HOLDER REGULARITY OF SOLUTIONS TO DEGENERATE
ELLIPTIC AND PARABOLIC EQUATIONS
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ABSTRACT. We establish the Alexandroff-Bakelman-Pucci estimate, the Har-
nack inequality, and the Holder continuity of solutions to degenerate elliptic
equations of the non-divergence form

(0.1) Lu =z a11 Uzz + 2v/T @12 Uy + a22 Uyy + b1 Uz +bouy =g

on z > 0, with bounded measurable coefficients. We also establish similar

regularity results in the parabolic case.

1. INTRODUCTION

This paper concerns with the regularity of solutions to degenerate parabolic

equations of the non-divergence form
(1.1) Lu = 2 a11 Ugy + 2¢/T Q12 Ugy + 22 Uyy + b1 Uy + bouy —up =g

on x > 0, with bounded measurable coefficients which satisfy the weak ellipticity

condition
(1.2) a;;&&5 > NEP

and the lower bound b; > ¢ > 0. More precisely, we will establish the Alexandroff-
Bakelman-Pucci estimate, the Harnack inequality, and the Hoélder continuity of
solutions to equation (1.1), generalizing the classical by now result of Krylov and
Safonov [KS] and Tso [T], for the strictly parabolic case.

The existence of regular solutions to the Dirichlet problem of (1.1) has been
shown by Kohn and Nirenberg in [KN] and, for a more general class of equations
with smooth coefficients, by Lin and Tso in [LT]. In both [KN] and [LT] their
authors also established global L2-estimates of solutions of (1.1) in suitable weighted
Sobolev norms. The applications of such degenerate problems to probability theory
[F1][F2] was commented in [KN].
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Our motivation for the study of (1.1), besides its own interest, arises from the
regularity question of the free-boundary problem associated with the Gauss Cur-
vature flow with flat sides. This is the flow describing the deformation of a weakly
convex compact surface ¥ in R? by its Gaussian Curvature [H], [DH1]. If the initial
surface . has flat sides, then the parabolic equation describing the motion of the
hypersurface becomes degenerate where the curvature becomes zero. Hence, the
junction I between each flat side and the strictly convex part of the surface, where
the equation becomes degenerate, behaves like a free-boundary propagating with
finite speed. Assuming that the surface 3 near the interface is represented by a

graph z = f(z,y,t), the function f evolves by the fully nonlinear equation

det D2 f

. SCEaToRe

with the flat side 31 (¢) = {(x,y,t)|f(x,y,t) = 0}. Daskalopoulos and Hamilton
[DH1], showed the existence of a C*°-smooth up to the interface solution of (1.3),
under the initial assumption that g = 4/2f vanishes linearly at the interface and
hence the equation for g(z,y,t) = \/W has a linear degeneracy. A simple
local coordinate change from (z,y, g(z,y,t)) to (h(z,y,t),t,z) transforms the free-
boundary g = 0 into the fixed hyperplane z = 0. Moreover, h satisfies the fully-

nonlinear equation of

(1.4) b — Z(hzy — hazhyy) + hahyy
. t = (2’2+h322h§)3/2

and its linearized equation satisfies a degenerate equation of type (1.1), under suit-
able conditions. The short time existence of a smooth up to the interface solution
z = g(z,y,t) in [DH1] is based on C*® a-priori Schauder estimates for solutions of
(1.1) with C*-coeflicients.

In [DL2], the authors have recently shown that the function z = g(x,y,t) will
remain smooth up to the interface, for all time 0 < ¢ < T, with T, denoting the
vanishing time of the flat side. By means of first and second a-priori derivative
bounds it is shown in [DL2] that each first order derivative of z = h(x,y,t) satisfies
an equation of the form (1.1). Therefore, the Holder continuity Theorem 3.1 in
Section 3, implies that h is of class C'®, which constitutes the basic regularity

estimate in [DL2].
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Similar regularity questions arise in the free-boundary problem associated to the

Porous medium equation [DH2], [K]
(1.5) fe=fAf+vIDf?, v>0

satisfied by the pressure f of a gas through a porous medium. Indeed, Daskalopou-
los, Hamilton and Lee [DHL] showed the all-time C*° regularity of solutions to (1.5)
with root concave initial data, based on the Holder a’priori estimate of solutions to

degenerate equations of the divergence form
(1.6) Ty Agn—1u — 2,70, (rht7a?Oju) —uy = g.

Such an estimate was shown by Koch in [K], by a Moser’s iteration argument,
appropriately scaled according to a singular metric. Local a’priori C%®-estimates

for degenerate equations of the form
(1.7) Lu =z (011 Ugy + 2012 Ugy + Q22 Uyy) + D1 Uy Fbouy —up =g

with C%-coefficients satisfying the ellipticity condition (1.2) and the lower bound
by > ¢ > 0, was shown in [DH2], as the main step on establishing the short time
existence of a smooth up to the interface solution of (1.5) with suitable C*“ ini-
tial data. Because of the degeneracy of the equation, all the estimates are scaled
according to the an appropriate singular metric.

All the above results generalize in dimensions n > 2. The question of C“-
regularity of solutions to (1.7) with bounded measurable coefficients satisfying (1.2)
and b; > ¢ > 0 is still an open problem. One also may ask similar questions on
various types of degeneracies of the type

n n
(1.8) Lu = Z YT aug + Z biu; + cu —uy = g.
i=1 i=1

Let us also mention that the C%, C'** and C?*® regularity of solutions to
degenerate elliptic equation of the type of (1.7) in the case that by < 0 has been
established by Lin and Wang in [LW].

We will assume throughout this paper that the coefficients of the operator L in
(1.1) satisfy the bounds

(1.9) ai;j&& > NP, VE e R?\ {0}
and

(1.10) il b < A7
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and
(1.11) 201 >v>0
ail
for some constants 0 < A < 1land 0 <v < 1.
In Section 2 we will establish the Alexandroff-Bakelman-Pucci estimate, the Har-
nack estimate and the Holder continuity of solutions to the corresponding elliptic

equations
(1.12) Lu := x a1 Uze + 20/T a12 Ugy + Q22 Uyy + b1 Uy +b2uy =g

under the same assumptions (1.9)-(1.11) on its coefficients. In Section 3 we will
show how one can generalize these results to the parabolic case. Since most of
the proofs will be similar to the elliptic case, we will only draft the proofs of the
parabolic results.

Let us also emphasize that all our proofs generalize to higher dimensions n > 3.

2. THE ELLIPTIC CASE.

Let (70,y0) be a point in R2, with 29 > 0. For any number r > 0, let us denote

by C,(zo,yo) the cube
Cr(zo,y0) ={(z,y): 220, [z —mo| <7, [y —yo| <7}
Let us also denote by p the measure
(2.1) dp =22~ dx dy.
Our goal is to prove the following result:

Theorem 2.1. Assume that the coefficients of the operator L are smooth on C,(zo,yo),
p > 0, and satisfy the bounds (1.9) and (1.11). Then, there exist a number
0 < a<1 sothat, for anyr < p

||u\ C(Cr(z0,Y0)) < C(r, p) <|“||C°(Cp(zo,yo)) + (/ 92 dﬂ)1/2>

P

for all smooth functions w on C,(x0,Yyo) for which Lu = g.

From now on we will assume that the operator L satisfies conditions (1.9) and

(1.11). Throughout this section we will denote by s the variable

s =+x.
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The operator L can be expressed in the (s,y) variables as

a an 20
Lyu:= %uss + a12Usy + 20Uy, + ﬁ [Kll — 1] us + bauy
and hence introducing the new elliptic coefficient matrix
ap;  Gi2 ot
ayz  dg2 A2 ag
the operator L, takes the form
- N . a b
(2.2) Lou = @11 Uss + 2012 Usy + Q22 Uyy + ar [ 1 1 us + ba uy.
S 2 ail
The matrix a;; satisfies
(2:3) NEP? < @&ty < AP, vE e RP\ {0}
with A = \/4 and
b
(2.4) b <A™'  and L >u>0
2 ail

with 0 < v < 1. We will also denote by L, our model operator
_ Ug
Lsu = Ugs + Uy + (V - 1) ?

which may also be expressed in the form

Lou=s"" [s”*l Us)s + Uyy-

2.1. Alexandrov-Bakelman-Pucci Estimate. Let us consider the new variable
SZ*V

z = 5—. Then
@ _ 1—v
ds
implying that
Lou=s*""u,, + Uyy-

Pick a point (sg,yo) such that sy > 0 and for r > 0 we define the cube

CT(SanO) ={(s,y) : 8207 |8_80‘ <, |y_y0‘ ST}

Consider the gradient map Z = (u.,u,) in the (z,y) variables, and define the set
O(uz, uy)
9(z.y)
We will show the following Alexandrov-Bakelman-Pucci maximum principle for

(2.5) F+—{(S,y)€Bp: <0, uzgo}.

solutions of the equation (1.12). Our arguments follow the ideas in the proof of
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Theorem 9.1 in [GT]. However, because of the degeneracy of equation (1.12) we
need to scale the estimates differently. To simplify the notation, we will denote in

the next two Theorems by (a;;) the matrix (@;;) and by A the number .

Theorem 2.2. Let u be a classical subsolution of equation

a b
(26) Lsu = a1 Uss + 2(112 usy + ag9 Uyy + i [2 !
S aiq

—1us+bauy > g

on C, = Cy(50,Y0), p < 1, with coefficients satisfying conditions (2.3) and (2.4).
Assume in addition that uw <0 on {|s — so| = p, |y — 0| = p} N Cp(s0,Y0). Then,
) ) 1/2
swput < €Ot (ool ([ 0005 sy
C, T+

with
(2.7) pu(s0) = (so+p)* ™" —s5 "

Proof. Assume that u™ takes a positive maximum

M = maxu™

Cp
at the point (s,y) and let p, be the distance defined by (2.7). Consider the set '™
defined by (2.5). Let us observe that since u is a classical subsolution of (2.6), and
therefore at least C?-smooth up to = 0, we have uy = 2su, = 0 at s = V=0

and in addition u, = s*~1!

us = 28¥ u, = 0 at s = z = 0. In particular, this implies
that {us <0} = {wu, <0}. Then, a simple geometric argument shows that
M M cM
D= [~ 0] x [ 2] C (1)
pv(50) PP
for some uniform constant ¢, where Z(I'") denotes the image of I'" under the

gradient map Z = (u,,u,). Hence

(2.8) ID| < |Z(TF)] = /F+ ‘det (6(‘22))‘ ds dy.

On the other hand
|Z(F+)|:/ det< 07 >‘d5dy/ det( 07 > dz d
r+ (s, y) r+ d(zy)/) ds
stV dsdy = / |tz tyy —uZ, | sV dsdy
T+

B /m det (5(8272@/))

= / 2=y, Uyy — (s17)? ugy ‘ ' Vdsdy
r+

:/ |det E'| du
T+

sdy
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with du = sV~ dsdy and

82(1—1/) Uss Sl—u Usy Uss +

E = — 5 Usy

Since, 85;2?:;’) <0onTT, —F >0, ie., |det E| = det(—E). Hence, by formula
(9.10) in [GT] and (2.6), we conclude

—1 ) -
2 [det(a;;) - det(—F) ]% < (au [uss + u] + 2a12 sy + a22 uyy>
S
bl bl -
aill [ — 1] aill [I/ — ]
< <a11 Uss T 2&12 Usy + az2 Uyy + 2211 Uus + s 2011 Us

bl -
a1 [I/— a ]
< g™+ [bal fuy| + (52 u)

The last term in the above estimate is actually equal to zero, since u, = us/s <0

on I't and v — ;% < 0 by condition (2.4). Hence

2(111 -

2[det(a;;) - [det B|]2 < g~ + [bo| [uy .
Holder’s inequality then implies the estimate
2[det(ai;) - |det E[]2 < (k*(g7)% + [baf?)2 - (K72 + |uy[*)?
for all numbers & > 0. Using the bound det(a;;) > A% we then conclude the bound

(2.10) [det B|% - (k72 + |uy )77 < SATH (k2 (97)2 + [b2]) .

DN | =

Considering the function G on R? defined by

G Q) =k72+7

instead of (3.4) we have the formula

07z
2.11 Gg/ G(z ‘ ‘dsd :/ k7% +uy) | det E| dp.
ey [ex [ 6@ g asty= [ (74l dec s d

Combining (2.10) and (2.11) and using the bound |b3| < A~!, we obtain the estimate

1 20-\2 | -2
. < — .
(2.12) /DGf e r+(k (7)) +A")du
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To compute the integral [, G, let us recall that D = [— pff\fo),O] X [—%, % ], so
that

/DG - /OM e e dg

/ (k2 1+ € 4 )V ded
Bem

P

(2.13) >

2.2 12
cp kM
= log(l1 4+ ————
pv(s0) ( p* )

for some small constant ¢ = ¢(\,v) > 0. From (2.12) and (2.13) we obtain

2 1.2 172
cp cck*M 1 / 9, _\9 9
log(l+ ——) < — k +A7%) du.
py(SO) Og( p2 )— 4A2 1"+( (g ) ) H

Let us set k by k72 = A2 Jr+ (97)%dpu in the above estimate so that

1 1
— g )+ 2 Ddp=— (1 / d
402 F+( (g7)"+ )i 41 < " I+ :

<C\) (1 +/ sv! dsdy) < C(\v)
CP

for some constant C' = C(\, v). Combining the above we conclude that

2k M?
og(l+ ——) < C(\v).
pu(50) . )
Since o = ﬁ > 1, when sg < 1and p < 1, the estimate a log(14x) > log(1+a z)
then implies that
212 M2
log(14+ ————) < C(Av).
p pu(50)

Exponentiating, we finally obtain the estimate
1
—\2 2
( / (97) du)
T+

Replacing u by —u in the above Theorem and defining the set

O(uz, uy)
9(z,y)

Nl=

M < C(\v) p py(so)

finishing the proof of the Theorem.

I‘_:{(s,y)ECP: 20,u220}
we obtain:

Theorem 2.3. Let u be a classical supersolution of equation

a b
(214) LS = a1 Uss + 2&12 Usy —+ a9 Uyy + ar [ !

—1jus+0b <
s 2@11 }u+2uy—g
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on C, = C,(S0,Y0), with coefficients satisfying conditions (2.3) and (2.4). Assume
in addition that w >0 on {|s — so| = p, |y — vo| = p } N Cp(s0,¥0). Then,
) ) 1/2
swpu™ < OO o ot ([ (7P los) s asay)
c, -

with p,(so) as in (2.7).

2.2. The Barrier Function. We will construct, in this paragraph, an important
for our purposes barrier function. A similar function was introduced by Caffarelli in
[C]. To simplify the computations in this paragraph we will go back to the original
(x,y) variables, assuming that L satisfies conditions (1.9) - (1.11). We begin by
introducing a new distance function. For a point (xq, o) € R?, with 0 < 2 < 1,

let us define the distance function d- by

(2.15) a2 ((z,y), (xo,%0)) = (VT — Vao)* +7* (¥ — v0)*
with
9 VA

7:170'

Recall that 0 < A < 1 is the ellipticity constant and 0 < v < 1 the positive constant
so that (1.11) holds. Notice that in the (s,y) variables, with s = /= the distance

function d,2y may be expressed as
42 ((5,9), (50,%0)) = (5 — 50)* +7° (y — 0)*.
For r > 0, let @, (o, yo) denote the cube
Qr(zo,y0) ={(,9): @20, Vo —Vao| <r, yly—wol <7}
and let B,(zo,yo) denote the ball
By (w0, 40) = {(z,y) : 20, dy((2,9), (x0,50)) <7 }.

Lemma 2.4. There exists a smooth function ¢ on the half space Ri and positive

constants C and K > 1 depending only on the constants \ and v, such that

¢ >0 on R\ By s5(x0, %0)

(2.16)
¢ =2 in Q3 (o, Yo)

and

(2.17) Lp<C¢  on RY
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where € = £(d?) is a continuous function on R™ with 0 < ¢ < 1 and supp& C
Q%(iﬂo,yo). Moreover, ¢ > —K on ]Ra_.

Proof. To simplify the notation, let us set for any r > 0, B, = B,.(xo,yo) and
Qr = Qr(20,Y0). Introducing the new distance function
(LC — {IT(])Z

x + xo

& = +9° (y — o).

one can easily see that
(2.18) d, <d<V2d,

since

Ve - Val < =2 < VEIVE - V.

r+x9

Define the function
¢:M1_(C]l\42)2a’ onB4\Bi
with @ > 0 a sufficiently large constant, depending only on A and v, to be deter-
mined in the sequel. One can choose M; and M, depending on A,v and «, so
that
$=0, ond=3vV2 and ¢=-2, ond=3.

Hence, by (2.18)
¢ <0, on By\Bys; and ¢=-2, on Bys,\B:.

It is possible to extend ¢ as a smooth function ¢ = ¢(d) on ]R2+ in such a way that

(2.16) holds and also L¢ < 0 on R% \ By. This, in particular, will imply that
Ly <C(r,\)¢  on Qs U(R3\ By).

Hence, it remains to show that Lo < C(v,\) € on By \ Q%. Since Bi C Q%, it is
enough to show that

(2.19) Ly <0 on 84\3%.
To simplify the notation, let us set § = d2, so that
M.
¢ =M — 970‘2
A direct computation shows that
aMs ala+1)M; aMs ala+1) M,y ,
L¢ = xall [9(1-"-1 Qmm — W 91 + a22 9(1-"-1 gyy - 90&-‘1—2 gy

ala+1)M: alM. all.
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ie.,
aMs aMy
Lo = W [.’17 a11 Ogp + aoo ny + by Qy] + by |:904+1 91:|

~ala+1)M,

0(1+2 [ma110£+2\/§a120m9y+a2295]

Notice first that by the ellipticity condition (1.9) we have
xauﬁi + 2\/.50,12 0, 9y + a9g2 9: > A [xﬁi + 932/]

Also, by direct calculation

6, — (:c+3:co)(xg:c0) and 0. — 8 2
( + o) (z +20)?
while
2V 2vA
0y = 10 (¥ — o) and Oyy = 10
Hence, using again the bounds (1.9) - (1.11), we obtain
aMy ™! 8 rad 2v\ (x4 3x0) (x —20)" 20
Lo < _
0= "ot {(ac +20)? | 10 @rar 10 Wl
vaMs [(z+ 3zg) (x — x0)~
2.20 —
( ) 9a+l l: ((ﬁ + 1-0)2
20 a(a+ 1) My [z(z + 3z0)%(x — 20)2 412 N2
_ (a+2) 2 [=( o)(4 0° | (v — o)’
0 (x + o) 100

Let us consider a point P = (z,y) € By \ Bi. We will show that there exists a
constant « = (v, A), sufficiently large, for which L$ < 0 at P. We separate the
two cases:

Case 1: z < 1z(. In this case, (2.20) implies that

aMoA™1 [8z 2\
Lp< 2524 |9 2PA ol = EeE2 2 2
¢S gari [wo T yo] gori (3710
2 a(a+1) My [9z (x—m)* 4PN
fot2 o T+ xg 100

(2.21)

Since d, ((z,y), (z0,y0)) > % we have § > c(A,v) > 0. In addition

1 Av 1
— 2> — y— ol > —.
Ve = vaol* > 32 or 10 ly —wol” = 32
When |\/z — y/zy|* > 35, one can deduce from (2.21) that
aMs [82" 1z 2v v
Lo< 22124 & 20 ol = =
9= Gari { A 10]
ala+ 1) My

x 2
T — [Cl(%)\)%‘FQ(V’)\) (y — o) } <0

for « sufficiently large, depending only on A and v. On the other hand, when The  negativity — come
from the condition

s Av
like =z < {55 so that

aMy [ga—"la
oo+l z0

2
+ T5lv — vol -

0.
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2 |y — yo|? > & the estimate (2.21) implies that

OZMQ

L¢ = po+1

[C(,\) —c(r,\) (a+1)] <0

again for a = a(A, v) sufficiently large.

Case 2: > 1x. Then for a point P = (z,y) € By \ B1 where

AV
§|\/>f\/50|2+1—0\y7y0\2§4

| =

and with zo <1, (2.20) implies the estimate

Lo < S22 [CO) — (@t el )] <0

for o = a(\, v) sufficiently large.

The following Lemma follows by simply rescaling the function ¢.

Lemma 2.5. Given p > 0, there exists a smooth function ¢, on the half space Ri

and positive constants C' and K > 1 such that

(2.22) ¢, >0 on Ri \Bgﬁp(ato, Yo)
¢, > —2 in Q%ﬂ(l‘o,yo)
(2.23) Lo, < %gp, on R

where 0 < £, < 1 is a continuous function on R™ with supp§, C Qg(mo,yo).

Moreover, ¢, > —K on R?.

Proof. Let ¢ = ¢(d?) be the function constructed in the previous Lemma. Define
the function ¢, by
—d
bp = (=)
p = o( P

Then, clearly ¢, satisfies conditions (2.22). Moreover,

L@w:§La>

ASHRSH

implying condition (2.23).
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2.3. The Harnack Inequality. Fix a point (zg,yo) € R? and set sy = \/Zg. Let
us now go back to the (s,y) variables ( with s = /z) assuming, throughout this
section, that the operator Lsu is defined as

a b
(224) Lou = a1 ugs + 2a12 Usy T Q22 Uyy + s [ !
s 2an

— 1 us + bauy

with Ly satisfying conditions (2.3) and (2.4). Denoting, for any r > 0, by Q.-(so, o)
the cube

Qr(s0,90) ={(5,9): s>0, |[s—s0| <7, vly—yo| <1}

we will show the following Harnack inequality for solutions to equation Lsu = g.

Theorem 2.6. Let u > 0 be a classical solution of equation Lsu = g in Q,(S0,%0),

where g is a bounded and continuous function on Q,(S0,Y0). Then,

. 1 1
(2.25) sup u<C inf w47 pu(50)2 |9l L2(0, (s0,90).dp0)
Qg (s0,90) Qg (s0,0)

with dp = s*~dsdy and p,(so) given by (2.7).

Theorem 2.6 follows as a direct consequence of the next basic for our purposes

Lemma.

Lemma 2.7. Let u > 0 be a classical solution of equation Lsu = g in QBﬂp(so, Yo),
where g is a bounded and continuous function on Q3ﬂp(so,yo). Then, there exists

u<l

constants g and C' depending only on X and v, such that wheneverinfg , (s,.y0)
8

and
1 1
p2 pu(50)2 ||g||L2(Q3\/§p(so,y0),du) < €0,

then SupQg(SO,yo) u<C.

Let us begin the proof of Lemma 2.7 by showing the following Corollary of
Theorem 2.3 and Lemma 2.5. In the sequel we will denote by | A, the normalized
measure of a set A with respect to du = s¥~1 ds dy, namely

v
|Al, = 77 s Ldsdy.
A

For future reference, let us notice that the measure |Q,(s0,%0)|, of the cube
Q,(s0,Y0) is equal to

(2.26) 1Qp(50,%0)| = 5

y  [Yoth psote »
- [ s sy = s+ 0 - )
yo*% s

S

with 5o = max(sg — p,0).
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Lemma 2.8. Letu be a classical supersolution of equation Lsu < g in Q3ﬂp(so, Yo)-

Then, there exist constants eg > 0, 0 < k < 1 and K > 1 so that if u > 0 in
Q33,(50,y0) with infq,, (spy0) v <1 and
2

1 1
(2.27) P pu(0)2 191l 22(Qy sz, (s0,90)du) < €05
then
(2.28) [{u<K}NQu(s0,50) lu = k[ Qp(s0,0) |-

Proof. To simplify the notation, we will denote for any r > 0, @, = Q,(s0,¥0)
and B, = B,.(so, yo), where

B, (s0,90) = { (s,9) = dy((5,9), (s0,%0)) <7}

Set w = u + ¢,, where ¢, is the barrier function of Lemma 2.5, expressed in the

(s,y) variables. Then,

C
L5w§g+p—2§p on By 55,

In addition, w > 0 on 0B 5, since u > 0 on @y, 5, and ¢, > 0 on RQ\BS\fp' Also,

1an3 w < —1, since 1an3 u<land w< —-2on Qsp Hence, infg, , w < —1.

We therefore can apply the ABP estimate, Theorem 2.3, to conclude that

(/_(9 +C&)2(s,y) s \ds dy>1/2

[N

1< inf w™ <C(\v) p? pu(s0)
BS\/EP

with p,(so) given by (2.7) and

F‘{“’y)e’gmwa()Z“’“zzo}’ St —

Using that 0 < ¢, <1 and supp{ C ()2, we conclude the estimate
I3

1 1 1 1 C i
L= Cp2 pu(50)* l91122(Qy 3, (wonmo) i) + P2 pu(50)* 25 [T N Qgli-

Choosing €, sufficiently small so that C pZ p,(s0)? ||g||L2(Q3\/§p(IO,yO),d,U4) < 4, the

previous estimate implies the lower bound

1 B 1
3 <Cp” % pu(s0)% I~ N Qe

Observing also that w < 0 on I'” so that u(z) < —¢(x) < K, we finally conclude

the estimate

<SHu<K}INQg |y
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Since [{u < K} NQpl, = [{u < K}NQs |y, to finish the proof of (2.28), it is

enough to show that for p sufficiently small

Cp?
2.29 S0, <
( ) ‘Qp( 0 y0)|# PV(SO)
Indeed, using (2.26) we have
(s 2[(sg + p)27" — s27"] - [(sg + p)” — 5%
5(p) — 1% (30) . ‘Qp(507y0)| _ [( 0 p) 0 2] [( 0 ,0) O].
P 14
When sg < 2p, then
2 v, 2—v
5([)) < M < C(V).

PE
On the other hand, when sy > 2p, then sg — p > p > s¢/2, implying that

5(p) S 2[(50 + p)27V B sg—l/] ! [(SO + p)u - (SO - p)u] S C(l/) Sé—u S(v)—l S C(l/)

2

proving (2.29), therefore finishing the proof of the Lemma.

Before we proceed with the continuation of the proof of Lemma 2.7, we will
state the following Corollary of the well known Calderén-Zygmund decomposition.
Starting with the cube Q,(so,yo), we split it into four cubes of half size and we
split each one of these four cubes into four other cubes of half the size. Iterating
this process we obtain cubes called dyadic cubes. If @) is a dyadic cube different
than Q,(s0,%0), we say that Q is the predecessor of Q, if Q is one of the four cubes
obtained from dividing Q. Recalling that |A], = %4 s*~Ydsdy, we have the

following Lemma:

Lemma 2.9. Let A C B C Q,(s0,%0) be measurable sets and 0 < 6 < 1 such that
(a) ‘A|p S 5|Qp(30790)|7 and
(b) If Q is a dyadic cube such that |ANQ|, > §|Q|,, then Q C B.

Then, |Al, < §|B|,.

Proof. The proof of this Lemma is very similar to the standard case (see in [CC],
Lemma 4.2). We use the Calderén- Zygmund technique, following the lines of the

proof of lemma 4.2 in [CC]. By assumption we have that

ANQu(so e _ AL _ g
1Qo(50,90) | 1Qp(50,%0) | —

We subdivide @, into four dyadic cubes. If one of these cubes, @, satisfies |A N

Ql./1Q|, < 9, we then split @ into four dyadic cubes and we iterate this process.
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In this way we find a family of dyadic cubes, Q', Q?,... (different from Q,(so,yo))

satisfying .
AN Q"

Q%
and such that if ¢ UQ?, then x belongs to a infinite number of closed dyadic
cubes @ with diameters tending to zero and |[ANQ*|,/|Q", < < 1. Applying the

> 0, Vi

Lebesgue differentiation theorem to y 4 with respect to the measure du, and using
that du is absolutely continuous with respect to the Lebesque measure, we deduce
that x4 <6 < 1 for a.e. ¢ UQ’. Hence, A C UQ' except of a set of measure zero.

Consider the family of predecessors of the cubes Q?, and relabel them so that
{Qi}izl are pairwise disjoint. Then, A C UQ" and from the way we chose the cubes

Q?, we have )
Q[
Since |A N Q,/|Q|, > & and (b) holds, we have that Q; C B, for every i > 1.

Hence

0, Vi.

~i
AcC iLZJlQ C B.
We conclude that

|A|# < Z|A0Qi|u <9 Z|Qz‘u - 5‘ UQi|u < §|B|w

i>1 i>1

finishing the proof of the Lemma.

Lemma 2.10. There exist universal constants ¢¢ > 0, 0 < k < 1 and K > 1
so that if w > 0 is a supersolution of equation Lsu < g in Q3\/§p(so,y0) with
infq,, (so.yo) ¥ < 1 and g satisfies (2.27), then

2

(2~30) | {u > K’ } N Qp(SanO) |u < (1 - k)j |Qp(307y0)‘u
forj=1,23,....
As a consequence, we have that

(2.31) [{u>t}n QP(‘SOa Y0) |u <dt* ‘Qp(SOvﬁUO”/w vt >0

where d and € are positive universal constants.

Proof. To simplify the notation, let us denote for any r > 0 by Q, = Q,(s0,v0)-
We will proceed by induction. For j =1, (2.30) follows from (2.28). Suppose that
(2.30) holds for j — 1 and set

A={u2K'}NQ,l, and B=[{u>K"'}NQ,l.
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We will apply Lemma 2.9. Clearly A C B C @, and

Al < [{u>K}NQ,lu < (1-k)[Qyl,

by Lemma 2.8. Tt remains to prove condition (b) in Lemma 2.9, that is we need to

show that if Q = Qﬁ (5,7) is a dyadic cube such that

(2.32) ANQl. > (1-k)[Qlu
then Q C B. Assume the opposite, namely that there exists a point P such that

(2.33) Pec@ and wu(P)< K’

Consider the function

Then u satisfies
La S 97 on Q3\/§l(§a g)
with § = g/K7~' and [ = 1/2%. Also, notice that since P € Q C Q%(E, 7), we have

) - u(P)
nf o< -— 2.
QuGy) ~ K71

It is easy to check that u satisfies all the other hypotheses of lemma 2.8, implying
that

{e<K}nQl.=k[Q]u
or equivalently
{u< K }NQu > k| Qlu:
Hence
QNAl={u>E}NQl.<1-k)Ql
contradicting (2.32). This finishes the proof of (2.30). The proof of (2.31) follows
immediately from (2.30) taking d = (1 — k)~! and € such that 1 — k = K.

Lemma 2.11. Let u be a classical subsolution of equation Lsu > g in Qsﬂp(so, Yo)-
Assume that g satisfies (2.27) and u satisfies (2.31). Then, there exist constants
Koy > 1 and o > 1 such that for € as in (2.31) and § = Ko/(Ko — 1) > 1, the
following holds: if i > 1 is an integer and P = (s1,y1) is a point such that

(2.34) P € Qz(s0,0)

and

(2.35) u(P) > 01Ky,
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then

Q' :=Q1,p(P) CQp(s0,0)  and  supu>0'K,
Q’L

where [; = chO_e/2 g—€i/2,

Proof. We follow the lines of the proof of Lemma 4.7 in [CC]. Take ¢ > 0 and
Ky > 0 such that

1 122 d2¢
(2.36) () 5a2> d

. 1
” and (i7) o K, /2+dK06§6

with d and € as in (2.27). Assuming that supg: u < 67 Ky, we will derive a contra-

diction. By (2.34) and (2.36) (ii), we have

Qu,py3v3) () C Qup(P) C Qp(s0,%0)-

Hence (2.31) implies

(2.37)
i Ko
{u=0 o5 }leip/(S\/i)(P) lu <
, K —1€ K -
< 1 0 5y 1@y s0,00) e < 4077 (52) 1@yl

Consider now the function

u
gi—1
We claim that v satisfies the assumptions of Lemma 2.10 on @, , /(3,/3)(P). Hence,
by (2.31) we conclude that

v=[0Ko— J/1(6 — 1) Ko).

{v=Ko}n inp/(g\/?) (P) |u <dKg* ‘Qlip/(3\/§)(P)|N'

Since u < 67 K/2 if and only if v > Ky, we conclude that

K, .
(2.38) H{u <30 Qu6ve(P) | < dEg Q) ya) (P)l
Combining (2.37) and (2.38) we obtain

—i€ K o —€
(2:39) 1Q1,,/(3v2) (Pl < A7 (2] 1Qp(50,90)|n + K |Q,p5v3) (Pl
/(3V2) D) /(3v2)

To estimate the ratio
R— |Qp(50a1/0)|/t
Q1 p/(3v3) (P

from above, we apply formula (2.26) to show the estimate

1Qp(50,y0)|u < [(s0+p)" — (50 —p)"]p
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and

Lip \, oy lLip Lip lip \?
Qupavm Pl = o1+ 3550 = 150 2 v (o 22 ()

when P = (s1,y1). Combining the above we find that

(2.40) R< Vip [(s0 +p)” = (s0 — p)”] (51 31?) <3f>

When sy < 2p, then (so + p)¥ — (so — p)” < (3p)” and 51 < 9p/4 (since P €
Q2 (s0,y0)) in (2.40). Hence

v ) 1—v 2
R (240 5v2
v 4 3\@ l;

2
R§§ <3\[> , if s < p.
v

Using the boun 3\[

l;

On the other hand, when sy > 2p, the estimates

(s0+0)" — (50— )" <vplso—p) " <wp ()7

and
Lip

s—i-i
32 T

W2 T

2
2
R <4V <3f> , if 59 > p.

n (2.40), imply

Combining both cases, and using that ¥ < 1 we finally obtain the bound

R @0yl _ 4 <6>21 (12)
Q1) 3v2) (Pl — v \li v\l

which in combination with (2.39) gives

2 d, . (Ko\ © 12
2 < = 9726 v dK_E i
122 — v ( 2 > ko

Using (2.36)(ii) we conclude
12 d . [K\°©
Z o« Zpie [ 220 )
2122 =3¢ ( 2 )

The definition of /; in the above estimate gives

o? 122 4 2¢
<
2 v

a contradiction to (2.36)(i).
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It remains to verify that v satisfies the assumptions of Lemma 2.10 on @Q;(P),
with p = l;p/(3v/2). Clearly, the function v satisfies the equation Lv < § on Q;(P),
with

- g
9=~ TG -DR.
0i-1(0 — 1)K,

In addition v > 0 on Q5(P), since supg, (py < 0" Kg, by assumption. Also, (2.35)
implies that ianﬁ)( py < 1. It remains o verify that

1 L~
P2 pu(51)2|llL2(Qs(P).du) < €0

with p,(s1) = (s1 + p)?~% — s ¥. Since

- 1
HgHL2(Ql3(P):dM) T gi1 (0 — 1)K, ||9||L2(Qﬁ(P)7du)7

Q5(P) C Q,(s0,y0) and g satisfies (2.27), it is enough to show that

p* pu(s1)*
0i-1 (6 — 1)K,

N

< p% pu(s0)*.

Let us first estimate from above the ratio

_Auls) _ (si+p)* st

pv(s0)  (so+p)2v — sgﬂ"

When s < p/2, then s; < 3p/4. Using also that p = l;p/(3v/2) < 3p/4, we obtain

R O A IOl B
=2 (B2 T (22 1) (8)F T 3y2
When sg > p/2, then s1 + p < s9 + p < 3 sp implying the estimate
3s0)7p l; 8l
()pp S RENC
In both cases n < 8;/(3v/2) < 3l;. Therefore, if
_ 3l; <
-1 (0—-1)Ky —
the desired estimate holds. To show the last inequality, let us use that 6 > 1,
0=2(0—1)Kyand I; = 0 Ky /*6=/2 to find that

n<

¢ 1

B 60 K(;E/2 g—e€i/2
= 5
Hence, ¢ < 1, by (2.36)(ii), therefore finishing the proof of the Lemma.

¢ <60 K,/

We are now in position to give the proof of Lemma 2.7.

Proof of Lemma 2.7. By the assumptions of Lemma 2.7, and using Lemmas

2.8 and 2.10, one can easily show that u satisfies the hypotheses of Lemma 2.12.
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Since l; = JKO_S/2 6—c/2 with K, > 1 and 6 > 1, there exists a large integer i,

depending only on universal constants, such that

(2.41) Z l; <

i>ig

ool —

We claim that

sup u < glo—1 K,
Qg(so,yo)

therefore finishing the proof of the lemma. To show this claim, we proceed by

contradiction. If the claim is not true, then there exists a point P;, with
Pi, € Qz(s0,50)  and  u(P;) > 0° 7! Ko.

In particular P;, € Qﬁ(so, yo). Hence, by lemma 2.11, there exists a point P;, 41
such that

Piyi1 € Qi p(Piy) and  u(Pi,11) > 0" K.
We can repeat this process, to obtain a sequence of points P;, ¢ > i, such that
Piy1 €Quy(P)  and  u(Pyq) > 0Ky  Vi>ig
if we can actually show that each such point P; satisfies
P; € Q2 (s0,y0).

To this end, let P; = (s;,y;). Then, by (2.41) we have

i—1

|si = so| < si, — sol + Z ISk+1 — sk| < §+ Zlkpég
k=io k>io
and also
i1 ) )
Y ly: = ol <vlio = vol + D Vlwwer —m ST+ D hp <7
k=i E>io

implying that P; € Q2 (s0,Yo), therefore finishing the proof of Lemma 2.7.

Proof of Theorem 2.6. Let (5,7) be a point in Qg(so,yo) and set p = p/100
so that Qgﬁﬁ(E, ¥) C Qp(S0,Y0). One can easily check that, for any 6 > 0, the
function

-1
Uy = ( inf w + 1) + 661 ﬁE ﬁy(g)f ||g||L2(Q3\/§ﬁ(s,y),d/L)>

Q5 (5,9)
8
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satisfies the hypotheses of Lemma 2.7 on @3 5;(5,7). Hence by Lemma 2.7 we
us < C, implying, after letting § — 0, that

conclude that supg _ (5.5
8
2.42 sup u<C inf u+~%~§% 2 (5.9
(2.42) Q,;é?g) <Q§(s7y) P> p(5)7 |lgllL (Qsyz5( ,y),du))
8

for a universal constant C'. One can easily show, using the same arguments as in

the proof of Lemma 2.11, that

for some universal constant ny. Hence, (2.25) follows from (2.42) via a standard
covering argument.

We finish this section with two important Theorems (see also [GT] and [CC]).
The first Theorem is a weak Harnack estimate for nonnegative supersolutions u of

equation Lsu < g.

Theorem 2.12. Let u > 0 be a supersolution of equation Lsu < g in Q,(s0,%0),
where g is a bounded and continuous function on Q,(S0,y0). Then, there exist

universal constants pg > 0 and C such that

1
Po
(2.43) f m <C inf w4+ p% pu(SO)% HgHLz(Qp(so,yo),du)
Qg(Scnyo) Q%(So»yo)

with du = s*~Ydsdy and p,(so) given by (2.7).

Proof. Let u > 0 be a supersolution of equation Lsu < g in Q3 s5,(8, ) such that
infg,, (s»u<1and 02 py(so)2 Hg‘|L2(Q3\/§p(§,gj),du) < €g, with €g as in Lemma 2.8.
2

Then, by Lemma 2.10, we have

[{u=t}NQu(59) [p < dt™|Qp(5,9)|u

. As a consequence, for pg = £, we obtain

55
(2.44)

/ upoduzpo/ o {u >t} NQ,(5,9) |,
Q,(5,79) 0

1 o]
< po (/O tf’“*ldt+/1 tro— e dt) Qo (5, 7)|, = Ce)1Qu(5,7) -
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Let (5,9) € Qs (s0,y0) and p = 5 sufficiently small so that @, 5,(5.9) C
Qp(s0,Y0). Set

us=u {6+ inf utegtp2 puls0)? |9llL2(y e, (5.0).dm)
Q%ﬁ(svy) ?
so that ug satisfies all the assumptions of Lemma 2.10 on Qsﬂﬁ(é, 7). Hence

1

PO B
</ u§°du> <1,
Q,(5,9)

The desired inequality (2.43) now follows via a standard covering argument.
The last Theorem in this section is a local maximum principle for subsolutions

u of equation Lsu > g.

Theorem 2.13. Let u be a subsolution of equation Lsu > g in Q,(S0,%0), where g
is a bounded and continuous function on Q,. Then, for any p > 0, we have

(2.45)

%
1 1
s wsCW S (f wdu] ot oo gl oman
Qg (s0,90) Q;Tp(so,yo)
with du = s¥~Ydsdy, p,(so) given by (2.7), and C(p) a constant depending only

on A\, v and p.

Proof. Let u be subsolution of equation Lyu > g in Q3,5,(5, §), where P2 py(s0)2 191l 2@, 5, (5,9).dm) <
€0, with €y as in Lemma 2.8. If, in addition, u* € L¢(Q,(8,y) with

1
3

[

@o(5,9)

1
L(Qp(5,9),dn) < d°

then

{u= N Q67 <t /Q ) S A QS
p(S,Y

. Tt follows that (2.31) holds for u and hence the proof of Lemma 2.7, which only
uses (2.31), implies that

sup < C.
Qg(il?)

Rescaling, as in Theorem 2.12 we obtain (2.45) with p = €. To obtain (2.45) for all

p > 0 we use interpolation.
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2.4. Holder Continuity. In this section we will present the proof of Theorem 2.2.
First, under the same notation as in the previous section, we will show the following

continuity result:

Lemma 2.14. Let u be a classical solution of equation Lsu = g in Q,(s0,Yo0), where
g is a bounded and continuous function. Then, for a universal constant 0 < 1, and

a universal constant C, we have

2.46 osc u<0 osc u+Cp? v(s 3 s 0)-
(2.46) Qqlsom0)  — @plsow0) o puso)® N9z @y a0 o))
Proof. For any r > 0, set m, = infq, (s,,y0) Uy Mr := SUPQ (59,) U and wy 1=

08CQ, (s0,y0)U- Applying the Harnack inequality (2.25) to the nonnegative functions

u—m, and M, —u on Q,(so, o) we obtain

Mg —m, < C (m —mp +pZ py(s0)? ||9||L2<Qp<sO,yo>,dm)

and

My —mg < O (M, — My + 0% pu(50) 9]l 2@, com.0 ) -

L
2

(SIS

Adding both inequalities we get

1 1
we +w, <C (wp —wg +p? pu(s0)? ”g”L?(Qp(so,yo),du))

which implies that

c-1 2C .

L 1
WS e + o1 P2 pu(50)2 1191122(Q, (s0.y0).du) -

(NS}
A

We are now in position to prove our Holder continuity result. Theorem 2.1 is a

direct consequence of the next Theorem.

Theorem 2.15. Let u be a classical solution of equation (2.24) in Q,,(S0,%0),
where g is a bounded and continuous function. Then, there exist positive constants
C and a < %, depending only on A and v, such that

(2.47)

B 1_ 1
osc u<Cp®|py® sup |ul+p2 " (s0+po)? 91l 22(@p (s0,90)dn) | -
Q,(50,%0) Qp(s0,Y0)

Proof. Set w(p) = osc wu. By Lemma 2.14 we have
Qp(s0,%0)

w(p/2) < Ow(p) + k(p)

with # < 1 an absolute constant and

1 1
k(p) = p2 (50 + £0)2 1911 L2(Qpy (s0.v0).dps)-
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Both functions w and k are non-decreasing. Hence, (2.47) follows by Lemma 8.23
in [GT].

3. THE PArRABOLIC CASE

We will now extend the results of the previous section to the parabolic case. We

will consider degenerate equations of the form
Lu—u =g

where L is the operator defined given by (1.1) and satisfying conditions (1.9) -
(1.11).

Denoting, for any number p > 0 and any point (xo,yo,t0), o > 0, by C, =
C\y(x0, Yo, to) the parabolic cube

Cop={(z,y,t): x>0, |z —20| <p* [y—9o| <p, to—p*> <t<to}

and by g the measure du = x2 ! dxdy, we will show the following analogue of
Theorem 2.1.

Theorem 3.1. Assume that the coefficients of the operator L are smooth on C,,
p >0, and satisfy the bounds (1.9) - (1.11). Then, there exist a number 0 < o < 1
so that, for any r < p

lullcae,y < C(r,p) <|U||co(c1) + (/ g% (x,t) dﬂdt)1/3>

P

for all smooth functions u on C, for which Lu — u; = g.

The proof of Theorem 3.1 follows the lines of the proof of the corresponding el-
liptic result, Theorem 2.1. We will only present the proof of Alexandroff-Bakelman-
Pucci estimate, Theorems 3.2 and 3.3, and the proof of the existence of the barrier
function, Lemma 3.4, which differs from the elliptic case. The rest of the results

follow from the elliptic analogies in a standard manner, as in [W1], [W2].

3.1. Alexandrov-Bakelman-Pucci Estimate. In this section we will show the
parabolic version of the Alexandrov-Bakelman-Pucci Estimate, following the lines
of the proof elliptic result, Theorem 2.2. The proof of the ABP estimate in the

strictly parabolic case was given by Tso in [T]. As in paragraph 2.1, because of

the degeneracy of the equation, we introduce the new variable z = 522%:, so that

dz

= s'=%. Consider this time the gradient map

(3.1) Z(2,y,1) = (uzy uy,u = (zuz +yuy))
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so that

60 an () fun ()] e = o
and set -

It = {(s,y,t) €C,: 900)

<0auz<ovut>0}-
Denoting by C,(so, Yo, to) the cube
CT(SO7y0atO) = {(87y) oS 2 07 |S - SO| S T, |y - y0| S T, tO - 7‘2 S t S tO}

for any point (so, Yo, to) with sg > 0 and any r > 0, we will show the following para-
bolic analogue of the Alexandrov-Bakel’man-Pucci maximum principle ( Theorems

2.2 and 2.3 of paragraph 2.1).

Theorem 3.2. Let u be a classical solution of equation Lyu —u; = g on C, =
Cy(50, Y0, to), with coefficients satisfying conditions (2.3) - (2.4). Assume in addi-
tion that u <0 on {|s — so| = p, |y — yo| = p, t —to = p* } NC,. Then,
1/3
suput < OO\ ) pl py(s0) ( / (s t) s s dy dt dt)
)

with
(3.3) pu(s0) = (so+p)° " —s3 .

Proof. We will only give an outline of the proof, pointing out the differences from

the elliptic case. Let us suppose that u™ takes a positive maximum

M = maxu®

P

at the point (s,y,) and let p, be the distance defined by (3.3) Then

cM cM cM cM cM
D = [*m»o] X [*7»7] X [*Ta 7] C Z(r")

for some uniform constant ¢, where Z(I'") denotes the image of I'" under the

gradient map Z given by (3.1). Hence

oz

On the other hand, (3.2) and the computations leading to formula (2.9), imply that

(3.4) |ID| < |Z(TH)| = /F+

(3.5) \Z(F+)|:/ (g det 2| dp dt
T+
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with du = sV~ dsdy and

2(1— 1— v—1) u,
§20=v) g g YUy Ugs + =Du, Ugy
E S

$ Uzy Uyy Usy Uyy

8(uz,uy)

Since, u; > 0 and 90

<0onT™", |u; det E| = u; (—det E). Hence the estimate

3 [uy det(ay) - (—dctE)]% < (011 [Ugs + m

|+ 2a12 Usy + a22 Uyy — ut>
implies the bound
3 [ue det(aij;) - |detE|]% < g™+ |ba| |uyl
and by Holder’s inequality
3 [ur det(ay;) - |det B |15 < (K2(g7)% + [b2*)F - (k7% + |uy[?)%
for all numbers k > 0. Using the bound det(a;;) > A? we then conclude the estimate

(3.6) (ue |det B )5 - (k72 + Juy|2)75 < A1 (k3 (97) + |ba]) 3.

2. Wl

Hence, considering the function G on R? defined by

)—2

wjw

G, ¢m) = (k3 +¢

we have the formula

(3.7)
o< [ o

Combining (3.6) and (3.7) and using the bound |by| < A~!, we obtain the estimate

0Z s s
det | 5—— || dsdydt = k3 2\ =210 det B dudt.
¢ <8(8,y,t))‘ 54y /F+( 2 4 uy )" |uy det Bl dp

1
: < == K (g7)® + A% dpdt.
(38) [ 6= [0+ adn
To compute the integral [, G, let us recall that D = [—%,0] X [—%, %} X
[f%, % ], so that, similarly to (2.13) we obtain
/ G=—"2L / (k=3 + &%) 2d¢dcdr
D pv(s0) JB .y
(3.9) ! 3.3 /3
cp / _3 | .3v_1 cp c’ k> M
> k™2 4 &%) dgdgdr > log(1 4+ ———)
pv(s0) Bﬂ( pv(s0) ( p3

P

From (3.8) and (3.9) we obtain

3 1.3 1/2
cp ke M 1 / 3, _\3 _3
1+ < k + A dpdt.
pV(SO) Og( ,03 )7 27)\3 1"+( (g ) ) /’L
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Let usset k by k72 = X3 [, (¢7)® dp dt to finally conclude (after some calculations)

that
313 173
p c k> M
P og 1+ CEMY o),
pu(s0) p?
Since o = ﬁ > 1, when sp < 1and p < 1, the estimate a log(14x) > log(1+a z)
then implies that
c3k3 M3
P pu(s0)
Exponentiating, we finally conclude the estimate

log(1 + ) < C(Av).

M < O\ v) ot pu(s0) ( / +(9)3dﬂdt)é

finishing the proof of the Theorem.
Replacing u by —u in the above Theorem and defining the set
O(u, uy)

I~ = {(s,y) €C,: 2.1)

ZoauzZOautZO}
we obtain:

Theorem 3.3. Let u be a classical solution of equation

aj; ; b
Ly = a11 ugs + 2a12 Usy + ag2 Uyy + [
S 2 a1

—1us+bauy =g

on C, = Cp(s0,Y0), with coefficients satisfying conditions (2.3) - (2.4). Assume in
addition that uw >0 on {|s — so| = p, |y — yo| = p, t —to = p> } NC,. Then,

1/3
supu™ < O (ool ([ (07 snt) #Hdsayar )
c, -

with p,(so) given by (3.3).

3.2. The Barrier Function. As in the elliptic case, for the proof of the Harnack
estimate will need to construct a barrier function, similar to the barrier function
introduced by Wang in [W1]. To simplify the computations in this paragraph we
will go back to the original (z,y,t) variables, assuming that L satisfies conditions
(1.9) and (1.11). Similarly to paragraph 2.2, for any two points (z,y) and (xo,yo)

in R%, we introduce the distance function d, defined by

(3.10) d?y((xvy)a (z0,%0)) = (VT — V10)* + ¥’ (3y — 0)°

with v > 0 a sufficiently small constant depending on A, v, to be determined in the

sequel. Recall that 0 < A, v < 1 the positive constant so that (1.11) holds. Notice
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that in the (s, y) variables, with s = \/z the distance function d? can be expressed

as
> ((5,9), (50,%0)) = (5 — 50)* +7° (y — 0)*.
For r > 0, let Q. (xo,¥o,t0) denote the cube
Qr(x0,90,t0) = { (z,9) : >0, Vo — V| <r, vy —yo| <r to—r? <t <to}.
Also let us denote by B,.(xg, yo) the ball
B, (x0,y0) = {(z,y) : >0, dy((2,9), (zo,50)) <7 }
and by K, (zo, o, y0) the parabolic cylinder
K, (20, to, y0) = Br(x0,50) X (to — %, o).
We will show the following analogue of Lemma 2.2 in [W1].

Lemma 3.4. For any point (xo,y0) € R? with 0 < x¢9 < 1 and any number

0<p<1letusset Kyp, = 83\/§p(x0,y0) x (0,18p?), 1% = Qg(xo,yo, %) and

1002 . .
2%, = Q%p(xo,yo, =+-). Then, there exists a function ¢, on K3\/§p, such that

>1 in Q>
(3.11) % 2 £
¢, <0 on 8PK3\/§p
and
(3.12) Lo, — (¢p): > 0 on Ky /3, \ ng.
Moreover, we have
C(\v)

[@pllcrr(x, s, < 7

Proof. This Lemma is the parabolic analogue of Lemma 2.5. As in the elliptic
case, we will first show the Lemma in the case that p = 1. The general case will
follow by an appropriate dilation. Similarly to Lemma 2.4 we introduce the new
distance function

P2 (x — x0)?

_ 2 _ 2
il (y —yo)*

which is equivalent to d., since
(3.13) d, <d<V2d,.
Let us consider the function

w(x, y’t) = [18 - d_Q(((E,y), (x07y0))] A(Z’,y,t)
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with

1 _ &) .(zq.%0)
A(z,y,t) = It € ! :

For numbers 0 < 79 < 1, m > 1 and [ > 1, to be determined in the sequel, set
U({E, Y, t) = e—mt wl(xv Y, t+ T()) - M(TO)

with
}.

Then, it follows by (3.13) that u < 0 on 8,K; 5 \ Q1. Moreover, we can choose 7y
2

M(TO) = sup{wl(as,y,To) : (Z((l‘,y), (‘To’yo)) >

N |

sufficiently close to zero, depending only on -, such that we still have u > 0 on Q%.
2
To simplify the notation let us set 6(x,y) = d*((x, %), (zo, o)), so that

1
— (18 — 6) A A= —
w=(18-10) and 1 €

o

Also, let us set
Lu:=u — Lu=u; — (dij Uij + b; ’U,l)
with
ann a2 [ wan VT arz
az1 Q22 VT az a22

A direct computation shows that

Lu=e ™ 2 {lw(wi — a5 wij —biwi) — (I = 1) ayjw; wy] — mwQ}

with
=L (18—6)+1]A0, and (18— ) A[—" L
YT oo e (t+70)* t+70
and
e s ey e 1Ae (18— )+ 2 A G0
Wig = t+ 7 Yttt o

Combining the above we find that

0 1 1
— —mt l—2A2 18 — 2 _ ~z"9i‘
Lu=le ™w (18 —19) e t+70+t+70ag j
1 1 m
_7~i'9i9' 71)292—*
(3.14) R U J
3.14
5 2
+ (18 — 9) |:CLZ']' <02J — 7t T - 91 9]> + bl 91:|

. 1
—(l— 1)aij |:1+ n

+ 70

(m—eﬂza@}.
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Hence, using that [ > 1, we obtain

Lu<le ™ wW2A2 [(18 —0)2T + (18 — ) I]

with
0 1 1 1 1 m
I= - ij Oij — 5 i 0 0 + —— b 0; — —
(t+T0)2 t+T0+t+’7'0aj J (t-f—To)za] ]+t+7'0 l

and

- N 1
II = Qi 0,5 -2 (l + 1) Qij m 0; 9]' + b,;0;.
By assumptions (1.9) and (1.11) we have

ZLZ‘]‘ Hij < A7t [.139;53 + ny}

and
while
A

b <A and by > %

Also, by direct computation
_ 2
0, — (x + 3z0)(x - Z0) and 0, — 8z i
(z + o) (x + o)

while
0, =2+*(y — vo) and 0,y = 27°

and 0., = 0. In particular one can observe that
101,10z, 10y, |2 Oz, |0yy| < C(v)  on Kj 5(F)
when g, |yo| < 1. Therefore, the term I can be easily estimated as

I<

C(y,\,v) m L _m
7 = 2]
for 7t sufficiently large, depending only on vy, A and v (since 79 depends only on 7).

The term 11 can be estimated as

A
IT <A @0, + Oy + 10,] + 67 ] —%9; — (1, A) (L4 1)[z 62 + 62]

where 0;; and 6; are given above. When d,((z,y), (z0,%0)) > %, then one may
the same arguments as in the proof of lemma 2.4 to deduce that I < 0, when
v = v(\,v) and I = I(\,v) are chosen sufficiently large. In the case where
dy((2,y), (z0,y0)) < % we have (18 — ) > ¢(v, A) > 0 and hence

II<Cw,\) < Cw,\) (18 — )
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so that we still have

(18— 0)21 + (18 — ) IT < (18 — 0)? [—g+0(m)] <0

by choosing m sufficiently large.
Summarizing the above, we have constructed a function w satisfying Lu < 0 in
K /5 and also such that u < 0 on 8,K; 5\ Q% u > ¢(r,A) >0 on Q3. Moreover,
2 2

it is easy to observe that

(315) ||u||cl,1 < C(l/, )\)

We can modify u in such a way that (3.15) still holds, Lu <0 on Ky 5\ Q% , u <0
2

at 0K 5 and u > 0 in Q?%. Finally, setting

u

ianz§ U
2
so that ¢ > 1 in Q%, we conclude that ¢ is the desired barrier function.
2

We have constructed above the barrier function ¢ = ¢(d,t) on K; /5. To con-

struct the barrier function ¢, on K, Vap for any 0 < p < 1, we set

b = Bp(dit) = 5(%, L

7p2)'

TRy

Clearly
1
Lp = (6p): = 2 (Lé—¢) 20,  on Ky 5\ Qb
and it also satisfies (3.11). Moreover, we have

C(v,\)
02

1
[8pllen, 50 = o I8l <

concluding that ¢, satisfies all the required conditions.

3.3. The Harnack Inequality. Fix a point (xg,yo,t0) with 2o > 0, and set
S0 = /Tg. Let us now go back to the (s,y) variables ( with s = y/z) assuming,
throughout this section, that u is a solution of the equation

a b
(316) Lsu = a11 Uss + 2@12 Usy + a99 Uyy + % [ !

Sar —1us+bouy —ur =g

with L satisfying conditions (2.3) and (2.4). Denoting, for any r > 0, by Q. (s0, ¥o, to)
the cube

Qr(50,y0,t0) ={(s,9): >0, [s—so| <7, vy —yo| <rto—r <t <to}

we have the following Harnack inequality for solutions to (3.16).
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Theorem 3.5. Let u > 0 be a classical solution of equation (3.16) in Q,(so, Yo, %o),

where g is a bounded and continuous function on Q,(so,Yo,t0). Then,

. 3 1
(3.17) sup u<C < inf u+p2 p,(sg)2 ||9||L3(Qp(50,y0,to),du))
)

Qg(smyo,to—% Q%(soay(ht())
with dp = s*~tdsdydt and p,(so) given by (3.3).

The proof of Theorem 3.5, based upon the A-B-P estimate, Theorem 3.3, and
the barrier function given in Lemma 3.4, follows along the lines of the proof of the
corresponding elliptic Theorem 2.6. One may now follow the proof of Theorem 2.1,
with the standard adaptations to the parabolic case to show Theorem 3.1.

We finish by stating the parabolic analogies of the weak Harnack estimate, The-
orem 2.12 and the local maximum principle Theorem 2.13.

To simplify the notation, let us set, for any r > 0, Q, := Q.(s0,%0,t0) and
Qr = Qr(s0,Y0,to — %) :

The first Theorem is a weak Harnack estimate for nonnegative supersolutions u

of equation Lsu < g.

Theorem 3.6. Let u > 0 be a supersolution of equation L,su < g in Q, :=
Qp(50,Y0,t0), where g is a bounded and continuous function on Q,. Then, there

exist universal constants pg > 0 and C such that

(3.18) fQ

with du = s*~Ydsdydt and p,(so) given by (3.3).

L

PO
. 1 1
uP° dp <C <1anu + 92 pu(s0)2 |9L2(Qp,du)>
P
2

P
4

The last Theorem in this section is a local maximum principle for subsolutions

u of equation Lsu > g.

Theorem 3.7. Let u be a subsolution of equation Lyu > g in Q, := Q,(s0,%0,%0),
where g is a bounded and continuous function on Q,. Then, for any p > 0, we have

1

(3.19) supu < C(p) f i+ b pu(s0)t 9ls0, am
Q

o
Q§ 3p

with du = s¥~Ydsdydt, p,(so) given by (3.3), and C(p) a constant depending only

on \,v and p.
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