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Google Ranking System: PageRank

m Google = Google search engine + PageRank

m search engine& 257 Q4 H WH
m PageRank

m Sergei Brin and Lawrence Page et al., January 29, 1998
m "“The PageRank citation ranking: bringing order to the web"
m Technical Report, Stanford InfoLab, 1999
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m lim A"X? No way (in general)!?

m—>00
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m Ae M,(C), xeC
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m \-eigenspace for A

multa(A) = m if ¢a(t) = (t —X)"g(t) and g(\) #0
m the multiplicity of A for A

dim(Ey) = mult,(A) 77

m 9HF multa()) = 1097



Dominant Eigenvector (Principal Eigenvector)

m dominant eigenvalue = A7k 7} 2 eigenvalue

m dominant eigenvector

m 7H¢F dominant eigenvalue A > 0 |f& 3},

muItA()\) =1 0]‘?‘1

m

n!lnoo W = the dominant eigenvector

= (57) AL AAG-
m [%-norm °|Y} Ll-norm o ).

m dominant eigenvector o] &l o] ?



Dominant Eigenvector

m U'AU = D = diag (A, An), AMX = ubmu—tx
m assume A1 > 0 is the unique dominant eigenvalue
m assume multa(A) =1

m write U = (u;), U 1X =(y;), assume y; # 0

B lim ATX/[|ATX]| 9] k-FEE7?
m—00

. >, ug Ay _ )\i"zj”kj(%)myj . " i
. ATy 2 S\ m Nus 2
VEIZ uihy] AT\/ZJEJ-UU(%) ul Vo

w webA lim ATX/|ATX] = (U 9] A D] )

m U2 AWHA column=A<2] dominant eigenvector
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Dominant Eigenvector

m lim A’"X/HA’”XH% X o} 234
m—00
m “Power Method" :
m A Xof b3

m m= 7] 7FdA] dominant eigenvector &] 247k 3ttt
m 9 X 227

m ZF1: (L-normolgtd) [[ATX| =1

m if Ais a Markov matrix and X is a probability vector
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Dominant Eigenvector

m ("Matrix Computation”, " Applied Linear Algebra”)x%

~ dominant eigenvector & power method

m Brin-Page: Golub 9 S84 79 E¢}7}------
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Positive Markov Matrix

X = (x;) € R" is a probability vector if x; > 0and ), x; =1
m A € M,(R) is a Markov matrix if every column is a
probability vector

m Markov matrix = stochastic matrix = transition matrix

m X € R" or A€ M,(R) is positive if every entry is positive

B limy, e ATX o] 33t ‘2H 53V theory =
A 7} positive Markov matrix Q1 73 -$-oj| 9t Z ) !

m regular Markov matrix - -----
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PageRank

m r; = (PageRank of the web page i) >0

m 300 2% A9 r,-:z

J—i

1

r
N;
mj—i: jOA i ZE 7t link A

(] Nj:|{k|j—>k}}
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/\I/J- ifi£jand j—i
0

m put a; =

otherwise

l

m a; =0, & self-link & FA|

m 3002 8Re] B ri= 3 ayn (1A AREEA)

=~

m R=AR, where R=(r;) e R", A= (aj) € M,(R)

m A9] eigenvalue 12l eigenvector R = 24| (n=59)

m R9 °o]&2L rank vector
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AS=A

m Brin-Page 9] |2 E= r=c) ;a1

m “c is a factor used to normalize o] F& ...

m A If Ais Markov and R = (r;) exists s.t. R = cAR and
> i #0, show ¢ =1.

mrecall r; >0

16 /32



Uniqueness Problem

m eigenvalue 121 A 2] eigenvector o] 8lo]d?

m A7} block-diagonal matrix ©]H ?

m Brin-Page: “there is a small problem - .- two web pages

”

that point to each other but to no other page ------

m A 2] dominant eigenvalue 7} o] 8l o]t 2t A

= POl B (@A) o] DL
m note: A is a very very sparse matrix
n 4P 00 We AP A BAL BT
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Markov Matrix

m 1A =2 (HE): 3E Aec My(R) ol zero column QoW
zero column & t(},, L. =04
m 23: AE Markov matrix 2 W& 7] 9 3)

rlr

outlink 7} 3t % ¢l page= ZE page (A7) AHAl
E3) E 7} outlink 7} 9= Ao g 7hE

o] Al Markov matrix
A9 REFEE 0 olAo]ll ZF column g & 1

A2 B E column vector = probability vector

T
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Existence of eigenvalue 1

m 18 34 Markov matrix 8] eigenvalue
B (A=Y rowss T2 0], det(A—-1)=0

m Gerschgorin's disk theorem

m ) € C7} Markov matrix 2] eigenvalue o] ™, |\ <1

m i.e. 1 is a dominant eigenvalue of A
B 9L trivial (2= 9 #8)
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Gerschgorin's Disk Theorem (1931)

m'A=B=(bj), BX=XX, X=(x)#0, pi = > |bjjl
m choose k s.t. |xq| = max;|x;j|, thus xx # 0

m D25 bixi = Axi, Doy biiXj = Axk — biacxi
b
| | |A— bkk| = |M| < Zj#k |ka| = Pk — |bkk|

B A = |\ — b + bk < A — bri| + |brk| < prc

m Gerschgorin is a Belarusian Jew

m transliteration from Yiddish spelling

m Gershgorin, Gersgorin, Hershhorn, Herschhorn, ---
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Google Matrix 2} Damping Factor

m2X"WE: G=dA+ 191, 1& =

n

il
Y
==
N
N
—
(o,
o
nd

m G = Google matrix

m d = 0.85 = damping factor

B ‘damp’ = E3A7ITH (I E (TS WEH), GEHAIZIH

m damping factor d = 0.85 & =3t 53

0.15/n% A2] zero (—‘-:,’—_0,] a8k .’.'r:)

m G = positive Markov matrix (& &3 )
u
T

positive Markov matrix &] 7 $-of|
m ThE Y2 A 3o
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Positive Markov Matrix

m JE]: G 7} positive Markov matrix ©] &,
m 18 G9 FY3 dominant eigenvalue
B S A7 GY eigenvalue o]l [N =19°]9H, A=1
mdim ¢ =1, multg(l) =1

m G 2] dominant eigenvector -3} T} !

m "Power Method”

n A (5] FE 59l 22)
m dim E)\,B =dim EA,'B
o €C, g+ +al=|a|+- 4+ |a| =77
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Markov Chain

m J2]: G 7} positive Markov matrix ©] 9,
m L= lim G" 27 (GL=LG=1)
m— o0
mL=(R,R,...,R), & ReR"2 (positive) probability
vector ©] 21 G £] dominant eigenvector (PageRank vector)

m for any probability vector S € R", lim G"S =R

m—>00

m 5 : Friedberg-Insel-Spence §5.3, §7.2 3=z
m G7} ) Z+3) ¢F E 1 Jordan canonical form Z &

m key = multg(1) =1
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KEY: multg(1) =1

m YHSF dim(Ey,6) < multg(1l) o] ™

1 00
moE E9], Gof Jordanblock [1 1 0] ° o
011
1 0 0
G"ol= [m 1 of YEE: T4t
* m 1
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A-Jordan block with |A| < 1

A
m o £ Eo], Gof \Jordan block | 1
0

AT 0 0

G" = mA\™—1 A 0

m("27*1)>\m72 mAmfl P

= > O
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Power Method

m PageRank & A% G525 2 £E3ltta (= G?S~R)
m 999 probability vector S & A]Z+sFA L
m S=t(L 1 Dz NgeAy
m 7| &2 PageRank vector ol A A] &+ ALt

m power method: GS, G(GS), G(G(GS)), ---

m PageRank vector R 2] o] &%

m Perron-Frobenius vector, fixed probability v, stationary v, ---
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Markov Chain: an Example

m Pr(city-to-city)=0.90, Pr(suburbs-to-city)=0.02,
Pr(city-to-suburbs)=0.10, Pr(suburbs-to-suburbs)=0.98,

0.90 0.02 ~1 1 0
m G= , U= )1, D=
0.10 0.98 3 0 0.88

10
m UGU =D, note lim D’”:( )

oo ol
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Markov Chain :

lim G™ = lim UD™U! =
m—»00 m—»o0

m =

HEOE R

WE] S =
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RRE 3}

= 91919 (1)
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Random Surfer Model

m random surfer 7} 91 2] 2] web page ol A A] 23] A

m 7% TFE web page & randomly ©]% (©]A})
m IR page?l link & click 3} A
m link & click 32| ¢k 9do]e] T} page & ©] &3 AU

m gj =j-page oAl i-page 2 & AZ (A H2) &
n &G =(gy)

B RE ool o]F F surfer 'YX SEHE'
m surfer = & 8.3k (rank 7} £2) page°ll 3l& FHE°l A0t
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Random Surfer Model

m FA A = 7]
m surfer 7} A A page 2] link & click& 3% 85%
m link & click3}%] 931 T} E page 2 o] 5 &EF 15%

m damping factor d = 0.85 (24 WA)E ¢t H
m oty AR A A QA HAF?
mgi #02 oAAEGA HA? (A7) HellA A7) FJ o= o]AR?)

od.
9
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Perron-Frobenius Theory

m A7} positive matrix ©]
® unique dominant eigenvalue A > 0

m a positive dominant eigenvector
m multa(A) =1

m A7} non-negative matrix 0| ¥, -..... )

[
UE‘J

AEA

m C. D. Meyer, Matrix analysis and applied linear algebra
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m dF1: keyword search A ? Z A rank vector Al AF H#|?
m keyword search W A2} n2 HE I ¢S
m AA(n=59) rank vector =, o & E9of, 3} ok Wuk AAL?
Ao] rank GEWE?

m search for perfect matches only ?

m ¥ 3: SClimpact factor-- - 7 SNS follower 52} ?
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