OBSTACLE PROBLEM FOR NONLINEAR 2"-ORDER
ELLIPTIC OPERATOR

KI-AHM LEE

ABSTRACT.

We study the obstacle problem for fully nonlinear second-order
uniformly elliptic operators. We can show the existence of a con-
tinuous viscosity solution in the general setting,and we can show
CV1oregularity of the viscosity solution when the operator is con-
vex or concave. C'®-regularity of the free boundary is established
when the operator is convex in any dimension or concave in two
dimensions.

When F'is a linear operator,many authors studied the existence and
the regularity of the weak solution, and the regularity of the free bound-
ary. Hans Lewy and Guido Stampacchia considered the least super-
harmonic function in their paper[LG]. L. Caffarelli, and Kinderleher
showed the gradient of the solution has the same modulus of continu-
ity as the gradient of the obstacle. The penalized problem was widely
pursued by many authors. Hans Brezis and David Kinderleher proved

the C™!-regularity of the solution in [Br].

In [Ca2], L. Caffarelli used the C'''-regularity and the homogeneity
of the operator to get the regularity of the free boundary by blowing
up the solution. Much understanding of the viscosity solution of the

nonlinear elliptic operator was improved in [Ish],[Ev],[Kry], and [Ca3].
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Our principle results are the existence of the viscosity solution, the
C%-regularity of the solution, and the C'“-regularity of the free bound-

ary.

In the first section, we consider the least super-solution of (0.1),and
the corresponding penalized problem. The least super solution will
give us the viscosity solution by Perron’s method [Ish]. We show the

continuity of the solution by the Harnack inequality.

In the second section the C1'-regularity of the solution is proved by
extending the argument in [Cal]. By means of the Harnack inequality,
the question can be interpreted in terms of the boundary behavior
of the solution, and by the comparison theorem, the solution is also

controllable around the boundary.

In the third section, we show the Cl-regularity of the free bound-
ary by the compactness method which was developed in [Ca2]. Our
approach consists in blowing up our solution, characterizing the limit-
ing “cone” solution and deducing the regularity of the original solution.
The critical estimate in this approach is the lower bound for the second
derivative of the solution by the Harnark type estimate. It is proved
for the convex operator in any dimension, but for the concave opera-
tor, it is proved only in two dimensions by the relation between two

eigenvalues of the solution.

In the fourth section, C1®-regularity of the free boundary is estab-
lished when the operator is homogeneous of degree one. First, we found
a cone of direction where the solution is monotone. Then the potential
theory in [Fa] implies the C*®-regularity of the all level surface of the

solution including the free boundary.
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In the last section, we show the C1®-regularity of the free boundary
of the general case by the renormalization and approximation argu-

ment.

I wish to express my thanks to Luis Caffarelli for his suggestion of

this problem and advice.

1. THE EXISTENCE AND THE CONTINUITY THEORY

At this section, we are going to study the existence of the lower

semicontinuous viscosity solution and the continuity of the solution.

Theorem 1.1.

There exists a lowersemicontinuous viscosity supersolution u which sat-

isfies (0.1).

Proof It is proved by Perron’s method in H. Ishii [Ish]

Theorem 1.2 (a generalization of Evans theorem).

If u is continuous in supp(F (D*u)), then u is continuous in

Proof The only possible problem is on the free boundary. Assume
u is discontinuous at some point z, in supp((F(D?u)). There exists
a sequence zy in the complement of supp((F(D?u)) converging to z,
s.t. wu(zy) converges to p(possibly co) with g > liminf, ., v+ K =
u(z,) + K
Without loss of generality, we can assume liminf, ., u = u(z,) = 0.

So for any § > 0, there is a small neighborhood of z,, with u(x) > —4.
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Now choose 7, as large as possible such that B,, (zj) is in the comple-
ment of supp(F(D%u)).

So for z in our neighborhood, u(z) +d§ > 0 and w(xy) + 6 > > 0 for
large k.

Now choose k large enough to guarantee that B, (zy) is contained
in our neighborhood. By the Harnack inequality,u(z) + 6 > Cu in
B, /2(Ik)-

(' is universal,in particular, independent of r.

Choose small § > 0 s.t. u(z) > Cp—0 > $pin By, jo(x).

Let yx € supp(F(D?*u)) NIB,, (x).

Now by the weak Harnark inequality,

1
— w5y
B3] S )

1

204———f/ u+ O)P)7
(Brk/2(yk) Brk/Q(yk)( ) )

>Cu+9o

S =

u(ye) +6 = C(

(for small C'). So u(yx) > Cp > 0 ,independent of K, and since the yy,

converge to z,, we have a contradiction!

Q.E.D.

Theorem 1.3.

u 18 continuous on S).

Proof We know u is continuous in the interior of 2 from the previous
theorem. Now we are going to study the continuity on the boundary.
If 02 is smooth, it will satisfy the exterior sphere condition at each
point on the boundary.

So we can find a barrier on the boundary [GT]
The comparison principle says that the solution is trapped between

upper and lower barriers which are continuous and coincide with the
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boundary data at the given point on the boundary. As x approaches
to the given point, the solution assumes the boundary data. Therefore

u is continuous on €.

Q.E.D.

Now we are going to give another proof of the existence of the contin-
uous viscosity solution by using the standard penalized problem.By the
uniqueness argument, it turns out to be the least supper solution given
in the theorem above. We can improve the regularity slightly better
which is not necessary in the next arguments, but we will include it

here because of the technical interest.

Theorem 1.4 (the existence).

There is a u in W2P(Q) N C(Q) for all 1 < p < oo s.t.

—F(D?*u) >0

(1.1) u > ¢ in €
(~F(D*w)(u — ¢) =0

u =0 on 0f)

Proof There is a continuous family of functions f(t) € C*° when

e<1 s.t.
(t) =0
Be(t) — —o0ift <0,e =0
Be(t) — 0ift>0,e =0
Be(t) <0
ﬁe(o) Z _C
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where C' is a constant independent of €. Let’s consider the penalized

problem

—F(D*u) + B(u—¢) =0 in Q2
(1.2)
u=20 on 0f2

For the technical reason, let’s truncate the graph of 3, at the level £/V.

N it By > N

6E,N = /BE,N if —N S /BE,N S N
N iGN

Consider the problem:
—F(D*u) 4+ Ben(u—¢) =0  inQ
(1.3)
u=0 on 02
For each v € L¥, () N C°(Q) By [Ca2], there is u € W2F(Q) N C°(Q)
satisfying
—F(D*u) + B.n(v—¢) =0 in
u =0 on 02
From |5, (v — ¢)| < N, we cab deduce
HuHWi’f(Q) <R

where R is independent of v, and u is p.-modulus continuous for some
p« independent of v by the theorem (4.14) in [Ca3]
On the other hand, W2?(Q) is compact subset of L2 | and p, contin-

loc)

uous functions make a compact subset of C°(2). So v — u=Twv is a
compact operator.

By the Schauder fixed point theorem, there is u s.t.

Ju =Tu

So there is uc y € W2P(Q) N C2(Q) s.t. ucy is a solution of (1.3)

loc

We estimate w = [ y(ueny — ¢) at first, w < C by the definition of
Be(t)

There is a x, € ) where w assumes its minimum on () since w is
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continuous on €2

Without loss of generality we assume
w(z,) < 0,w(z,) < B(0)

and x, is not in 052 since ue n(z,) — ¢(z,) > 0 for z, € 0N

The monotonicity of 3, implies w(x,) > (.(0) It’s a contradiction.

S0 z, is on 2, and u. y — ¢ has the minimum at z, since (. y is mono-
tone.

We can think (u. y — ¢)(z,) < 0 and

—F(D*ucny — D*¢) <0 at x,
since D?*(u. x — ¢) > 0 at the minimum point z,.

At z,, by the uniform ellipticity,

ﬂ67N<u — ¢)(£L’O) = F(D2UG7N) = F(D2UE7N — D2¢ + D2¢)
> F(D?*ucn — D*¢) + M| D*¢ || — A[|D?¢ ]
> N|[D?¢*|| — Al|D?*¢7|| = —C

for some constant C'. Therefore |G n(u — ¢)| < C where C' is indepen-
dent of € and N
|F(D*u. )| < C
By the standard estimate in the uniform elliptic equation,
(1.4) ||Ue,NHW;’g(Q)mC(Q) <C
If N is large, ucn is the solution of the penalized problem(1.2).

So we can drop N in u n

On the other hand |G n(u. — ¢)| < C gives
(1.5) [(ten = @)(2) = (ueny — @) (y)| < p* (|2 —yl)

where p* is independent of €, N.

By (1.4)(1.5),there are € = ¢,, — 0 s.t.

Uen — U weakly in WP (Q)
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U — U uniformly in

|Be(ue — ¢)| < C gives u > ¢, and
Be(ue,, — @) — 0 onu> ¢

mfm_’o/gﬁm (uem - ¢) S 0

By the standard argument in the viscosity solution,
—F(D*u) >0 a.e. in
F(D?u) =0 a.e. on {u > ¢}
Q.E.D.
Theorem 1.5 (The uniqueness).

w in theorem (1.4) is the least super-solution of the problem(0.1)

Proof Let v be the least super-solution of (0.1).
By the definition of v,v < wu. Let Assume D = {z|u > v} # ¢
F(D?*u) =0 > F(D?v,) on D in the viscosity sense. On 9D, u = v.
So v > win D. It is a contradiction. Q.E.D.

2. CHY1-REGULARITY

We are going to show the solution has uniform C! estimate across

the free boundary.

Lemma 2.1.

u 1s the viscosity solution of the (0.1)
u(l‘o) = ¢(xo)a Lzo (‘T) = ¢(xo> + D¢($O)(I - xo)
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SUPg, (z,) [6(2) — Lz, (7)] < A
Then

sup [u(x) = Ly, ()] < CA
BT‘/Q(xO)

for some universal constant C

Proof In B, (z,),

Lo(2) — A < $(z) < u(x)
We need to show u(z) < Ly, (z) + CAin B, /s(x,).
In B,(z,),let

v(z) = u(z) = Ly, (x) — A

A(u) ={u= ¢}, N(u) ={u> ¢},T'(u) = OA(u) N ON(u).
Then
v(z) > 0,v(x) < 2\ in B,.(z,) N A(u)
,and
F(D*v(z)) <0

Let w be a viscosity solution s.t. F(D?*w(z)) = 0 and w = v on 9B,.
Then w < wv.
On 0B,,v = w implies v < w + 2\.
On A(u),v < 2X implies v < w + 2.
Therefore v < w + 2\ in B,(z,) N N(u) which means v < w + 2\ in
B,(z,), and 0 < w(z,) < v(z,) < 2.
By the Harnack inequality, on B, /s(z,),w < CA,.
Therefore u(x) — L, (x) < CX for some C' > 0
Q.E.D.

Theorem 2.2.

If u is the viscosity solution of (0.1), u is Cior(Q) N C(Q)
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Proof Since I'(u) is compact in 2, there isa > 0 s.t. d(9€,'(u)) >
20>0
For any y, € I'(u), Bs(y,) C .
For any = € Bs(y,) N N(u), there is z, which is the closest point of x
to T'(u).
Since ¢ € C?,

[6(x) = La, (2)] < |D*¢]]a — z,|*

By the lemma(2.1),

w(z) — Ly, (2)| < Clz — 22 if |o — 2] < g

When r < R < £,

sup |Dlu(x) = Le,(2))] < Tsuplu(e) - L, (o)

¢
R
where L, () = ¢(x,) + Do(z,)(x — x,)
Do(z,) = Du(z,). Therefore when r < £,

< —R*<CR

. Since z, is on A(u), L, (x) =

(2.1) |Du(z) — Du(zx,)| < Cd(x, z,)
Now we are going to combine the estimate on the free boundary (2.1)
and the following interior estimate. Since F'(D?u) =0 in N(u),
Fij(DQu)Dijuk =0 forany 1 <k <n
a;j(x) = F;;(D?u) is the measurable coefficient.
a;;(z)Djju, =0 in N(u)

For any two points z, 2" € Bz (y,), we want to show |ug(z) — ug(2')] <
Clz — /|. Let’s take x,, x, € T'(u) s.t.
d(z,T(u)) = d(z,x,),d(z',T'(u)) = d(z', x})
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If d(z,2') < i max(d(z, z,), d(2', z})),
then the interior estimate of the uniform elliptic equation says
Ju(z) — up(2)] < Cla — 2|
max(d(z, x,), d(x', z)),

d(z,, 7)) <d(x,x,) +d(x,2") +d(z', z)

o

< Cd(z,x")
ug(7) — up ()] = Jug(2) — wp(zo)| + |ur(20) — ug(ay)]
+ Jug(2),) — ug(2")|
S Cd(l‘, mO) + ’¢k($o) - ¢k(xi))‘ + Cd(xlv l’lo)
< Cd(z,z")

Q.E.D.

3. THE REGULARITY OF THE FREE BOUNDARY

We would like to reduce the regularity problem of the free boundary
to a standard form for using the compactness method. We need the
following lemma to F(D?¢) > 0 in a neighborhood which will imply

the nondegeneracy of the solution.

Lemma 3.1.

A(u) = {zlu(z) = ¢(x)} C {z|F(D?¢) < 0}

Proof V;, = {z|F(D?*¢) > 0}
Let z € OV;. By our assumption (F(D?¢) and DF(D?¢®) do not vanish

simultaneously),the cone

C.={z| < z—x,D(F(D*®)) > ¢|z — x|} N {z||z — 2| < be}
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satisfies C, C V.
0> F(D*u) — F(D*¢) = a;;(x)Dy;j(u — ¢)

where a;;(z) = [y F(0D*u(z) — (1 —0)D?¢(x))df, and u — ¢ > 0 in C..
If € is very small, we can find positive subsolution of the type 7% f(6)
like Lemma(3.10). We will discuss how to find the subsolution later in
Lemma(3.10). On the other hand, the solution u is C*! across the free

boundary. Therefore x is not in A(u).

Q.E.D.

Since A is compact,there is v > 0 s.t. A C {z|F(D?*p) < —v}.
Then for all z, € A, there is a small € > 0 s.t.

Be(,) C {z|F(D*¢) < —v}

By rescaling the solution, we can think,

v=u—¢>0in By. F(D?*v+ D?$) =0 1in N(u) = {u(z) > 0}
|D?0| oo By < My € CHH(By),0 € I'(u) = OA(u) NION (u).

We would like to study the simple case at first, and to extend the ar-

gument in general case by modifying it a little bit.

The simplified case is the following.

X = (21, ,x,) €R"

By(z) ={y e B" |z —y[<r}

u is the nonnegative function on some domain D C R"
A(u) = {xz € D|u(x) =0}

N(u) = {z € D|u(z) > 0}

I'(u) = OA(u) NON (u)
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e F(u) is the uniformly elliptic operator and F' € C? i.e.
AN | FOM+N) = F(M) < A || V|
where N > 0 and M, N : n x n symmetric matrix
e uc P(0<r<o0)
=
(1) w e CY(B,),supp, |Dijul < M
(2) u>0and 0 € I'(u)
(3) F(D*u) =1 in N(u)

Remark We are going to use the case

3)  F(D*u—-1)=0 in N(u)

instead of 3). There is no difference in the argument by the lemmas in

Section 4. We would like to think 3) for the technical simplicity

We are going to use the notion of thinness of A(u) in B, by the quantity
~ m.d.(ANB,)

6:() -
where m.d.(AN B,) is the infimum of the distance between two pairs of
parallel hyperplans such that ANB, is contained in the strip determined
by them.

For example, if A is a ellipsoid, m.d.(A) is the twice of the length of

the shortest axis.

Our theorem says that if we have more than a critical amount o(r)
of zero set A(u) in the notion of §,.(A), the free boundary in a neighbor-
hood of zero is C*. In addition, the critical amount o(r) goes to zero
with r. We can state the same theorem 1 in [Ca2] for the nonlinear

elliptic case.
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Theorem 3.2.

Let u be in P;.

Then there exists a positive, non decreasing function o(r), with c(07) =
0 s.t.

If for some r € (0,1),6,(A(u)) > o(r)

Then the free boundary I'(u), in a neighborhood B;(0), is the graph of
aC.

In addition, we can get the C**-regularity of the free boundary when

the operator is homogeneous of degree one.

Theorem 3.3.

When F' is homogeneous of degree one, the same assumption with The-
orem (8.2) implies that the level surface of u,i.e. {u = €} are uniformly

CYe graphs and so is the free boundary T'(u).

3.1. Convexity and Non Degeneracy.

Lemma 3.4.

Ifue P,z € N(u), then

p
sup |u(y) —u(x)] = —
s [uly) )] 2
Proof Let z € N(u)
a2
o) = uly) — u() ~ 20

on N(u) N B,(z)
F(D%g) = F(D*u— £) > F(D*u) = AL >0
So by the maximum principle, the maximum is at (N (u) N B,(z)) and
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g9(x) =0
On the other hand, g < 0 on 052, so

sup g >0
0By (z)
2
r—y
sup [uly) — u(z) — =2 > 0
yedB,(x) 2nA\
2
P
sup [u(y) —u(z)] = sup [u(y) —u(@)] = —=
yEB,(x) y€dB, () 2nA

Q.E.D.
Corollary 3.5.

If u™ € P, and u™ — w, uniformly in the compact subsets,then

U, € P, and N(u,) D limN (ul™)

Proof We would like to use the contradiction argument.
We assume N (u,) doesn’t contain HimN (u(™)
Then there is a 3° in TmN (u™) \ N(u,)
We can find a small € neighborhood of v, s.t. B.(y°) N N(u,) is empty.
Let’s choose {y} s.t. 4m € N(u™) and y,, — 3°

By the lemma(3.2),
2 2

sup  u™(y) > sup  [u™(y) — u™ (y,)] > s = o

YEBe/a(Ym) YEB/2(ym)
For a large m,

sup u™(y) > sup w™(y) > — >0
YEB(y°) YE€B/2(y°) 8n

But «(™ — 0 uniformly on B.(y°) . It is a contradiction. Q.E.D.
Lemma 3.6.

If u is a nonnegative CY*(B,(x,))) function with a norm ||ul|cin < M

and for some point Y, € 0B(z,),u(Y,) =0 and Du(Y,) =0
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,then for given §,0 < 6 < % 5, and a pure second derivative ug,
there is I' C Bsm,(z1) and z1 s.t. d(z1,0B(z,)) > Vop and a large
m >0 s.t.
Ul = C6™|B,)|
mFinuu- > —CM§'?

for some universal constant C.

Proof y; = (1 —8)y, + dz,.
For any y; + 2 € By/(y1) s.t. 6/ =2
Ny + 2 = gl < 20p, [Dulys + 2)| < M(25p), [u(yr + 2)| < §(20p)°.
Let’s choose a interval I, from 7, + z along +i‘"-direction which means
L=p+zyptz]l=2+1
s.t. |L] = 16V2p and I = [y, ).

0 < ulya+2) = ul +2) Fusly + |+ | [ us

0</ u(ya+2) dz-/ u(y1+z)dzj:/ ui(y1+z)dz|]|+/// widz
By By 1J1J/By

S{Q@MfiM@MWHWM+ﬁAAwwM

Let’s choose the length of I, as 16'/%p

1
|B§/|/I/I/B wdz > —CMp*6>/?
6/

1
max —— [ uudz > —CM§'?
yel |B§/| By
1
dyel s.t. wii(§ 4 2)dz > —C M§Y?
|B5’| B
Let T' = {uy(§ + 2) > —n} where n = 20 M§'/?
1
it e i > —CMd§'?
’Bg/’ Bémf‘u ’By’ Bginre i =
1 1
— uy; > —CM§Y? — —— _ U
| Bs/| JBginT |Bs/| /By nie

UMSM on B5/ﬂf
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Uy < —1 on Bg/ﬂfc

M|B5/OF| > 1 o
| By |Bs'| /BT
Bs| — |Bs N T
Z—CM(Sl/Q—{—?]l 5| | s |
| B |
By NI
Z—CM51/2+77—77M
| By |
By NT

Since n = 2CM6'/?
|Bs N T . CMo'/? . CMo'/?
|By| — M+n — 2M
|By NT| > C§"/% By| > C6™F2pn
since &' = éf. Let I' = By NI. Then u; > —CM4&Y? on T' and
IT| > Comtzpn Q.E.D.

Z 051/2

Now we are going to get lower estimates for the second derivative of
the solution. At first we consider the convex operator F' where D;;u(z)

is a subsolution of the linearized equation.
Lemma 3.7.

F is convex, for any directional derivative

D;u(z) > —C|log |x||~¢ for small |x|

Proof We will use the Harnack inequality inductively by shrinking
the radius of the ball centered at 0. Let

Dyu(z) > —M;, on Biy

Let’s choose any z, s.t. |z,| < (3)F".
We can find the biggest ball B,(z,) C N(u),contacting the free bound-
ary at one point y,. Since y, € 0B,(u) N A(u), u(y,) = 0, Du(y,) = 0.



18 KI-AHM LEE

By the Lemma(3.6), for given § > 0s.t. 0 < 4§ < 1,

There are I', z1,and m corresponding to Lemma(3.6). So
minu; > —Ci6?
If we use the lemma(5.1) in the Appendix,
wi(,) > — My, + 46~ (M — C52)

Let’s choose C'62 = eM,, for some € > 0.
Then

wii(x,) > — My + oMY for some N
My > =M, + CMY
A standard argument shows that
My ~ k= ~ [log |||~

Q.E.D.

The second case is the concave F' which is depending on eigenval-
ues of u in R?. The largest eigenvalue behaves like a supersolution,
and two eigenvalues are balanced though the uniform elliptic opera-
tor F'. Thanks to this balance, the smallest eigenvalue behaves like a

subsolution.

Lemma 3.8.

If F is concave in R?
F is depending only on eigenvalues,

then Dyu(z) > —C|log |x||~¢ for small |x|.

ProofF (A, \y) = 1 where A\; < Ay and F(0,«) = 1.
Let Ay > —M,;, on B(%)k.
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A2 — a < Ny, for some Ny s.t. F(—My,a+ Np) =1and Ny >0
By the similar argument, there are I', 1, m s.t. minp(A;(x)) > —C,,02
So maxp (A (z) — o) < Cyddz for some directional derivative (.
On the other hand, Dyu(z)’s are sub-solutions of Lw = 0 where Lw =
Fij(D*u) Dyjw
By the lemma(5.1) in the appendix,
(N, — (Dyu(z,) — @) > AN (Ny — Chr62)

Let’s choose C'63 = eM,. for small € > 0
Then

Dyu(z,) — a < Ny, — C’N,ﬁv

Ao(@)|gror — @ < Ny — CNY
By the uniform ellipticity onF,

My > —My + CMY

So My ~ k¢ ~ C|log|z||~¢
Therefore

Dyu(z) = M(z) = —Cllog |||~
for small |z]|

Q.E.D.
Lemma 3.9.

If ugjf) = }mu(m)(emx) converges to u, as €, converges to 0

Proof

Duugf)(:z:) = D”u(m)(emX) —Cllog |emz||

>
> —Clog |enR||~¢
if |z| <R

So u™(z) 4+ £|log |, R||¢|z|? is convex.

If €,, goes to 0, it converges uniformly to u,(x) in |z| < R. Therefore
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uo(x) is convex.

Q.E.D.

3.2. the regularity of convex solution. Let’s define P* = {u € P;|u

is convex }.
Lemma 3.10.

If u e Py and 61 (A(u)) > e>0

1

?U(Gmx) — Uy(T)

Jthen A(uy(z)) = {z| < x,e, >< 0} for some coordinate system.

Proof A(u,(x)) is a convex cone which is generated by A(u)
If A(uo(z)) is not a half plane, for some polar coordinate,
A(u,(x)) C {z]x = (pcos, psinb, x3,- -+ ,x,),0, < 0] < 7}

where 0, > 7
We choose ¢ where § < 6y < 6y, and a so that af = 7.
Let w = Dju,. Then w = 0 on 0A(u,(x)),and w is a Lipschitz function

in virtue of Ctl-regularity.

F(D?u,) =1

Fj (D) Dyj (o)1 = 0
Let a;;(z) = Fjj(D*u,) be a bounded measurable elliptic coefficients.
We use a barrier function to estimate the w from below.

v = Ta(e—ﬁsinaﬁ . e—ﬁ)
Then, in the polar coordinate

Lv = a;;D;ijv = app Dypypv + %Dmv + a—ngggv + b,.D,v
r r
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Dpv = afa — 1)(e7P5imal _ o=F)

1 .

—D,gv = ar®*(—Bacos af)e P5m?

,

1 .
— Dggv = 1*7?((Barcos af)® + Ba’ sin af)ePsn?
-

1 .
*DT’U _ ara—?(e—ﬁsmae . e—ﬁ)
”

For large 3, the term T%Dggv will dominate and it is positive.

On the other hand, agg > X > 0 where X is a elliptic coefficient. If
we choose large 3, Lv > 0. Therefore v is a sub-solution and zero on
O\ (uy).

By the comparison theorem,0 < v < w in {z||0] < 61}.

On the other hand, w is C%!. It means that w will decay to 0 faster
than any r* where 0 < o < 1. It contradicts against the decay rate of

v, when r goes to 0.
Therefore dA(u,) is flat.
Q.E.D.

Lemma 3.11.

For any € > 0,0 > 0, there exists a A = A(¢,0) such that if u € P} (M)

and 61(A(u)) > €, then in an appropriate system of coordinates

6

A(u) D Byn{z: a(z, —e,) < 3
N(u) D Ban{z: a(z,e,) < B o}

o _
Proof Look Lemma4.4 in [Fr]

Q.E.D.

We are going to write Lemma(4.5) in Chapter 2 of [Fr] for the com-

pleteness of the proof.

Lemma 3.12.
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If u € P and %(A(u)) >e>0,
then there is an appropriate system of coordinates, ji > 0, a Ct-function

S.1.
A(w) N B, = {z|z, < g(2")}

where ©' = (1, -+ ,Tp_1)

Proof Since A(u) N By/2(0) O A(u) N Bi (y) if ly| < 1,

mindiam(A(u) N Bi(u)) > mindiam(A(u) N B%)

1
2

— (M) >

P

So we can use the previous lemma w.r.t. any point y € T', |y| < %.

By the previous lemma y = 0 € " for any § = %,there is a system of

coordinate(e")(i = 1,--- ,n) s.t.
A(w) O By {z|a(z, —en) < = — 6}
(3.1) 2
N(u) D Byn{z|a(z, —e,) < 5 = J}

holds with e,, = €.
A(u) is convex. So

{z° 4+ te'} N A(u) ={z° + tel|t < t°}
3.2)
( {z°+te'} N N(u) ={a° + te)'|t > t°}

If v =>; x;el", then x°+t°]" can be represented by x,, = ¢"(z’) where
¥ = (x9, -+ ,x,), and A(u) = {z,, < ¢g™(2')}. Since (3.2) hold for (/)
in By, (A depends on § = + and €\, — 0), it follows that for a

suitable choice of the €",1 < ¢ < m — 1,and for a subsequence,

m o

() =Tm(el"), where 7™ is an orthogonal matrix
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Thus T™ — I where [ is an identity matrix.

From(3.1),
¢
|2/ m

|J,"| < Am

Therefore x,, = ¢°(z) is a representation of A(u) and ¢° is differentiable
at 0 with zero gradient.

We can do the same argument about y € A(u) with |y| small enough.

Thus there is a system of coordinates (e;""),and A(u) can be a limiting
on (e7¥) as (m — oo),and I'(u) can be represented in a p,-neighborhood

of y where p, is independent of y.

., <g™()  or a2, < g*¥(2)

where z = Y & —ie™ or x = 3 4, BV respectively.
Therefore
9°¥ (") — g°(0)]

|2/]

(3.3) < Bm if |2'] < A, B — 0

m’y
1

The system of coordinates e, ? is related to e?’y by
i = T
where T"™Y converges uniformly to I with respect to y.
0 = To(ep)
and

(3.4) T — 1 ify—0

by the uniform size of the cones.

We can rewrite (3.3) in terms of the system of coordinates (e?).

9°(y +h) — g°(y) = he(y) + ho(1)

where 0(1) — 0 as |h| — O,uniformly w.r.t. y, and |c(y)| < C.
Therefore g° € C'. Q.E.D.
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3.3. Improvement of Convexity for I' of large minimum diam-

eter.

Lemma 3.13.

Given €,0, there exits p,(€,0) s.t.
Ifue Py, and §,(A) > € for p < p,,

then in an appropriate system of coordinates,
A(u) D BN {z| =z, > 2pv0}

N(u) D BN {z|x, > 2p\0}

Proof Otherwise, there exists w,, € P, and p,, , where p,, — 0,

contradicting the lemma(3.10).

ug’i) — u, € P*

8, (T (u,)) > T, (A(u{™)) > ¢

Pm

We obtain a contradiction to Lemma(3.11). Q.E.D.

Remark
['(u) D BN {z| =z, > 2p70}
0,2 (D(u)) = W =1-46> ; > €
for : ,
€,0 < 3

Corollary 3.14.

Given €,0 < é,

there is an appropriate system of coordinates with n—vector e

A(u) D By 0 {z| — 2™ > p(;\)kélé}

)¥46}

>

N(u) D By N {z]z® > p(§



OBSTACLE PROBLEM FOR NONLINEAR 2"¢-ORDER ELLIPTIC OPERATORS

Lemma 3.15.

' 1
Given €,0 < g,

then, there is a p < 1 s.t.

k—
Du'U|N(u)me(A)k > —MpF!
2

Proof We would like to consider two cases. The fist one is when the
operator F' is convex,and the second,when F' is concave in R?.
Case 1) If F is convex ,the any second derivative D;u is a supper
solution of a linear operator L = a;;(z)D;; where a;;(x) = Fj;(D?u).
There is

¢(x) =0  when z, = —5 — & where § > 0
o(x) s.t. o(x) = -1 on 0By N{z, > —1}

~1<¢<0 omdBN{-i-d<z,<—3

Let
b st Lh =0 onBiN{z, <—3-6}
o h =¢ ondB N{z,<—-1-6}
Therefore
—p = %ﬂh > —1

nof—

By the induclion,
D-'U|N >-M k=1
it (u) BP(%)I@ = 1%

Case 2)F(A1,A2) =1 and F is concave.
Claim: If \y > —M in N(u)N B,y
sthen \y > —Mpu in N(u)N B,aye

If this claim is true, we can use it inductively to get

M= —MpFt o in N(u) N B,

>

)K
Now we are going to prove the claim. By the lemma(3.10)

A(u) D B, N {z| —x, > 2pA}
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N(u) D BN {z|x, > 2pAd}
Let F(0,a) = 1.
A1 > —M if and only if Ay —a < N for some N > 0, since F is elliptic.

There is
=0 when z, = -1 — 6(6 > 0)
o(x) =N on OBy N{z, > —3
0<op<N on OBy N{—3 —0 <z, < —3}
Let Lw = F;;(D*u)Djjw = a;;(x)Dijw where a;;(x) = F;;(D?*u). Then
there is
w ot {Lw =0 on By N{z, < —3 — 4}
w =¢ ondB N{z,<—3-10}
For all direction I, Dyu — « is a subsolution of L , which is less than

N on 0By NON(u) since Ay — o < N,and less than 0 on By NON (u).
Thus Dyu — a < w in By N N(u). By Harnack inequality,

sup w < yN
Bl/QON(u)
implies
sup  (Dyu—a) <yN
Bl/QﬂN(u)
for all [.
sup (A2 —a) < AN
Bl/QﬂN(U)
inf N >—uM
Bl/QF‘IN(u) L= K

Therefore the claim is true. By the remark after the claim, the lemma

is true. Q.E.D.

3.4. Regularity of the Free Boundary.
Lemma 3.16.

If u e CYY u(0) =0, Dyyu > —7, then for 0 <t <1,

u(tr) < |z)*1 + u(x)
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Proof Let maxg<;<; u(tx) = u(toz).
If t, < 1, then 0 = u(0) = u(toz) + [ [ Diyju > u(t,x) — 7|x]?
So u(tz) < u(t,xz) < 7lz|?
If t, =1, then u(tz) < u(z) for 0 <t < 1.
So u(t,r) < wu(z) +7]z)? for 0 <t < 1. Q.E.D.

Corollary 3.17.

then there is v, s.t.

A
|zo — yo| < O = \/Mnu(k*Z)/Zp(g)kfz

{syo} C N(u)

if [syo| < p(3)F7!, and s > 1.

Proof By the lemma (3.2)

2
O
sup u > -
639k(z) 2n

There is y € 0By, (z) s.t. u(y) > 1

= 2n

By the lemma (3.14) and Dju|nw)ns > —Mpuk—2,

p(E- T
if [sy| < p(3)F~ where t = 1tz = y,then
1
2n\

A

(Mg (312) < uly) < (n(]

A
= Mp*(5)" 72 + u(sy)

Mt 4 u(sy)

I R
0 < S Mp ()" Dt < u(sy)

Therefore sy € N(u)
Q.E.D.
Remark At the previous lemma (3.15),the angle between = and v,

k=2
MT
A

afr,y) < C
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Lemma 3.18.

There is ky(e,0) > 0 s.t. for suitable constant Cin an appropriate

system of coordinates

(1) Afu) D Bayeo N {z|a(z, —e,) < — C6}
(2) N(u) D Byay, N{zla(e, +e,) < 5 — C6}

Proof About (1), if (1) is not true, there is

x € (Bp(%)l\Bp(%)H—l) N N(u)

for some large [ > k,.
By the lemma (3.15)
there is y s.t. |z —y| < 6 = VMnu=2/2p(L)1=2

Ao
sy € N(u) s.t. sy < p(§)l !

There is s1 > 1, s.t. [syy] < p(3)'7!
Let x1 = 51y € Bp(%)l—l\Bp(%)l
Then

By the induction,

Tp41 € Bp( Ayi=(k+1) \Bp(%)sz

2
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For some k, x;, € 830(%)%

];,’ 1—1—4
Iu 2
<
_i:ZIC .
- E
T
I W S
H,Q
1=2 k=1
:Cw(i)f
AL —p2)
R e
= C .
AM=p2 +1)
1—2—k
Ko ¢ ko2 _ 0
<C = preTe < -
AL=p) A1 —p) 4

for large k,
C >5in (1)

alz,—e,) < g — 50
a(zg, —e,) < g — 44
Ty € OB, s, and xj € N(u). It is a contradiction against the

lemma(3.16)

About (2)

We assume (2) is not true for any positive constant C' and integer
k, > 0, then for any large constant C* there is
™ *
z, € D(u) N By N {z]a(z,e,) < 5~ C*6}

By the previous argument,I'(u) contains a cone with vertex z, opening
5 — C0.Then the axis of the cone must be away from —e, by Cod by
Corollary(3.14).
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If C* is large,0 is an interior point of the cone. It is a contradiction.

Q.E.D.

Proof of Theorem(3.2) We can use the same argument which is
used in the convex case.

To find o(r), we are going to choose r corresponding to o.

If §, > o, then for any point a neighborhood taken as a new center we
will have

ds > ¢ for some s < r = p(%,3) from Lemma(3.13). Then for each r,
there is a o(r) through the relation r = p(%, ). Q.E.D.

4. CY*-REGULARITY OF THE FREE BOUNDARY

Now we would like to show the O regularity of the free boundary
in any dimension for the convex operator , and in two dimensions for

the concave operator.
Lemma 4.1.

If w is convez , in Py, and §(A(u) N B —1) >4, > 0,

then there are a small r,(d,), and €, s.t. for some system of coordinates
if € < €,, then

[De,, + €D, Ju(z) > ed(z,I'(u))

Proof
By the scalling, it is enough to prove the lemma for d(z,92) = 1.

The nondegeneracy, Lemma(3.4) says supg, ;) u > ﬁ
So we can find a point y s.t. u(y) > <.

Let’s join y and a point on the free boundary in B; by a line segment.
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Since u is convex, the line segment and the normal direction to the free
boundary at z, have an angle which is smaller than e,.

In addition, the length of this line is of order 1.

Since u is bigger than ﬁ at one end of the line segment and 0 at the
other end of it,

we can say D, .. u > ¢, > 0 at a point y; on the line segment for an
uniform constant c,.

CYl estimate implies that g is far from the free boundary uniformly.
On the other hand, D, ;.. u is a solution of the linearized equation.
By the Harnack inequality on the chains of balls connecting y; and =,

D., 1. > cq > 0 for a uniform constant c;.

Q.E.D

Remark
Let’s define uy = egiku(ek ).
By Chl-estimate of u;, and Lemma(4.1), ux converges to a convex func-
tion uniformly in C*.
From the Lemma(4.1), we can say that ,(for a given A > 0, there is a k
S.t. De, e g > [d(x,00) — CA

where u, = Sru(efz).
o

Now we are going to show the gradient of the solution is increasing

in a cone of direction even though it is not convex

Lemma 4.2.

Ifwis in P, and 6(A(u)NB—1) >4, >0,

then there are a small r,(d,), and €,
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s.t. for some system of coordinates
if € < ¢,, then
[De,, + €D, Ju(z) > ed(z,I'(u))

We know by using the argument in Lemma(4.1) that the result of
this Lemma is true as soon as we get [D,, 4+ €D, Ju(x) is nonnegative
From the remark above, we know D, ., u) is nonnegative at the point
outside of y-neighborhood of the free boundary.

Now we are going to show D, i up >0
in the region B, N N, (I'(ug)).
Let’s use contradiction argument.

Suppose that for z, € N, (I'(uy)) s.t.
Den-l-ee-ruk(xo) <0

Consider the auxiliary function

1
h(z) = ur(z) = o=l = 2o|* = De, e, k()

in B,(z,) NN (uy).
Since the operator F' is homogeneous of degree one, D, i ur is a
solution of the linearized equation.
Lh = F;;(D*u)D;jh = 0 in a domain, and h(x,) > 0.
Then h > 0 on d(B,(x,) N N(uy)), since b <0 on ON (uy).
Therefore h(x) > 0 for some z along 0B,.
At z, we get
up(x) = Deypice,ur, > Cp?

On the other hand,
(7)) — Do, ee,up, < O1d?(x,0Q) — Cod(z,00Q) + Cyy

That is
p* < O1d* — Cod + C3y



OBSTACLE PROBLEM FOR NONLINEAR 2"*-ORDER ELLIPTIC OPERATOR33

and d < p+ v =d(z,x0) + d(x,, ON (uy))

Hence
p* < Ci(p+1)° = Calp+7) + Cay

This is a contradiction for small enough p < %, and much smaller

Q.E.D.

Proof of Theorem(3.3) We are going to use the potential the-
ory in [Fa]. At this point we have a smooth solution in N(u) by the
interior estimate of the solution and the C! regularity of the free bound-

ary,Theorem(3.2). For any direction [,
Lu; = Fi;(D*u)Diju; = 0 in N(u)

Let a;;(z) = F;;(D*u). Then a;;(x) is smooth in N(u).
From Lemma(4.2), D, yc...u and D, u are positive. Theorem (1.2.2)
in [Fa] implies the C* regularity of

Uy, + €U,
Uy

,where v is the normal direction,and 7 is the tangential direction.

In addition, the Hoélder norms are uniform and defined all the way to
the free boundary .

We can send € to 0. Therefore so is ;.

On the other hand,

u
— = DTfe(ZL‘l, T axn—l)
Uy

along any level surface {z, = f.} = {u = ¢€}.
Let’s send € to 0.

Then the free boundary will be C1e.
Q.E.D.
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5. THE GENERAL CASE

We would like to consider the general C*“ obstacle.
Due to the remark in the beginning of the Section 3, we can consider
the following standard case without the loss of the generality. X =
(x1, -+ ,x,) € R"
B(z) ={y e R"|[[z—yl<r}
u is the nonnegative function on some domainD C R"
I'(u) = {z € D|u(z) = 0}
N(u) = {z € Dl|u(z) > 0}
A(u) = 0I'(u) N ON (u)

e F(u) is the uniformly elliptic operator and F € C? i.e.
XN (< FOM+N) = FOM) < K| N |
where N > 0 and M, N : n x n symmetric matrix
e uec P(0<r<oo)
=
(1) u € CYY(B,),supp |D;jul < M
(2) u>0and u € I'(u)
(3) F(D*u+ D?*¢) =0 in N(u) where f(z) >v >0
F(D*¢) < —v <0 and [|¢|| .3 < o0

2

Many of the arguments are similar with the special case, Section 3,
except for the C®regularity of the free boundary. We would like to

point out only different part in the similar case.
Theorem 5.1.

Let u be in P;.
Then there exists a positive, non decreasing function o(r), with o(0%) =

0 s.t.
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If for some r € (0,1),6,.(A(u)) > o(r)
Then the free boundary I'(u), in a neighborhood B;(0), is the graph of
a C.

Theorem 5.2.

When F' is homogeneous of degree one, the same condition with Theo-
rem(5.1) implies that for some r* > 0,
the free boundary T'(u), in a neighborhood B,.(0), is the graph of a C.

Lemma 5.3.

Ifu e P,z € N(u),then
2

s

s fuly) —u(a) 2

=

Proof Let F(D?u,z) = F(D?*u+ D?¢) — F(D?*¢) = f(z) >v >0
F is uniformly elliptic with the elliptic constant X, A > 0

Then we can use the same argument in the proof of lemma(3.2). Q.E.D.

Lemma 5.4.

F is convex, for any directional derivative

Dyu(z) > —C|log |z||~¢ for small |x|

Proof We will use the Harnack inequality inductively by shrinking
the radius of the ball centered at 0. Let

D”u(x) Z —Mk on B(%)k

Let’s choose any z, s.t. |z, < (3)F.
We can find the biggest ball B,(x,) C N(u), contacting the free bound-
ary at one point y,. Since y, € 0B,(u) N A(u), u(y,) = 0, Du(y,) = o.
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By the lemma(3.6), for given § > 0s.t. 0 <0 < %, there are I', z1,and
m corresponding to the lemma(3.6). So
minwu; > —Cyd2
Since F(D?*u + D?¢) = 0 and F is convex,
L(uy + ¢u) <0

where Lw = a;;(2) D;jw and a;;(z) = F;;(D*u + D*@)
If we use the lemma(5.1) in the Appendix,
Ui (o) + Pu(,) > 6" mrin<ull + ¢u) + (1 — o) Bm(in)(uzz + ¢u)

p{Zo

uy (o) > Bm(in) du — du(wo) — My + ad™ (M), — C5Y/?)

p\To

> —M, + Oz(SN(Mk - 051/2) - ||¢ll||0apa

Let’s choose C'63 = eM,, for some € > 0.

Then
wii(x,) > — My + oMY for some N
My > =My + CMY — C279%
Therefore
My ~ k= ~ [log |||~
Q.E.D.

Lemma 5.5.

If F is concave in R?
F'is depending only on eigenvalues,

then Dyu(xz) > —C|log|z||~¢ for small |x|.
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Proof D?¢ is continuous at 0.Let A\;(D?*¢(0)) = 3
There is a s.t. F(5,a) =0
F (A1, A2) = 0 where A} < Ao
and \; = A\ (D?*u + D?¢), Ay = \o(D?*u + D?*¢)
Let Ay — 3 > — M, on B(%)k.
Aoy — a < Ny, for some N s.t. F(8 — My,a+ Ni) =0 and N, >0
By the similar argument with Lemma(3.6) by using the geodesics on

the graph of u, there are I', x1, m s.t.

=

mrin(/\l(DQU)) > —Cp6

min(Ay(D*u + D*6)) = —Cyd7 + min Ay (D)

[N

min(A; — ) > —Ciyd* + min M (D) — B > —Caré% — C(5)

N | —

since D?¢ is Holder continuous.

Therefore

mIgX(D”u(a:) —a) < Cyo2 + O
for all directional derivative I. Dyu(x)’s are sub-solutions of Lw = 0
where Lw = F;;(D*u)D;;w
By the lemma(6.1) in the appendix,

k
2

(N — (Dyulz,) — ) > AN (Ny — Gy — é(;) )

We choose 93 = eM;, for small € > 0
Then

y =1
Dyu(z,) —a < Ny, — CNY + c<§)§
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v~ 1
Ao()| i — @ < Ny — cNch(iﬁ
2

By the uniform ellipticity of F',
~Mysy > —My, + CMY —C273

So My ~ k¢ ~ C|log|z||~¢

Therefore
Dyu(z) > M(z) = —Cllog |||~

for small |z]|

Q.E.D.

Proof of Theorem(5.1) By means of Lemma (5.3)(5.4)(5.5), the sim-

ilar argument with Theorem(3.2) implies Theorem (5.1). Q.E.D.

Lemma 5.6.

Let wq,wsy be two solutions of the same problem in By, with

(1) F(D*w; + D*¢;) =0 in N(w;) = {w; > 0}.

(
(3) |D2(b1 — D2¢2|Loo <€

\)

) w; = wy on 0B,

Then |wy — wo| < Ce.

Proof Let’s compare wy + €(1 — |z]?) + ¢ with wy + ¢o. On 9By,

wy + e(1 — |z*) + ¢ > wy + ¢
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The ellipticity and
D¢y — D*¢y + 2nel > 0
implies
F(D*w; — 2ne + D*¢y) < F(D*w; + D*¢y) = F(D*wy + D*¢) =0
By the comparison principle,
wy + (1 — |z]*) + ¢ > wy + ¢

Therefore

wy +€(1 — |:1c|2) > w,y

Q.E.D.

Consider the two sets

St (w,0) = {z| < z,v >< Alz|'T)

S~ (v,0) = {z| < z,v >< —Alz|'"}
Lemma 5.7.

Suppose that we are given a set § such that 0 € 02, and for any
X, € o0 N BI/Z;

there exists a v(x,) such that

BiNS (v,z,) CQN By C ST (v,2,) N By

Then, in a ball B,.(0), 9Q is a CY*-graph in the direction of v(0).
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Proof The angle between v(z,) and v(x1) can be estimated as
v(o) — (1) < Clao — a1["

by the fact that 0Q is at the same time in ST\S™(v(z,)) and in
ST\S™ (v (21))
QE.D.

Now we would like to state an inductive argument to show Ch°-
regularity of the free boundary.

Let T*(e,v) = {z| < x,v >< +¢}

Proof of Theorem(5.2) We would like to show the inductive ex-
pression of Lemma(4.7) without losing the generality. We claim that
for some A < 1,I'(u)N By« is in a \¥2 *-stripie. T~ (v, \k27%)N By C
D(u) N Byx CTH (v, \*27%) N By

We might approximate v in B,, by a solution w of the free boundary
problem s.t.

F(D*w—1) =0 B, NN(w)
w =u on 0B,,

re = 2—(1—9)k

Without the loss of generality, we can assume that D?¢(0) = —1I by
the assumption on ¢.

The Holder continuity of D?¢ says

|D?¢ + 1|, < eorf =27 170k
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We normalize B,, to B;. Then By-» will be normalized to By-ex.

On the normalized picture, by Lemma(4.6),

1
U = r—]zu(rkx)
o 1
Wy, = —w(rye)
Tk

’ﬂk i wk‘ < 6027(179)k()¢

By Theorem(3.18), the free boundary of wy, is C°.

The quadratic growth, and Lemma(5.3),says I'(ug) is in c2=5
neighborhood of I'(wy).

Since T'(wy) is OV, T'(wy,) N By-ex is contained in a 2700+ _gtrip,
If 0 is small, % > 0k(1 + «). So I'(uy) is contained in a strip of
width 2(2-6k(+a)),

If we renormalize it back, T'(u) N By« is in a strip of width (2792)*27*,

Let’s choose A = 27%. Q.E.D.

6. APPENDIX

{ai;} is the uniformly elliptic coefficient, i.e.
)\|€|2 < aijfzfj < A|f|2
Lemma 6.1.

w is a smooth function satisfying —a;jw;; > 0 in B(R). for some 0 <
R < Ry, Let T be a closed subset of B(R) s.t. I' C Bsmg(x),dist(I',0B(R)) >
OR,|T'| > Co™|B(R)| for some large m > 0, ,for some C > 0 ,and for
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some x satisfying d(x,0B,) > VOR

Then there exists a constant v = vy(n, \,A) > 0,and N > 1 s.t.

r(an/ré)w>ﬂy(5 mrmw—l-(l—’yé )g%ilgw

ProofLet u = w — mingry w > 0 The the weak Harnack inequality

says that if By,.(y) C §2,then

1
up P mf U

(6.1) |B ,

where p and C' are positive constants depending n, A, A, and R.
We can get the universal constants by the rescaling. We would use the

covering argument.
[ C Bsmp st d(z,0B,) > VoR

There is { By }._, s.t. the center of By is on By, By — Bsmp(z1), and
the radius of By, is R(3)".

If we use (6.1),we can get two facts.

(1)

1 1
P)p < C'inf
(‘Bkl BkU)p o 1]§1ku
(2)
inf u < inf u< (o inf  u")F < C(— Py
1INnr u 1mn U —_— 1mn U P —_ u)r
Brt1— BrNBgpy1 |BkﬂBk+1|BkﬁBk+1 - |Bk| By,

If we use (1)(2), infp, u > C'infp, ,, u for some universal constant C.So

infg, u > ClinfBlu
2

> C1§% infru
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And

Therefore § = (3)'~!. Finally,we could have

infu > 6V infu
Bg r
2

for some 7, N which is universal.

Q.E.D.
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