)
is positive? (10 points)

6. Are there three vector fields X,Y , and Z on the 3-sphere S3, which
are linearly independent at every point in S3. (10 points)
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First, one shows that in U all loops are contractible (otherwise X is not
connected) Then, if we denote the one form by σ and fix x0 ∈ U . For any
x ∈ U , choose a smooth path γ connecting x0 and x, one can set f =

∫
γ σ

then f is well-defined and df = γ.
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