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Al 1 A Euclidean Space 2] Orthonormal Basis

olAl R*Z} C"9] dot product FE AJZsFAE. R™ 9] dot product+ VFut
o) %3,
MOl 1.1 (FF) X =(a1,...,an)%, Y=(b1,...,b,) e R* <L uf,
(X,Y) = XtY = aibi +asbs+ - - +anbn

2 Ao sta, o]& R™»-F7H dot productE}y 2t} 18|31 dot product 7}
ZFo]Zx R"-#7F Euclidean space z}1 F2r}.

D X=(a1,...,an)" Y=(b,...,b,)" €C" uj,

’F

(X,Y) = XY = arbi+agby+ -+ +anb,

Z Aot ([1, 71 8.1.6] F=X), o]& C"9 (Hermitian) dot product 2}11
Heohs

(E}) webA, C™e] Hermitian dot product & R™¢|| restrict 3, R™2] dot
product & ¥d+=t}. do 3, C"° Hermitian dot product+ R™ 2] dot product
E Cr2o® extend 3 Ao|t}.

R™-§713} C-37ke) Aol ‘7] (bar) 2

Fo| 1.2 ¢ C"9 ZHol+x complex conjugationo] L3 ZL7L? Wk,
complex conjugation ¢l°] C"9] dot productE& Heogtid, ‘Zo]'7} 0l
vector (14i, 1 —i)%, ‘Zo]'7} 3422 vector (i,0)* So] 917] wfj&e]c}.

5l

Dot product 9] 7]22¢ AAEL [I, §9.1 & §10.2] 2 F=3std "t o)
article o] B4.2 HaAN L o}l F AxEABEE SR
HEEA 1.3 R"9 dot product = Thx 4&E& 2= & Hojgt
(7)) R*"xR"olA RE 7= 3 (X,Y) — (X,Y) = R"9] bilinear form.*
(L X, Y eR"old, (X,Y) = (Y, X).
(CH X eR"ol9, 34 (X, X) >0°]1, ojuf 557t 49T aFExUL
X =029 Aot}

3Hermitian-& 4~3t#} C. Hermite(1822-1901) 2] F-RA+3.
dolA mAE SN ET} 2T AFAHE TdolE ARSI (I, 6.1 1} Az, a2 ddog
A& Ao A= ¥ Fo] PP 2L bilinear formolgh= 2 At E £4 5 A FH oA




AHASEA 1.4 C"9] Hermitian dot product & TFS A& WEA 7| A& H
odgh(d, X,Y,ZeC", ceC).

Oh (X+Y, Z2) = (X, Z)+ (Y, Z), (c¢X,Y) =c¢(X,Y).
(L (X, Y+2) = (X,Y)+(X,Z), (X,cY)=C(X,Y).
(Bh (X,Y) = (Y, X)

(BH X#0°4, (X, X)eRolx, (X,X) >0

SelE ALEAL3() B ASEA L4(2) B 4DL 74=2A dot prod-

uct = positive definite 217 3ic}.

Euclidean space oA ‘4=21’9] 7| 3L od<&3lt). &, x5 X cR* Y ),
IX|| = (X, X)Z A3k, | X]|| & vector X ] ZO|(=Z7])ela 2+ A=

ZH & 91-e Aotk ZAol7 1¢] vector= unit vector 2t B2t}

A9l 1.5 R"9 dot product 7} o] & IS uf,

(7} X,Y R uj, wek (X,Y) =00]E, X9 Y= MZ 4! (orthogonal
= perpendicular) ©]2}1 W31, X 1Y 2 ®7]38}S

(L}) R" 9] non-zero vectorg Xi,...,X,, ©] mutually perpendicular ©|'H —
5, (X, X;) =0 forall 1 <i#j<m]eld — {X1,...,X,,} & R"9
orthogonal subset o]z} FEt} ojuf 2ok X,,..., X,,°] EF unit vector

A, {X1,..., X;n} S R"2] orthonormal subset ©]2}3l FE2c}.
(EH) R™9] basis B = {Xi,...,X,}°] orthonormal subseto]d BE R"2]

orthonormal basis 2} 2 &t}

webA, o & 5o, R"e] F7|A £ ={e,...,e,} < Euclidean space R"
9] orthonormal basis ©]t}.6 ThS ALEAE n AR Hox F3H5 o] 9t}

A& EA| 1.6 Euclidean space R™ 2] non-zero vector Xi,..., X, ©] mutually
orthogonal @ W], & [(X;, X;) =0 forall 1<i#;j<r|¥ uf, o3& Xz}
(7hH {X1,..., X, } & 4A54.
(L 588 r=n W, X/ =

orthonormal basis.

LX® BB, (X{,... X[} e R
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SX1Y+E “X perp Y& ¢+
SR™9] orthonormal basis®] T}t H7|= [I, A5EA 9.1.13] F=.



o]A] Gram-Schmidt Orthogonalization S A7]%lth <¢to g RA-F7HS &
A} dot product 7} 0] X Euclidean space & A3 Z+glt}.

Gram-Schmidt Orthogonalization 9] idea+ 1158t oA Bl ‘A 9
Mo =H O 9dAth =, X1, Xs, X37F R*9] non-zero vector=Q o], X,

AN Xi-AR G X2 W R,

X0, X
(Xy— Exf,xii X)) L X,

of k. ek oheh, Wk X L Xo ArkE, Xaol M Xo-AE (LR X, 9

X,-AE gijin W 2w (23s 28 R,

(Xs— 22 X - B2 X)) L X, (i=1,2)

7} "tk o] 2 duls}ldt Ao] Gram-Schmidt Orthogonalization ©] T,

Ag2| 1.7 (Gram-Schmidt Orthogonalization) {X;,...,X,.}2 R"2| linearly
independent subset O|2}10 SFX}.

(7h i=X, 22, J2|1 2<i<r g o=
(X;,Yi_1) {Xi,Y) (Xi7Y>
Y= X_<11Y1 >Y " _<Y2,Y22>Y2_<Y1,Y11>Y1

O inductively H2|5}1H,

(X1,..., Xy =M,....Y,)

o|a, {Y1,...,Y,.} 2 R"2| orthogonal subset O| EIC}.
(L}) A, {myh cee ”Y i Y, } S R °| orthonormal subset O| =IC}.

(ch) EY3|, r=no0|H, {W 9| orthonormal basis.

ZS'E” : :Hll/:l]-tg <X15"'aXi> = <}/1a7}/1> O]j—a {Ylv"'7n}7}‘ OI‘thOgOHal
subset°1 /\g 7]’3 ]':.l—’_, <X1,...,X1‘+1> = <Y1,... }/1'+1> O al {Yl,... Y}+1}E
A€ Bold Ak, HATNA ATk (Vi £0 22 )



o2 Al 2 2o A 2ol Al the sl 7F 2831t
-2 1.9 {Xi,...,X,}0| R"2| orthonormal subset 0|2, O|Z extend 5t
01 R™2| orthonormal basis {X1,...,X,} & BIE = UCH
s : A ¢ = {X;,...,X,}°] orthonormal subseto]|BZ2 ¢+ A=
Holth(AFEA1.6(7HF). ©lA| o]& &73l (Basis Extension Theorem) R™
9] basisE 22 t}2, Gram-Schmidt Orthogonalization & ©]&3ld R"<]
orthonormal basis {X1,..., X, } & Z& 5 JtH(AF5EA18 #=2). O

Euclidean space 2] FHo|+= ¥F=A] (real) orthogonal group ©] wglcid ).
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(1) A€O(n).
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Al 2 4 Real Symmetric Matrix 2] tjz}s}

.

o] fiollA+= real symmetric matrix+= A4+ diagonalizable 92 <93t}

S 2L 71U} terminology & A7) 3ttt

ggl 21 A= (aij) Gmn,n(C) o U;H,
Z = (T”)7 A* = Z = t
2 AoJstal, A*E A9 adjoint matrix 2}3 20}
o] fio] W&E thy &ol depend dtal Uttt #EE AL simple 5F
I E AL ASHA, oejz Azt St2 WEska 3l

e , transpose matrix (F =R case) 2} adjoint matrix (F =C case) & ‘&
PRSI ERE] =1 LIS S)

|

—

k2t 2.2 Fmaop Fof| 2+2h dot product ()74 FO4M Uk SRS ofuff 2
Ac mn( )O'” |:‘HQH

(AX,Y) = (X, A*Y), <Y,AX>:<A*~Y,X>, (X eF", YeF™)

rin

°

MESC (E8, F=RY dolle A= A= oJsfsd Hrt)

=M : Dot product ] Ao ZEE,
(AX,Y) = (AX)*Y = Xt. At Y
oj3, 3 A*=Ato|m=E,
(X,A%Y) = Xt A*Y = Xt A% Y = Xt ALY

oty F WA 542 FAEA 2 O

o|A] real symmetric matrix 2] thZ3}E A|ZFs] Bz} 2#d], F=R
$ole cigenvalue 7} SE 98 4+ Yo, GANE Ag2H T 5

Az ZEr0} wgta] $8ls FOEUE WA real symmetric matrix

cigen-value & zr= Z1R e A wsfof sic}.

rlr

(real
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7o] adjoint+= §6.79] classical adjoint adj (A) 2H= F&-.
80] commentE ol&|slE A, “Auise 2”& 38 oF ).
IFX A R == C.
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Al 2.3 Symmetric matrix A€M, ,,(R) 2 &4t (real) eigen-value E 2t

rr

B : Real matrix AE complex matrix A € M, ,(C) Z olafgtr}ar A H
g o]f+= gt} 28|31 C"9l+= Hermitian dot product 7} o FHtia Az
3FAL. oA, eigen-value A€ C & ZH= AQ] eigen-vector X € C"& =0} (ZF,

AX =)X). 23W, A*=At=Ao|mg, #L2.20] o3|

o

ful

AMX, X) = (AX, X) = (X, A% X) = (X, AX) = (X, X) = X (X, X)

£ QErh(UAT S AHRA LD T FE). WA, A=AeR O

9 WA (9] 9o W=, TE real symmetric matrix 2] characteristic
polynomial = R-fJol|A 1-2}A159] Fo& #Esde & + qiok. givkstd, 2

9] (complex) root 2 AFEL B real number ©]7] W& o]},
F07} st o Basi.

B2t 2.4 B I} R" 9| orthonormal basisO|H, [I]E € O(n).

ol
0=

ALEA1.12 9] & A5, O

o] article ] main theorem& state 5}7] Hof WA SX59] ‘AluH}2l'S F
A% 487}

my

BEH25 Aem, ,(R)Y of, oS =A

1) A Q| eigen-vector=Z O|F0{Zl R" 2| orthonormal basis Z=A|.

(
(2) ULAU 7} diagonal matrix @ U € O(n) =Xj.

2 sxlojct.

$2]7} real symmetric matrix o] F4E 2= 22 ths & wjFolth

2226 A e M, ,(R)Y mlf, 2HF A2l eigen-vectorEZE O|F0{Xl R" 2

orthonormal basis 7} ZAHStH, A= symmetric.



5 dFHF259 93, UAU=D 9 U € O(n)3} diagonal matrix D 7}
ZA% Aoty ™Y, Ut=U '] Dt=Do|B=,

D=Dt= U AU =U-1At.U

7} Aty webd UTAU = UT1AS- UolEg, A= At (o] 3L dvjgz

e YD) O

a3, 9] B9 converse & Yoty $El= thE A E]E Spectral The-
orem (2] sh})olgt RE0 =258 AF (1, 48 7.3.1]9 5% technique
= B557] vttt

Mgl 2.7 (Spectral Theorem: Real Symmetric Matrix Case) A € M, ,(R)

2 o, ohs =A2 SXIo|t

—_L—- O
(1) A= symmetric.

(2) A2l eigen-vector =2 O|F0{Zl R™ 2| orthonormal basis Z=XH.

S (i) & Y2 olu] FHYIP LB R o]A AE symmetric ] 2L 7HF
3}1, matrix size n o I3 APHES A2 U'AU 7} diagonal matrix ¢l

€ O(n) o] EAFS Holzxk ¢4 n=1°" S8 Zo] glevz, n>2¢
74 skt

(i) 23], WA A9 eigen-vector X; € R*-& 3} 2=t (WA 2.3). ol ¢
g+= X1 9] unit vector 2} A4S 4= dop (&) 2™7?). a8, X; 9 eigen-
value & X € RoJghal £2H(Z, AX; = AX;). thSol:, Gram-Schmidt Or-
thogonalization & ©]-83] R"™2] orthonormal basis B = {X;, Xa,..., Xp} =
Feth(MEAE18 F=x). oAl Up = [[]F € O(n) 22 m7shd (&F24 3

Z), LaS 38 F9 [LAR &

_ A C
[LA]% =U, 1AUO = Hﬁ

ol et Aeh(, BEM,—1,,-1(R), C €My .1 (R)).

0AEAH 2 square matrix (%= linear operator) 2] [eigen-value 52| H3}]S spectrum o]z}
T REG. %AW, Spectral Theorem's] £ BwA gk, 24 284 @kE AUES B
£ 0] ‘Spectral Theorems’2}1l F-2t}11 o]sfstH ). R
trum’¢] diagonal matrix 9] thZtdol] vebdtin AZelE 2953(?) Zelth. (Spectrumol &
gk o] siMol= BE HiEC] §ith)

%2 diagonalizable operator2] ‘spec-



(i) 2™, Ut =U; " ola At =Ao|mg,

(> ‘ /A‘C\ (Uy "AU,) = Ui AU, = A C
Ay / (o] 5) = (0o =t Hﬁ

7} 9ttt £, B+ symmetrico]l C =009°|t}. ©]A| induction hypothesis |
93|, P~1BP7} diagonal matrix ¢l P € O(n—1)°] £x1& Zojt}. upx|ete

110 1 0
2 U= Z oW 343 U eO(n)ola U;'= olBEZ,
0| P 0Pt
) Al O
U U AU U, =
olpt)\o|B 0| P- 1BP

7} €t 2984, P~1BP ¥+ diagonal matrix |22, U=UgU; €O(n) 2.2 ¥
OH(AFEA1L1I1(WH T FR), U'AU = diagonal matrix. [

o
RAuFEA'E A5 9u7t o 98Kt = real symmetric matrix+=
st ‘A wFzA o s Z+zke] F3x ol ‘diagonally act (operate)’ 3= ZE
I

]

Z A8 oF & Algto] 3t Tk =, complex symmetric matrix = o) ZFs}7}
BT 5 Atk (FY 2.1 o oA A GAIZE AR F=CY
w, real symmetric matrix o] th-3-3h= 7§'3S self-adjoint matrix ©]t}.12)

HEEHM 2.8 AFEA 7.2.11(W) FS A

M

1

of weh =, (? D% R

Al 3 A Application

Real symmetric matrix 2] Spectral Theorem (7 2] 2.7) ol &= -2 ‘classical’

applicationg°] It} 15 7P $23 A2 2-AFAA 9| thztto|rt.

HeasiAle ‘AFARIEA .
12A*=A9 A€M, »n(C)Z self-adjoint matrix et R},
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o|Al, n-7He AWM zq,..., 2, ZE AKX 2-%4] (quadratic form)’

2Q((m1, Za“x +2Za”x Z;

1<j

7h FA AT (D, ayy €R). olwl, J = (a;) 2 LW (F, a; =az),
2Q(X) =Xt JX, (XeR")

4L HGA g 4~ Qrh. I™¥d], JE symmetric matrix ©|2Z, Spectral
Theorem ©l] 2] 3}
U-1JU = D = diag(A, - -, An)

2l UeO(n)o] A Aojth(t, N eR). wWebx, Ut=U""o|BZ,
2Q(X) = X" (UDU )X = (U'X)" DU~ X)

ZhAeh oAl UTX =X'=(af,...,2))" & B7|30 (F, X =UX),

rn

\V]

Q(X) = (X)) DX’ = M(2{)*+ - + An(},)?
LQ:]BIMEO

~— [e]

3 etk (

k

AL 4 k. o, 8]+ quadratic form 2Q & CHZHSS
=2]9] point= Ut=U"1)

i

o L

)

21
H7] 3.1 Symmetric matrix J= (1 2) o] tJ-3-3h= quadratic form

2Q(z,y) = 22% + 22y +2y°

o] FolH i dx}F. olAl, JE thztdleid,

Cf1 =1 (21 (1 1) (10

V211 12) V2\-11 03
o] Ftk. webA,

G (11 '\ [z

v=gsu't 5y, y=-—palt sy

o7 X|25HH,
2224+ 2xy+ 292 = (2/)2+3(y')?

= =t
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H7[3.2 oj¥oe 2-A=A
222420y +2y> =4

9] graph & 28 HX}. o)A, & H7oA Jo eigen-vector EE o]F o] R?

9] (ordered) orthonormal basis

%:{v,w}={¢%<_11>’ fG)}

2 %S, U=[N2elnz,

[X]e =X =UX' = [[|B-[z'v+y'w]s = [z'v+y/w]e

b Erh (g W19 B FR). WA, X =2ty wolng, [RE7A £
off 3t HE} (2,y)" A B 71A Bol HF FH&I (of,y)" 7 Ak 2HH,

()2 4+3(y/)? =4

olar, wEbA 3419 graph = Tt

7} o] ‘HE B AA WRoR 4575470 mopo] ATk,

A5 o
ASEM 3.3 ZE AF ,y°ll hapod,

2 2 1
rit+ry+y —x—y—i-g >0
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AESEA| 3.4 T2 2-x=A49) graph & 2k
(7 222 —2V2zy+3y% = 4.

(Lh) 22 —6ay+y? =2.

(Eb) 11a?+24ay+y? = 15.

AGEN 35 et nSTaolA e 2-AFAS B (A £F)T A4

3.5
aga ZgAgelth. f RS MY

H oA $2l+= linear operator/matrix 7} obd quadratic form 2] t)z}3} (S,
Jo 3 & =itk AR [I] oA AR o] B2 ol w712 ok &
k. a8y, AFE UeO(n)old, Ut =UtA E53 Ffolnz 74
_9] ‘%XE]% _4‘6]- 2= O]E}— 15

Quadratic form o] thZ}3}le} AdE H7)E shunt o AZs] HAb v A5
FEA= [1, A5EA15.3.11] 2 elementary language 2 W38k Aot} SA=
L Spectral Theorem lol= e AGEA| O Bl Zo] g4 g2 &
Hhgiet.

N

ALSEM 3.6 JeM, ,(R)©] symmetricd Wl (T, (,)+= R"2] dot product),

£X eRmeld, (JX,X)>0.

0
J 9] eigen-value &= B positive real number.

33stg}. olul]l JE positive definite matrix 217 F-2t}

0 (JX,X) >0.

J 2] eigen-value &= &5 non-negative real number.

2 TXYE FHalek. olu JE positive semi-definite matrix 2t F-ET}.
5h

) J 7} positive semi-definite ©]8, K? =J2 K € M, ,(R) o] AT X

il

Ho] A gt T Azt UF B AZRS HulEkA] T 2L
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