WORN STONES WITH FLAT SIDES
THE REGULARITY OF THE INTERFACE

1. INTRODUCTION

In [?] Daskalopoulos and Hamilton considered the free-boundary problem asso-
ciated to the Gauss Curvature Flow with Flat sides. This is the flow describing the
deformation of the a compact convex body M in R® which is subject to wear under
impact from any random angle. An example can be a stone on a beach impacted by
the sea. The probability of impact at any point P on the surface X is proportional
to the Gauss Curvature K. Therefore the surface evolves by the flow

oP
(1.1) o = KN
where N denotes the unit inward normal.

The Gauss Curvature Flow was introduced by Firey [F], who showed that it
shrinks smooth, compact, strictly convex and centrally symmetric hypersurfaces in
R? to round points.

Tso [T] showed that if the initial surface ¥ is smooth, compact and strictly
convex, then the Gauss Curvature Flow admits a unique solution ¥(¢) which shrinks
to a point at the exact time T* = V/4x, where V is the volume enclosed by the
initial surface X.

Chow [C] proved that, under certain restrictions on the second fundamental form
of the initial surface, the Gauss Curvature flow shrinks smooth compact strictly
convex hypersurfaces to round points.

Andrews [A] has showed and that the Gauss Curvature flow shrinks compact
convex hypersurfaces to round points.

In [?] Daskalopoulos and Hamilton considered the case where the initial surface
has flat sides and as a consequence the parabolic equation describing the motion
of the hypersurface becomes degenerate where the curvature becomes zero. Hence,
according to Hamilton’s results in [H], the junction T' between each flat side and
the strictly convex part of the surface, where the equation becomes degenerate,

behaves like a free-boundary propagating with finite speed.
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Let us assume, for simplicity that the initial surface has only one flad side.
The main objective of the work in [?] was to study the solvability and short time
regularity of the interface I' of the Gauss Curvature flow with flat sides, by viewing
the flow as a free-boundary problem. Let us assume, for simplicity that the initial
surface has only one flat side. It was shown in [?] that, under certain assumptions
on the initial surface 3 which will guarantee that the junction curve I'" will start
move at every point at time ¢ = 0, the Gauss Curvature Flow admits a solution
Y(t), in 0 < t < 7, for some time 7 > 0, and the junction T'(¢) between the flat
and strictly convex side is a smooth curve, for 0 < t < T. Moreover, each strictly
convex side is smooth up to the interface, for 0 < t < 7.

In this work we will show that under the same assumptions as in [?] the C*°
regularity of the strictly convex side up to the interface and the free-boundary I'(¢)
is preserved up to the focusing time of the flat side.

In [?] ben Andrews has shown that the surface X(¢) is of class C! up to the
time it shinks to a point. This beautiful result will be crucial in this paper.

Let us assume that ¢t = 0 we have
Y =3YoUX4

where X, is the flat side and X, is the strictly convex part of the surface. The

junction between the two sides is the curve
Fr=%nN%;.

Since the equation is invariant under rotation, we can also assume that g lies on
the z = 0 plane and that ¥ lies above this plane. Then, the lower part of the

surface ¥ can be written as the graph of a function

z=f(z)

over a compact domain 2 C R? containing the initial flat side ¥y. We can choose

the domain (2 to be the set
N={zeR :|Df|(z) <o}

so that f turns vertical at the boundary 9f2. Our basic assumption on the initial
surface is that the function f vanishes quadratically at z = 0 and that the junction

curve I is strictly convex. Namely, setting

PN
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we assume that at time ¢t = 0 the function g satisfies
(1.2) |Dg(z)] > A and D? g(z) >\ Ve el

for some positive number A > 0, where D?  denotes the second order tangential
derivative at I'. As explained in [?] condition (1.2) guarantees that the interface I'
will start to move at any point at time ¢ = 0 making the Gauss Curvature Flow to
behave like a free-boundary problem.

Assume that at time Tp > 0 the flat side ¥, (7)) contains the disc
By, = {2 B : |a < po}

for some number pg > 0. For 0 < t < T the lower part of the surface ¥(¢) can be

written as the graph of a function

Z:f(l’,t)

on the set
Q) ={z e R : |Df|(z,t) < 0}

This is because the results in [?] guarantee the the lower part of the surface will
not turn vertical before the flat side shrinks to a point. Since X(t) solves the Gauss
Curvature Flow, the function f will satisfy the equation

det D2 f
1.3 i —
3 = ar oy
by a standard computation. On the flat side we will always have z = 0, while on
the strictly convex side we will have that z > 0. The function g = /2f satisfies the
equation
(1.4) 0! det D?g + 92922 — 2929y Yay + 929yy

' t (1+9°[DgP?)/2

The following short time result was proven in [?]. We state it here for the

convenience of the reader.

Theorem [DH](Short time Regularity) Let ¥ be a weakly convez, compact
hypersurface in R® so that ¥ = ¥, U Xy, where X1 is flat and 3o is strictly convez.
Assume that at time t = 0 the lower part of Xo can be written as the graph of a

function f over a domain {2 containing the flat side and that the function

g=V27f
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is of class C*t up to the interface z = 0, for some a > 0 and satisfies conditions
(1.2). Then, there exists a time T > 0 for which the Gauss Curvature Flow (1.1)

admits a solution X(t) on 0 <t < 7. Moreover, the function

z =g(xz,t)

with g = \/2f is smooth up to the interface z =0 for all 0 < t < 7. In particular
the junction T'(t) between the strictly convex and the flat side will be a smooth curve
forallt in0<t<7T.

The main objective of this work is to show that under the assumptions of The-

orem [DH], the function g remains smooth up to the interface for all 0 < ¢ < Tj.

Theorem 1.1. Assume that at time Ty the flat side of the surface X contains the
disc D,, = {z € R? : |z| < po }. Then, under the assumptions of Theorem [DH],
the function g = /2 f is smooth up to the interface z = 0 for all 0 < t < Ty. In
particular the junction T'(t) between the strictly convex and the flat side will be a

smooth curve for all t in 0 <t < Tp.

The following Theorem due to Andrews [?] will be used in this paper:
Theorem [A]

2. FINITE AND NON-DEGENERATE SPEED OF THE FREE-BOUNDARY

In this section we will show that the free-boundary I'(t) moves with finite and
non-degenerate speed. This will follow from certain differential inequalities which
will be proved using the scaling of the equation and the maximum principle.

Throughout this section we will assume that z = f(z,t) is a solution of (1.3)

such that f(-,t) is of class C''! on the set
Qt)={z e R :|Df(z)] < oo}

forall0<t<T
and that g = +/2f is smooth up to the interface T'(¢), on 0 < ¢ < 7, for some
0<7<T.

Lemma 2.1. The function

) = T F((1+ O, (1= Aey)

is a supersolution (subsolution) of (1.3) if and only if
3(B — 1) [Df.(a,t)]
A+ D))

(2.1) —A+B-4> (<)
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Proof. By direct compution we find that

forlz,t) = 11—;}‘; Fi((L+ )z, (1 — Ae)t)
1—Ae  det(D2f((1+ e)z, (1 — Ae)t))

14 Be (1+[Df((1+ )z, (1 — Ae)t)|*)?/2

_ 1= Ae (1+ Be)? det(D?fe(z,t))
L+ Be (1+' (1+ (482 |Df.(a,1)[*)*/2
Using the expansion
1+ B
( + 6)2 =1+2(B - 1)e+o(e?)

1+e

we obtain, after several simple calculations, that

_1-4e(1+Bo? [ 3B-)IDf( D’ )| det(D*fu(a,t)
Ve =18 o |~ aarpreop) O Wt D@ oP)
=|1+e (—A +B—4-— 3B -1 |fo(x’t2)|2> + O(é?) det(DZ)ff(m’tg))
2(1 + |V fe(x,t)[") (1+|Df(x,1)]7)3/?
and hence

det(D%f.(z,t))
(14 |Df(z,1)]*)3/2

fei(z, 1) > (<)
if and only if (2.1) holds.

The finite speed of the free-boundary will follow as a consequence of the following

differential inequality:

Lemma 2.2. If B, C {z € 2(t) : f(z,T) =0}, then there exists o > 0 s.t.
(2.2) —B f(z,t) + = -V f(z,t) — At fe(z,t) >0

on the set { (z,t) : f(z,t) < dp, 0 <t <T}, for some constants A, B > 0.

Proof. By the uniform continuity of f(z,t) on0 <t < T, foragiven0 < n < 1,
there is a 0 < §p << 7 such that

(2.3) {:n:f(m,t)gdo,ogth}C{x:d(m,Q(t))gn—;O
and
(2.4) {1+ae: dw,0) < B0} c {o: Q) <nro}

for all e << dp.
Let us consider the function

1
1+ Be

felz,t) = f((1+€e)z, (1 — Ae)t),
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with A = 62 and B = 8 and € << §y << 1. We will show that f. is a supersolution
of equation (1.3) on the set A5, = {z: f(z,t) < dp, 0 <t < T} such that fc > f
at the parabolic boundary of 4s,. The comparison principle will then imply that

fe > f on As,. Hence
d

— A >0
d€|e:0f -
on Ajs, proving the estimate (2.2).
By Lemma 2.1, in order to show that f, is a supersolution of (1.3) it is enough

to prove that

3(B —1)|Df.(x,t)|*
(1+ D fe(w,t)*)
For A = 62 < 1 and B = 8 the above inequality is satisfied if

—A+B—-4>

IDF((1+ )z, (1 — A)D)|? < % on As,.
Since
DS +e)z, (1= A0 = e [DF((1+0)z, (1-A00)] < D (1+e)z, (1-Ae)t)
it is enough to show that
IDS((1+ e, (1~ A0n)| < 2

on Ajs,. Because the initial data is of class C'!, Andrew’s result in [?] shows that
f(-,t) is of class C*! uniformly on 0 < ¢ < T. Hence, there exists a constant M
independent of ¢ such that

(2.5) \Df(x,)] < M d(z, 02(1)).

Assume now that f(z,t) < dp. Because f is convex and satisfies (1.3) the time
derivative f; is nonnegative and hence f(z,(1 — Ae)t) < dp. By (2.3) and (2.4)
we have d((1 + €)x,002((1 — Ae)t)) < pro which can be made arbitrarily small by
choosing 7 small. Hence by (2.5) we can make |Df(1 + €)z, (1 — Ae)t)| < % on
Ay, -

It remains to show that f. > f on the parabolic boundary of A4s,. By simple
differentiation we compute

d

—  fd(x,0) = —Bf(2,0) +z - Df(z,0)

d6|e=0

and therefore %lezofe(x,()) > 0, on {z : f(z,0) < d}, for § sufficiently small,
since f(z,0) ~ Cd(x,(0))? by assumption. This implies that f.(x,0) > f(z,0)

for small € > 0.
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On the lateral boundary of As, where f(z,t) = §y we have d(x,0Q(t)) < nrg, by
(2.3). By the convexity of f the radial derivative f, satisfies the estimate f,.(z,t) >
2o and therefore
nro

) )
.'If'Df:’I”fr(.’L’,t)ZT‘O—O:—O’ onapA(;U.
nro n

We conclude that
5
—Bf(z,t) + x - Df(z,t) — At fy(x,t) > —Bdy + ?0 — 82T | fe| oo > 0

if ) is suffiecently small which proves that fc(x,t) > f(z,t) on the parabolic bound-
ary of As,, finishing the proof of the lemma.
Let us express the interface I'(¢) as a function r = (0, t) where (r, ) denote the

polar coordinates.

Corollary 2.3. If B,, C {z € 2(t) : f(z,t) =0},0 <t < T, then there exists
A > 0 such that

(2.6) 7(0,8) > e A% (6, to).

for all 0 < tg <t < T. In particular, the free-boundary r = (0, t) moves with finite
speed, on 0 <t <T.

Proof. From inequality (2.2) we have
Bf(z,t) =

> - > T .
0> T, T, Df(z,t) + fi(z,t)
Bf(x,t) T
> =7 . -Df(x,t) + fi(x,t)
and hence
d B t—to
- a5 (t—to) — Aty
(2.7) = (A fem T 2, 8)) <0

which immediately implies the inequality (2.6).
Let us now express, in polar coordinates, by r = 7.(6,t) the e-level set of the

function f. Inequality (2.7) implies that v.(f,t) has finite speed, as shown next:

Corollary 2.4. If B,, C {z € £2(t) : f(z,t) =0},0 <t < T, then there exists
A > 0 such that

(2.8) Ye(6,t) > e~ T 7,(6, o).

for all 0 < tg <t < T. In particular, for each € > 0, the e-level set r = v.(0,t) of
f moves with finite speed, on 0 <t <T.
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Proof. Indeed, assume that ro = (0, tp) and denote by zg the point z¢ = (ro,0).
Then, by inequality (2.7) we have:

t—tg B

fle” a0 zo,t) < f(xo,t0) = e~ ATt e <€

implying that
_t—to _t—to
e At Ve(eatO) =e 4t rg< 76(67t)
as desired.

We will next show that the free-boundary moves with non-degenerate speed.

This will follow from the next inequality:

Lemma 2.5. There exist positive constants A, B and C for which
(2.9) —Bf(z,t)+z-Df(z,t) - (C+ At) fi(z,t) <0
on0<t<T.

Proof. By the short time regularity, ¢ = /2f is a smooth function up to the
inteface I'(t) on 0 < t < 7, 7 > 0. Set t* = 7/2. We will show, using the
comparison principle, that
1
(210) fe(wvt) = f((1+€)56,(1—14€)t—06) < f(.’L',t)
1+ Be

on A = { f(z,t) < 1,¢* <t < T}, for an appropriate choice of constants A, B

and C and e sufficiently small. We will choose A = B + 1, for some constant B.
Therefore —A + B — 4 < 0 which guarantees that f. is a subsolution of (1.3), by
Lemma 2.1. Hence we only need to show that f. < f at the parabolic boundary of
Az« which is equivalent to showing that the inequality (2.9) holds there. At f =1

one can choose B sufficently large so that
—Bf+x-Df<0

since f(cdot,t) € CY! uniformly in 0 < ¢t < T. Hence (??) holds at the lateral
boundary of Ag-. To show that (??) holds on { f(z,t) < 1,¢ = t*} we will actually
show that

(2.11) —Byg(z,t") + z - Dg(z,t*) — C g4(x,t*) <0

holds on {0 < g(z,t*) < v2}. The function g satisfies equation (1.4) and it
is smooth up to the interface on 0 < t < 2¢*. Also, |Dg|(z,t*) > ¢ > 0 and

grr > ¢ > 0 at T'(t*) by the initial assumptions on g. Hence, there exist numbers
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p > 0 and ¢o > 0 such that g > ¢o > 0 on {g(z,t*) > 0, d(z,I['(t*)) < p} and

therefore we can make
z- Dy, t*) — C gila,t*) <0

on this set by choosing C sufficiently large. Having chosen C' we can know choose

B sufficiently large so that
~Bg(a,t*) + 2 - Dy(a, ") <0

on {g(z,t*) < /2, d(z,T(t*)) > p}. Combining both estimates we conlude that
(??) holds { f(z,t) <1,¢t =t*}, which implies the validity of (2.10). Differentiating
with respect to € we conclude

d

7 € 7t S
dE‘EZOf (x ) 0

for t* <t < T, which immediately implies inequality (2.9) on t* <t < T. Since

the estimate also holds on 0 < ¢ < t* the lemma follows.

Corollary 2.6. There exist positive constants A and C' such that
t—t
(2.12) Y(60,1) < e TF (0, )
for tg <t <T. In particular the free-boundary moves with non-degenerate speed.

Proof. From inequality (2.9) we have

0S€ﬁ23_0$AfDﬂ%ﬂ+ﬁ@ﬁ
Bf(z,t) il

Df(xvt) + ft(mat)

=C+At, C+AT

and hence
B(t—tg)

d __t—to
L (S (P, 1)) <0

which immediately implies the inequality (2.12).

3. GRADIENT ESTIMATES

In this section we will establish estimates from above and bellow on the gradient
|Dg| of the solution g of (1.4). Lets assume that at ¢ = 0 the function g satisfies
the hypotheses of Theorem 1.1. and that g is a solution of (1.4) which is smooth

up to the interface on 0 <t < T. We can assume, without loss of generality, that

3.1 ) >2, for0<t<T.
(3.1) £gamx)_ or0<t<



10 WORN STONES WITH FLAT SIDES THE REGULARITY OF THE INTERFACE

The estimate from above follows as a straight forward consequence of the maxi-

mum principle.

Lemma 3.1. Under the assumptions of Theorem 1.1 and (3.1), there exists a con-

stant C' such that
IDgl<C,  om0<g(~t)<1,0<t<T.

Proof. Let us approximate f by a decreasing sequence of solutions f. of (1.3) which
are positive, strictly convex and smooth on {z € R? : |Df.(z)] < 0}, 0 <t <T.
Set ge = v/2f.. We can choose the f!s such that |Dg.| < C at t = 0, on the set
{z:0<g.<1}and Dg. < C at g.=1,0<t <T, for some uniform constant C.
The last estimate holds because |Dg| = |Df|/g < C,at g=1,0<t < T, by the
C1! regularity of f proven in [?] and condition (3.1).
It is enough to show that
IDg <C,  on 0<g(,t)<1,0<t<T.

To simplify the notation, we will denote g by g, just assuming that g is a strictly
positive and a smooth solution of (1.4) such that f = g?/2 is convex. Set X =
|Dg|* = (93 + g7)/2. We will show, using the maximum principle that X < C, on
0<g<1, 0<t<T,provided that X <Catt=0and g=1,0 <t <T. Indeed,
assume that X attains an interior maximum at the point Py = (o, yo,t0). We can

rotate the coordinates so that
(3.2) gz >0 and gy =0, at Pp.

We will then have

Xo = 9z Yoo + Gy Yoy = Gz Gzz = 0
and

Xy = 92 9oy + 9y Gyy = 9z Yoo =0
at Py, implying that
(3.3) 9oz = gay =0,  at Py.

The only non-zero second derivative of g is g,, which is actually non-negative by

the convexity of the level sets of g. Differentiating once more, we compute

Xez = Gz Groz + Gy Jeay + gix + giy = 9z Yrax <0

and

Xyy = 9z Geyy + Gy Gyyy + ggzcy + gzy = gz Gayy + gzy <0
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at Py which implies that
(3.4) 9z Gaeae < 0 and Ga Joyy < 0, at Bp.

On the other hand, differentiating the equation

o? det D?g + g2 9a0 — 2009y9ey + 920yy
t (1+ g?[Dgl?)/2
with respect to z and using (3.2) and (3.3), we find that at the point P

X, = gy gy = Y90900Gaas + Go0ayy  499.X +20° X,
L e et (1+2¢2X)3/2 (1+2¢2X)5/2

Since g, > 0, X; =0, X > 0 and g,y > 0 at P, using (3.4) we finally conclude

that X; < 0 at Py which implies the desired claim, therefore finishing the proof of
the lemma.

We will next establish a lower bound on the gradient |Dg| of g.

Lemma 3.2. Under the assumptions of Theorem 1.1, if B,y C {(z,y) : g(z,y,T) =
0} and g is smooth up to the interface on 0 < t < T, then there exists a constant

¢ > 0 depending only on py and the initial data, such that
|Dg| > c, on {(z,y,t): g(z,y,t) >0,0<¢t < T}

Proof. Consider the quantity X = = g, + y gy. Using the maximum principle, we

will show that
(3.5) X >cr, on {(z,y,t): g(z,t) >0,0<¢t<T}

provided that X > ¢y > 0 at ¢ = 0. This will imply the lemma.

Let us assume first that X becomes minimum at and interior point P, i.e.
X (Py) = ming<y, X(z,t). Since, both the equation (1.4) and the quantity X are
rotationally invariant, we can assume without loss of generality that yo = 0 at Fjy.

Hence, at the point Py we will have:
Xz =T9za + 92 T YGJya = T Gzax + Gu = 0

and
Xy =YGyy T 9y T TGy = T Goy + gy =0
implying that

(3.6) oz = 9z and Goy = —g—, at P,.
T T

Differentiating once more we obtain

ch = TGzzz + Q.gmc + Y9Gzzy = TYGzax + Q.gmc



12 WORN STONES WITH FLAT SIDES THE REGULARITY OF THE INTERFACE

and

KXoy = T9zay + 292y + YGroy = TGray + 29zy
and

Xyy = TGayy + 29yy + Y9yyy = TGuyy + 29yy

implying, in particular, that
(3-7) Xee = T9zzz + 292 >0 and Xyy = TGeyy + 2gyy > 0

at the minumum point F.

On the other hand, differentiating in time ¢ we compute

Xt =T got +Y Gyt = T Gut

at Py. To compute g,: at Py we will differentiate the equation (1.4) with respect to
z and use (3.6) and (3.7). To simplify the notation let us set I = (14 g°g2 + g°g;)-

Differentiating (1.4) with respect to z we obtain

_3
Xt =T Gzt = Iz { mgzzz[ggyy + gZ] - 2mgzzy[ggmy + gzgy] + mgzyy[ggzz + gg] }
=3I '2g: {9(g; + 9}) + 9°(92920 + 9y9ya) }-

Hence at the point Py where X = xzg; and (3.7) hold, we compute after tidious

calculations, that
X; =1 2(3zg, — 29) det D*g — 2g; — 3X I "' { g|Dg|* + ¢*(9u90z + 9y ya) }-

We can substitute the second order derivatives g,, and g, in the equation above
by gee = =% and g,y = —g?”, hence obtaining that
g 9e9yy 9y 2
Xy =17%(3wg, — 29) (=== = =2) = 2¢, = 3X I {g|Dg|” + ¢° (=== — =) }.
x x x x
or symplifying a little more
5 [Dgl?

(3.8) X;= I3 (29 — 329;) (929yy + gZ) —2g:+ XTI ' (g|Dgl*+g .

).
We wish to show that at the point Py, where x > pg, X satisfies
(3.9) X;>-CX

where C is a constant depending on pg. To this end we will use Corollary 2.4 to

show that

(3.10) 9/ <Cg=  and  gagy|<C, at By
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To show the first estimate, let us denote by 7.(t) the e-level set of g. Then, by
Corollary 2.4
e <C

for some constant C. Therefore, differentiating the equation g(v.(t),t) = € with
respect to £, we obtain

Dg-~{(t) +g: =0
which immediately implies that |g;| < C'|Dg| at Py. It remains to observe that
at the point Py where y = 0 we have g, is equal to the radial derivetive g, and
hence |Dg| < C g, for some constant C' depending only on py. To prove the second

estimate we write (1.4) at Py using (3.7) to obtain, after several calculations that

(1= 2) 9294y + C(po,|Dgl)
1+ ¢*|Dg|?

gt = gz

where C(p, |Dg|) is a constant depending only on p and the upper bound on |Dg|
poven in Lemma 3.1. Hence, we can solve the above equality with respect to g, gyy
and use the estimate |Dg| < Cg, to conclude the bound g,gy, < C, therefore
proving (3.9).

Assume next that the minimum of X occurs at a free-boundary point Py where
g = 0. Since X is rotationally invariant we can assume this time that g, = 0 at the

point Fy. Then at Py we have:
Xz =2 Ggea + g + Y Gyz > 0

and

Xy =Y9yy + 9y T T Gay =Y Gyy + T Gy = 0
implying that
(3.11) TOzz + gz +YGyae >0 and Gy = —%gyy at Py.
Also, the second derivative X, satisfies
(3.12) Xyy = TGayy + 29yy + YGyyy > 0, at Py.

On the other hand, X; = z g,+ + y g,+ and hence, differentiating eqrefeqn-g with
respect to x and y, we find after several calculations that at the point P, where
g = 0 we have

X = mgzzz[ggyy + gZ] - zxgzzy[ggmy + gzgy] + mgzyy[ggzz + gﬁ] + 329, det ng

+ Y9yyyl99z0c + 921 — 2Y9yyal99ey + 929y] + Y9yazl99yy + 92] + Bygy det Dg
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Hence, using that g, = 0 at Py abd (3.12) we conclude, after several cancellations,

that

(3.13) X = gi [TGeyy + YGyyy ] + 379z [ Gzagyy — giy]

Let us denote by (¢) the free-boundary curve at time ¢. Then,

%X(y(t),t) =X+ DX -+'(¢).

Since X, =0 and g, = 0 at Py and g = —Dg - '(t) at the free-boundary, we have

Dg-~'(t
M = [xgzx + G +ygmy] (_gg_t)

T T

DX -+'(t) = X,

and hence using that g, = g2gy, at the free boudary point Py where ¢ = 0 and also

gy = 0 we conclude that

(3-14) DX "Yl(t) = _[mgmc + 9z + ygacy]gzgyy-

Combining the inequalities (3.12) - (3.14) we finally obtain the estimate

d
% X(’Y(t)) t) > _2gggyy — 319, [gzzgyy - giy] - [xgzz + 9z + Ygzy ] 9z Gyy-
Substituting g,y = —%g,, we find after some cancellations that

d

7 X (0:1) > 2990y [2920 + yguy ] + 92Gyy

and hence using once more the inequality * g, + g» + ¥y gy > 0 at By we conclude

that

d 9z9
— X(v(t),t) > —g2gy = — 222 X
7 (v(t),t) > —gz94y .

It is an immediate consequence of Corollary 2.3 that [g:/gz| = |g=9yy| < C at the
free-boundary point Fy. Therefore we finally obtain that

(3.15) %X(v(t),t) >_CX, ath.

We have shown above that inequalities (3.9) or (3.15) hold respectively at a
minimum interior or boundary point Py of X. This immediately implies that
i, X0 2 i X(0) e
for all 0 <t < T, from which the desired estimate follows.
As a consequence of Lemma 2.6 and 3.2 and Corollary 2.4, we obtain the fol-
lowing bound on the speed of the level sets of the function g. Denoting, in polar

coordinates, by r = v.(0,t) the e-level set of the function g, we have the following;:
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Corollary 3.3. Under the assumptions of Lemma 3.2 there exist positive constants

C1 and Cy, depending only on ro and the initial data, such that
(3.16) —Cs < (7e)e(8,1) < —=C1 <0, 0<t<T.
Proof. We have shown in Corollary 2.4 that

Ye(,8) 2 eI (0,80),  to<t<T

for some positive constant by > 0. This implies that

o 20 —eB,t) et
(1e)i(0:to) = Jim ~==— = —,

= b

which implies the left side of inequality (??) with C'— 2 = b;. To prove the other
side, let us recall from the proof of Corollary 2.6 that

d

_ 2a2(t7t0) 7b2(t7t0)
= (e fle 7(6,8),6,8)) > 0

for some positive constants as and bs. This implies that
Flem210)y (6, 10),0,1) > €217%) g(7.(6, t0), 6, to)
showing that
g(e P07y (0,19),0,1) > e™2710) g(v.(0,10),0,t0) = ee 2710,

To simplify the notation, set P(6,t) = (e~t>(t=t0) (6, t9),0,t). Then, for any small

number § > 0 we have
g(e 2207t (0, t0) +6,0,t) > g(P(8,1)) + g, (P(8,1)) 6 + 0(6?)
where, by Corollary 2.4 g.(P(6,t)) > ¢ > 0. Hence,

g(eib2(t7t0)76(9)t0) + 6)9)t) >€e+ cé+ 0(62) >e= 9(76(9)t0)707t0)

—a2(t—tg)

provided § > £ . Set

—az(t—to) _
0= €e p = EG,Q(tC tO) +0(t—t0)

Then it follows from the above, that
Ye(8,1) < e t2(t=t0)y (0. 10) + 6

and hence, as t — to we have

Ye(6,t) — (0, e b2(t=to) 1 €a
( 35—75( o) T %elBt0) + =+ o(1)
0 0 c
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implying that

3 (0,1) < —bo 7. (0, t0) + .

Since v.(theta,ty) > ro we can choose e suffciently small depending only on
so that baro — <22 > baro, proving that 4.(6,t) < —baro on 0 < ¢ < T. Setting

C = by 1y right side of inequality (3.16) follows.

4. SECOND ORDER DERIVATIVE ESTIMATES

In this section we will establish certain bounds on the Gauss Curvature K =
det(D?f)/(1+|Df|?) and the second derivatives of the functions f and g. We will
assume as in the previous section that g = +/2f satisfies the hypotheses of Theorem
1.1 and that g is smooth up to the interface on 0 < ¢ < T'. By Theorem [A] the

function f is of class C*! and satisfies
(1) Ifllows <C. om0<t<T

where C' depends only on the initial data. The first results provides a bound from
above and bellow on %. Its proof is an immediate consequence of Lemma 3.2 and

Corollary 3.3.

Lemma 4.1. Under the assumptions of Theorem 1.1, if B,y C {(z,y) : g(z,y,T) =
0} and g is smooth up to the interface on 0 < t < T, then there exists a constant
¢ > 0 depending only on py and the initial data, such that the Gauss Curvature
K =det D*f/(1+ |Df|?) satisfies the bound

K
9

(4.2) 0<e<—<

ol

, on 0<t<T

Proof. It is enough to establish the bound (4.2) near the interface. Since f; =
K/(1+|Df>)*?, g = fi/g = and |Df| is bounded above near the interface, it is
enough to estimate g; from above and below.

Using the notation of Corollary 3.3, let r = .(6,t) denote, in polar coordinates,
the e-level set of g. Differentiating the equation g(v.(6),6,t) = € with respect to 6
we obtain

gr - Ye(0,t) + 9. =0
which implies that
gt = —gr - ¥e(0,1).
By Lemmas 3.1 and 3.2 and the convexity of the level sets of g we have

0<c<gr<c!
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while by Corollary 3.3
—Cy < H(0,) <—C1 <0, 0<t<T.
Multiplying the above inequalities we obtain the estimate
Cre<gi=gr %(0,t) < Cyct

which immediately implies the desired result.

As an immediate Corollary of the bound (4.2) we obtain:

Corollary 4.2. Under the assumptions of Lemma 4.1 the time derivative g; of the
solution g of (1.4) satisfies the bound

(4.3) 0<c<g<ct

Lemma 4.3. Under the assumptions of Theorem 1.1, if B,, C {(z,y) : g(z,y,T)
0} and g is smooth up to the interface on 0 < t < T, then there exists a constant
C > 0 for which

0<g,r <C

with T denoting the tangential direction to the level sets derivative g.

Proof. Since the level sets of g are strictly convex, the derivetive g, is strictly
positive. To establish the bound from above, we will use the maximum principle
on the quantity

X = gy 9ux — 2929y 9y + 9agyy + AS.
Denoting by v and 7 respectively, the normal and tangetial direction to the level

sets of g, we can express the quantity X as

X =(9+92) grr + (9900 + 90)-
We have shown in the previous section that
0<c<g,<cl ong>0,0<t<T

for some ¢ > 0. In addition, because f € C'! the Laplacian Af is bounded.
Therefore, an upper bound on X will imply the desired upper bound on g,,. The
purpose of adding the term Af on X is to be able to control the sign of the error
terms on the evolution equation of X.

Since X = g; + Af at the free-boundary g = 0, Corollary 4.2 implies that

X<, at g=0.
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Hence, we can assume that X attains its maximum at an interior point Py =
(z0,¥0,t0). Also, since X is rotationally invariant, we can assume, without loss
of generality, that g, = 0 at the point F, i.e. g, = g, at 5. Hence X =
(9+ 92)9yy + 99z¢ + (9922 + 9g2) at Py. Since X has a maximum at P we have

Xo = g9uaa + (9 + gg)gmyy + 2g, det D2g + 392922 + 9z Gyy =0

and
Xy = 99zay + (g + gg)gyyy + 29292y =0,
implying that

 99uax + 2g. det D*g + 39ugus + gugyy
9+9;

(44) Jzyy =

and

_99zey + 29200y
9+9;

We next compute the evolution equation of X from the evolution equation of g to

(4.5) yyy =

show that X; < K X, for some constant K, at the point Py. This will easily imply
that X < C,on 0 <t <T, as desired.
For the convenience of the reader, let us first present the computations in the

simpler case where f satisfies the evolution Monge-Ampére equation
fi =det D*f

and hence g = +/2f satisfies the equation

(4.6) gt =g det D>g + 92920 — 2929y Gy + 92Tuy

To compute the evolution of X we differentiate twice the equation (1.4). Denoting

by L the opetator

LX := Xy — { (99yy + 93) Xaw — 2990y + 929y) Xay + (9922 + 92) Xyy }

we find, after many tedious calculations, that at the maximum point P, where
gy = 0 and (4.4) and (4.5) hold, we have

4 1299, (det D? 6g°
Ix=--29_p ggxg 9) Frow —Af2,, + ey g
g2+g 92 +g 92+g
442 44
+ [ - +4g — 4g§> gz + (— + 392 +4g ) (det D%g) g
( g +9 " gty "

+( 89" —1zg> (det D%g)?
g2 +4
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After some more calculations and cancellations we obtain:
49 ., 12gg(det D?g) for4p? 6gzgmy g
[ g+yg eee = Haay T o
4g 2 2 2
—4g5g0, + “Zig 1) (gdet D%g) gyy + 3(g; + g) (det D7g) gy,
xr

(—492 - 12995) (det ng)z
g:+g

Rearranging the right hand side of the above inequality and deleting negative terms,

LX = —

we find that at the maximum point Py, we have:

12gg.(det D?g)

IQgg
LX < — - - Z (det D%g)?
- gz+gf’””” 92 +g fuza gz+g( 9

6g 9z 3959,

v g T T (2 1 o)

4g > 2

+ |- +1) (9detD?g) g

( 92+g w

39593,

5 T3 2+ g) (det D?g) g

The sum of the terms in the first two lines is equal to

2
39 (fzzz + ZQI det D2g)2 gggzy
-3 facyy —

9z +y 9z +y
which is negative. To estimate the rest of the terms, we use the estimate ¢ < g; <

¢!, proven in Corollary ..., implying that
¢ < g(det D?g) + g7gyy <!

at the point Py. Since we are trying to estimate the maximum of X = g2g,, + Af
from above, and Af is bounded, we can assume, with no loss of generality, that at

the point Py

c gzgyy <X <2¢2g,

implying thst
929
(4.7) g (det D?g) < —g3gy, + ¢ < —=H

Therefore

4
(—92 ig + 1) (gdet D?g) g,y < C X.

To estimate the last term, we will first bound the derivative g,, using the inequality

0 < g(det D?g) + g2gyy = (95 + 9922) Gyy — 992y
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which shows that

(4'8) ggiy < (gi + ggzz) Gyy = fox Jyy < ngy~
(From (4.7) and (4.8) we obtain the bounds

2
det D2g < _ 929yy <
29 g

Hence,
39092,
(92 +9)°

where C; and Cs are positive constants which depend only on ¢. Hence, we can

3
+3(g2 + 9) (det D*g) g, < p (CL X —Cy X?)

make this term negative by assuming that X > C,/C5 at Py. Combining the above
bounds we conclude that, unless X (P;) < K for some absolute constant K, we

have LX < C' X at the point Py. Since,

(99yy + gZ) Xz — 2(992y + 929y) Xoy + (9920 + g;) Xyy <0

at Pp this readily implies that X; < C X at Py which is the desired bound.

We will know present the computations in the case of the Gauss Curvature Flow.
To simplify the notation, let us set I = 1+ ¢g?¢2 and J = g + g2. Also, until the
end of this proof, C' will denote various constants depending only on [|g||c: and

[|fllci1. Denoting by LX the operator

LX = X; — I *{(g9yy + 92) Xow — 2(99ay + 929y) Xoy + (9902 + 92) Xyy }

we find, after several calculations, that at the maximum point P,, X satisfies the

inequality

LX< JI3/2

491, ( —12gg.(det D?g)

4 %xy 69.
T +0(9) ) foee = 375 + T3 + 09 ) Gav ey

+ o+ (T +0)) iy + ({ 57 + 00)} @etD%) +0) 9

—1299;  —4g° 3 2 \2 2 2 2
+<W+W+O(g) (det D°g)° 4+ C g*| det Dg| + C g~.

Here, and until the end of this proof, C will denote various constants depending
only on ||g||ct and ||f||cr.1- Also, we have denoted by O(g) various terms satifsying

|O(g)] < C g. Completing the squares, as in the case of the evolution Monge-Ampére
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equation shown above, we find after many calculations that:

3g
LX < — 7

(_JI3/2 + O(9) fmmz) + ( 13/?21 +O(g )gacyfmmy>

+Cgyy + (Ij/;,] +O0(g )) Gy + ({;’3—‘/]2 +O0(g )} (det D%g) + O(g)) Gyy

392,97
13/2

3

+ C ¢%|det D*g| + C ¢°.

4g
+ <JI3/2 +0(g )) (det D%g)? +

The two terms on the first line are negative. Also,

_ 9feee _ 9fene

on g < 1 while

2 f2
I?;g + O( )gzyfzzy < _2;;/?12 + ngxy <C.

Most of the remaining terms are either negative or can be estimated from X = g2 g,,,
and the bounds 0 < ¢ < ¢2 and |Dg| < C, |gD?*g| < C. We end up with the

inequality
LX < C (X +1) + 3% (J(det D) + 42,929y, -

The last term can be shown to be nonnegative, exactly as in the case of the Monge-

Ampére equation, using the estimate

c g(det D2g) +gﬁgyy <!
— [3/2 —

and provided that X > C' is sufficiently large. We conclude that at the maximum
point Py, either X < C, with C depeding only on ||g||c: and || f]|c1.1, or

LX <(CX.
This readily imlplies that X; < C' X at Py, from which the desired estimate follows.

Corollary 4.4. Under the hypotheses of Lemma 4.3, there exist a constant ¢ > 0
depending only on p and the initial data, for which the

grr 2¢>0

with T denoting the tangential direction to the level sets of g.
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Proof. We have shown in Lemma 4.1 that
det D2f > cg.

We can express det D>f as det D?f = f,,f-r — f2,, where v and 7 denote the

normal and tangential directions to the level sets of g respectively. Then

fovfrr > C+f3-r >cg

which imples the bound

cg
>
frr > Ton

since f,, < C. Since frr = ggrr + 92 = g g-» we conclude that g, > ¢, for some

>cy

positive constant ¢ depending only on the initial data and p.



