HOMOGENIZATION OF NONVARIATIONAL
VISCOSITY SOLUTIONS

L. CAFFARELLI AND KI-AHM LEE

ABSTRACT. In this paper, we are going to consider the possibil-
ity of multiple solutions for minimal surfaces and free boundaries
in “oscillating media”. We give simple one or two dimensional
examples to point out the possibility of hysteresis phenomena in,
for instance, movement by mean curavture or flame propagation.
These solutions are not variational solutions which can be obtained
by minimizing corresponding energies. We can show that these el-
liptic nonvariational solutions can be barriers for the correspond-
ing parabolic flows, for example mean curvature flow or one phase
flame propagation with a suitable initial data, and that it can be
also the limit of the flows as the time goes to infinity.

1. MEAN CURVATURE SURFACE

In this section, we will consider graphs with oscillating mean curva-
ture f. and show the existence of many nonvariational solutions. The
importance of these nonvariational solutions is due to the fact that they
can be barriers and ultimately become the limit of a mean curvature
flow for an initial data trapped between two of these solutions. We
are going to consider the one dimensional problem in order to demon-
strate the issue above in as simple as possible setting. It can be also
generalized easily to the multi-dimensional problem.

First, let us consider a nonnegative function: Set f(z,z) be a non-
negative smooth function on R x R such that

flz+ ki, x4+ ko) = f(z,x) for (ki ko) €EZXZ
and
f(0,z2) = f(k,z) =0 for keZ.
The surface u®(z) having a oscillating mean curvature with e-periodicity
satisfies the following equation:

(MCEa) My = | ——— :fa(u6>x) :f(
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with a boundary condition u® = 0 on 0. The solutions of (MCEL,)
can be founded as critical points of the following variational problem:
find a minimizer u* € BV (Q2) of the energy

(VMCE) I.(v) = / V1+v2+ F.(v,z)dx

among v € BV(Q) such that
v=0 on Jf2

where ) is a bounded domain [—2,2] in R and F.(-,z) is the anti-
derivative of f.(-, z).

1.1. The variational solutions. Let u. be the minimizer in (VMCE,).
From the standard regularity theory, u* will be bounded convex and
have a uniform C*!-estimate independent of . Hence we can extract a
subsequence u®* converging to u, uniformly. Now we are going to show
u be the minimizer of the homogenized variational problem.

Lemma 1.1.
The limit uw will be the minimizer of the following homogenized energy

(VHMC) I(v) :/\/1 + v |2 + fodx

where f is the average of f(z,x) in [0, 1]%.

Proof Due to the uniform C'-estimate of v, Vu® converges uni-
formly to Vu,. Hence we have

/\/1—1—\u;]deH/\/l—i-\udex.
Let f = f— < f >, where < f >, is the average of f(z,z) in z-

variable. Then the average of f will be zero. A anti-derivative F. of f.
can be given by

Fg(u,x):/o fg(z,x)dZZ/O 7+f(g)dz
= z 7 ) d
<f> u—l—a/o f(z,x)dz

:<f>zu+s/6f(z,:v)dz
(%]

=< f >, u+eB(u,e,x).
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where B(u, ¢) is a bounded function. Therefore we have

I.(u) :/Q\/l—i— \Vu€]2+F5(u5,§)dx
T x
- / V14 [P+ < f >, (=)u® +eB(u, e, —)du
Q 9 9
—>/ V1 + Jug? + fude = I(u).
Q

as € goes to zero. In addition, a similar argument tells us u is the
minimizer of the energy I(v). For any BV function v, we know I (u°) <
I.(v). By passing the limit similarly, we have I(u) < I(v). O

Remark 1.2. B
u above satisfies the constant mean curvature equation Mu = f and

the graph of u is a piece of a circle of the radius %

1.2. Nonvariational solution. We now show the existence of many
nonvariational solutions.

Ezxample 1.3.
For the simplicity, let us choose f such that f = 3 and set Q = [-2,2].
Then the variational solution w is a half circle of radius 2 centered at
the zero. Since f(k) = 0 for any k € Z, h = —&[] will be a solution
(MCE.). The variational solution u* is close to u with an error of O(g).
Now we want to find a solution of (MCE.)bigger than —e[1] ~ —1 and
having the boundary value 0 on 0€2. Let

Let A. be the collection super-solutions v of (MCE.) satisfying v >
h, andv >0 on 0.

First of all A, is not empty because a vertical translation of the
variational solution u® + 1 + Ce satisfies the condition of A, for a
uniform constant C'. Now we choose the infimum A} of v in A, i.e.

hi(z) = Ulenje v(x).

From the uniform C%!-estimate and Harnack, we can follow Perron’s
method to show h} satisfy (M CE.) and belongs to A.. Now we claim
h*(x) = 0 on 0f2. First we can notice any constant linear function is a
super-solution since f. is nonnegative. If the claim fails, we can find a
super solution min(h}, 0) which is smaller than A’ which implies there
is a solution smaller than A} and satisfying the condition of A.. it gives
a contradiction. In addition, from min(u® 4+ 1 4+ Ce,0) > h* > h, we
have | min A’ + 1] < Ce. Therefore

Lemma 1.4.
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For f = %, there is a solution h* of (MCE.) such that its limit h* is
not a minimizer of I(v) in (1.1) and h*(0) = —1.

Ezxample 1.5.
Let e, = 2% We can pick a support of f(z,x) so that the lines

z=x—-2=1(z) and z = $(z — 2) = Ip(x) don’t meet the sup-
port of fa(zwx) = f(évé) Clearly fa(_lax) = f5<_%ax) = 0.
Hence the affine functions L (z) = max(l;(—z), -1, (x)) and Ly(z) =
max(lo(—x), —1,l3(z)) do not meet the supports of f.(z,x). Therefore
the maximums of linear functions lying outside of the support of f.(z, )
will be sub-solutions.

Now we consider the minimizing problem of I.(v) on the condition
that v is above the Li(x) or Ly(x) ,and let hf(z) and h-(x) be the
corresponding minimizers respectively. Then clearly h_(x) < hi(z).
The uniform C'!-estimates of At (z) and h_ (z) make them converges
to the limit A™(z) and h™(x) respectively.

Lemma 1.6.

h*(z) are the minimizers of the homogenized energy I(v) on the con-
dition v > Ly(x) or v > Lo(x) respectively. In addition h*(z) may
coincide with Li(x) or Ly(x) for x in some segments. Otherwise h*(x)

will be an arc of the circle with radius %

Proof From an argument similar to Lemma (1.1), the uniform limit
h* are the minimizers of I(v) on the condition v > Lyi(z) or v > Lo(z)
respectively. If h* doesn’t coincide with the obstacle L;(z) and Ly(z)
respectively, then h* satisfies the equation Mh* = f, which implies

that the graph of h* are a piece of circle of radius % O

1.3. Mean curvature flows. If we start a mean curvature flow with
an initial data trapped between A, it alway stay between them since
h* also satisfy the mean curvature flow equation. This flow also has
a limit as the time goes to infinity due to the C!®-estimate and the
limit will be a stationary solution, still between these two barriers h™.
Hence the limit stationary solution will not be the variational solution.

2. FLAME PROPAGATION

In this section, we consider an one-phase free boundary problem
for the heat equation, describing the laminar flames as an asymptotic
limit for the high activation energy model [CV]. We will consider the
case that the different reaction materials are distributed periodically
forming layers, and find the homogenized limit of the flame flows when
the periodicity layers goes to zero. Set x = (r1,72) € R? and let
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f(x2) be a periodic function with a periodicity 1 and A < f < A.
The classical formulation of the problem is the following: for a given
initial data u, whose positive region is €, = { u, > 0}, find a domain
Q C Qr = R? x (0,T) (the unburnt area) and a function « which is
strictly positive in 2 and smooth on 2, up to the interface I' = 0Q2NQr,
such that

u = Au in Q
_ 2 T2
(FB.) u=0, |Vu]* = f(%2) at I
u=1 on B,
u(z,0) = u,(x) on 2,

Such an equation naturally arises as the asymptotic limit (6 goes to
zero) of the following reaction-diffusion equation:

ug = Au — fo(x2)Bs(u) in R?\ B,
(FB:s) u=1 on B
u(z,0) = u(x) in R?\ B,

where the reaction term is defined by (5(s) = %B(%), with 3(s) a Lip-
schitz function satisfying:
(2.1) B(s) > 01in (0,1), and F(s) = 0 otherwise.

' 1= fol B(s)ds.

The stationary solution of (F'B.) will satisfies the following elliptic
problem:

Au=0 in
(EFB.) u=0, |Vul> = f(%) at T
u=1 on By

The solution of (EFB.) can be approximated by the solutions of the
following singular perturbation problems:

{ Au = f(22)B5(u) in R\ B,

EFB,
( o) u=1 on By

The solutions of (EF B.) and (EF B. 5) can be the critical points of the
following energies:

1
(VEFB,) I 5(v) = /Q §|VU|2 + fe(@2) X (>0 d
and

(VEFB. ;) L) = /Q %yw + £(25) Bs(v)da
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. ,
respectively where Bs(s) = Gs(s).

2.1. Variational minimizers. The variational solution was studied
in [ACF]. Now we are going to summarize the known results.

Lemma 2.1. (ACF)

H" Y (DN d{u>0}) < oo for every D CC .

Vul < C and |Vu|gz @) <C.

For any D CC $, there exist positive constants ¢,C such that if B,(x)
is a ball in D N {u > 0}, then

cr <u(x) < Cr.

Lemma 2.2.
Let u® be the minimizer of I.(v) in (VEFB.). Then the limit u of u®
will be the minimizer of the homogenized enerqgy

1 —
I0) = [ 5IVeP + Frgnda.
Q

Proof From the estimates in 2.1, we know
Vuf — v weakly in L7oc(Q)

and
u® — v uniformly in Cj,, for all v < 1.

In addition from the finite (n-1)-Hausdorff measure of the Free bound-
ary, it follows ,[ACF],that the set {u® > 0} has a finite perimeter uni-
formly in any compact subset in 2 which means —V x .0} is a Borel
measure. We also have

OH{u® >0} — 0f{u >0} locally in Hausdorff distance,

X{us>0} — X{us>0} i Lj.,
Vu* — Vu a.e.

Hence

1
[E(UE) = /Q EIVUEP -+ fg(flfg)x{us>0}dx
1
= / §|VU€|2 + fo(@2) (Xquer=0} — X{us0}) + [=(@2) X fusord
Q

1 _
— [ 3I9uP + Prgusoyds = 1(w)
Q

since f. is bounded. 0
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Hence the limit u will satisfies the following free boundary problems:

Au=0 in
(HEFB) u=0, |Vul>=f at I' = 0Q(u)
u=1 on By

2.2. Nonvariational solution. We are going to consider the least
viscosity super-solutions u® of (EFB.) and u® of (EFB.;) as they
are done in [CLW1]. Then we have the following uniform estimates
obtained in [CLW1].

Lemma 2.3.
Let u®° be a solution of (EFB.s). Then

IVu?| < C < oo
for a uniform constant.
And we have a nondegeneracy of us°(z).

Lemma 2.4.
There is a uniform constant ¢, > such that, for x, € Q(u),

sup u™’(z) > c,r.
By (zo)

Proof First let’s scale the function tu(z,+7 (2 —,)). Then we may

assume r = 1 without loss of generality. Let us assume supg, (, ) u*°(z) =

n for small > 0. We can choose a and h such that h = a(2"2— Tnl,z )+

and |[Vh|[?> < 2X on 9{h > 0}. Then h will be a super-solution of
(EF B.) and an approximation hs of h will be also a super-solution of
(EF B, s)like an Appendix in [CLM2]. Since u°(x) is the least super-
solution, the existence of smaller super-solution min(us°(z), hs(z)) <
us°(x), for small 7 > 0 will be a contradiction. Therefore i should be
bounded below by a uniform positive constant c,. 0

The uniform gradient estimate and nondegeneracy of the solution
gives us a nontrivial limits of u°.

Lemma 2.5.
Let u®? be solutions of EF B. .

(1) u®? are even functions of x.

(2) u®? are monotonically decreasing for positive zy i.e. for 0 <
ay < ag, u(ar, x9) < u0(ag, o).

(3) 9Q(uf) (or O (us®)) is a graph of xy variables if

min Yo < T2 < max Y.
(y1,y2)€Q(us) (y1,y2) EQ (%)
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Proof For the simplicity, we use u(z) for u*(x) in this proof.
(1). From the symmetry of the ball B;(0) and the independence of
f(z2) in x;-variable, we know w(—x,z2) is a solution of (EF B, )
Hence min(u(zy,z3), u*(—x1,22)) is a super-solution. On the other
hand u® touches this super-solution. Hence u(x1,x2) = min(u(xq, x2), u(—x1, 23)),
which implies u(z1, x2) is an even function in z;-variable.

(2) Let u*x1,10) = u(2X\ — z1,29) and v(zy,29) = u(wy,20) —
uM(x1,29). Clearly v < 0 for a large positive A. Let us decrease A
until v hit the first zero at ;7 > A. Then w and u* will touch each
other on the interior or on the free boundary, which will give us a con-
tradiction unless they coincid. Hence u(xy, z2) > u?(x1, 2o) for A > 0,
which will implies the conclusion. The proof of (3) follows from (2.) O

Corollary 2.6.
Lemma (2.5) holds for ¢, a limit of u® as § — 0.

Let us assume that , on each domain D € R", u®% converges uni-
formly to u® and then u® also converges uniformly to u. Let x, be
a point on dQ(u) N D and let z, € V N Q(u) be such that =, — x,
as n — oo. For A, — 0, let uy,(v) = -u(z, + Az) and uf\:aj(x) =
U (2, + Apx). A simple modification of Lemma (3.2) in[CLW1]

will give us the following lemma.

Lemma 2.7.
Assume that uy, — U as n — oo uniformly on compact sets of R™.
There exist ix, jp — 0o such that §;, /i, . i,/ e — 0 and

(1) uf\ifj (x) — U uniformly on compact sets of R",
(2) V% (z) — VU in L2 (R,
(3) Vuy, — VU in L} (R").

To understand a possible free boundary condition for wu, let us con-
sider the case that the limit w is a hyperplane. A modification of
Lemma (5.1) will tell us that the homogenization in the nontransversal
direction to x5 is a simple averaging out as the variational solution.

Lemma 2.8.
Let x° be a point on 0Q(u) N D.
If u'Jx converges to u(z) = a < x — 2°,v >, +o(lx — 2°|) for a unit
vector v and o > 0, then we have
o = 2f when < v, ey >> 0.

Proof
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Let us multiply u,¢ to (EF B. 5) and assume v = cos(f)e; +sin(6)es.
Then we have

(2.2) // ~|Vul?¢, — // u, Vu - V(b—i-//B(;f

By Lemma (2.7), we know that
vuekﬁk — OX{zv>0}V
and

B5k (u6k76k) — X{z-v>0}-
In addition we have

)
// f( )(budedQ?l
cos 0x1+sin x>0

// ¢nudy2 dyl
y1>0

[T iy
>0 cost

,when cosfz| + sin0xy = y1, 29 = yo. Therefore (2.2) converges to

—%2//W>O¢u+//x.y>0?¢y
]

By Corollary A.1 in [CLW1], they show U(x) = limy_u, is U(z) =
a < & — xov >4 +o(lx — x,|) for some direction v. The elliptic
monotonicity formula in [CK] and Theorem 3.1 in [CLW2] imply the
following lemma.

Definition 2.9.

We say that v is the inward unit spatial normal to the free boundary
0Q(u), at a point x, € IQ(u), in the elliptic measure theoretic sense,
ifveR,|v|=1 and

1
lim _/ ( ‘Xu>0 - X{<m—mo,u>>0}’dx =0.

r—0 rh

Lemma 2.10.
Let u®% converges uniformly to u on any compact subset of D in R™
and let x, € D N Q(u) such that
(1) Q(u) has a unit spatial normal v in the elliptic measure sense
such that < v,e; >> 0.
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(2) And
= B
lim |{u 0} N T(x0)|‘
r—0 |BT(I0>|
Then there 1s o« > 0 such that

wx) =a <z —x,v >y +o(lr —z,)).

Lemma 2.11. Under the same conditions as in Lemma (2.8),
When v = e,.
In addition
(1) If max f > f, there is a line segment in O(u) which is parallel
to the xi-axis and |Vu| = max f at least on one point on the
line segment.
(2) Set [—a*,a*] x {x3} be the mazimal interval among such line
segment. Then we also have
(a) |V f(x1,29)| is an even function in [—a*,a*] and monoton-
ically decreasing in [0, a*].
(b) 9Q(u) is C* at (£a*,z3).
(C) lima?l—d:a* Vf(f)?l, xS)I =
(3) a € [f, max f].

Proof

(1). If there is no line segment containing x,,then o will be f from
the Lipschiz continuity of u®. Then we are able to cut the graph of
u with a plane with the slope max f i.e. L(z) = maxf < x — zg —
€eq, v > so that we have a smaller super solution min(u®, v) which is a
contradiction. From there same argument there should be at least one
point on the line segment ,whose gradient is max f, to avoid further
cutting by the plane with the slope max f.

(2a). A simple reflection argument gives us the result. To compare
the gradient at the two points on the line segment, (a;,z9) and (as, x9)
such that 0 < a; < as, we reflect the graph of u® with respect to
x1 = 4392 and compare u® (21, T2) with u(z1, 22) = v (a1 +az—z1, x2).
We know that u§ is equal to u on the line 2y = “$% and that u{ is
nonnegative on 9Q(u) N {z, > “32}. By a comparison principle,
uf(ay, re) = ui(az, a) > u(ag,x3). Since a positive value u®(xy, xs)
goes to zero as (z;,T3) € Q(uf) approaches to (a;, x9), for i = 1,2, we
will have |Vu®(ay, 23)| > [Vu®(aq, 23)|.

(2b). We can blow up our solution by a linear scale i.e. u, = %u(m:)
From the uniform gradient estimate of u and the nondegeneracy, there
is a nontrivial limit w of w,. If u is not C* at (+a*, ), there will be

a cone with an angle less than 7 containing the support Q(w) of w,

which implies w = O(]z|'*®) for a small positive constant «. On the
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hand , |Vw(x)| = |Vu(nz)| > ¢, > 0 from the nondegeneracy. It is a
contradiction.

(2c). First of all limy, 4 (o+)= |V f (21, 3)| exists due to the monotone
behavior of |Vu| on [—a*,a*] x {z$}. From (2b), 0Q(w) will be a half
plane due the Cl-regularity of 9Q(w) at (+a*,z5). Let us assume
r5 > 0 and without loss of generality, Q(w) = {(z1,z9)|z2 < 29}
We can extend w as an add function with respect to xo = z§. The
extension of w, w, will be harmonic function and so is w,,. On the
other hand w,, = 0 at an interior line segment . Hence w,, = w,, =0
in the Q(w). Therefore lim,, 1o |V f(z1,23)] = f.

Part (3) is clear from (2). O

3. FLAME FLOW

As a consequence, suppose that we start with an initial data below
the least super-solution u*(x) of (EF B. ) with the boundary condi-
tion u°(x) = 1 on B;(0).Then the flow will stay below u=°(z) for all ¢
since u®° is a stationary solution of the parabolic problem(F B, s). On
the other hand, uniform Lipschitz estimate in space and Holder esti-
mate in time will give us a stationary solution as ¢t goes to infinity. This
limit will be a non-variational stationary solution u*? since u*° is the
smallest. On the other hand, the smallest super-solution of (EF B.)
may not be approximated by solutions of singular perturbation prob-
lems (EFB.;s). Therefore it is not clear that the solution of (F'B.)
converges to u° = liminfs_u® even though its initial data is smaller
than u®. In [CL], we study the the least viscosity of super-solution of
(EFB.) with full periodicity on z; and x5 directions and its homog-
enization. The homogenization of pulsating waves in one-phase flame
flows is studied in [CLM1],[CLM2].
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