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HomAlg §1.1
VIR version-150901

25 [, All-47]
A [3, L1-1.2]

25 (7hH (] oA Zo] 8]+ multiplicative identity 1 & 2= ring

3} R-algebra 9+& t}Et}. ©, subring, subalgebra =+ ideal < 12 ZtA|

orolx= &£t} 18]a S7FRY subringo]il 1g € So|H, 1g =1 °]2taL 7}
%

R (algebra ) FE BAIA). B2 [L]olM2] SF4ES 48 HE
stot. S

(1) [IL, &5 1.2.10]: 140.

(2) [II, <<% 1.4.1]: EE R-module< unitary.

(3) [II, ¢F< 1.4.11]: R-algebragtal &3}, R-2 commutative.

1



(L}) EE ring homomorphism 3} R-algebra homomorphism 2 1& 1 & ®H\

o3 A .

I Skew-field ¢l Z-9+= Az ok &A= = (10, §2.3] F=.



1.2. MODULES 3

2. Modul
1.2 Oauies HomAlg §1.2

o] ol R<L (not necessarily commutative) ring ]2 &2 1€ R. version-130812

Mol 1.2.1. left R-module rM, right R-module Mpg.

& 1.2.2. RO| commutative ring 0| left R-module = right R-module.?
B™®: Mo| left R-module ¥ W], L 2% A4+7L
Tr=rx, (xe M, reR)

Z Aot M L2 F A9 right R-module ©] Et}. I o] right R-module o]
(2 left R-module o] T2+ Slof Welil) 9% F4FL-. (IE E

w2bA] left R-module 3} right R-module2 &S Q71 &= A=

R ©] non-commutative ring & wj2o|c}.

AHALEZ2A| 1.2.3. For left R-modules M and N :

71 Show Homp(M, N) is a Z-module (abelian group).

)
) If R is a commutative ring, then Hompg(M, N) is an R-module.
HALSE2A| 1.2.4. For a left R-module M :

7t) Show Endr(M, M) is a ring.

t) If R is commutative, show Endg(M, M) is an R-algebra.

ASEAM 1.2.5. For a left R-module M :
Show Hompg(R, M) ~ M as abelian groups.

If R is commutative, show Hompg(R, M)~ M as R-modules.

HASEM 1.2.6. (71) Compute Homy(Zy,Zy) for m,n=0,1,2,....
(L) Compute Homgz(Q, Q).

Mol 1.2.7. (R,S)-bimodule pMg: the left module structure and the right

module structure should be ‘compatible’.

29 Qe ous Aol 23994 4%,
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oy

H711.28. (7}) R A4l (R, R)-bimodule.
(L) 1e S<Reol¥, RS (R,S)-bimodule.
(EH) ¢: R — S 7} ring homomorphism & W}, S+ (5, R)-bimodule.

H7]1.2.9. Ro°] commutative € W], left R-module M -2 (R, R)-bimodule.

o}

e

A52Alet AR WAL [4, p.203, p.206] oA 2 5+ ATt

&5 EAM 1.2.10. (7}) Let gMg, Ng. Define a natural right R-module
structure on the abelian group Homg(M, N).3

(L}) Let sMpg, sN. Define a natural left R-module structure on the abelian
group Homg(M, N).

39 left R-module structure= A& 4 =7}



1.4. DIRECT PRODUCT AND DIRECT SUM 5

1.3. Direct Product and Direct Sum HomAlg §1.3

version-150901
2g5: [I1, Ch. 9]

A& 3, L3].

1.4. Free Modul
ce Moduies HomAlg §1.4

version-150901
24 (11, §1.7 2 Ch. 10].

Xt [3, L4).

8= [II, §11.1] | A integral domain D $] oAl free D-module 2] rank
(dimension) 7} 2 FoJ =& Z& Wit o] #iY HExE+E °]E commutative
ring o] A$=2 &= ZAoltht o]JA R commutative ring ©] 2k 3}A}

& 1.4.1. M2 R-module0| T, a's RQ| ideal 0|H, M/aM 2 XFAAR L
R/a-module structure & Zt=Ct5

B2 rcRrzeMAW, ra=r

AL] T
9] well-definedness. ©]+&= th2 (9<%73h)

J Ol

ra—r'a =(r—rYa+r(a—a)

4olAl B, o] W& [II, §11.1] ¢l ZFAANE =% A QDP.
50] 2o statementoﬂ‘_ aM <pg MOIE}“ ool *‘b'Lﬂc’] 8 2¥A, = aM Y B9
7F BEAAA (Folofof 3heA) 58 Adete 22 °]7<ﬂ\_(4ﬁ”ﬂ He) 54E9 %ol



(@)

M1g 55

ALSEA 1.4.2. M,E= R-module, N; <z M;°]1, at R9 ideal & ufj, T}
= Hoet

(1) @ierM;/ ®icr Ni = ®icr(M;/N;) as R-modules.

(L) @ieraM; = a(®ierM;).

(BN @ierM;/ ®ier aM; ~ ®ier(M;/aM;) as R/a-modules.

2

BA| 1.4.3. RO| commutative ring 2 [, free R-module M 2| rank &= well-

M : Zorn’s Lemma©l] 98 R-E 34 maximal ideal m S Z+=t}6 o)A
mojx

=
o
M = @ierR o2k 819, FAS] mR =
GierR/ ®ier MR = Gicr (R/mR) = ©icr (R/m)

o]t} (R/m-module isomorphism). Z#¥d R/m2 fieldo]2g, wWEF7He]

dimension 9] well-definedness 2 28 % Z. O

W, Zorn’s Lemma & AHE-3HA] o S E vkl gk’

1831 B8 R o] non-commutative g mjoll= YulA © 2 free R-module &
rank = Z A o] 5 %] ¢}=1t}. Counter-example 2 [2, p. 26, Exercises 4.1] ==

[4, p. 190, Exercises 13] ZZ.

611, HA) 14.1.6] ZF=x.
74, pp. 184-186] 2 A=

=
e
%0
)



Al 2 & Categories

Homological Algebra & WA A7) 8= Zo] HlE Ao AX g A 7ZHE kS 95
category & WA 47). Category & ol [II]2] OO So] B3| At)

2.1. Categories and Morphisms
HomAlg §2.1

ol K e A Z version-130812

29| 2.1.1. A category C consists of the following data: a class of objects
Ob(C), a set of C-morphisms Mor¢(A4, B) for A,B € Ob(C), and a law of
composition

Mor¢ (B, C) x More (A, B) — Mor¢(A,C)

for A, B,C € Ob(C), denoted by
(gaf)'—>gof? (fEMorC(A?B)v QEMOTC(BaO))

satisfying the following axioms:
(1) Foreach A € Ob(C), there is a morphism (called the identity morphism)
ida € Mor¢ (A, A) such that

foida=f and idaog=g
for all A € Ob(C) and f € Mor¢(A, B), g € More(B, A).
(2) The law of composition is associative, that is, if A, B,C,D € Ob(C),
then
(hog)of=ho(gof)
for all f € Mor¢(A4, B), g € More(B,C), h € More(C, D).



8 Al 2 & CATEGORIES

H7|H 2.1.2. (7}) Write AeC if A€ Ob(C).
(L) Write f: A — B if f € More(A4,B). (f7F &7} ol &)

Caution 2.1.3. Hu[3, §IL1-§11.2] = Ath(!) H A npA] L.

Remark 2.1.4. (7}) A ‘class’ of objects, NOT a ‘set’ of objects. ‘class’7} H
AEe? Qe R P

(LH) A ‘set’” More(A, B).

(CH & Fo3] HolA ¢Avk(?), T2 2AL F7I57]% 3r}: the sets
Mor¢(A, B) and More(A’, B') are disjoint unless A = A’ and B = B’.

(2}) ida € Mor¢(A,A) = EE unique: idg =idaoidy =id}.
Aol 2.1.5. A category C is a small category if Ob(C) is a set.

H7]2.1.6. (7) The category of (all) sets Set: morphism-2 function.

(L}) The category of (all) groups Gr, the category of (all) k-vector spaces Vi,
the category of (all) (left) R-modules Modg: morphism -2 homomorphism.
(E}) The category of (all) abelian groups Ab, the category of (all) finitely

generated (left) R-modules: morphism -2 homomorphism.

[TI] ol A2} Z+o] $-8]+= multiplicative identy 1& 2= ring 3} R-al-
gebra ¥+& t}Eth! © subring, subalgebra, ideal < 1& ZtA] Yotz =
t}.

H7]21.7. (7}) The category of (all) rings Ring, the category of (all) R-
algebras Algg: morphism 2 homomorphism with 1+ 1.

(E}) The category of (all) commutative rings CommRing, the category of

(all) commutative R-algebras Comm.Alggr: morphism -2 homomorphism with

1—1.

A9l 2.1.8. (7}) A category D is a subcategory of a category C if Ob(D) C
Ob(C) and Morp(A4, B) C Mor¢(A, B) for all A,B € D.

(L}) A subcategory D of C is a full subcategory if Morp(A, B) = Mor¢(A4, B)
for all A,B € D.

13283 oJ7 3] R-algebra gty @3lH, RS commutative.



2.1. CATEGORIES AND MORPHISMS

H7]21.9. (7) Ab is a full subcategory of Gr.
(L}) The category of (all) finitely generated R-modules is a full subcategory

of Modg.

H7| 2.1.10. Category CG is defined as a full subcategory of Ab with

Ob(CG) = {Z/nZ | n=0,1,2,...}.

Then CG is a small category.

=5
2+ 9tk ¥ ohyel More(A4,B) =04 5 ot
H7] 21.11. (7}) The category of (all) topological spaces Top: morphism

o Pnton
- \_‘:“l—tly:]!’—’—'

(L}) The category of (all) ‘pointed’ topological spaces Top; :
Ob(Top,) ={(X,2) | X € Top, z € X}
Mor7op, (X, ), (Y,y)) ={f: X =Y | f is continuous and f(z) =y}

Fundamental group m(X,z) 7} A Zhdc}.
(CF) Let X € Top. Define the category T(X) by

Ob(T)={U C X |U is open in X}

and Mory(U,V) =0 if U is not a subset of V, and Mors(U,V) has a single
element vpyy : U = V if U CV, where (yy is the inclusion map.

o= 9¥ S0l B category 5 WA B Aol

(517
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2.2. Isomorphisms

HomAlg §2.2

version-201011 22]l+= ¥ homomorphism (morphism) X ¢} isomorphism & WA A 23}
£2 F9 wob %o Tsomorphism 2 o] & wpRs] 0] 1 ‘o] S7 Thew 2
AHo=r o...... . 7] homomorphism -2 bijection ©] old TE Q=
1somorphism---- -+ . Category 59| isomorphism 2] A 2] 2} homomorphism 2]
Aot 995 Aol ohyr! 330l L2k Uit Hu ALE % 4 Aok
A9l 2.2.1. For A,Be(C, ¢:A— B is an isomorphism (C-isomorphism) if
there exists ¢ : B — A such that ¢op = id4 and pot) =idg. °o|u] A~ B=Z

QE} =3 201011 7).

& 24l 2.2.2. (7}) Isomorphic relation 2 equivalent relation Y& X of 2}
Lh) 91 Aol 221004 p& (EABTE) §ABL mA}
A2 Al
H7] 2.2.3. Category of ‘candies’ Cy,w : For fixed k-vector spaces V and W,
define
Ob(Cy.w) = Homy(V, W),  write (V5W) € Cyu.
S Cyw € RS2 AlIAL ©lAl morphism (‘BHd 'S 4] AR’ 2 o]
o

2= RS A7 Z 350 27 et B

V—L——w
eln o) zzlw
Vv o w
O] A morphim & Fo] & 4 U}
More,, ,, ((V 4

)
2 °13]7) S8 Tl A B

7 Hct?

2AAE Cyw 7} category 7} Bl & AL HAHE o] &l (morphism 52| A4S A H s of gir}).
Foz o) A AFaA Ferh




2.2. ISOMORPHISMS 11

ASEX 2.2.4. § A 223004 — BE Cyw-morphism S HA o3
S w} — Cy,w-morphism (p,%) 7} Cyw-isomorphism & T2 FEZAL o
GL(V)oli ¢ € GL(W) ¢ AYS Hojef = VW7 3L L off o
o] dojg A5z}

Candy @} cookie & z}o]&=7?
H7| 2.2.5. Category of ‘cookies’ Cy : For a fixed k-vector space V, define

Ob(Cy) = End(V),  write (V5V) ecy.

N

Cy = BAFEE AL olAl thAl 3% 2ehrt et HE. .o

1% L 1%
elu O zzlsa
14 — v

Fo: BE VY olg uRE she ngs ok 9t dek(V ) AR o
£ 08 W7 F A8 AZRTHE, ol ‘cookie 7} ohul 3 ‘candy’ol o). o]

Al morphism 2 A9 4 Q)
More, (VEV), (VEV)) = {p € Endp(V) | Moy =poL}
= 3 AL nES A ASE "3
.6. 9 A2 2.2.59 4] Cy-morphism ¢ 7} Cy -isomorphism ¥ &

2
24 e GLV)Q AQE Heleh = VL KUY 0 o & 3
go) doj2 WSk (B2 VY /AL sz ugsok 9 vt ek

o%

S2AM 2.2.7. (7}) F category Cyv & Cy 9] Aol H & =312}

Lh ARt — B VA SBAAL 0 category Oy 9 BRebT T 5
ot g [I]olA AAZHEE category Cy,w & A ZH8HA] @Fal category

R CRCECEVEY

a

Cy R small category.
[I, 434 5.6.1] FH=.
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ALEA 2.28. U,V,WE nAsn, sm UBVEW)EL object =

category & A 9] 5}&}.

e
III)
MO

M| 2.2.9. Category B2 object = ©]
Ob(B) ={(V,B) |V €V} and B is a bilinear form on V}
gt & u], A 22$ B-morphism < 7 2| 3}e}>

sugk o, (WA (I, AG5EA 2.1.15, 2.1.17] & B%3tet. Lang[6, p

121 = @z
H7|2.2.10. Commutative ring RS 143}, category Alglt &
Ob(Alg") = {a € Hom (R, A) | A € Ring, ima C Z(A), a(l) =1}

2 AL (oAl Alg® 2] morphism -2 2. 2oy ALz S A7)

R R R
« B

O ° O ?

A . B A B

[TI, Ad5EA 2.1.15, 2.1.17] ] &J3}H, the category of R-algebras Algr 3}

category Algh & ‘BAA 07> 7S category------ 2

Ir

N

A7 Aol Utk

AR 2.2.11. (7}) AbS} Modz &= ‘BE-AH o2’ 72 category?
L}) The category of (all) cyclic groups 2} ¥ 7] 2.1.10 &] small category CG +=

‘B 7 L category ?

—~~

5(1, §10.5] F=.



2.3. FUNCTORS 13

2.3.  Funct
HeLors HomAlg §2.3

Algebraic structure ZVe] ‘structure preserving function’-S homomorphism version-150827
ojgtx BH 50|, category 7+ ‘structure preserving function’< functor 21

HE21t}  Category @ structure = identity morphism ¢ £#]2} morphism 2]
Fgwo,

el 2.3.1. (7} Let C,D be categories. A covariant functor F' : C — D
consists of the following function (s):
F : Ob(C) — Ob(D)
F : Mor¢ (A, B) = Morp(F(4), F(B)), (A,B€e()
satisfying
(1) F(ida) = idpa) for all AeC.
(2) F(gof)=F(g)oF(f) forall f e Morc(A,B), g€ More(B,C).
A 274 (1)F (2) = &3] ‘functorial property’ 2ty &2tk F(f) = f«
9] ‘lower star (F& o}2}] star) B7|HE AF AFE-3hoh
(L A (7h) @2 BeolollA, sz ko] Y, =
F : Mor¢(A, B) — Morp(F(B), F(A)), (A,BeC)
F(gof)=F(f)oF(g),  (f€Morc(4,B), g€ More(B,C))

o], FZ contravariant functor 2}31 2t} F(f) = f* 9] ‘upper star (]
7N 9] star) B7IHE AF AR

£

o
rH
m]o

Functor & ¥} 344k o} 4 A zbsto) (olu] 2 H FF o] ).
%_

[II, §10.4] Fx). 292 2

of

242232, F:C— D7} functor Y I}, A=~ BeCO|H F(A)~ F(B) eD.
& g S e A9 ZE AL functor ] Aol W 4 ek

B7]23.3. (7)) Identity functor: A covariant functor ide : C — C defined
by idc(A) = A and ide(f) = f.

(L}) Forgetful functor: A covariant functor F : Ab — Set defined by F(A) =
A and F(f)=f.
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H7]2.3.4. (7}) Torsionpart: [II, p. 24] &=. When R is a domain, define
a covariant functor F : Modr — Modg defined by F(M) = M;,,. Note that
an R-linear map ¢ : M — N naturally induces ¢|as,,, : Mior — Nior.8

(L}) Restriction of scalars: [II, AF5wA 3.2.11]3 2 %79 Z=. Define
a covariant functor F : Modr — Modg defined by F(M) = M. Note that an
R-linear map ¢ : M — N naturally induces an S-linear map ¢ : M — N.
(B} Abelianization: [II, &Z 4.5.15] FZX. Define a covariant functor F :
Gr — Ab defined by F(G) = G/[G,G]. Note that a group homomorphism ¢ :
G — H naturally induces a group homomorphism ¢ : G/[G,G] — H/[H, H].
(2}) Free group: [II, §10.4] FZ. §2.4 0|4 thA] t}Et}.

(OF) Fundamental group: E7] 2.1.11 (V) & =, m : Topr — Gr.

9| 2.3.5. Covariant functor 5 7l €] 34 (composition), contravariant func-

tor = 7ol g 2.

H7| 23.6. (7F) Dual functor: A functor *:V, — Vi is defined by
#(V) =V* =Homy(V,k),  (V€Vy)
() =¢", (v € Homy(V, W),

where ¢* : W* — V*is defined by

" (g)=gop, (geW™).

VW
*
V¥E_WH
o]2 &, dual functor * = contravariant functor.

(L}) Double dual functor: dual functor & F W AL, x*x: Vp — Vg.
vV-ESw
Vv* ﬁ w*
ans s0_>‘°k> W

w}2}lA] double dual functor #x = covariant functor.

SIntegral domaino]gt= 2 AL o FQ37}?
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SR, o Bl A mhebThE ol A7 e Gy V
V** & “paturally” identify! S A] identity functor 2} double dual functor =

BgRo = 2}

Natural transformation 2 functor & 7+2] ‘structure preserving function’. <

‘functor & ZFe] morphism’.

Mol 2.3.7. (7}) Let F, G:C — D be covariant functors. A natural trans-
formation o : F' — G is a collection {ax € Morp(F(X),G(X)) | X € C} such

that
Fx)— o py)
ax O oy (f € More(X,Y))
G(X) —5> G(Y)

is a commutative diagram.

(LH 91 (hH & AolA BE ax 7} D-isomorphism ©]H, «E natural
equivalence &}l 21, o: FSGE £7]. & 3294 X9 F functor =
AR PR .

(C}) % contravariant functor 7+2] natural transformation 3 natural equiva-

lence = u}zE7}A].

AL 2| 2.3.8. Identity functor id : Vi — Vi 2} double dual functor =x :
Vi — Vi Abol9] natural equivalence v : id —» xx & Zolg}. B2 o} Abzt
ﬁé

v— -w

vy |0 O | vw (¢ € Homy,(V, W)

*3% *%
V — W
ga**

S AZAsIH A, (Yy & “natural” isomorphism ¢ 2} 2= o]F)

T 3302 gEith Uee BARoR (AA4) TL category. (A

22211 F2)
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A9 2.3.9. Two categories C, D are isomorphic if there are covariant (or con-
travariant) functors F': C — D and G : D — C such that G o F' = idc and
FoG=1idp. ol CD=E %7].

A& 24| 2.3.10. (71) Show Ab~ Mody and Ring =~ Algy.

(L) Show Algr ~ Algh. (®7] 2.2.10 F=x.)

(CH If R is commutative, show that the category of (all) left R-modules 9015
is isomorphic to the category of (all) right R-modules J1}.

(2}) Let G be a group and k be a field. Define the category of (all) repre-
sentations of G over k, and show that it is isomorphic to the category of (all)

k[G]-modules.”

olAl B, o & Eol, [II, 3F 1.4.8, WA 2.2.18]7} BA 1.22 S ‘&
'S isomorphic category & A 3}7] 93 Aol t.d

ThA] Z3FW,  isomorphic category & ‘3] HZL’ category & ST
(ebA, 2 Au)7 glch) oAl 23 /Hd-S equivalent category ©]
o (AT 2211 F B2

Mol 2.3.11. (7}) Two categories C, D are equivalent if there is a covariant
functors F : C — D such that

(1) For D € D, there exists C' € C such that D = F(C).

(2) F is full and faithful, that is, F : Morc(A, B) — Morp(F(A), F(B)) is
bijective for A, B € C.
olgl ¢-=D=E FE7).
(Lh 1 (7F) &9l A F 7} contravariant ], C, D+ anti-equivalent 3} T} 17
3, ¢ ——— Do B7HE AHE37IE Ak

IS EA 2.3.12. 2 7] 2.1.10 #FZ. The category of (all) cyclic groups &
C2E7)84, C-5C UYL Ko

T, A 2.2.18] F=.
8181 By, [II]olAE — T3P dHAE — isomorphism®] functorial property ©l
#ot AF2 sty ERE S 4 ATh
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o2 & 2329 AFA 9.

o|X

He 545 %

rlo

P& 2.3.13. If F:C-Z5D is an equivalence, then A ~ B € C if and only if
F(C)=~ F(B) €D.

HALS2A| 2.3.14. If there are covariant functors F :C — D and G : D — C
hat Go F —5ide and F oG —5idp, show that C = D.

19}
o}
e
=
=+

Discussion 2.3.15. Is the categorical equivalence symmetric? In other words,
does C=5D imply D-=5C7 9 A5EA 2312004 ¢ 5005 A Y3he

77 9 A5EA 23149 95 AHY3=71? &, Axiom of Choice------ 1?

Category theoretic foundation & 2|7} @o] Hal| £ set theoretic founda-
tion (axiomatic set theory) = A|¥ Xpo]7} 9,910 A3 whukslx] Qi &
A5 AAZ 2R D7 E 5. Cataegory Theory ol A 74 Z 4] of& &

=
“Zx oz small category ¥+ A ZHstH Hop = _

rl
flo 4

Al7ke] 9do ™ functor category =7}
[e]

Categorical (anti-)equivalence ] non-trivial example 52 o}u} tj<4=7] 8}t

oAl Ao Z WA & Aotk [1, 1.3.8 ¥ I1.2.3] F=.

9Fgut th A FT class & thEE TlA oln] £ A nio|th
00584 23149 4% 4TI state] o] 9= A% Aok AL Sof [12. BE [12]9
logical foundation2 2]} th=t}
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2.4. Universal Objects and Free Objects

o] fiol A= [II] oA o8] ¥ 723t universal property 2] 58 23] 3t
o

A9l 2.4.1. U € C is called the initial object (universally repelling object) in
C if |More(U,A)| =1 for all A€ C. U € C is called the terminal object
(universally attracting object) in C if |Mor¢(A,U)| =1 for all A € C. Both

initial object and terminal object are called the universal object.
Why ‘the’ ?
ZHEF 2.4.2. If the initial object exists, then it is unique up to isomorphism. If

the terminal object exists, then it is unique up to isomorphism.

0q .
=)

ol

H71243. (7}) In Ab or Modg, 0 is the initial object. It is also the
terminal object.
(LH) In Set, the set with a single element is the terminal object. The initial

object in Set does not exist 7 Oops, the empty-set------ ?

9452 H| 2.4.4. Show that the empty-set () is the initial object in Set.!! Z!

9 H71E2 EE Azt gl A AR 27t B34S 2= universal ob-
ject = free object 0]t} 8+ oln] [II, A 107] AN A free group, free
(left) R-module (free abelian group = Z3}), free R-algebra (free ring & = 3}),
free commutative R-algebra (free commutative ring 2 Z3}) 52 #jc}.!2 o]

E2 o|2 A 3}H universal object & QA& = JS7}?

27, oS B, free group S ST 115 = Fp(S) T2 (S5 Ful9))
2 271399 AL 71 - )

1A o] A5E A= categor,
120] 712 29| ring3} algebras

it

o
_‘?_-‘,:— 1S Zahaich (11, A9 10.3.12] F=.

<
fo & 1%
mlo
O.u
o
i
2
o el
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H7]245. ZAT SE 1A%, category Cg

s

[free group generated by S] (S = Fy(S)) 7} category Cs 9] initial object ¢l
21 o] Al A4,

the2 (11, HA 10.4.49} 10.4.5].

H7]24.6. [II, BA 10.4.4%} 10.4.5] ) &3}, Fy, : Set — Gr < covariant
functor & ©]8|g 4= 9t} (free group functor 2t 2™ I8 X3 Zlo|}).

=
=

For 0 S — For(5)

Fo i [ [« (f € Morset (S, )
oAl [II, W}EA 10.4.6]-& 22l #Z 2429 E53 F2o|t}.

G EA 2.4.7. OO7}F (left) R-module (abelian group & ®3), =
g

o
A
S ¥3), &2 commutative R-algebra (commutative ring & 3 3)

(7} Free-UO £ initial object 2 Zr= category & H A3
(L) Foo & functor 2 A4 3}ze}.
(E}) Describe the free-C00 generated by 0.

chg-e A Aol

HAESEA| 2.4.8. Describe the free set generated by S.

AEEAN| 2.4.9. For example, prove that the free object does not exists in

the category of (all) finite groups.

155 = polo]

T O AFEA 2445 AAEH 2AAHA FAskd "k o (1, ©EAE
10.3.8] S A% §A &

521 zero module& empty basisS zr=rt}al 5 of 3tk
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2.5. Products and Coproducts

< universal object = product 2} coproduct o]t} FAELS [II, §9.1,

§9.2] & WA Bals] e,

M9l 2.5.1. C = category, I # ()& index set, X; € C &l A (& i I).1
X c¢CY W, pair (X, {pi: X - X; |i€ I}) 7} ©}2 universal property :
[for every pair (Y, {o; : Y — X; |i € I}), there exists a unique ¢ :Y — X
such that p;op =q; forall i € | & =31
(X Api: X=X liel}) =]][X:
iel

k3, {X;|i€ I} 9 categorical product (in C) 2t 20115 B2
7z

4 3 B [Licr Xi
p ‘ q P; t
|
l |
| |
A O o O B X; O : %]
|
| |
« : B Qi :
| |
Y Y
S AZ(I={1,2,...,n} o] X; x Xo x---x X, 02 %7].16 9 9= 17
2 |I|=29 B%).
Z 3] categorical product = — WHeF E2] 3t} — (up to isomorphism)
f a3,
ASEA| 2.5.2. Describe a suitable category in which the categorical product

is the universal object.!”

2= M2 category & wh}
categorical product 2] £z 4

fus

U1 =0717 3 &3t A & YA 2

15 Categorical product#t= o|£L E&2 C rtesian product 2} FE3}7] 93 Ao A qk whok
E£59Y A7} vk 1 prOdUCta}-T’— E 55 AL Aoth

16 1% ordered seto] oplth. o & (X1 X X2 X X3) 8 (X3 X X1 X Xo) &2 2E 2 F
9’] uZﬂ (o)} Bﬁ

17eto g 0] 7}2] Z ol A universal property 2}+= o] 1} A} o] £ universal object & 2
£ category & BAME 4= 9lojof Sty SFo 2 oY AFEA A

1)

7 éa }\HE

Zeth

e} oy

o

e

o
4

[o

of o

1=}
T
)

A
o°1‘
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ASEM 2.5.3. (7I) I3 categorys — & Set, Gr, Vi, Modg, Ab,
Ring, Algr, CommRing, CommAlgr — 2| -9+ categorical product 7}
Ay 2R3}, categorical product = Cartesian product 9} 222 &-2135}z}.

(LH) B7] 21118 Top3 Top, AAA 2] categorical product & B A2}

E 2 ojH category ol categorical product 7} £ 54 oS SH= A

w$ e g Aol

HEEM 2.5.4. (7I) The category of (all) finite groups Al A= Lutz o=z
categorical product 7} 24314 k25 =9 3}z2}.

(Lh) 234, the category of (all) torsion abelian groups 9| Al categorical
product 7} A} EAS H o2}

e Aol 9oz e W 54 Aotk

A9l 2.5.5. (7}) I # 0+ index set, C;+ category (&F i € I). Category &
2 2 product) C=]],c;Ci+ AAXFHA
- (H i) = ovic)
er iel
More ((4:), (Bi) = [ More,(4:, By), (4 BiCiy (), (Bi) e [] )
icl el

2 Ao 1819 [T,c;Ci oA B9 functor &= |I|-variable functor 2}i1 FET}.

9] Cartesian product (<

(L} oA E 59, |[I|=2¢ ul, product category C x D=
Ob(C x D) = {(C,D) | C €C, D € D}
Morcxp ((C,D), (C',D")) ={(f,9)| f: C —~C', g: D— D'}
o7 ZoHrt olu id p)y = (idc,idp) ©] 3L, law of composition -
(f'sd)o(f,9)=(fof g og).

I 2-W4 covariant functor F: C x D — £ 9] functorial property + Th2

F(Zd77'd) =1d, F((f’,g/)o (fvg)) :F(flvg/) OF(.fag)

3} &t} 2-¥ 4 covariant functor = ZE3] bifunctor 2} HE 2t}

185} 4= Z o A= vector notation o] FAH AR TH(?), o|Al= 2313 o tAHA Frt
19C [LicsC: isomorphism < H. A} Xz}
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o8 (I, BA 9.1.10] 9 A& 4.

HESEN 2.5.6. (7)) (&2 category C ol categorical product 7} &g uf)
[I,cr : Il;c; € — CE |I]-variable covariant functor 2 A Zt& &~ U2 A1

a2} the 29

[Lic; Xi
1
#rom, o
O |
v
Y; 4 [Licr Vi Y; 4 [Lic: Vi
£ A 72331, functorial property & A= th 19
pj bj
X; [Lics Xi X; [Lier X
| |
©j O | x 1
v I
Y; 4 HzeIYZ Yoy O 1/1*0@*1(1#0@*
! I
; O : Y :
v 1 ¥
Zj T Hie] Z; Zj rj Hie] Z;

2 a9t (AFAAE olv) TFA B FAW) FOBE ¢, = [ @i 2
719017 RBAFOIA o1 % X ).

EE

(L}) When C = Modg, describe ([[,c; ¢i)(x) for x € [[;o; X;.

Candy ¢} cookie 7} wl& 4= glt}.

HASEAM 2.5.7. 27 2239 Cyw & B7] 2259 Cy A4 (finite) cate-

gorical product &= &34 5 S stet

e eAE A7 o] #iol YgolA RE sHEe WIS nFs A
otk o FA BAAEY FFL ML ‘co'F Bolk YL ForE A%
S Aolth o] AL AdolA B 4RItk §3.119 categorical

duality #F=.
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oS s 3 251 AT ABL ASA F3 5

N

W FE sk

of

X9l 2.5.8. C+ category, I # 0+ index set, X; € C&ta A (F i € 1).
XecCdd, pair (X, {s:X; — X |iel}) 7}tk universal property: [for
every pair (Y, {a;: X; =Y |i€I}), there exists a unique ¢ : X =Y such
that oo =, forall i € 1] S BE31H
(X Au:Xi=»X[ien}) =]]x
i€l

2 %78k, {X;|ieI}2 (categorical) coproduct(in C) 21 £2t}t. &

£ ofe) 4249
|
15 |
|
|
|
|

™
=
@

s

H

¢ O X; O ¢

| \

| By |

‘ ! '

Y Y
S AZ(I={12.. n}od X [[ X[ [[X, 02 ®7]. 9 9% 129
= [I=22 3% )

Coproduct 9] existence problem 2 categorical product & 7-%2+= AR

2o,

H7]25.9. [1I, WA 9.2.7] 9 &J3tH Modg A= — et AbAA=E
coproduct 7} @Ay 225111, direct sum ©] B} E coproduct 92 &1 gt}
ASEAN 2.5.10. Set A= — coproduct 7} A £A)3}1, disjoint union

o] H}& coproduct 92 Hofg}.20

H7]| 25.11. Gr oA = coproduct 7} A+ ZA138tc}t. Gr 9] coproduct = free
product 2} % & &%t} Lang[6, pp. 70-74] =+ Hungerford [4, p. 68] &
9lo] Hep2t

20 Disjoint unionS o] @A AHelsteigt. ... .. ?
21 Lang 7 Hungerford ] style x}o]% =74 W 7] njich
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A& 24l 2.5.12. G 7} infinite cyclic group ©| ™, G[] G+ free group gener-
ated by two elements 92 H o 2}

Hats | 2.5.13. (Z/27)[[(Z/3Z) ~ PSLy(Z) Q& Ko e}.22

3 4R Fod e — (I, PA 9.2.7] ) &8H direct sum 2 Algg ©ll A

+ coproduct 7} 2 4 AW — 2203 A Algg ol A+ coproduct 7F &
AHA] =tk =2 ofyels Aot @3] o category o coproduct 7}
EAEA dethe $HE WS = Aotk

H7]25.14. B7] 2.1.11 9] category Top3 Top; 1ALl coproduct &= &

S b2

I2]a1 oJ® category © coproduct 7} EA|SIE T T 7} F3F gl A
of &= set theoretic problem ¢1 97} Wr}24 wrelbs] $2= 17} 73 HgHel

A%l 2 e ok
9| 2.5.15. 317 object ] coproduct = finite coproduct 2}11 FEtT}.

CommAlgg 9] finite coproduct &= §3.6 Al t}Et}. ofel] dHFEA 2.5.16
o] o3l finite coproduct & |[I| =29 A¢% tp7d FE3}T}

HESEHM 25.16. I=JUKOIL I,J#0)=JNK J o, t}&& Kozt (&
£ product &} coproduct 7} A& ujl.)

78 Tlier Xi = (HjeJXj) [T (e Xx)-

Lt) HiEI Xi =~ (HjeJXj) I (erK Xk)'

A AEEANA SAEL (PP 1Y (FH) NN BE
2w SE (WP (39 0] LoiAE AL HAFI] wh

§3.11 9] categorical duality ZF=.

d

220] AL A4 EANA WS T2 9w E R Lang(6, p. 71, Example] 2.
23 Top; o) A base point S identify e} ?
240 2 Eo], Lang[6, p. 71, Proposition 12.3]. ©] Proposition 12.32] %<& t}2d ¢

= Er}



o2 1L, A 9.2.10] 9

25

& product 2} coproduct 7} S wh) I,J 7} H L o,

2.5. PRODUCTS AND COPRODUCTS
47 7ol
HEEA 2.5.17. (&
gS2 Hojegt
(7h) H( G)EIXJT g Xij &~ HjeJ (Hiel Xij)'
(L) H(i,j)eIxJ Xij = HjeJ (Hiel Xij)'

e 4.

HEEA 2.5.18. C = Modrg & W,*® ®ier : [[;c;C — CE covariant func-
tor 2 7t 5 3= AWstel (I, BA 9.2.10]9 5 17
15 2
X Dics Xi Xj Dics Xi
| |
o o
Vi R 75 095 | P
| |
¥ \
Y} ]j @ie[ le @iejm
A, FOTE o, = Bics ;i & BT 7F S TEH 01 B - D on).
FYAGL A2 &E3] 3t ¢+ H !
92| 2.5.19. ¢ ‘A3 VoA thgol| FY st of gt

(7h #EF7F V7F 5 7HA internal direct sum V=U@®W < V=USW’

g AW, W= e

(L) U, W, W’e] Mg g 3ko]an

th A5 o, (B2k) DO~

Candy ¢} cookie.

rlr

FdskA )
L, UOW~UOW'd o, WaW'd B8=
(D 1k) k. BHelsl Hep2

31t} (Basis extension2 f
R

GG EAN 2.5.20. ®7] 2239 Cyw & B7] 2.252 Cy olA2] (finite) co-
product & & 3H7] ¢k3& S8 5tet
o] FolE o= Yo 7% WL universal object E0] A& 53 Aot}
B33 C = Modp?l AFolT B30,
205 7o) 440l Y BLAAE N ALo] Ak A <UL we 5 Atk
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Homological Algebra: homology, homologue, homologous -2 analogy, analogue,
analogous 2} A== wojEolty. &3] homology+= R 22 WM A3}, analogy+=
HAE Hdsth! Homological Algebra= #[FQ AL — & A2 e AL — F
W WEE31 ] ok gl thE Solth. Homological Algebras 4=3+2] 713 732 3t tool o] 2F2L
A 22 2ol opch.

3.1. Abstract Non-sense

Homological Algebra <= abstract non-sense €& ©|F o] Xt} o]u] non-

sense = — false statement B}+= E£0] o}L]1l — meaningless statement 2=
Soolth. 28 Atk 43 QA meaningless statement & o FF A=
Z7}? ©] meaningless statement W £~ 7|7 E ol F A7l meaningful

statement 7} 2 7] wj & o]t}!?

Abstract non-sense @] &% -2 diagram chasing (arrow chasing) ©] t}.
%, 09 (SHEE) S Zobrbth Hu AW o] Lk oA e, 27
HE meaningless. Z#HEE ZXE5L2 Ao FHE (FUZ) 9 T HA

A% SRS webrt Hotof ok

[>

o 292 o 2¥S agE Aolth o I8 Tge WS A
oo A w2 th? ZZ#A] abstract non-sense = Zo]9} A@dvl i AA|
Aoz THE 5 ke Alzte]l A7W "k

Ly gt A A5 7133 A7) 3] 2] 7} A zhde)
23% meaningless 2} meaningful®] FAAANL 2 3&,
STEX o2 a8 J2E A Azl .

A

A7l A7 Folt $HE AR 1= UL

HomAlg §3.1
version-130812



28 M3% sE=22 d53
294, Homological Algebra 7} <=4=3}F arrow chasing ©| = 7] $a|A= H
A RE AQE HE (morphism) ¢ Aol 2 upFolof & Aolth. oE S,
= A9+ morphism ©] g7 ol etx oJu|E ZH=th
A9 3.1.1. Let f be a morphism in the category C.
(74) f is called a monomorphism if fog= foh implies g = h.
(L}) f is called an epimorphism if go f = ho f implies g = h.
FAs] o= Felsl B 4
ZH&F 3.1.2. In the category Modg, an R-linear map is:
(7F) monomorphic iff injective.
(Lt) epimorphic iff surjective.
59
O

ASEAM| 3.1.3. In the categories Set, Top, and Gr, show:
(7h)
(L)

Lt

monomorphic iff injective.

epimorphic iff surjective.?

S< FA7L otk 2. 7 of 7] shY, ¢S 2+ monomorphism 7}
injection & 121 epimorphism ¥} surjection S FEI}A= £6 o= =

epimorphism & surjection ©] o}d % T}

ASEA| 3.1.4. Show that the canonical embedding 2 : Z — Q is an epimor-
phism in the category of (all) integral domains (with homomorphisms sending
1to 1).7

5Grol Aol surjectivity 4L [7, p. 21] F=.
60] 7+ 2o 4 monomorphism 3} eplmorphlsm O] e 8ol A7 A5 AHgsHth
17— Qx o 5] monomorphism. ©] example< monomorphism ©] A epimorphism
]HE]—_._ isomorphism¥ 8+ S5 HoF1 ok
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ZFA] relax.

A& EA| 3.1.5. (7} If ¢ o is monomorphic, show ¢ is monomorphic.
(L}) If ¢ oy is epimorphic, show ¢ is epimorphic.
(5h)

Ct) What can you say if o =1id?

&, candy 2} cookie £ vector space o A TF A 2] 3] 7] o] A 0] A]...... )

HEEA 3.1.6. 27] 2239 Cyw 2} H7] 2252 Cy oA 2] epimorphism

7} monomorphism & HA}S}E}.

= A= kernel 3} cokernel & — 92| ddoj7} opd — 3k o] Ao
2 oo ookt aem 1 el RERR: 23E o714 38
3H2b. 23= Modg ol FE3h® (Homological Algebra @] &3 % 3hi+=
Modg ] AIEL abelian category & &-733l= Z ot} o] 9A] &39 A4
AHE ohieh)

o] Al Modpg °llA12] abstract non-sense & A]Zs}AF. 18|11 o] FEoA RL
commutative ring with 1.10 (g §3.50 4= Al commutativity & 7}74 3}

A geth)

Modp & 2ol Al 713 A48 category o™ 219 1FF Vect; 2 Ab&
X33 th. Modpg 9| A+= categorical product, coproduct &} free object 7}
AL 223kttt Alt}r} finite product 9} finite coproduct 7} 22 9k ol g}
®icrAi <r [Lic; Ai 7F B H3H Wl ol ¥ category o] th. wetx Modg o
A1+ j-th canonical embedding 1+ Aj = @ijerA; = j-th canonical embedding

J

~

ser Ai & induce 8HH, j-th canonical projection p; : [],c;

£ restrict 3} j-th canonical projection p} : ®icrd; — A4; & =

82 A & kernel#} cokernel universal object 2 9] Et}. Image: ‘kernel of cokernel’ &
A9l 2], [1 A%,

983.1101 A4 FA] ‘AEI o7|& 23 o & Aotk

100] #9] Y& Ro] commutative7} o}U o] & 2E7+e] modify ¥+ 3bA Tt SXEoA @
2t §1.2 F=x.



30 M3z S22 g

the Aeek Brl () =2 2, B, 4, [6] SeIM A e sl
&, $8E Ao oA g A WA Folgk ARe A 2de 2ARR. T
el 28 e 29e 2 otk A 23 ae g dool

(long) exact sequences

short exact sequences

coker, coim

four lemma, five lemma, short five lemma
snake lemma, ker-coker sequences

(long) semi-exact sequences 2} 12 (co) homology module
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3.2. Short Exact Sequences
HomAlg §3.2

Short exact sequence += - =23 92 st} version-201011

H7|¥ 321, EYE A7) A FOE Mr = Modp & £7)3}H31, short
exact sequence = SES & 2 7|2 3t} o] #H oA RS commutative ©] i
M,N,A,B,C,X,Y,Z & R-module. & 5

4+ R-linear map.

SES & w9 th5 7 type= A%t A WA type> N <z M 4 ol

0— N-"“>M-"sM/N—0

o
K

T A (55 type2

0—AS5ABB—0

&2 3.2.2. (7}) The category of (all) SES’ (in Mg) & A3z}
(L}) 2E SES+= 9 A WA type ¥} isomorphic &S X oje)

wzta] SES+= A Ao 7 d71A] type. ZE AT & F HA type2 oo
209 58 4L o), T4 ST ol Fe] Wasith
@Al 3.2.3. FO{&I SES 0 — A B % C oo chal ot = =A
SX|o|Ct.

rlo

(1) There exists ¢ : C' — B such that go ¢ =idc.
(2) There exists ¢ : B — A such that o f =ida.

oluff cf=0| J&Btet:
B =1im f ® ker v, B =kerg @ im ¢y, B~Aa®C.
L2|= 0| SES E split SES2t11 2 ECt

&S . Abstract non-sense. (¥ozZ —

=
=
abstract non-sense 2] ZH-& A2k) kerypy ~C YESHE 5 Je=7p2

H7|3.24. 0— 2257575 — 02 non-split SES.

Hz=o] 2519 F=x.



32 H3% &4 t3t

A
rlo
<14

0o AgEA 2 (3) e Yo LRI} B Aol

HAZEM 3.25. 0— A5 B-2C — 0 7} split SES I, k& =7
(1) Yo f=ida, goyp=idc.

2) OHA%B%C%O_._sphtSES

(3) fov+pog=ridp.

S WENAL ¢: OB, : B At EQFLR 2 1

H7]3.26. 9 AFEAE=YA 3234 ¢:C— B, : B— A7} 54314
I AL QTh o & S0, T2 split SES

0——Z-5ZPZ 57 —0
o tjatod,

O =1 :Z—2Z®ZL, =7 :ZPL—-Z=Z AEE F 1 (o]u] AFEA
3.259 Al 215 TFAIU,
(W) ¢:Z—ZDZ, :ZHL—LE 77

o(a) = (a,a), Y(a,b) = a+b, (a,b€7)

0—A-L B0 0

rlr

AGEA 3.22 Y9 F HAA typee] SES, =
0—ASABRC=C —0
3} isomorphic ¥ H o2},

<29 ‘ol e split SESE B2 Aol e Ba st 9k ouket

oI5 EA 3.2.8. R9| fieldo]™, ZE SES+ split SES & R oz}

2304, kery ~CYE T 5 QS ol t}.
EAY oA versmnOﬂ— “%XH 3” °l ghe E 77 wkA dodh LAt & A

o3
32
32
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e o9l AL EAE SESE oalal o =80 frk.
79[ 3.2.9. mhA split SES A& ATk 2% split SES = ofUt) o2 &
©], group homomorphism f %} gE
f(n) = (2n,0,0,...)
g(a,by, by, ...) = (a, by, ba,...)
= 43y,
0—2-720 (0%, 2:) % 6%, Z — 0

+ non-split SES. &-<l3) &z}

HAEEH 3.2.10. T F SESO di3ted, ofel 7 &9 BHIE Eojg):
0—wA—B—C—0

0—A—B —C —0

(7} A~ Aol Bx B o)A, C (.
(Lh A~ A'ol5 O~ C ol A%, B4 B
(CH) B~ B o3 C~C o) Auk, As A
t}29| &= functor £ ©] exact sequence o] — £3] SES o] — o]JH HIE F

£718 TR ol oWl 8719 24 5 shiolt.

AM9o| 3.2.11. A covariant functor F : Mr — My is called an R-linear functor
if the map Homp(X,Y) — Hompg (F(X),F(Y)) is R-linear for X,Y € Mpg.
(Similar for contravariant functors.) When R = Z, Z-linear functors are also

called additive functors.

i

2t 3.2.12. F:9Mpr — Mg O] linear functor O|H
7t

Lt

F maps the zero map to the zero map.

/—\A

)
)

F' maps the zero module to the zero module.

EH: (L) 0=idy:0—0. 0=F(idy) = idp() : F(0) = F(0). O

g8z £ o}= A abelian group®



oty

£ =7} 201011

34 HM3g ze=A d+9

22E dOoF “F sends a to 79 EHS ARSIt} o & S0, “functor
F:9Mp — Mg sends A B-25C to F(A

Mo 3.2.13. A functor F : Mpr — Mg is called an exact functor if F sends

every exact sequence to an exact sequence.
Exact functor = o] ¥ 3+7]9] A & slrto|th

HSEN 3.2.14. (9 AHYE = B A 3te]) 27 2.3.4 (W) T2 scalar
restriction functor F : Modr — Modg = exact functor ¢ H o2}
& Ao g 2 7] elolof g1

9| 3.2.15. ol SES 0— A-1B-L 0 —0 o] Bh3 -
(7H F :9Mp — Mg ©] covariant functor & o :

() F(0) 29 p(a) 9 )F(B) P p(C) 7} exact o] W F= left exact functor.
(ii) F(A) MF( Fl9) —; F(0) 7} exact ©] ™ F+= right exact functor.

(L) F:9Mp — Mg ©] contravariant functor & uj :
0) F() F(C MF(B) ) F(A) 7} exact o] & F+ left exact functor.
(ii) F(C) ) F(B) £y —= F(A) F—Z F(0) 7} exact ©] M F'+= right exact functor.

9 GOl A F(0)) ERL oA & AReA =AALE

2HaF3.2.16. F: M — M 0| exact (B left exact, L right exact) 0| H

F(0) =0(%t, 02 zero module).

= 040 b0 0 0= 22 SES. waetA ol AL exact se-

D}. o] Xﬂ F(Zdo) = ZdF(O) O]EE

F(0) = imidpg) = im F(idy) = ker F'(idy) = keridp) = 0

O
=
o

rlo
|

A9 ANE Al A B TEn doBE 814
5ol gk A B,

El

912)

n

5ol

o2 Eo] [6] SollAl, A4, left-exact functor &} right-exact functor®] & 2joj E ko] )
oun=, Fol3fof sttt



3.2. SHORT EXACT SEQUENCES 35

F dol 3.217. Y SES 0—A— B —C —0°f t3):
(7H) F :9Mp — Mg ©] covariant functor & o :
(i) 0 — F(A) — F(B) — F(C) 7} exact o] F = left exact functor.
(i) F(A) — F(B) — F(C) — 07} exact ©] F + right exact functor.
(L}) F:Mpr — Mg ©] contravariant functor Y
() 0 — F(C) — F(B) — F(A) 7} exact ©| ™ F + left exact functor.
(i) F(C) — F(B) — F(A) — 07} exact ] F += right exact functor.

SES 7} 217] 9t olfit ®

%97 wolth o HHel 19 B,

i

(long) exact sequence & SES &= ‘&23|'T

3| 3.2.18. A functor F : Mpr — Mg is exact if and only if F' sends every SES
to an SES.

L

88 : (29)

O

k=)
Y
9}
(e}

>

oY

Q
=
=

Q
o

=

o
N
do
r
i)
ko
o
s
BN
A

2 left exact ©] 21 right exact.

et

off

HASERX 3.2.19. [3, pp. 108-109] o] 9= 4 7§¢] Theorem 2 Z4
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hu)
P
L

Split SES + mj-¢- £43}ct.

34| 3.2.20. A linear functor F : 9 — Mpi sends every split SES to a split
SES.16

5 : AL EA 325 28,

O

Left exact functor 2} right exact functor = Th2 section S0l A WA =

t}: §3.3°9] hom functor & §3.4 2] tensor functor.

A& EA] 3.2.21. B7] 2.3.4 (7} &2l torsion submodule functor &= left ex-
act ¥ Hoz}h

ARE — AFL TAALE L7 A A T — exact functor & ‘| &

functor £°]t}. %2l& 4 oW functor £°| exact functor QA LA} FF

¢

o} o F FHT flat module I} projective module, injective module & 25

exact functor & 2= 33 ojt}

6 Exact functorgb= 27

Aot

rlo
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3.3. Hom Funct
o FURCLOrs HomAlg §3.3

Hom functor &= o] ¥ 379 ZA| 2 & dhito|t) o kA<l setting oAl version-130812
) 5417

Aol 3.3.1. (7}) For a fixed A € C, define a functor Mor¢(A,—) : C — Set
as follows:

Mor¢ (A4, —) : X — More (4, X), (X €0)
More (A4, =) : ¢ — ox, (p € More(X,Y))
where s : Mor¢ (A4, X) — Morc(A,Y) is defined by

ox(f)=wo f, (f € Morc(A4, X))

The following functorial properties

are satisfied. Thus Mor¢(A, —) : C — Set is a covariant functor.

(L}) For a fixed A € C, define a functor Mor¢(—, A) : C — Set as follows:
More(—, A) : X — Mor¢ (X, A), (X €0)
More(—, A) : o —+ 9", (p € More(Y, X))

where ¢* : More(X, A) — More(Y, A) is defined by

(P*(f):fowv (fEMorC(XaA))
Together with the following functorial properties
id* =id,  (pog)t = oy,

More(—, A) : C — Set is a contravariant functor.
(E}) When C = Mg, we get covariant functors Hompg(A, —) : Mr — Mp and

contravariant functors Homp(—, A) : Mp — Mg.

S5 9 A9 () Fol (1) e BE AT BT HE 219G ol
3}7] wpztct. 2el3 oAl U553 dual functor (K.7] 2.3.6) & A 234,
o]v Zo] contravariant functor Q1% 7] & 4 91 Z o]t}

17 “Hom functor ¢} tensor functor= o 8]} 2? 9 £2371877: “Mr 9 ‘& WP linear
functor+= Hom, ®, Tor, Ext 2”7 olg}= AZ3 A7} o} - . [8, p.-34] Al A 2183 Watts

9] A3E FvEo
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FA7] A QA category 2 23 o] = thx B E 2757 #3 A
o]2lt}. Representable functor = Algebraic Geometry 2] scheme language il
A ol F2 T ITe B

A9| 3.3.2. A functor F : C — Set is called a representable functor if F is

naturally equivalent to Morc(A, —) or More(—, A) for some A € C.Y°

o] Al hom functor 9] abstract non-sense & A] 2}5}A}.

HAEE2 X 3.3.3. Hom functor 5 linear functor 9& H o}

AHEEA 3.3.4. (71) For A € Mg, show Hompg(R, A) ~ A.
(L}) In other words, show that the hom functor Hompg(R,—) : Mr — Mg is

naturally equivalent to the identity functor idon, : Mr — Mg.

obg] WA B AXY Homp(—,—) o A& Ao} S22 At &
T 224 Aol 7 At

| 3.3.5. I,J7} indexsetO|T, X,Y, X,,Y; € Mp Y 0,
(7} Hompg ( ®ier X3, Y) ~ [[;c; Homg(X;, V).

(Lt) Homp (X, [lies Y, i)~ [1;e; Homp(X, Yj).

(CF) Homp (@ics X, [Lies Y;) ~ [1i.jyerx s Homg (X, Y;).20

=0 :  Abstract non-sense. 59 : product 2} coproduct & universal prop-

erty (¥h) =& ©]&& A. O
k= HA7F o] &Y F3xE.

x| 3.3.6. Homp(A4,—) and Homp(—, A) are left exact functors.

=M™ ;. Abstract non-sense. [J

# A= hom functor 2 LWHH O 2 exact functor 7} obd& fAI Sk
9.
18Scheme language = 7

19 Natural equivalence= A9} 2.3.7 Z=x.
NALFA 2,517 =,

El
o2
o
fu
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AL E2x| 3.3.7. For n > 1, consider the SES 0 — nZ ——»27Z —7Z,, —> 0.

(7h)
(L)

Show Homgz(Z,,—) is not exact.

L}t) Show Homgz(—,Z) is not exact.
O dsvAle d5eAl 3425004 227 Fr)

HALSEA 3.3.8. (7) Sequence 0 - A — B — C o 3, tb2 242 5
de mofe)
(1)
(2)
X eMp
(L) Sequence A — B — C — 0] s, ths 2L A Y-S Hojz)
1)
(2) 0 = Hompg(C,X) — Homp(B,X) — Hompg(A4, X) is exact for every
X € Mg.

0—+A— B— C is exact.

\]

0 — Hompg(X,A) — Homg (X, B) — Homg(X,C) is exact for every

A— B— C — 0 is exact.

ok HiolA AFe AAYH $ElE= exact functor & Z o8t} Projective
module 7} injective module & A3} EA)+= §3.7-§3.8 | A FEH3I}.

o] 3.3.9. (7I) P is called a projective R-module if Hompg (P, —) is exact.

(L}) J is called an injective R-module if Hompg(—, J) is exact.
= @A o7 st 9. v A E §3.110A4 F23 g&S Sk
9| 3.3.10. Category C 2] opposite category C°P & T}
Ob(C°) = Ob(C), Morcor (B, A) = Morc (A, B), (A,BeC)

3} Zro]l Hojeity2? &, CoP = C 9} 3AFE HF AL EQ category ©]Th &
=2 937 98, ColA= morphism & FAL AZ7HAAE o & 731,
C°P o] A= morphism 9] FAS &2 F7]3FH, CP 9 law of composition &
Morcer (B, C) x Morcer (A, B) — Morces (A, C)
(9, ) g*xf=fog
EEEERE LS
219022 7] 3.2.19 F=.

227} dual category C*2ta RE27|% ot a2l o] B7HLE Mo YT wo] B Eda
L=
Z)=8
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hu)
P
L

oL A AG5EA = §3.119 vg 2R 7).
& 24 3.3.11. Show (C°P)°P =C.
U= dsEAlel 25, monomorphism ¥} epimorphism 2 42 dual con-

cept.

HAESEA 3.3.12. (7t) Show that ¢ € Mor¢(A, B) is a monomorphism in C
if and only if ¢ € Morger (B, A) is an epimorphism in C°P.
(L}) Show that ¢ € Morc(A, B) is an epimorphism in C if and only if ¢ €
Morcor (B, A) is a monomorphism in C°P.

2 AL EARE $8= F:C > D7 functor d uff, o]E F:CP D&
= olafste gttt d I functor & ‘domain’c] Tt2RZ, F/:CP - DE

2 Bolshm AAsor & 2 2AR, AL 1 Bask ek s, T
1

Ob(C) @] ( UA, Bec Morc(A7 B)) = Ob(COp) @] (UB’AGCOP Morcop (B, A))
oA HojH T4 E olsfistd, A= 2 Tol7] ufEolth

AEEH 3.3.13. (7h) Show More(—, A) = Morcer (4, —).
Lt) Show More(A, —) = Morces (—, A).

M2o| 3.3.15. A (covariant) bifunctor F : C°? x D — & is called a two-variable
‘functor’ which is contravariant in the first variable and covariant in the second

variable.?3

HESEA 3.3.16. Homp(—, —) : MY xMp — Mp & bifunctor (contravariant

in the first variable and covariant in the second variable) 2 ©] 3] &}2}.

23Bifunctor& 2] 2.5.5 #F=. [3, p.100, 3F| = =
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3.4. Tensor Functors I

FL] =22
A®pBE e Aotk ol 9]¢ ol 25 — 1L A g =
ASWHE — Aot 2 2AEL o

(a+d)®@b=a®b+d @b, (ra) @b=r(a®Db),

a®b+b)=axbt+axl, a® (rb) =r(a®0b)
7 2oh (e, a,d' € A, bV € B, r € R).2° o|A § R 2A'L
Fupte] o] B2k & awb o 94ES A TEa AeFtE 24
9 Y relation TS BEA] | T2 WERE= Aol o] AT

SEZ Aot

‘

39| 3.4.1. A BeMyd v,
A®p B =Fr(Ax B)/(T)

2t A71A

Z A3, o] R-modules A,B°| tensor productil HE
+ R-submodule

Fr(Ax B) ¥ free R-module generated by the set Ax B,?® (T)
generated by T ©] i1,

(a+ad',b) —(a,b) — (a’,b), (ra,b) —r(a,b),

r= { (a,b+b") — (a,b) — (a,b), (a,rb) —r(a,b)

a,a’ €A, b,b € B,
reR -

o] uf
T:Ax BC Fr(Ax B)-"5Fr(AxB)/(T)=A®rB

2 %783, 1: Ax B -+ A®gr BE tensor map ©|2}1l BET} &

T(a,b) =a®Vb, (a€ A, be B)

2 %7331, “a tensor b’} Y=
24 Abelian group?] 4$¢%E thFe= Ao| o AFH AR -
£ 258 R go9ydS e 279 A

£33 Slo.
26 Relation ] o] u]& [II, A104] Fx.
2 2ABAE A B A7) B3 A4Fo] o] YOrE Romodule A, B7} 21 9E €
]9 relationE-2 E8 A Qpr B9 relationo] Z3H o]

29t A7 F4(9)°) Aol LA
i

HomAlg §3.4
version-201011
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hu)
P
L

B

qEXA

S EA| 3.4.2. (7}) Show that the tensor map 7: A x B - A®pg B is an
R-bilinear map.

L}) Show a®0=0=0®0b for a € A, b€ B.?°
Tensor product 2] universal property + 2|7} A3 @ ufolt}.

A 3.4.3. A®pgB satisfies the following universal property : for every R-module
X and for every R-bilinear map f: A x B — X, there exists a unique R-linear

map ¢ : A®r B — X such that porT = f.

T

Ax B

A®gr B

f © =11
¥
X

ol
o2

D]—-% .j_%] (]:R(A X B) =Fr = E‘_ﬂ)

characterize o) 22, o|Al& A 3.4.32] AZ+¥ 2 tensor product & 2]

= 478 A

Ax B7} Fr(Ax B)8 R-basis|B®, A®p B = (im7) 2 A% %3}
CH([IL, &2 10.2.12] A AH AAPF S o] &3] ¥ = ot

297124 0 A®pR BY zero element. WetA A=0= B¢ ZA%E A¢3}H tensor map 7T
+= injective 7} oy T}

30w 7] 3.4.3L tensor producte] A& BZsH Aol 3.4.1L o)A tensor product?] exis-
tence proof”} ® T}

~—
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E2 Y1 ,64,00%2 & 5 AH(HE, a; € 4,
b B). 523 #9E B 19T AN Aon BE A9A0E BE R
linear map & & wl, >0 a; ®b; A9 TS AR = AL AP
o Aolthd st Y 0 @b, ) L f B
Z R-linear map &] well-definedness & 233 4= 917] wfj Eolr}. o2 WA
o3t ArBE AYFOo=E Zt= R-linear mapo 28 H o 23] 4+
7} R-bilinear map < A Z+3f oyt 3}

o2 GA A= WA Bilg(A x B, M) 2] R-module structure & 7 ] 3 oF
ghct.32

A 3.4.4. For A,B,M € Mg, we have:
HOIDR(A QR B, M) =~ BZIR(A X B, M)

as R-modules.

ol

M A7, (linear) o (bilinear) = (bilinear). [J
27} 2yul & of= 7 abelian group #. o]uj]

[ Z-bilinear map] = [biadditive map ]

d A& g

H7|H 3.4.5. If R=7, we omit the subscript Z and write ®7 = ®.

29 AopBE ©p € Atolol T2 AS Be) $27 A9 Ak 2% of
ASHA] kgkd A7y dojdtt U At E R Y B o] = tensor
product &] 2 o]t}

HAEEAX| 3.4.6. For n > 1, show Q® Z, = 0.

2 AoE §380A% HBa3sir)

316 2 Eo], Hungerford [4, p. 212, Theorem 5.8] &} %2 ]33 52 do] JE g
32BilR(A XxB,M)={f:AxB— M| fis R- blhnear}

olN
of
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A9] 3.4.7. An R-module M is divisible if for every 0 # r € R and for every
x € M there exists y € M such that ry = .33

HAESEA 3.4.8. If A is a divisible R-module and B is a torsion R-module,

show A®gr B =0.
AL A FE Sh-

HEEA 3.4.9. (7t) For m,n > 1, show Zy, @ Zp X L, p)-
(L}) Show Q®Q =~ Q.

Tensor product 2] abstract non-sense & ¢ | A= A& tensor functor & &

Qe Rol Aok

A9 3.4.10. (7}) For afixed A € Mg, define a functor AQgr — : Mr — Mg

as follows:
ARQr—: X — AQg X, (X e Mmg)

AQr—:pr—id® p, (p: X =Y)
Here id® p: A®r X - A®grY is defined by
Ax X —T—— A®pr X

7

» O o
%) Lid® g

¥
AQRrY

where, p: AX X — A®rY is an R-bilinear map given by
pla,z) = a® p(z), (a€ A, xeX)
Thus, for example, we have
(ld®p)(a® 1) =a® p(), (ac A, z€X)
The following functorial properties
id ® id = id, 1d® (op)=(id®)o (id® p)

are satisfied. Thus A ®pr — : Mr — Mg is a covariant functor.

B8 r2 s 4+ Uthe . R=20]9 $ol o ¥4,
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(L) The covariant functor — @g A : Mpr — My is defined similarly.

(E}) We next define a two-variable functor — ®p — : Mpr x M — Mpi as

follows :
—®r—: (X,Y)— X @RV, ((X,Y) € Mp x Mg)
_®R_:(@vw)'—>§0®¢a (wXﬁszY_)W)

Here ¢y @9 : X ®pY — Z ®p W is defined by

X xY

XQ®rY

O //
f o

p s
ZQrW
where, f: X XY - X ®prY is an R-bilinear map given by

flay) =p@)@9(y), (reX, yeY)

Thus, for example, we have

(p@)(r@y)=p(x)@9Y(y), (reX, yeY)

The following functorial properties
ideid=1id, (¢ op)@ W' o) = (¢ ®Y)o(p®Y)
are obvious. Thus — ®pr — : Mr x Mr — Mg is a bifunctor.
79| 3.411. E7qo] ke o] Atk $) AN p@ = formal

symbol & 0|31, Homp(X,Z) @ Homp(Y, W) o] 945 oJu]17] ¢hth
Homp(X, Z) @r Homp(Y, W) &= 2] o}z th([3, p. 76, 8E] ZZ).

HALSEA 3.4.12. For A c Mg, show ARQr— : Mr — Mz is a linear functor.

S5 EA| 3.4.13. (7F) For A, B € My, show AQr B~ B®pg A.

(LH #4322 31, F functor AQr — 3 — ®p A+ naturally equivalent.
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o3t

HE2A 3.4.14. Show (A®rB)®@rC ~ A®g (B®g(C).3* 3

S EA| 3.4.15. (1) For A € My, show RRr A = A.
(L}) In other words, show that R ®p — : Mz — Mg is naturally equivalent
to the identity functor idon, : Mr — Mpg.

HA| 3.4.16. For A, A;, B; € Mg, we have:
(7h A®Rr (®jcs Bj) = ®jcs (A®R Bj).
(LE) (Dier As) ®r (®jes Bj) = @ jyerxs (Ai @r By).

&M : Abstract non-sense [
9 WA 3416 FOo ole] W AP Relth $A:

A 3.4.17. V,W €V, 0| H,
dimk(V Rk W) = dimk(V) . dimk(W).

ol B={v; |[iel}, €={w;|jeJ}E ZtZt V,W 2| k-basis2t1 5}H
BRE={v;Qw; | (i,j) eI xJ}= V&, W2l k-basis.3

Y (Dierk) 2x (@ieJk) ~ Bagerxt(kr k) = S jerxs k. 714l &2

s
RS A, (FEALL wll= AL A ETE?) O
Ao AFEA = 29 ASdo

AL 2R 3.4.18. V.V, W, W' € V, 7} §3xQ o)z, BB, ¢ ¢ & zhzto
7N\ A A E e &V, V), ¢ e &W,W') gaL a4}

(7}) Describe [@@1&];?%;.37

(LH If V=V, W =W’ show det(p ® 1) = det(p)d™W . det(y)dmV,

Ct) Show ¢ ® ¥ =0 if and only if ¢ =0 or ¥ =0.

3

—~~

M o] 5 Ax ExFslog AL B, Hungerford [4, p. 212, Theorem 5.8] 2] JE 2] 549

FAl Bl AT , Lang [6, p.604] & 28-S #x 32l Langd ZHolA (z,a) — A ()
R-bilinear 1 7}? Lang—— ol AELE — = HA A7) Ae AL - FA “obvlou ” 2}

F3H s}

SSubata A ®R B®prCe %71 °] 737t

36w A 1.4.32 AW, o] WA= 299 free R-module® #7334 g},

37mrekaAl = A tensor product® Ao 4 9t

klrr =2
glom £
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2 F9] A tensor product & & 23t E 7 o]t}

F93.419. () n>14wl, 9] AF5EA 3.4.15°) ¥ ZRZ, =~ Z,. =

9 AH5EA 3469 95tH Q®%Z, =0. WA — H]E canonical embedding

1: Z — Q= injection O] AT — 1Qid : ZRZ, — QRZ, < ZHZ injection &

T gtk =, tensor functor = YWFA O Z injection < injection & &2 X U X

deth Al ker(p@¢) & ok A2 FA At

(LH) 2822 a,b7} 242 o]= R-module &] ¥4 Q1] ¥k3]#] ¢t31 I a®b
T

£ Toke AL A3,

QoA o BERAE 53] AaH ol

HZXMA 3.4.20. o: X - Z, ¢:Y - W7} 25 surjection [ff, CIS

ker (p®@1vY) =(x @y |z € ker p or y € ker 1))

=M : EE abstract non-sense ©] X ¥F ¢F7F9] ‘trick’o] F R 3}t}. olufxE o]
7o) Zoj| Al 7} ‘o] 2]-2’ abstract non-sense. Z 23} trick :

(a) Want to show m (X ®rY)/K — Z®r W is injective, where K =
(r®y |z €kerp or y € ker ).

(b) Want to find j* such that j* o o ® ¢ = id.

U A= routine. O

9 RZYAE o] &3 o} T3t diagram chasing.
A 3.4.21. For A € Mg, the tensor functor A g — : Mr — My is right
exact.

=0 : Abstract non-sense O

9 F9] 34199 93 Z, @ — : Ab — Ab2 (left) exact functor 7} o}
022 %87l £l exact functor & ZHS A}, Flat module 2] &)
3.

9 oA THET}.

RESEC
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Mo 3.4.22. A c My is called a flat R-module if A®p — : Mr — Mg is an

exact functor.

Tensor functor £} hom functor = A& o}F & FHEHo] glof HojxAut — =
HAE — 2 DA A7} At

x| 3.4.23. (Adjoint Theorem) For A, B,C € Mg, we have

Homp(A ®@g B, C) ~ Hompg (A, Homg(B, C)).

™ : Abstract non-sense. WA 3445 o] &S Fo|o} JIE = FH kg
[e]

At O

4> o

9 HAE B $2E= “the tensor functor — ®p B is left adjoint to the

hom functor Hompg (B, —)”2t3l &3t}

O AFEAE — ¥ E AT ve 3ot fEE “the free
o
=

module functor Fr is left adjoint to the forgetful functor” 2t 11 Z3kc}.

AL Z2A| 3.4.24. Let Fr : Set — 9Mp denotes the free module functor and
let U : Mpr — Set be the forgetful functor.?® For S € Set, A € Mg, show
Homp (Fr(S), A) = Morse (S, U(A)) as sets.

Adjoint functor &] &= Astct. o F7F dopd (2, §11.7] 3 [7, Ch. IV]
ZFZ. Adjoint functor + Category Theory o] 23 7/Id & shvtoln] mj$
S u]EF7]%= 3tth. Adjoint functor & Al WA B 7= §3.8 oA ghdc}

S22 3.4.25. AL5EA 3.3.8(W) 3 HA 3.4.23 (Adjoint Theorem) S
£3}o] tensor functor 7} right exact 92 ThA] = 3}1a}.3°

38 Forgetful functor= W7] 2.3.3 FZ. U(A)E= A2 underlying set o] 2 &, forgetful functor
= underlying functorgtx1 = &2t}
390] Zv W& [9, p. 28] ol A Wl AT}
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3.5. Tensor Functors II

oA HE R, S = 2 ring (not necessarily commutative) o] 2t 3}&}.  Left
R-module 2] category = M5 2 E7|3l1, right R-module 9] category &=
My =2 F7]5ch

Discussion 3.5.1. (7}) R ©| non-commutative ring @ wWo] % left R-module
£9] tensor product & A9 3.4.1 A7 AHJsiciH 20 Fojo] A A7}?

(Lh) ol oA = 9 left R-module 9] tensor product pA ®p rB= A3}
2] 2717 ol AQ 3.5.2004 Ar®g pBE left R-module 2 W& £+ ¢l

<7t

ol A o Eie] AlZ &I 22 motivation 2 E 2 3R] kS Zl ot

9| 35.2. AeMy, BeMLL wl, & Ap, rB <L ul,
AR @r B =A®r B =Fau(AxB)/(T)

S F AHols}al, ©] abelian group= A,B 2| tensor product 2} HEr}
&, Fap(A x B) = free abelian group generated by the set A x B, (T")<
subgroup generated by T” ©] 1,
(a+ad',b) - (a,b) — (a’,b),
T = (ar,b) — (a,rbd),
(a,b+1b") — (a,b) — (a,b")

a,a’ €A, b,b € B,

reR

ool =
T:AXBCFa(Ax B)"5Fu(AxB)/(T')=A®r B
7(a,b) =a®b, (ae A, be B)
2 %7331, 7: Ax B— A®r BE tensor map ©|g}1l 2T}

oAl R©] commutative 91 %ol & L& 3}

1

= 2

o] AoFs7] 9ol AR U 1% (149) L Ak
o

09, % 284 Asl ks $1
153 A%EA 85118 429 weh

HomAlg §3.5
version-151123
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&2 3.5.3. In the above definition, show that the tensor map 7: AxB —
Agr ®g rB is an R-middle map (or R-balanced map), in the following sense:

7 is biadditive and 7(ar,b) = 7(a,rd) for a € A, b€ B, r € R.

Universal property.

x| 3.5.4. Ar®grgrB satisfies the following universal property : for every abelian
group X and for every R-middle map f: Ax B — X, there exists a unique group
homomorphism ¢ : A®r B — X such that poT = f.

o2 AGEA A A= WA the set of R-middle maps Midr(A x B, M) 2]
abelian group structure & % 2] &f| of $tc}.

HALSEA 3.5.5. For M € Ab and Ag, pB, we have:
Homy (A ®gr B, M) ~ Midr(A x B, M)
as abelian groups.

F2li= YO = abelian group X &, & £°], left R-module 2 T+511
FRe AF wuA Aok wreF X o] A% R-Adeae Belsta A
biadditive map a: R x X — X & s}y FoJdlofF & Aot} 2B o] %_1
oo % ¢Ftid, Z+Zte] r € RO tidl, group homomorphism A, : X — X
Aoste Aol g8t 28

do

2 rlo

(]
—

o

re = Ar(2), (reR, zeX)
Z Aostd Aot = ol
Ar A = Ay, Arr 0 A = Apr, A1 =idy, (7, e R)

7t TS AREor & Aotk o] s xS, A(r) = A\ 2 A9

H A: R — Endz(X) 7} ring homomorphism 9-& & 213} of strp= o). ¢
217} v g5 o] ALo= ), 9 well-definedness FHo] A7} B 31, YA
ANFEL Aol AWty a8 BE do g% )\ o well-definedness BHS A3

371 = g}



3.5. TENSOR FUNCTORS II 51

oS AL R, S 7} commutative 91 Aol Aot wheba] o #i ol Al
28 5 QAAT, obFHE of §Hio 91719 ot
2+&F 3.5.6. (7I) sAgr, rRBY M, abelian group sAr ®r rRBE AAAZ|

left S-module 2 BtE &= QlCh42

(L}) OFRE7HR|2 AR, rBs Y I, abelian group Ar ® g rBs = right S-module.

Z™ : (7}) (Biadditive map a: S x (A®gr B) -+ A®g B+ A 3}7] o]&
Rolng) s SY ul, R-middlemap f,: AxB—> A®rBE

fs(a,b) = (sa) @b, (a€ A, be B)
Z Ao sk, AZs S A 25 group homomorphism A, : AQr B — A®Qr B
2 ArT (o4 SASRE The 4
s(a®b) = (sa)®b, (s€S, ac A beB)

o 49% 4 9} Detail & 52159 % O

FARTE WA st 42 o] k! AR o] Fd Fstr] Aol&= g
T < WA 7] 98t ofef HA A T A
i (non-commutative case) XA 2] 3t tensor product & © 2 3% 7]3}

x| 3.5.7. RO| commutative O|™,

(7}) A®r B~ Ar @r gB as abelian groups.

(L}) A®r B = rAr ©@r rB as R-modules.

5% A2z G doz 0 BUHEES oA AHEE 4L 9le Aol

Note: R,S 7} commutative | E-E R-module 2 (R, R)-bimodule. O
Tensor functors.

{52 /| 3.5.8. Define functors A ®p — imf% — Ab, —®g A : M} — Ab,
and show that they are additive functors.*? Also define a ‘bifunctor’ — ®p — :
My x ME, — Ab.

42R, S7} commutative©] ™ A ® g B+ (R, S)-bimodule.
349 3.2.11 F=.
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& EAM 3.5.9. (7}) s4gr, rB, sCr, gRDEL W, f: A - CE (S, R)-
bimodule homomorphism ©]312, ¢g: B — D+ left R-module homomorphism ©|
H, fg: A®r B— C ®r D+ left S-module homomorphism.

(L4) Ar, rBs, Cr, rRDs & o, ------ :

ENE R E RS

A& 24| 3.5.10. For Ag, rBs, sC, show (AQrB)®sC ~ A®Qr (B®s ().

=
flo

34 (R, R)-bimodule.

A& 24 3.5.11. (7}) For rA and Bg, show RQrA ~ A as left R-modules,
and B ®r R~ B as right R-modules.

(L}) In other words, show that R@p — : Mp — M is naturally equivalent to
the identity functor idgmé : EDTI% — 9)?;;/, and —®g B : My — M is naturally

equivalent to the identity functor idony, : Mp — Mp.

HESE2H 3.5.12. For A, A; € ML, B; € Mp, show:
(7H) A®g (®jes Bj) ~ ®jecs (A®r Bj) as abelian groups.
(LE) (®icr Ai) ®r (®jes Bj) = D jyerxs (Ai @r Bj) as abelian groups.

AFe F7he Aol ek

O ﬁ—E—X'II 3 5 13 FOI‘ SAR7 RBJ> ShOW A ®R (@JEJB ) @jeJ (A ®R BJ)

as left S-modules.

£ 3.5.14. For A € M} and B € M5, show that the tensor functors
:ME — Ab and — ®g B : ML — Ab are right exact.*

S III)

A
A
?jﬁ—E—Xﬂ 3.5.15. For AR, RBs, Cs, show :

Homg(A ®r B, O) ~ Homp (A, Homg(B,C'))

as abelian groups.?®

4725 flat moduleS ALY = YA ... )
15 Homg(B, C) is a right R-module. A%#7] 1.2.10 F%.
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O 270 & scalar extension & 8 AA| oA A glojA = < 2 v T8
Mot 87} [1] ol Al R-vector space & C-vector space & A Z} 84| &3}

I “F 7] HAY subtle 3t BA]” L2 E 22 BE scalar extension & 2547

rok

—_—

1€ R< Sold gd3] S+ (S, R)-bimodule. ©°]& ¢
homomorphism & w], S 7} (S, R)-bimodule ¢l A o] E43} 7 ¢ 46

A92] 3.56.16. ¢: R — S+ ring homomorphism, M 2 left R-module & W],
M%=S®p M
o7 F7)3tal, o] M 9 scalar extension ©|2}1l R ETF B2 ML left

S-module. (M + M® = covariant functor My — Mg & ©]3.)

Z=9| 3.5.17. Scalar extension 2 A432 ‘AP &-7o] old W& Q) F&
Lol 3y, & Eo] Z-module Zy 2 Q&9 scalar extension 2 Q®Zy = 0
O o AT (RS AR B G Rx M MS Sx M MO

=]
= shgelof Br). WA B Ho)L @A 31015 X
Fo3 17 Al R WA Auoee.

H7]3.5.18. (7}) E7} k9] extension field ©]31, V £ k-vector space 2}l
32 28 W, VEF = E®, VE E-vector space. ©|uj

dimp (VF) = dim, (V)
7} 4 g et} o vkstd
E @ (®icr k) = ®ic1 (E Q@ k) = ®icr B

as FE-vector spaces. B3] B = {v;} 7} V 2] k-basiso]®, BF = {1®v;} 7}
VE 9] E-basis.*®

(Lh 9 (7H 29 71 9538 Jels B2, d4ddz,

as F-vector spaces.

4617 1.2.8 F=.
47Scalar extension 3t} ‘27147 TF Bl 2.
48 Ro] commutatived W}, ¢] Z7}E free module & 243l Xz}
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o<t

HEE2F 3.5.19. ) E 7oA dim(V) < co 2L 3k, L € &V, V)Y o,
o< Hojz)

(7 LP =ido L:VE - VE 2 %7872 34, LF e &(VE,VE) ot} o]
o [LF]R E:[ L 013, WA ¢pe(t) = ér ).

(L}) LF =00]W L =0.

(Bh) (@) € []O]tq F(LF) = f(D)".

(2}) E/k 7} finite Galois extension ©] 7L} == k 7} perfect field 21 7} 3

1°)

, mpe(t) =mpg(t).

FS YA oS gGA7E 223 Aolth. o] WA=

ot

f ds2A (BH
[IL] o 223FAI ZL o] oF

004'

b
0{

HA 3.5.20. E/kO|1 A € M, (k) 2t SRt BHeF E/k 7t finite Galois

extension O|7{L}, EE= OFOF L T} perfect field O|H, mE(t) = ma(t).*
E%™: (i) WA E/k 7} finite Galois extension 1 3% h(t) = mi(¢) € k[t] &
Zuk Holw SE3Ih o)Al o € Gal(E/k) o]

0= 07 = h(A)” = h?(A°) = h?(A)

°o]Z 2, minimal polynomial (over E) ] Fd4d 02 HE ho(t) = h(t). Galois
Theory ol ]38 h(t) € k[t].5°

(i) k 7} perfect field Q1 B%: ag,...,a,_1 € ES &4 mE(t) o] A4E0]
2t3 Bt3, B = k(ag,...,an_1) 2 2k 28 mE(t) = mbio(t ) A AL I
A. E K& splitting field of ma(t) over ki E2F 2@ mi°(t) [ mal(t)
in Eylt]e|B2&, K/E,. $# k7} perfect field o] 22, K/k+ finite Galois
extension o] 32, (i) ol 8] mk(t) = ma(t). WA mio(t) = ma(t). O

ol Al [I, Al 8.1.5] 2] “x271M&e] subtle ¥ A" E s sl Het

Scalar extension 2] T}S W 7]& group representation. o] X3 &1 Q=

non-commutative ring < 7 2] group ring .

497} perfect field 7} oF |- - - - , A gtk <A QP =<7 JfE oW Y Ao,
500L, B2 8.1.15]9 &9 Fx.
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H7]35.21. G+ group©°|d, H < Gl 3. = W+ k[H]|-module ¢]
g}l 3k &, W H 9] representation space. B3] k[H] = k[G] Y k-
subalgebra. olwl WY = k[G] @ WE W < induced representation (5=

induced module) 0|2} L2} B2 WE = G 9 representation space.

HSEHN 3.5.22. 9 H7A [G: H|, dimp(W) < co D W, dimg(WE) =
Taheto!

51 Consider the coset decomposition of G mod H.
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3.6. Tensor Product of Algebras

o] fiF el thA] R, S+ commutative ring ©|t}. 1 Z A9t R-algebra &
L commutative 2t 7} A & (A 3.6.4°1A4= commutative R-al-

gebra 2}31 714).

WA R-algebra A7} Y& ], A9 FAL oujE EA3| HA} A9 A
2 R-bilinear map ¢ : Ax A — A7} Fo]x Jti= oujo)11, WA 3.4.49]
2 o]= R-linear map p: AQr A — A7} Fo1A Jtie= A 571 &
th BB AY FAL 149 AL 28 A 28

(ra)b=r(ab) = a(rd), (reR, a,be A

olgle= 72 AR WSS of & Zojty. 28y YR8 H$ R-linear map
w: AR A— A2l well-definedness Who] 24 7} H t}.
A 3.6.1. A, B7} R-algebra0|™, R-module A®r B= AFHAAZ 2 R-alge-

bra structure £ Z+=C}.

BH: Wg AFS 2AA 7Y R-linear map m: (AQgB)®r(ARrB) = ARrB
2 3t Aok stk ol A3 AL FAL p: Ao A AR £7153,
B AL v:BRrB— BE E7]|3A oA

m:(AQrB)®r (ARrB)~ (A®r A) ®Rr (B@RB)&A@RB

= Boste Ak o] & Soltk BY, AwpBY FAL

(a®b)-(d @) =ad @bl (a,a’ € A, bV € B)
2 ART & Aok 29 A & AY A O
u}2bA] algebra 2] scalar extension & Aol & 4= glt}

A92] 3.6.2. ¢: R — S+ ring homomorphism, A+ R-algebra & ],
A% =5 Qr A

2 E7)8t3, o] A9 scalar extension ©|2tT EE2t} W BEE A°

rlr

S-algebra.
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HASEM 3.6.3. ¢: R— S 7} ring homomorphism 9 o, t}22 Ko}

(7)) Rlt1,...,tn]® =S ®g R[t1,... ,tn] ~ S[t1,...,t,] as S-algebras.
(Lh) Mpn(R)S =8 @g Myn(R) = M, . (S) as S-algebras.
(C}H For a group G, we have R[G]° = S ®r R[G] ~ S|G] as S-algebras.

9 AFEA ] point= Rltr,...,tn] T M, (R), LB R[G]E ZF free
R-module o] 2}= A o|t}h52 o] ARA L =2 A28 =7)7

t}&-& commutative algebra ] finite coproduct. ©] Ai}= 48 A A o] A
o]
©°

A 3.6.4. A, B7f commutative R-algebra0|™, R-algebra ArB= A,B

9| coproduct in Comm.Algg.?>
=™ : Define1: A—- AQrB and 3: B— A®Qr B by

a) =a®1, (b)) =1®b, (a€e A, beB)

52Free o] W flat. HA 3.9.4 =,
53CommAlgr 91 A19] infinite coproduct:= (A&) #A4 ok “BA gepr =«..... "
54zm o] o] R B commutativity 7} AF&F =7}?



HomAlg §3.7
version-130812

58 M3% sE=ZX

hu)
P
L

3.7. Projective and Injective Modules

o] fiolA= commutative ring 9] oA 2] projective module 2] &2} A4
A, 1223 injective module & A& FH 3t}

ro =z Ay B AW projective module 9] oA BE Ao BEFS
AFE 3t injective module & A& o] dojXth T AT injective mod-
ule 9] existence proof & & 7MHIELEZE T3 fidlA M2 thEth  ol&
existence TH AT WES ulRLolA] Jojxz] &S E=sta Qi
2= oA 22 A3 categorical product £+ coproduct ] 3% 33
At

o]
o
3

L2l olu A9l 3.3.90 A projective module I} injective module 2 A 2]
ot oAl I =F o] R ¥ A|FSHAL (Hom functor & 25 left exact functor ¢

< 71ster WAl 3.3.6 Zx.)

o1&2x] 3.7.1. TS 2AEL X498 B
P is a projective R-module, i.e., Hompg(P,—) is an exact functor.

2
(3) For every epimorphism A+ B, Hompg(P, A) Rl Hompg(P, B) is an

Hompg(P,—) is a right exact functor.

—~

epimorphism.
(4) For every epimorphism A B , and for every homomorphism P B ,

there exists a homomorphism P L A such that ox(f)=pof=g5

(23)

A Zz27A 4) oA 8= “g: P — B factors through ¢ : A — B” 23 &3t
t}. (Epimorphism ¢ : A — B+ &4 canonical projection 7 : A — A/ ker ¢ 2}
HARog 2% 7193sa})

f:P— Ax §493# %t} =, projective module universal prop-
olut}. Injective module®] Z-¢= w}z7EA].

fw
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oi&2xH| 3.7.2. TS RASL =X IS B
1
2

(1) J is an injective R-module, i.e., Hompg(—,.J) is an exact functor.
(2) Hompg(—,J) is a right exact functor.

(3) For every monomorphism A<~ B, Homg(A,.J) S0—*) Hompg (B, J) is an
epimorphism.

(4) For every monomorphism A +Z- B, and for every homomorphism .J < B ,

there exists a homomorphism J <L A such that O*(f)=fop=g.

(%)

ojHlE= ¢ A (4) oA 8= “g: B — J is extended to A” 2} &3t
t}. (Monomorphism ¢ : B — A+ 34} canonical embedding ¢ : imp — A &}
pARew P E 715eh)

o] fiolA=, W= 28 ZAXH, projective module o] &3t statement H}
Z oo (gFxe WS vt o]) injective module ] A A& state SHC

2 AEAL Zelty. 9 F AFEANA 53] =1
(4)= A2 ZE3] shadax B AR g FHof Qth56 =) injective module 2

projective module ¢ dualization (and vice versa).
&} A} existence 7} ™ A].
x| 3.7.3. (7I) Every free R-module is projective.

(L}) Every R-module is (isomorphic to) a homomorphic image of a free (hence

projective) R-module.

=9 (23) (I, 94 104.1] Z=.

561527 3.3.12¢] ¢ 3tH monomorphism-2 epimorphism 2] dual.
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x| 3.7.4. (7t) Every cofree R-module is injective.
(L}) Every R-module is (isomorphic to) an R-submodule of a cofree (hence in-

jective) R-module.

ZE% : Cofree module 2] A2} 22 §3.8F ulEc}.

i)
o
n

AL B A= abstract non-sense.

ASEA| 3.7.5. Show that ®;c;P; is projective if and only if P; is projective

for every ¢ € I.

HESEA 3.7.6. Show that [],
every 1 € I.

ier Ji 1s injective if and only if J; is injective for

A 3.7.32 £ MM SH : Hompg(R,—) 2 identity functor &} ZZo 2 Z (A
SEA 3.34), R EE d4 projective R-module o]t} oA 9] AFEA|

o
3.7.5° 93 free R-module @®;c;R -2 projective. [

g AFEAE FA 3.7.33 A 3.7.47 Rty (A5EA 3.7.89
A AFEA 3762 AR ol X xY =X oY 2 s of 3t}

M 3.7.7. 22 5AYS Koz}
(1) P is a projective R-module.
)

)

(5) Every SES 0 — A — B — P — 0 splits.
(6) P is a direct summand of a free (hence projective) R-module.
ASEM 3.7.8. 52 FALS Hojeth

=
(1) J is an injective R-module.
) Every SES 0+— A<— B<+— J +— 0 splits.
)

J is a direct summand of a cofree (hence injective) R-module.
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o] A2 & projective module ¥} injective module 2] €HFAQ AP Z. &
3] Ro] PID Y wi+&= thx 2452 €+
x| 3.7.9. Over a PID, projective = free.
™ :  Projective module 2 free module ¢] direct summand (W2tA] &2

submodule). 2|31 PID $¢JojlA]+ free module ¢ submodule & free.
[1I, HA 11.24] F=x. 0O

I8y v A= A5 A 3.7.8 4= FAstt
A 3.7.10. Over a PID, injective =divisible.
=™ : Zorn’s Lemma 7} 8. T2 fiolA ttEotk O

a8 By, d5EA 3713 AFEA 3.7.29 24 (4) S o] &3Hd, ¢
2] 9] category | A projective object 2} injective object & L& 4 o} (Y
2] 9] category ] monomorphism ¥} epimorphism 2 A 2] 3.1.1 #=x.) Candy
9} cookie Y7ol ZhA] A4 (7) = Wk )

AL EA]| 3.7.11. Assume V and W are finite dimensional vector spaces.

Describe projective/injective candies/cookies in Cy.yy /Cy .57

571553 3.1.6 T2,
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3.8. Existence of Injective Modules

o] fiol A+ injective module 2] &A]&} THA & & WA 3.745 =9
ins A ¥

Z9| 3.8.1. Freeo|™ projective o] 22 (HA] 3.7.3), ©] I} dualize 3
injective module &] &A1& ZWHE = AR L2717 27 HA free mod-
ule 9 7“9/]é dualize 3l ¢ F-free’ module% Aol dlof & Ao|TE5® T#EH L H )
2449 479 w IS S 1 S 2 A S s
A (B8 492 A9 5h2) ‘F-free’ module 2 ofof] EA] 512 oF=r}.5
w2k o] /\L‘E% /\1 HE A, 27t o2 & 42 free module o ‘2

3L dual ©] o}d ‘9F7Fel dual @1 cofree module 2 2= A o] T}

o] A injective module & Ao E 4ry H A} J 7} injective R-module ©] ™,
X<pYdu XoAa AJH 229 R-linear map= Y & extend & 4~ ¢ o]
oF 3ttt 8|1 T Y <p Zo|W¥ ©] R-linear map = Z 7[AE extend & &
9e Aolth. o197 A% extend & % Glojok B

Jﬂ

2R Pﬂi‘iﬂ Zorn’s Lemma 7P 22% A2 FAsth E a<p ROJ %‘—?——‘?—Eﬁ
— &, a7l RY ideal )l A$HEH — =
Yt

HXx| 3.8.2. Cl=22 =X|.
(1) J is an injective R-module.
(2) For every ideal a of R and for every R-linear map g : a — J, there exists

an R-linear map f: R — J such that f|, =g.

&S : By Zorn’s Lemma! Routine!! (532 24

tjo

ool A AH.) O
ol Al thg (FAl 3.7.10) & A2l .

24A| 3.8.3. If R is a PID, J is an injective R-module if and only if J is a
divisible R-module.

=2 : Hzx9A 3828 AL .0

58

A 9] 3.8.1294 Y& cofree module} F&317] 93 ‘T-free’ moduleo] = o] &
2) wx2suh
5 [4, p. 199, Exercises 13] #&Z.

fjo

(<
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=z}
=

<14

SR

o|X

g

o
[
rlo

ojtt 2, Ak

H&2AM 3.8.4. If R is an integral domain, show that every injective R-

module is a divisible R-module.?

2.2 divisible module o] &3+ A} 3} fact =.

1L 24 3.8.5. Show that a homomorphic image of a divisible module is also
divisible.

HLAE2H 3.8.6. TFeS Sxe Hoja)
(1) A; are divisible for all i € I.
(2) Tlier A is divisible.
(3) ®icrA; is divisible.

0g w4 WA 3832 ol 8al — S¥e R—z9 Aol — WA 374
£ Z9she Aol

x| 3.8.7. Every abelian group A can be embedded in a injective (divisible)

abelian group.

SH: 0£aec AL 0,5 group homomorphism «, : Za — Q/Z 5 Tt}

@ 1/n, if la] =n < o0
ag(a) =
non-zero °}F7 U if |a] = o0

I 2ol HoJ3td, a, = well-defined and non-zero. 13U Q/Z = injective
(divisible) abelian group ©]| 22, «a, 2] extension 8, : A — Q/Z 7} A& Z
olt}. webA group homomorphism S : A — [osaca Q/Z 7} &A) s} (
B = Ho;éae,q Ba)- FH a, #0 forall 0 £a € ASJE2Z 37} injection Q1 212
A 3} a1, HO;éaEA Q/Z = injective (divisible) abelian group |22 & Z.
O

60 Ro] integral domain©]2H= 7FAL 9 27?7 AL EA 3.10.12 Z AL5EA] 3.10.20 &

b
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9 ol vl o] Ae Sk [4, pp.196197] 9 FHE SelA 2kt
A9t 2+A misoriented! “Misoriented = no motivation = no ‘story’ = &4

S QYof Frp. 9o B Wi 8L oFst: Aol ofi
story’ & °lsf st Zoltt. [4] 9 %“é% ‘story’ 7} 1.

9 FHlA Q/Z2 FTo| ZEoH By o A7 Q/Z7F SR
$+4 QX% divisible abelian group ©|X| g, Q/Z 9] d&S AT £ glrt (o}
2 H7] 3.8.9 %)% oA Q/Z 9 *éél% EA 5 B AL

9 WAl 3879 Sl point & T WA o|t}:
Homz (B, Q/Z) # 0, for every 0# B € Ab.
e o] PAle Q/Z9] BAL v A
Homgz(Z, B) # 0, for every 0 # B € Ab.

9] 79 AAF ek7tul dual o)t & 4 9 th% Free abelian group & @ 7Z
B2, o]A free abelian group 2] ‘2F7F2H dual 91 cofree abelian group & &

s [IQ/Z= Aot

o]

2| 3.8.8. An abelian group is cofree if it is isomorphic to [],.; Q/Z for

some index set .64

EH7]3.89. o9& =9,
Homy(Z2,Q) =0

o] 2, Q<+ cofree abelian group ©] o}Ut}. (Cofree abelian group < =5
torsion abelian group ©] X% (9] Z#7}?), Q<+ torsion-free abelian group ©|

7% s}
o}

AsEAl

l

3.8.79 &9

Al 2 Ao Bttt

oo
rr
o[)l
tlo

& 24l 3.8.10. Show that every cofree abelian group is injective. Also show

that every abelian group can be embedded in a cofree abelian group.

R/Z ~ ST 2 Q/29 94&E AT £ Atk 2Y dieAE oA Q/Z7F o ofm
Holth

630] = WA 7}t 272 Q/Z ZZE characterized] = A2 ofyth

641 = olo] = OK.
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1A 91 235

3.8. EXISTENCE OF INJECTIVE MODULES
2 Remodule ®) A9 B3R Sel wAsl b WA
Homp(M,?) # 0, for every 0 # M € Mp
o shiw Bew
2835t

R-module ? & 3}u} Ztolof & Zojt} (g
adjoint functor @] A W= B 7] 7}

2o},
Homy, (M, A)

o\

NEMEES
ERERES
(Adjoint Theorem) For M € My and A € Ab, we have

YA 3.8.11
Homp (M, Homy(Rg, A))
—) : Ab — Mp is right

as abelian groups

Sheer abstract non-sense. [
Aol g

59
9 HAE H3y g+ “the functor Homy(Rpg,
adjoint to the forgetful functor U : Mp — Ab” 2F2L H3IT}.66

Homy (M, Q/Z)

1Al $1 Adjoint Theorem & (22 oAt Z) A= Q/Z <
webA] R7F ¥R $2171F 2™ R-module

s,
Homp (M, R)
7} Ak (&, R =Homy(Rg, Q/2)).
oIt =, R 927} 4519 thg 9l
Homp(M, R) # 0, for every 0 # M € Mp
£ UEA= e & AT
SASE A2 £ story'E A3 QAT 29 story'd] FAFE
2 Q/Z, Adjoint Theorem, 123 R.
ielﬁ for some
2e Z Q/zelB=, 39
-°lth)

o gd g9
2ol 3.8.12. An R-module is cofree if it is isomorphic to []
: (
AEFEA 1.2.10 F=x.

pafel 12,
index set 1,57 where R = Homy(Rp, Q/Z)
3.8.8 9] cofree abelian group < X5 A2le] &

65Note that Homgz(Rpg, A) is a left R-module.
66 3.4.237 AFEA 3.4.24 F=

3 .
67 = Poloj= OK
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ol Al oF &Y WA 3.7.49 2HL AY A,

x| 3.8.13. (7}) Every cofree module is injective.
(Lt) Every R-module M can be embedded in a cofree R-module.

e

=9 (7)) AL EA 3.7.69) 93, R} injective 91 AT Holw At

o
Adjoint Theorem < ©]&3) 1H& 128 HH,

(2" + 7h)

A fof=FREE vof=pde AAsfoF At} ol AFEA 3.8.14
2z,

(LH (BA 3879 FH] HkE) 0#£ x € M ], non-zero R-linear map
oy Re — R 27, 284 R: injective R-module ©|2 2, «, 2] extension
B : M — R7} 223t} @2bA R-embedding 8 : M — []y,ep B 7F 27
LS O

A (h) B FPelE e AFRAT S8 Dok Fh

%15 2| 3.8.14. Show that isomorphisms in the above Adjoint Theorem (™3

A 3.8.11) are ‘natural’ in the following sense: For every R-linear map f :

M — N, the following diagram

nN

Homp, (N, Homz(Rg, A)) = Homgz(N, A)

= O *

Hompg (M, HomZ(RR,A)) — Homgz (M, A)

M

is commutative.5?

B TH A gy
69 Adjoint functorS Ath 2 A etd, A o] AF5EA 2 Y& adjoint functor] 32
o 2o gt
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9] A Bk,

[e]

o
qoleh =, el 4G QT G4 RZE ASAE AL A
vt % cofree R-moduled] T HE= Wo] 9L Aot} maka, o9& &
“injective ©| ® cofree Q17}?” T “cofree ©| ¥ divisible ?17}7” 5o ZEL

M2 vz} gk

229 ‘story’+ Hilton-Stammbach [2, pp.32-35] & %
9] story'®e — @3 F gef oAk — BAARo7 929 A Lt 9
Wt Lang [6, p. 784, Theorem 4.1] 2] S| 4,0 FA = <
cofree R-module ©]7] wj-Zo]t} (2 2 H7}7).

rr
v}

Hungerford [4, pp.196-197] 2| A=, & St} B J 7} injective abelian
group € W], Homgz(R,J)E cofree R-module o] (ko2 AFE3}1 Tk

L2 3.8.16. J 7} injective abelian group € W], Homg(R,J) = injective
R-module 98 X oz}

o] fiol HxE GAIAR, F71E comment £ AEE0] Hob AUt

AA
o] AZE2 flat module 7}7] 22X 38 T §3.10 of| A A& shTh

T0Lang®] ZHoA M, F¥E abelian group©] ©}Ui R-module® A&l ofF 3t}
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3.9. Flat Modules

o] fiolAE (commutative ring $12]) flat module & FF 3T} o] HA T
Z 0] ¥ AlZ}. (Tensor functor= B F right exact functor ¥ 7] 3l2}

5=
WA 3.4.21 FZR)

) M is aflat R-module, ie., M ®g — is an exact functor.
2)

—

M ®pgr — is a left exact functor.
(3) If ¢: A— B is a monomorphism, then id® ¢ : M ®r A — M ®r B

is a monomorphism.
o] i A= ThS ALEA 7 A AL H T}

HASEA| 3.9.2. Show that ®icrfi : @icrAi — ®icrB; is a monomorphism if
d

and only if f; : A; — B; is a monomorphism for every i € I.

Abstract non-sense £-E].

A 3.9.3. ®;crA; is a flat R-module if and only if A; is a flat R-module for
every ¢ € I.

=M :  Abstract non-sense. HA| 3.4.163% A5EA 3.9.20]8. O

Flat module € projective module & F 53 3o t}F = A t}S HA| ufj&

ol o},

HA 3.9.4. (7}) R itself is a flat R-module.
(L}) FreeO|™ flat.
(Eh) Projective 0|2 flat.

EH: () R®gr— : Mg — Mpi is naturally equivalent to the identity
functor (WA 3.4.15).

(L) HA 3.9.3.

(B} Projective ] ¥ free 9] direct summand (A5 w4 3.7.7). Free o] flat
o]31, flat o] direct summand = flat (G A 3.9.3). O
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£ 3] integral domain 9o A=

B4A| 3.9.5. RO| integral domain & [}, flat 0| torsion-free.

=™ . RO field of quotient Q= =& R-module. Canonical embedding
1R QE AL 0#ze Mnold, 0201 MerR~ Mo|AT
0=(id®1)(z®1)=2®1ec M®rQ. MW }3tH 0£rc Ro]al ra=09% uf,
0=(rz)®i=20lec M®rQ. O

Moreover, if R is a PID:

04x]| 3.9.6. Over a PID, flat =torsion-free.

£ :  Knight [5, pp.21-24] =+ Rotman [8, Theorem 4.23] FHZ------ e
Torsion functor & ©]§& +% It} ([3, pp. 143-144] #=). O

Tensor product 2} scalar extension ol &3t AEEAE.

ASERN 3.9.7. If M, N are flat R-modules, show that M ®r N is also a
flat R-module.

AEEAM 3.9.8. Let ¢ : A — B be a ring homomorphism. If M is a flat
A-module, show that B®4 M is a flat B-module.

et X 7] B Fek-
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hu)
P
L

3.10. Examples and Q & A’s
o] #ii-> AAY m e FEd A

AFA projective module, injective module, 2] 21 flat module 2 A| ¥ (7]-%-)
delicate 3t object E°]t}. A& E9of, 87} Bo] 13l Hilton-Stammbach
[2, p. 36, Exercises 8.5] ol &= AW 3]sl AFEAE 3 Atk A Fo] B
H: “State a property of divisible modules that you suspect may not hold for

arbitrary injective modules.” o}Y, “suspect” @] ... -. , T 5.

H7] 3.10.1. Hilton-Stammbach [2, p.36, Exercises 8.5] 2] ‘3] ksl AHEA|
o] A TRHEL (oju}E):
(7h) Is ®A; injective, if A; is injective for every i ?

(LH) Is every homomorphic image of an injective module again injective ?
PAIRS 271
& = {free, projective, flat, torsion-free, injective, divisible}
S o83 AREL e HAT O£ s ).

Does © imply &7

If Ais Q, is every homomorphic image of A again ©7?
If Ais Q, is every submodule of A again ©7?

If Ais Q, is every direct summand of A again ©7
[Lic; Ai is © iff every A; is O7

DicrA; is Q iff every A; is O7

a1 R R
MO MO HO MO HO MO

S W NN

29n 9 AREEL 22 WAND S Uk o8 Sl

2K : 9 A2k OE finitely generated Q 2 thA)].™

H7]3.10.2. (7}) ¢l& E9°f, Ro] PID & uj, f.g. torsion-free ©| A free. [II,
24 11.25] F=2.

72 &0l cofree= Z A 7| A ¥kt 9] 3.8.15 F=E.
BEE XZ5'T A2 \I|<oo°1 uff.



3.10. EXAMPLES AND Q & A’S 71

=
flat?"3 22 AEE F718 4 o). o] AEo] &2 “true”. [8, Corollary
3.31] @z

< 32 oy Lo obd =3}
£<& base ring R we} o

FES QWA A9 Pohe
B Ay o 3
o gt

CaseA: R is a field.
CaseB: R is a PID, but not a field.
CaseC: R is an integral domain, but not a PID.

CaseD: R is a commutative ring, but not an integral domain.

AelA dl A case & Ve A2 2F el B3, AARE +E
variation £°] Q& & Itk &, “Ro] ... o] A ¥k... = o}d " & IutEA|
Z718 4= gt} oju] “...79] ZHEL field, PID, UFD, Noetherian, local,
Bezout, Dedekind, (semi)hereditary % &°] {Ith.™ A}z “Ro] ...ol1

oA obd 9O ofu gl EAE] 9 Aolrh

Discussion 3.10.3. 7}53 £ AR = 98 : (Fapr)= 497 LA W) o
2

uE g FE Ak cugs 2R 7

of &

o

AESEM 3.10.4. Ro] fieldo]d, |h[=1U& Hojzt T2l o] 4
=2 Ko g nE “rue”ds Rogh (e, k=1,...,6).

HEEA 3.105. A € My 7} torsion-free o], A2l EE R-submodule =
torsion-free -2 X o g}

T4eoulA ol A2 9199 commutative ring ROl thE “true or false” & B A&,
750] 7}e] 2o A+ local, Bezout, Dedekind, (semi) hereditary®] A= A2k
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Oé
[Ly="1

Ml 3.10.6. A4, eMrd ufl, t}F2 FA LS 2o}
I

=]
1) A; is torsion-free for every i €
)

)

2) [l,e; Ai is torsion-free.

3

—

@icrA; is torsion-free.

AHASEA| 3.10.7. Q = torsion-free @ W], CaseB, CaseC, CaseD 9 3%, =
229 G BE “flge” o], ARE3-AR6 HS BE “rue” YL Holg)
& 2A| 3.10.8. TS XYL Hojg)

—

2
3

R is a torsion-free R-module.

—

=)
1) R is an integral domain.
)
)

—~

Every free R-module is torsion-free.

1) R is a field.
(2) R is a divisible R-module.

—~

% ﬁ—._n-:ﬁll 3.10.9. q——%% %;‘(]?j],% _‘E'_O:]E}-
)
)

1) R is a field.

HASEX| 3.10.10. R ©] integral domain & o, T} x9S Hoja}.™6
)
2)

(
(2) R is an injective R-module.

AL EA= 9 AS5EA 3.10.109] R°] integral domain ©] 2= 7}4
237 Mol FUk

]
—‘H oo

o1& EA 3.10.11. (7}) Show that Z, is a PIR (principal ideal ring).

L}) Let n > 1. Show that Z, is an injective Z,-module.”” ™8

i)
o
flo

A 2.

AESEAM 3.10.12. Assume R is not an integral domain.

7h)
)

Lt

( Show that there is no non-zero torsion-free R-module.
(

Show that there is no non-zero divisible R-module.

6ALEA 3.84 Fx.
TTEE HzWA 3.8.2F o|&.
"8 Note that Z, is a free (hence projective and flat) Z,-module too.
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Fo 7, AF Fol, U E7H

AL EHM 3.10.13. If R is not a field, show (free) N (divisible) = {0}.7

73

AL 2N 3.10.14. Let R be an integral domain but not a field, and let Q be

the field of quotients of R.
(7I) Show @ is not projective.
(L}) Show (projective) N (injective) = {0}.5°

A 3.10.15. RO| integral domain Y I, Q£ R 2| field of quotients 2}11 5}

A AeMp e, ChHE2 SAI
(1) A € (torsion-free) N (divisible).
()A_O_IRAI-/\_IOQAI-A_I Ei |.7|_|_81

—_

[Ch2kM, (torsion-free) N (divisible) = (Q-vector space) 2 & = UL}

=M : A torsion-free o] 11 divisible o]2}1 3}A}. WeF 0 #£ r € Ro|1L
r€ Ao, Ax divisibleo|B2, ry=29 ye A7} A%t} 18] A=
torsion-free o | B2, ry =22l y € A% unique. ojw] y = £ 2 F 7|52} 0]
A AY Q-BFE=

f-x:%, (0#r€R, seR, z€A)

r
Z Aoty "o (s Beh). Converse+ T4l O
AEEA| 3.10.16. Let R be an integral domain.
(7}) Show (torsion-free) N (divisible) C (injective).8? In other words: If

torsion-free, then injective iff divisible.

(L}) Show (flat) N (divisible) = (Q-vector space).

TALFEA 3.86 HE.

80Hint: If M € (projective) N (injective), then Q <g M.

Sloju A4F9) 42 — #H9]3.5.169] scalar extension©] o} — X xp &4,
82Hint: localize everything at (0).
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t}2 L one of the most non-trivial ‘fact’.

§7]3.1017. R=7Z<%Z W, [[2,Z+ free abelian group Y7178 o] &
2 Hilton-Stammbach [2, p.26, Exercises 4.4] 2] A2 43t |77 dAxF
Ao] 7| = &}t}.8* Hungerford [4, p. 75] & Fuchs[10, p. 168] & Xz} 3oL}
Fuchs & & 16820 18 YLo] gl A “ZTP .8 oPE, 2 “ol )’

2 oA Yk . [8, p.42] 9l gstE A WA FH-2 19379 R. Baer.

Mo M

a83 By, k7 fieldd W, [[2, k7 k-freeghe S92 — k-basis &

construct 3+ A o] ofY2} — Zorn’s Lemma S@& ... ... .

o]A| CaseB (R is a PID, but not a field) o] ¢ oo A& gL Ho g
ATt CaseB2l R-module £2] AlAQ #ufE S 28] B of23} 2t} (A
of &

ko>

Al E typical example €2 R=7Z <% Z%).

(A=)

Al 3.10.18. CaseB(R is a PID, but not a field): th&< H oz}
free = projective ], &FE 22} A E5 T “false”.

= flat = torsion-free o] ¥, & & 2 2+ “false”.

3G <3 3 Mo
I

= injective = divisible ], & Z 3 7t “false”.
Co} CaseD 9 ARole= — o] FYEFY oM (?) — EF
[e)

se
43&5@%&@1w@aowk 9 51 modde Sl o) ol ok
™

dEolth @ 7R BASL ANSE AR BEAA

830] AR L “projective module?] direct product® projective¢l7}?” gt= AR E4351 4

84Hilton-Stammbach & o} 7)o B A A Zo] Q= %, 5 5.
851,}_1‘:_% A Qe gt} ;<-];<Htﬂ AADA A= “o
number” 2} 11 &&:3}4 T}
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ALSEAM 3.10.19. (7}) Let R be an integral domain and a be an ideal of R.
Show that a is a free R-module if and only if a is a principal ideal of R.
(L Z[t] 9] ideal (2,t)+= free Z[t]-module ©] o} X oz}.86

TS AGEALE, W], 9 AFEA 3.10.19 (7)) Foll 9 R o] integral
domain o] 2}&= 7} o] & HQ3HR] Hof &t}

AL EM 3.10.20. (7F) Show that the principal ideal (Z4-submodule) (2) in
Z4 is not a flat (hence not projective and not free) Zs-module. (Hint: show
0£222€(2) @z, (2), but 0=2®2 € (2) ¥z, Z4.)

(L) Show (2) =~ Z4/(2) as Zs-modules.?”

(T}) Also show that (2) is an injective Zjs-module.

A& EM 3.10.21. Note that Zg = (2) @ (3). Show that the principal ideal

(2) in Zg is projective (hence flat) but not free as a Zg-module.
FAEAANA woll e A< 2 7N 2730
Factl: R is Noetherian: (f.g. flat) = (f.g. projective). ([5, p.54])

Fact2: R is Noetherian: @A; is injective if A; is injective for every i. ([8,
Theorem 4.27])

Fact3: R is a Dedekind domain: (f.g. torsion-free) = (f.g. projective). ([6,
p. 168])

71 B4 = BEAl= 58 CaseC(R is an integral domain, but not a
o] projective o] A ¥} free 7} o] B 7] S 2t= Aoty A 2 7}
H== LTS

Fact4: R islocal: (projective)=(free). (°]+ L Kaplansky (Annals of Math,
1958) o] 23} S92 [5, p.43-48] #=X. Finitely generated case 2] 5% -2
[8, Theorem 4.34] #x.)

867[t] = B2 free Z[t]-modulec] B2, o] B 7= Q = freed @] Case C-EZ 39 whe.
8Tmetr © = flat d ] Case D-ZE 29 T “ofye”.
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o 43¢

Serre’s Conjecture- - -« - - .

Fact5: R = k[t1,...,t,] where k is a field: (f.g. projective) = (f.g. free).
(o] 23}F+= Serre’s Conjecture (1955) 2 <& A JATth7} 1976 doll D. Quillen 3}
A. Suslin ©] (independently) 5™ 3}o] X]F2 &3] Quillen-Suslin Theorem 2.
2 E22]2r}.8 L. Vaserstein ¢ simple proof = Lang[6, pp. 844-850] o] =
5o} 9o,

o= 5271

rlr

239 4497 e

H7]3.10.22. Ro] Dedekind domain |, Ko(R) ~ Z & C(R) o]t} (o]uf
C(R) < R ideal class group |11, K2 K+ Algebraic K-Theory 9] K).
83, BeF BE fg. projective R-module ©] free 8}, Ko(R)~Z°] 4
sto} (J. Milnor [11, Corollary 1.11] ZZ2). Z#d $2]= ideal class group ©|
non-zero ¢I Dedekind domain R = Z[Vd] 9] £A& o] &x 9t} (Note
that the ideal class group of Z[v/d] is trivial iff Z[v/d] is a PID.)

CaseC &2} CaseD (2 8]2l I variation &) 2] A9, &2 2 Ring Theory,
Commutative Algebra, Algebraic Geometry, Algebraic Number Theory 5=

o ek, ofel ol £48 RSl B A o 9L o]tk

88D, Quillen< 19789 Fields Medal S 44
9 AEAQ B2 F757] Aol Rotman [8, §4]

ol o).

o
4

7]

tlo
His
e
poc)
i
>
30,
o
pacy

[}
e

of uw

s
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3.11. Categorical Duality

2= oA ojn] — 8 AW ¢lo] — dual statement, dualization 52} &
A+43] gt} Dualization & 22 B E 344 (arrow) o WHEFS ulTh

s
= 9mlojtt. o]Al dualization o] & v © 93] 3 E AL

2 u)& o] 7

Iy — ker, coker 5 3L dojZ AAste 42 7
= A 2 2 o] i 141

[e)

= =

O Eo £FAE —100% HE2H& AP g oy o
& 5o

B33 Qe SHEe

o 4o

A
s “’10
oy

& EAl 3.11.1. (7F) Show that the initial object in C is the terminal object
n C°P and vice versa.
(I—l-) Show that the coproduct in C is the categorical product in C°P and vice
versa.

(CF) Show that the injectives in My is the projectives in M and vice versa.
13 o]A| duality & B 7] E So] B}
H7| 3.11.2. Category C 2] monomorphism ©]2}+= concept ¢+ &
c(C): [poa=pof=a=p3]in C

o 2tk ©] concept & B category o] AEEHERE — &, B category ©f

A elulg AARR — o)E v ol Hg},
c(CP): [prxa=p*f = a=L] in C°P
o Bt} olA] o] ColAl AT, & S0, pra=aopolBL,

cP(C): [acp=Bop=a=p]in C

£ etk oluf concept ¢®P(C)E ¢(C) 2l dual concept 2ty 2w 718 %
g Aot} B2 A& concept ¢°P(C)+= C 9 epimorphism & o] u]$tc}. whe}h
Al o 719

monomorphism® = epimorphism

bl
>
oo
ok
4
30
iy

HomAlg §3.11
version-130812
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$8& E8 concept (7]'d) ©] 1} proposition (A, statement) 2] 2 0] E
detA FYsteie Axe oA 92 Zelth A category 9 language (5
object & morphism 183 morphism 9] ¥4) ¢} =, V, 3, and, or, =, € 2
2 (W) o]FoR ‘wFolgte AR thF go7pxp? !

= AEe d5EA 3.1.5.
H7| 3.11.3. Category C 2 proposition p &
p(C): [v¥ oy is monic => ¢ is monic] in C

2} 3}R}. ©] proposition 2 RE category Ol A true | B Z, o]&E (CoP o] &
&3k,

p(C°P): [¢ % is monic = ¢ is monic] in C°P
o] At} oA o] & CollA 3|5,

pP(C): [pot) is monic®® = ¢ is monic®?] in C

=
=

12

=t} 23| monic®® = epic |2 &,
p°P(C): [pot isepic = ¢ isepic] in C

7} ft}. oluf proposition p°® & p<] dual proposition oj2ti F =21 1Y
=& Zlojty. EE pP & EE category oA true o]tk (webA A
3159 (W)@ mr 38 287 fdtke Kol

]-El

o]ZA c(C)olA c°P(C)S A= HAF p(C) oA pP(C) S = AAS
dualization o] 8}1 &t} 8|1 p7F 2E category ol A true o]l pPE &
E category 9| A true 2+ AR S E3] duality principle o] 21 &t}

EE duality ol = &4 “and vice versa” 2= %3 o] wheltjdr). o]&=
Empmac enrae (T

+ “and vice versa” FE2 A7 2 AL (A E 59,

=
monic®? = epic T A-F3F1, epic® = monic 2> AJ =k

~—

e, dE §ol, ABEC, pcMorc(4B)sh 2 Feole AT A8 Fol, ac 4
= R,

TOIHE ol e B mae] MR 2A wAE .



3.11. CATEGORICAL DUALITY 79

Ba3) o & ASo] vk H7) 3.11.29 H7] 3113004 7} AHR
3t “c(or p) is meaningful in every category”gh= ZHL BE c(E+= p) 7}
category & o] (&, object £} morphism ZZ2]3 morphism 2] §4) &} =, V,

3, and, or, =, € &2 (T}) o]Fo] = o ujo|th

4

18] 3 “proposition p is true in every category” 2t EH -2 “not only p is
meaningful in every category but also the proof of p is meaningful (and valid)
in every category” 2= 9| u| 2 3| A1 &tH H Tl ojuf por & WL p o] =1 o

A SparE abskul vk € A olth. 2, “the proof can be also dualized”. &

<
1o
olX
o
=
I
EoX
S
1o
olX
ol

a2d], o)A e E U, concept | = concept E°] £&F o] IS F A
th o & £
H7| 3.11.4. Category C 2] projective 2}+= concept & c 2}l 3},
c(C): p € Morc(A, B) epic, and g € More(X, B)
= 3 f € More(X,A) st. pof=g
c(C°P): ¢ € Morcor (A, B) epic, and g € Morcos (X, B)
= 3 f € Morcer (X, A) st. pxf=yg
c®?(C): ¢ € More(B, A) epic?, and g € More(B, X)
= 3f € Morc(A,X) st. fop=g
c®P(C): V¢ € More(B, A) monic, and Vg € More(B, X),
= 3 f € More(A,X) st. fop=yg
7} "t} =, projective®® = injective.??
CheS sl A,
&2 3.11.5. (7I) Show: initial°? = terminal.
(L}) Show: coproduct®® = (categorical) product. (FoZ F7|HS = F&

o), [[* =[[== #7134}

92C o= projectivel} injective 7} A 812 & 5 Yrh. GO E o]#H comment= AP ek



30 H3% 5274 v

H73116. o2 o}, ALEA 2516 Tl “(7) B TN BE 3
A g sk (W) 3ol FHol doldth m B AL

[HieIXi ~ (H]EJ ) I1 (HkEK Xk)]

= [Lid Xi = (HJEJX ) I (HkOEpK Xk)
=[lies Xi = (H]EJX ) [ (HkEK Xk)
2= 9.
o= — 9499 category ol A — AFwA 3.7.5 8 AFEA3.7.6 Abo]

9] duality & £ 3t}

H7]3.117. (7t) dA5EA

projective for every 1

7.5 2] proposition (]| X; is projective iff X; is
A 3.7.6 9] proposition ([[ X; is injective iff
=

< E
e
oy w

X; is injective for ever £ E category ol A] meaningful. g1
M2 duality o] A7 95 B9t 2™-d o] propositionEL RE
category ol A true @7}? 28l7] YA E I 2HEE EE category o A
meaningful 3] oF & 7] o] T},
(L) AFEA 3.7.59 if part

11 X; is projective <= X is projective for every i

WL RE category ol A meaningful 3t (&l 2 e}, welbA o] WA
E category 9| A] true. LB 2 2 duality principle ol 2] 3]
[1X; is injective <= X is injective for every i
E category ol A] true.
C}) 23U only if part = AFAR o] £ th2t}. C=Mi oA AF5EA 3.7.5(2}
A5EA 3.7.6) 2 only if part & SHE wf, ofu} (FF) =ZAEL category
C =Mg 9] th& 4 A (property)

p: Morc(A, B) # () for every A,B €C

kit
td

—~~

S 282 P& Aoth?B M o] A2 BE category 7} &-F 3= A o] oY
B2, only if part &= EE category ol A true 2t & = 2 wEbA] duality

principle & 2 -8% 4 it}

93 A property of a category C is of course a proposition in C.
MR ZAEE soro maps] EAE BEE S AolAW, 1 o] 1
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(2F) ©lA| a collection (class) of categories S(p) &
S(p) = {C | C satisfies the property p}

2 4957 (2, p
if part o] &%
H p°® = po]BZ, duality principle 2 S(p) ol A|gts] ZH-L3H, AFEA
3.7.6 2] only if part = S(p) ol &3l= EE category ol A true 4 & 4 3l
t}.

o[Al — A category A A — AFEA 3.7.7 AFEA3.7.8 Aol
duality & 435 22 ©, do]e] category ol 4] SES &= (o] ZAol&Eo] &
ME) 77 =Y, SES+ FA H3

=

€ & (th) Z< property p). 2™ AFEAl 3.7.5 9] only
S(p) ol 3= BE category o Al meaningful and true. ot

H7| 3.11.8. (7}) Category C¢] t}= dual proposition

a: X is projective <= 3 projective Y and 37 st. Y =~ X[[Z
a°P: X isinjective <= Jinjective Y and 37 st. Y = X [[Z

a £ LE category ol A] meaningful 3} A 9k, FAF true
t}. 2= hd proposition a & £ H 32 W category C ol &= o]
™ property £°] 288717 HAEL C7F th& Al 719 property

o

p: A Be(C = Morc(A,B)#0D
q: X €C = dprojective Y and Jepicp:Y = X

r: p:Y=>X v: XY pop=id=3Z st. Y= X][[Z
E USAIGHE, Co HA aE THT F USS FAT F e Aoh?
2 ﬂl%CﬂquWrw%{éﬂﬂqm60%ﬂaw%%%§¢

2
Athe Kol oF, & sk

(L) ©]A] a collection (class) of categories S &
S = {C | C satisfies properties p,q,r and p°P, q°P, r°P}

2 oIl (p°P = p), duality principle & S ol Agts] 2-&3}H, WA P =
SO £3l= EE category ol Al true. & (a9 $%)P = (a9 FTH).

9 B2 r}2 property S % 7}53ch I property r< Z o] EA5H o7 79 propertyEE
WE 5= IS Aotk
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ZF9] 3.11.9. ¢ H7] 3.11.8904], o=
property q°® ] -2 ‘long story’E &
CeSelA p,q,r, pP, q°P, 1P & o BA FHsF=A= FASHA gd=th

o)Al Thg Bl AA 2Tk,

9| 3.11.10. Let {p; | i € I} be a collection of properties meaningful in every
category. A collection of categories S, defined by

S = {C | C satisfies properties p; and p;* for every i € I},

is said to be self-dual. Duality criterion: When S is self-dual, if a proposi-
tion a is meaningful and true in every category in S, then a°P is also mean-

ingful and true in every category in S.%6

2™, functor E°] HYF ] Y™ AAS = ¢ Hof gt} Functor
F({C):C — DE CAA dualizedtd®, X4 F(C)= — codomain D& 11
A w] — BE category C ol tia] meaningful 3 oF e}t 18] d, HAS
dualize 3 w2} o], $41 €0 o A G F(CP): (P DE QL T,
E ColA |- Ete] FP(C):C—»DE Ao Atk olw €9 3% W3k
uld #o|3l, codomain D o] 34HE ISR ulH ] kS0 F9f.

)

&=

H7]|3.11.11. o5 Sof, 429 category oA WA 3.352 (7}) &3} ()
qS e BA AeCdul, F(C)=Morc(A,—):C— Set 272 o,

F(C°P) = Morger (A, —) : C°? — Set, F°P(C) = Mor¢(—,A) : C — Set
7} B t}.98 Duality principle 2 2234 (F(C) = F, F°P(C) = F°? & ®&7]),
F(IIBi) =[1F(B;), ie., Morc (A, I]B;) ~ [[Morc(A, B;)
9] dual proposition 2
P : FoP(T]% B;) ~ [ F°P(B:), ie., Morc (1] B;, A) ~ [[Morc(B;, A)

A B2 (e £9)7 = (7 29).

96Self-dual collection @] typical example-2 (collection of) abelian categories. [2],[6],[7] 5
2}z
&z,

97Functor F : C — D¢ domain C©°]1 codomain(®E+ range)2 D.

BALGEA 3.3.13 F=.
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A2, 9919 category ol Al AFEA 3719 2AB)F AFE
Abol9l duality & Awstet. SHdx stk ol vH

o] ZFo] & ojl= duality principle ¥} duality criterion & 2% 4 = B2

Bo5e] gtk SAEY FAL ek

o] AR vhEel 5,
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X 4 & Tor, and Ext"
Torsion functor £} extension functor.

4.1. Torsion Functor

HomAlg §4.1

version-130812
Hu[3, Ch. II[] & S&3}c}. 7

2ol = Hul3, Ch. 11| & wlabzt Aolth
[3, Ch. III, A &] 9+ torsion functor &} extension functor & homological

algebra 2] “main subject” 2}l A AYTE Tt §HFS A2 — o|HE &
A3 — FA A example & THE 5

4 gtk Zlolth lEe] wel 7)uk up
gm.o 11
4.2.

Extension Functor

HomAlg §4.2
version-130812

Extension functor & torsion functor ] dual concept o] 22 <t ol
v 27hs Bk,

N2

=
=

L[3] ol A spectral sequence= TFEA| %S A

oro 7 gun} tpajolth. ... - )

85



86 A 4 & TORy AND EXTY

HomAlg §4.3
version-201011

= st A% glo] — Category Theory 2 Homological Algebra 2]
2wl =Folth. 9 exact functor S A F) YA % ol AW 4
o\ Alok WA AT AL WA 3.7.3 (1) B3 HA 374 (e o
% 83}c}.) Kernel 7} cokernel & S} 2] dojZ WM A3l= 2T HE 1
-

Juonk o
o o w

32
L

o] o] Zo] ZRAC AL ([II]olA ZEZ 7Z%3tY) motivation 1}
TA A example o] YUt Zolth o] ZF oA, oA|lE Eo], group (co)

=
=
= OE AL g er §5517] w&

of

homology Y} singular homology
ol t}.

Category Theory 2} Homological Algebra & AF2-3}A] &+ 438 Bof= A

o] gtk FA A Q] example £ oz o 7|7 A5 Holr)

ohel, 2 b3 2o 293 A3 vhyt gt s §3etA] 9k & upsth(F
4 201011 BA A Ho v Aolgtz. ... ): “If X is a topological space, then the

4>
0%

category Ab(X) of sheaves of abelian groups on X has enough injectives. Let
I'X,—) : Ab(X) — Ab be the global section functor. Now we can define the
cohomology functors H!(X,—) to be the right derived functors of I'(X,—).” 2

2Right derived functor+= extension functor?] abelian category ol A1 &] 4®3}. [1, pp. 203
207] Az
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