ALL TIME EXISTENCE OF A SMOOTH SOLUTION
FOR THE ONE-PHASE FREE BOUNDARY PROBLEM
OF THE FLAME TYPE

P. DASKALOPOULOS AND K. LEE

ABSTRACT. We consider the one-phase free boundary problem of
the flame type for the heat equation: find (u,€2) such that Q =
{u>0} CQr=R"x(0,T) and

uy = Au in Q

u=0 and |Vu|=1 at 00

u(z,0) = uo(x) on €,.
Under the condition that Q, is conver and logu, is concave, we
show that the convexity of Q(t) = {u(-,t) > 0} and the concavity
of log u(x,t) are preserved under the flow for 0 <t < T, as long as

0Q(t) and u on (t) are smooth. As a consequence, we show the
existence of a smooth up to the interface solution, on 0 < ¢t < T,
with T, denoting the extinction time of Q(t).

1. INTRODUCTION

We consider in this paper the one-phase free boundary problem for
the heat equation, describing the laminar flames as an asymptotic limit
for the high activation energy [CV]. The classical formulation of the
problem is the following: for a given initial data u, whose positivity
region is Q, = {u, > 0}, find a domain Q@ C Qr = R" x [0,7] and a
function u which is smooth on €2, up to 052, such that
uy = Au in
u=0 and |Vu|=1 at 0% (FB)
u(z,0) = u,(x) on €,

We say the pair (u, €2) is a solution of the problem (FB). In general, the

overdetermined boundary condition in (FB) does not give a solution
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on a fixed domain. Determining the domain 2 so that the solution
u satisfies this overdetermined condition at 02, is part of solving the
problem. Hence, the problem (FB) is a free boundary problem. In
addition, since u satisfies the heat equation only in the positive region
Q = {u > 0}, without any condition on the possible negative region
{u < 0}, (FB) is called one-phase free boundary problem.

Problem (FB), in the mathematical frame work, was introduced by
L. Caffarelli and J.L. Vasquez [CV]. It describes the propagation of the
premixed equi-diffusional flames in the limit of high activation energy.
The region Q(t) = { x| u(z,t) > 0} represents the unburnt (fresh) zone
at time ¢, the free boundary 0€2(t) corresponds to the flame front and
u = ¢(T. —T) is the normalized temperature. We refer to the paper [V]
of J.L. Vasquez, for further details.

The existence of a weak solution of the problem (FB) and the up-
per bound for the gradient of the weak solution, under suitable con-
ditions on the initial data, has been established by L. Caffarelli and
J.L. Vasquez in [CV]. Their techniques are based upon the singular
pertubation method. The short time existence of a smooth solution of
(FB), before any singularities occur, has been shown by D. Andreucci
and R. Gianni in [AG]. However, since advancing free boundaries may
hit each other at certain time, one cannot expect the higher regularity
of a weak solution for all times, without imposing any further geo-
metric assumptions on the initial data. In other words, to avoid the
development of singularities at all times, up to the extinction of the
flame, certain geometric assumptions on the initial condition must be
imposed.

We will prove in this paper, using the maximum principle, that the
concavity of logu (i.e. log-concavity of u) in (FB) is preserved, under
the assumption that the solution is smooth up to the inteface. As a
consequence, we will show that for a given smooth and log-concave
initial data, there exists a solution u in (FB) which is smooth up to
the interface, up to the extinction time 7, of the flame.

A. Petrosyan [P] has recently shown, using very different techniques,
that the log-concavity of a solution is preserved for a short time.
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It is worth mentioning that a similar situation occurs in the porous

medium equation
vy = vAv + 7| Vo|?, r >0, (1.1)

satisfied by the pressure v of a gas propagating through a porous
medium: advancing free boundaries may hit each other creating sin-
gularities. However, it has been proved by Daskalopoulos, Hamilton
and Lee in [DHL] that the concavity of /v (i.e. root-concavity of v) is
preserved under the flow and as a consequence solutions v with root-
concave initial data remain smooth up to the interface at all times. In
particular, the free-bounadry is smooth and dv(-,t) is convex, for all £,
since it is the level set of /v.

Let u be the weak solution of (FB) given by L. Caffarelli and J.L.
Vasquez [CV]. Set Q = {(x,t)|u(z,t) > 0} and Q(t) = { z|u(x,t) >
0 }. We impose the following conditions on the initial data:
Condition I: The initial data u,(x) is compactly supported, smooth on
the closure of its support Q, = { z|u,(x) > 0}, and log-concave (i.e.
log u, is concave).

Since we are interested in the regularity up to just before the extinc-
tion of the fire, we also assume that:

Condition II: There is p, > 0 such that

B,, C ) for t € [0, T). (1.2)

Our Main Theorem states as follows:

Theorem 1.1 (Main Theorem). Under Conditions 1,11, the weak so
lution u of (FB) is smooth and log-concave in Q C Qr,. In particular,
the free boundary O{w > 0} is smooth in the space and time.

For the proof of the Main Theorem, we will first establish uniform
upper and lower bounds on the gradient |Vu|, when the solution
is log-concave and smooth up to the free boundary. This estimate is
independent of the time interval. Second, we will show that the log-
concavity of the solution wu(-,t) is preserved as long as the solution
u is smooth on its support and the free-noundary is smooth. Using
the convexity of the free boundary we will next prove that the second
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derivatives of the solution are bounded. Let T be the first time when
the smoothness breaks out. We will then show in the last section,
that the uniform gradient and second derivative bounds imply that «
is actually smooth on Q(T') at ¢t = T, so that u will remain smooth for
a while by the short time result. This will establish the C'*°-regularity

of the solution, on 0 <t < T,.

2. A-PRIORI ESTIMATES FOR THE GRADIENT AND

Throughout this section we will assume that u is smooth up to the
interface solution of (FB) with an initial data satisfying Conditions I
and II imposed in the Introduction.

Lemma 2.1. There exists a constant C(u,) for which
[Vu| < C(u,), on 2.
Proof. Let Z = |Vu|?. Then
Zy=0Z -2 |uy|* < AZ
ij

by a simple computation. Hence, Z is a subsolution of the heat equa-
tion. By the maximum principle, the maximum of Z will be achieved
at the free boundary or at ¢ = 0. On the other hand, Z = 1 on the

free boundary 0€(t), by the given free-boundary |Vu| = 1. Hence Z is
bounded by sup |Vu,|? + 1. O

Lemma 2.2. Iflogu(-,t) is concave fort € [0,T), then

[Vu(z,t)] > ¢o(uo, po min max u(z, 1))

for all t € [0,T].
Proof. We may assume, without loss of generality, that

min max u(z,t) = 2.
0<t<T zeQ(t)

Then, the log-concavity of v implies that
|Vu(z,t)| > 2¢, >0, on 0{u>1}, (2.1)

for some uniform ¢, > 0. Moreover, each level set of u(-,t) convex

and contains a uniform ball B, , from Condition II. Hence, the normal

Po)
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direction to each level set of u(-,t) at every point is tilting from the
radial direction with an angle uniformly away from the right angle.
Therefore |z - Vu| is comparable to |Vu.

Let Z = (z - Vu)? — ¢|Vul|?>. By (2.1), Z > ¢, on d{u > 1} and
9Q(t), when Z = (z - Vu)? — ¢|Vul?, with ¢ > 0 a uniformly small
constant. Let us assume that the minimum of Z(z,¢) on 0 <t < T,
x € Q(t)\{u > 1} is attained at an interior point (z,,%,). By rotating
the coordinates, we may assume that e,, is the outward normal direction
to the level set {z|u(z,t,) = u(z,,t,)} at zo and that ey, - e, 1 are
its tangential directions. Then w;(z,,t,) = 0 for ¢ = 1,--- ,n — 1,
Ty & |x,| > po and Z ~ |Vu|* ~ u2. At the minimum point (z,,1,) of
Z, we have

Z; =2(x-Vu) (z - Vu; + uj) — 2¢Vu - Vu; =0, j=1,---,n.

If j # n, then x,u, > | Tu;; — cupu,; = 0 implying

—1
Unj = (22 —¢) szxnum for j # n. (22)

If j =n, then z,u, (3 1, Tilin + Up) — CUUR, = 0 implying

-1 Ty,
Upn = m anxzuzn - m

i#n n
We conclude that
- ol — 2.3
o = T 2 T T g 23

Notice that by choosing the constant ¢ sufficiently small, we can make
x, — ¢ > ¢/2. On the other hand, a direct computation shows that

AZ = (22 -Vu) [z - V(Au) 4+ 2Au]
+ Z(m - Vu; + u;)* — 2¢Vu - V(Au) — QCZU?J"

J ,J
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Hence

Zy =2(x - Vu)(z - V(Au)) — 2¢Vu - V(Au)
=NAZ — (4z - Vu) (Au) — Z(z -V, +uy)? + QCZu?j

J
= NAZ —4z,u, Z U — Z(Z Tiui; + 95nunj)2 + 2¢ Z u?j

i#En J#EN iF#EN INESD)
+ 402 uij — AT U Uy, — (Z TjUnj + Tplpy + Up)? + 2cu?,
Jj#n Jj#n

Expressing, P(u;;) in the form

P(u;j) ZAZJUZJ+ Z Buklu”ukl—i-z Cijui;+D, i,j=1,...,n—1
(4,9)#(k,1)

we find by a direct differentiation and using (2.2) and (2.3) that

oP 23,
3u,~3 — 4, U0 — (Zx Ujj + xnun]> (xz — m) + 4cuy;

i#n
+3 — T Ly 2wy 4 2,
Clhpj——— + dCUpp———= — 4 Uy,
M(ag —o) (27 — ¢)? (x5 — )
CTp XL
—9 <Z TjlUnj + Tplng, + un> (ﬁ) .
i#n n
Differentiating once more, we find that
o*p x2c? w222 rhria? crariz; \
— =2 A48 e o I )
R A R e
Hence
190%P x? x? r2ria? 2z’
A = =—= = 2c+4c L 43¢ L 49—t 42
T 20u (@h—c) (@3 —c?  (ap—cP (a7 —0)
Also, for (i,7) # (k,[), we have
2P _ 92 10y, +80$3195¢95k51j +4Cx T x]xkxl_Q T2 TiT T

T s A T L T I O
implying that

82]3 xixk:(;lj 2 xixkélj

IQI‘I iLLX] ZEQI‘ZE'ZEkZEl
B”kl: = 8¢ +6¢ +4c n 1) 2ot .
K QU (22 —¢) (22 — ¢)? (22 —¢)3 (22 — )4
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Moreover
oPr ~
Cij = %hij:o = Cij Unp,
with
& Az 6o 42 227, 4 xixixj 4 xixzxj 9,2 Tn i T
ij — —3ATp04 & - -
’ TR -0 (@ - (af - c)? (3 —¢)?
and
c cx? x? N
D = n 8 n 2 _ D2
[x%—o*(x%—@?*(xz—c)]“” g
Combining all the above we find that, at the point (z,,t,), where AZ >
0, we have
2
4c 3c?
_ 2 ar.
Zy =N\Z + 2¢ Z u;; + {(ﬁ — o + 2 = 0)2} Z <Z xluu>
i,j#n n n j#n \i#n
2
2cx? a2 ~ -,
+ l($2 — 0)3 + (ZL’2 — 0)4:| (Z xixjuij> + Z Cl-junuij + Dun
" " isj7n ij#n
220 Z U?j + Z @-junuzj + Dui
L,j#n L,J#n

By Cauchy-Schwarz, we finally conclude that
Zy > —Cul =—-C2Z?

at the point minimum point (x,,t,) of Z, where C' is a constant de-
pending only on the initial condition u, and the number p. This implies
that the interior minimum is uniformly bounded by a positive constant
Co(toy po) > 0. On the other hand, Z > ¢, > 0 on I(Qt)\{u > 1}).

Hence the conclusion follows from the maximum principle. O
Lemma 2.3. There exists a constant C(u,, p,), for which
(2, 1)] = | Du(w, 8)] < Cluiorpo),  on 2

Proof. Set
7 = eV Au — B|Vul?
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for some constants « and 3 to be determined later. If |Z]| is bounded
above, then so is |Aul, since |Vu| is bounded. Let us assume that the
minimum (maximum) of Z is achieved at the point (z,,t,) and that

Z(xo,t,) = M.

We first consider the case that (z,,t,) is an interior point i.e., it
belongs in Q(t,). Then at (z,,t,), we have

Zi = [(Au)i + oz - Vg + ;)] eV = 26V - Vu; = 0
which implies that
Au; = —a (- Vg +ug) + 28" ViVu - V. (2.4)

The evolution equation for Z is:

%

Zy = NZ + 28| D*ul? + >V [—a(Au)2 — (Au) Z(am -V, + au;)?

4 eomVu [—2 Z (Aw;) (ax - Vu; + au;)

and using (2.4) it becomes:

Zy = ANZ + 28| D*ul* — ae® V" (Au)? — a?e* VU ( Au) Z(m -V +u;)?

i

+ 202 Z(aj -V 4 ug)2e ™V — 40452 Vu - Vu; (z - Vu; + u;). (2.5)
At the point (x,,y,) we have:

eV Ay = M + 3 |Vul?.

Also, we have
|z - Vu; +u; | < C(|D*u| + |Vul)
and
|Au| <| D?ul

while, from Lemma 2.1, |Vu| satisfies the bound

Vu| < C
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for a constant C' which depends only on the initial data. Hence, equa-
tion (2.5) implies that

Zy = NZ +28|D%ul’ — o*(M + B|Vul’) Y (¢ Vu; +u;)* + R
i (2.6)
with remainder

R = —ae™ V" (Au)? + 20° Z(x -V + u) e Ve

(2.7)
- 40452 Vu-Vu; (z - Vu; + u;)
satisfying the bound
IRl < Ca(l+a+]8]) (| D%ul* + |[Vul?) (2.8)

for a constant C' which depends only on the initial data and o > 0 and
[ constants to be chosen in the sequel.

Let us first assume that (x,, ,) is an interior minimum of Z and that

Z(xp,t,) = min  Z(z,t) =M <O0.

T€Q(t),0<t<T

Then Au > 0 and Z; <0 at (x,,t,). Let @ and (3 be positive constants
to be chosen to depend only on the initial data. We may assume,
without loss of generality, that M+ |Vu|? < 0 and that |[Vu| < |D?ul.
If either of the two inequalities fail, then the desired lower bound on Z
follows from the upper bound |Vu| < C. Hence, from (2.6) and (2.7)
we conclude that at the point (z,,t,):

0> 7, >28|D*ul|* - Ca(l+a+|8])|D%ul?
This leads us to a contradiction, by choosing « and (3 positive so that
26-Ca(l+a+|f]) >0.

Similar arguments show that Z cannot attain an interior maximum

at (x,,1t,), if & > 0 and [ < 0 are chosen appropriately, so that
20+ Ca(l+a+|8]) <0.

Let us now consider the case where the minimum (maximum) point
(xo,t,) of Z lies on the free boundary, ie., x, € 0Q(t,). We may
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assume, without loss of generality, that e, is the outward normal di-
rection to 99Q(t,) at x, and that e;,1 < ¢ < n — 1 are its tangen-
tial directions. The condition at free boundary may be expressed as
|Vu(a',y(z',t)]* = 1, where x,, = v(2/,t) is the graph of the free bound-
ary around (x,,t,). This in particular implies that u,, = —1 at (z,,t,).
Notice also that, since €)(t) is convex and contains the ball B, , we have
T, =~ |z| > 0. Differentiating the |Vu(z',v(2',t)|* = 1 with respect to
time ¢, and using that v,(2',t) = —uy/u,, = Au at (z,,t,), we obtain
the idendity

Z w; Au; + u, Auy, + Au ( Z W; Wiy, + ununn> =0.

1<i<n—1 1<i<n—1

Using the fact that u; =0 for 1 < i <n — 1, we conclude that
(Au)y + Uptip, Au =0 or (Au)y = Uy Au (2.9)

at the point (x,,t,). Assume first that (z,,t,) is a minimum point.
We may assume without loss of generality that at the point (z,,t,),
Au = M < 0. Hence, at this point, where also u,, = —1, u; = 0,
uip = 0, for 1 < <n —1, we will have

0 Z Zn - [Au” + alu (ZL‘ ' vun + un)] eaac~Vu - Qﬁununn
= Unpn [(OA’L‘n —+ 1)Au e~ o%n 4 2ﬁ:| — e % Ay
= —Unn [(axn + 1)‘M‘eiaxn — 2/3] + Oéefaxn’M"

Since, x, = || > po, in the case where for u,, < 0, we can make
—Upn [(ozxn + 1)|Mle " — 25} + ae” " |M| >0

deriving a contradiction.

It remains to consider the case when wu,, > 0 at (xg,to). Let us
observe that since u; = 0,u,; = 0 for 1 < i < n—1 at (z,,1,),
we also have (|Vul|?); = 0 for 1 < i < n —1 at z,. On the other
hand, conditions u,, = —1, u,, > 0 and u,; = 0 at (z,,1,), imply that
(JVul?), < 0. Hence, by the convexity of the free boundary and the
fact that u,; = 0 for 1 <1i < n — 1, |Vu|? achieves its local minimum
at x,. This implies that Z = Z|Vu|*, p > 0, still attains its local
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minimum at z,. Therefore, assuming that at (x,,t,), Au= M < 0, we

conclude
0>27, = [(Aun + alu(x - Vu, + uy)) eV Qﬁununn] | V|
+2uZ |NVu|**Vu - Vu,
= Upp, [(ozxn + ) Aue ¥ + Qﬁ} — e Y ANu— 22U Upy,
> Uy, [— (v, + 1) M|e™ ™ + 26 + 2u| M e~ ]
> Unn| M e [— (o, + 1) + 2] > 0

at x, for p > 0 sufficiently large, a contradiction.

Finally, similar arguments show (x,,t,) is not a maximum point of
7 = e*®Vu ANy — B|Vu|?, if a > 0 and 3 < 0 are chosen appropriately,
depending only on the initial data. O

3. THE LOG-CONCAVITY OF THE SOLUTION

Lemma 3.1. Assume that u(x,t) is smooth up to the interface for
0<t<T. Iflogu, is strictly concave, then logu(-,t) is concave for
0<t<T.

Proof. We will proceed by contradiction. Let us assume that the
maximum
Vaa(To, o) = max  maxuvgg(z,t) =0 >0 (3.1)
2eQ(t),0<t<T
is attained at the point (xg, to) in the unit direction e, and it is strictly
positive. Then —d is an eigenvalue for the matrix D?v(z,,t,) and e,
is its corresponding eigenvector. So v.s(Z,,t,) = 0 if a # F. We can
also assume, without loss of generality, that the number § > 0 in (3.1)
is very small.
We begin by computing the evolution equations of v = log u and v,
Ugg u

from the evolution of w. Since v; = %+ and vy; = = — —, we find:

vy = Av + |[Vol?

and

(Vaa )t = DVga + 2V 0 - VUaa + 2V, - Vu,.
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Hence, at the maximum point (z,,t,) where v,g = 0, for a # [, we
have:
Voot = DNVpq + 2V 0 - Vg, + 21}2a.

In other words, setting Z = v,q, we find that the point (z,,t,), Z
satisfies the idendity

Zy=NZ+2Vv-NVZ+27°

Let us first observe first that =, cannot be an interior point of §(t,),

for t, > 0. Indeed, at an interior maximum point one has
0< 27, <227

which forces Z to stay non-positive. Assume next that the maximum
happens at a point (z,,t,) on O{u > 0} and that
lim Z=¢§>0.
(2,8) = (To,to)

Since

Z:@—u—%:l[uaa—u—g‘]eé (3.2)

u u u u
eo should be a tangential direction to 9€(t,); otherwise |Vu| > ¢, > 0
implies w4 (o, t,) # 0 and Z — —oo which is a contradiction.
Let (¥o, So), be any other boundary point, i.e., y, € 9(s,). Then
lim Z <.
(z,t) = (Yo,50)

Let us assume, without loss of generality, that the normal direction at
Yo t0 O8U(8,) is €. Then u; =0fori=1---n—1and —1/¢c, < u, <
—c, < 0. To simplify the notation, let us denote by “lim” the limit
along the normal direction e, to y, at t = s,. By (3.1), we have:

Vi =— — — < Z <, i
uwu

I
—_

n—1.

Hence, using I’'Hopital’s rule we obtain:

; 2UiUin

0 = lim du > lim {u” — ﬂ} = lim [u“ _ ] = limwu;; = ui;(Yo, So)
u U

fori=1,---,n—1.

Let x, = y(a',t) for x = (2, z,) be the equation for the free bound-

ary around (Yo, S,) i.e. wu(z',y(2',t),t) = 0 and y, = (¢, Y(¥, o))
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Substituting u;(yo, So) = Vi(yl, So) = 0 in Dy (u(z’,y(2/,t),t)) = 0, we

obtain
/ ii (Yo, So)
ii(Yps So) = —F——~ <0 3.3
%ii(Yor So) (Vo 5] (3.3)
for i =1,--- ,n — 1. Therefore the free boundary 0€(t) is convex for

0 <t <T. The argument of Lemma 3.1 in [CS], then implies that

limsup v; <0 (3.4)
(,t)=(Yo,50)

for all y, € 0Q(s,),0 < s, < T and for i = 1,--- ,n — 1, which is a
contradiction to our assumption Z = v (20, t,) = d > 0.
Let us outline the proof of (3.4) for the reader’s convenience. First, we
can approximate Q(t) by strictly convex and (z,t)-smooth Q.(¢) and
the initial data u, by log-concave smooth u., s.t. {u., > 0} = Q.(0).
As we can see in [CS], the strict convexity of 0€2(¢) implies u. ;(x,t) < 0
at the free boundary. Hence

2
. . us,ii us,i . 1 us,ius,in
limsup v, ; =limsup | —— — —| = limsup — |u.;; — ———

z—00(t) z—0Q(t) [ Ue Ug z—0Q(t) Ue Ue,n
. Ue i3
=limsup — = —o0
z—0Q(t) Ue

The maximum principle on v, ;; implies that v, ;; < 0. By taking a limit
in € in the second differential quotient, we conclude (3.4). Q.E.D

4. CY1-ESTIMATE

We will show in this section that the second derivatives of the solution
u of (FB) are uniformly bounded, due to the convexity of the free
boundary:

Lemma 4.1. There exists a constant C(u,, p,) for which

Oréltag% \u(:zc, t)‘cq,l(g(t)) < C(uo).

Proof. In order to show that every second derivative is bounded above,
let us consider the quantity

Z = MAX Ugg-
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We know that Z < C(u,) at time ¢ = 0 and we wish to show that Z <
C'(tg, po) for 0 < ¢t < T, for some, possibly larger constant C'(u,, p,),
depending on u, and p,. Asin Lemma 2.4, we only need to consider the
case where the maximum of Z happens at a point (z,,t,) on the free
boundary. Otherwise, as direct application of the maximum principle
shows the desired estimate. By a coordinate change, we can assume
that e; --- ,e,_; are the tangential directions at =, to 0€Q(t,) and e,
is the corresponding outward normal direction. We have shown in the
proof of Lemma 2.3 that the free boundary condition |Vu|? = 1 implies
that
(Aw)p + Uy Upp, (Au) =0

at the interface. Since u, = —1 at the point (z,,t,), we conclude that
(Aw)p — Upp (Au) =0 (4.1)

at (z,,t,). Also, u; < 0 from the convexity of the free boundary. By
differentiating twice the free-boundary conditions |Vu(y(2/,t), 2/, t)| =
1 and u(y(2',t),2’,t) = 0 with respect to any tangential direction 1 <
1 <n — 1, we obtain

Unii = —Yiillnn + VU; - VU,

and
Vii = T = Wij-
un

Hence, from (4.1), at the point (x,,t,) we have:

n—1
i=1

n—1 n—1

i=1 i=1

- (4.2)
= Uppn — Upp, [DU — Upy] + Z (VUi — U (Au)
i=1

n—1

= Uppn + U2, — 2 Upp(Au) + Z | V|2
i=1
If u,,, is non-positive, then every u,, is negative, i.e., Z < 0 and hence
bounded above. So, let us assume that u,,, is positive. Then Z = u,,,,
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since u;, = 0,u; < 0 for 1 <7 < mn — 1. Hence, u,, attains its the
maximum at x,, implying that w,,, > 0. From (4.2) we then conclude
the inequality
U — 2Upn(Au) <0
and dividing by u,, > 0 we obtain
Upy < 2 A1

at the point (z,,t,). The desired bound then follows by Lemma 2.3.
Finally, let us show that every second derivative of the solution
is bounded below. The interior bound follows easily by the maximum
principle. On the other hand, on the free-boundary we have |Au| < C,
by Lemma 2.3, and uy; < 0, u,, < C. Hence min(ug, t,,) > —C for a

uniform constant C'. O

5. THE COORDINATE CHANGE AND THE PROOF OF THEOREM 1.1

We begin this section by introducing the local change of coordinate,
used in [DHL], which allows us to transform the free boundary problem
near the interface into a nonlinear equation of divergence form on a
domain with fixed boundary. In order to prove the Main Theorem 1.1,
we will establish C1®-estimates for the new nonlinear operator, with
constants depending only on the uniform gradient estimates. Going
back to the original coordinates, we will obtain a uniform C'®-estimate
for the solution u up to the free boundary and up to any time 7' < T,.
Hence, assuming that the the regularity of u or the free boundary
breaks out at some time 7" < T,, by the short time existence, the
smoothness of u and the free boundary will persist even after t =T up
tot="1T,.

Let us assume, for the moment, that u is C* on the closure of its
support and pick a point P, = (z,,t,) at the free boundary 9€(¢,) with
0 <t, <T. We may assume that e, is the outward normal direction at
x, to the free boundary 0€(t,) and e;,1 < i <n — 1 are its tangential
directions. From the convexity of each level set of u(z,t) and the
condition that the ball B, (0) is contained in the support Q(t) of u(z,t),
for 0 <t < T, one can easily conclude that the vector e, differs from
the outward normal direction v, (t) to the level set {z|u(z,t) > u(x,t)}
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of u at P = (x,t), for P in a uniform neighborhood of Fy, by an
angle uniformly smaller than 7. In other words, there exists a uniform
constant 6 > 0, for which

cos{en, vz(t)) > ¢, > 0,
for all P = (z,t) in As(Py) = {(x,t) : x € Q(t) N Bs(xg) to—9 <t <
to }. Hence

1
—— < u, = —|Vu| cos(e,, v:(t)) < —c, <0 (5.1)

for (x,t) € As(P,).
Then, we can apply the Implicit Function Theorem to solve the equa-
tion
z=u(x, x,, 1), (2, 2, t) € As(P,)
with respect to z,, yielding to the equation
z, = v(a, 2, t).
To simplify the notation, let us introduce the new coordinates
y’i:x’ia i:’...’n_l’ yn:Z’ t:t

Since,

. Ut

Uy, = — Uy, = ———, 1< <n—1, U = ———
Uyn

the problem (FB) may be expressed, in the new coordinates, as

1
Ut—ZUzH‘D < +ZZ1U> on y, >0
(5.2)

n

L=1 at y,=0.

Proof of Theorem 1.1. Let us assume that the regularity of u breaks
out at some time 7" < T,,. The C'*'-estimate on u, for 0 <t < T, shown
in Theorem 4.1, implies the C'!-estimate on v, for 0 < ¢ < T. Hence,
we can apply Theorem 14.22 in [L] to the equation (5.2), to obtain
a uniform C?*%estimate on v and consequently on u, for 0 < ¢t <
T. It follows that u satisfies at ¢t = T the two necessary conditions
for the short time existence in [AG], namely the C*“-bound and the
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nondegeneracy of u. Therefore T = T,, otherwise u is smooth after
t =T which is a contradiction to the definition of T O

Remark 5.1. As we mentioned above, for the C1®-estimate of v it is
enough to use Theorem 14.22 in [L]. We will demonstrate next how
one can obtain independently, in the case of spatial dimension n = 2,
the C'h-estimate of v, from the bound |Vv| < C, by the trancation
method of De Giorgi.

Lemma 5.2. Under the above notation, in dimension n = 2, and as-
suming that |Vu| < C on As(F,), we have

|ulcra(as(pey) < C
for some constant uniform constant C(uy).

Proof. It is enough to establish the C1® bound of v, at a point y = s,
t =t,. In the case of spatial dimension n = 2, equation (5.2) takes the

simpler form:

1 2
vt:vl1+D2( +le) on y3 >0
)
(5.3)
1+ v?
— =1 at y=0.
V3

For the C*-estimate of vy, let £ = (1 (v —k)4 )1 be the our test function.
Multiplying both sides of equation (5.3) by £ and integrating by parts,
we have:

/Bp v [ (v1 — k) = /Bp vi[n (v — k)4 +/ Dy (1 Jw%) [ (v1 — k)]

2010 1+ v}
:/ v (n (v1 — k)4 )1 —/ D, (— — + 17121) n (v — k)
B, B U2 Uy

Integrating by parts once more we obtain:

201v 1 + 02
/ vy [ (v / v i+ ( — 5 1?)21) [ (v1 —k)1]2
B, B, B, Va
2 1 2
/ ( L + +2vl U21) n(v1 — k)4 (5.4)

Cp)

+
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On the other hand, 1+v? = v3 on yo = 0. Differentiating this equation

with respect to y;, we find that ve; = vyv17/v9 on yo = 0. Hence:

2010 1+ v?
[ A -k == [ el b
y2=0 U2 Y2 v2=0

- —/0 (7\}%) (v —k)y] = —/B D, [(%) n(vy — k)Jr]]

——/Luv—kw B e - B
U1

_/ V11
By
(v1 — k) / o [7(v1 — k)]
—n(v1 — V19 — — v —
1+U%77 1 + 1 12 5, 1—}—11% 11 (M1 +]9

_/B,J
2
V11012 V1V11012
— | (o — k +/ LU (g — k
5, %1%_”% [n(v1 )+] 5 (1+2)3/2 [ (v1 )+]

After several cancellations, we conclude that

2 1+v? —
[ (R i e - = [ el ),
y2:0 U2 /02 Bp 1 + Ul (5 5)

Let us set n = (% The term pr ve[n (v — k)4]1 can be estimated

2
V12 V112

by Hoélder’s inequality, using the fact that v; is bounded. Therefore,
combining (5.4) and (5.5) and using again Holder’s inequality, we finally
conclude that

Vo Pdy < v [ C(v1 — k)% dy + mes Ay,

Ak,

Ak,p

(5.6)

for an uniform constant v > 0, where Ay, = K, N {ylui(y) > k}.
Analogously, by testing equation (5.3) against & = n(—v; — k)., we
derive inequality (5.6) for —v; also. (From the de Giorgi’s argument
, Theorem 7.2, Chapter 2 in [LU], we obtain a uniform bound for
|Uy1|a up to the boundary yo = 0. In particular, equation (5.6) with
k = ming, v, implies that

; CVur|*dy < yp" 22, (5.7)
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On the other hand, solving equation (5.3) with respect to vy, we find

that
1+ 0% 2v
Vo2 — 3 ! (Ut — v + —1?)12). (58)

Combining (5.7) and (5.8) we conclude that

C | VusPdy < ypt 22 (5.9)

Kp
Hence, Morrey’s estimate, Theorem 7.19 in[GT], implies the uniform
Ch*-estimate of v up to the boundary y, = 0. O
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