DESINGULARIZATIONS OF THE MODULI SPACE OF RANK 2
BUNDLES OVER A CURVE

YOUNG-HOON KIEM AND JUN LI

ABSTRACT. Let X be a smooth projective curve of genus g > 3 and M be the
moduli space of rank 2 semistable bundles over X with trivial determinant.
There are three desingularizations of this singular moduli space constructed
by Narasimhan-Ramanan [NR78|, Seshadri [Ses77] and Kirwan [Kir86b] re-
spectively. The relationship between them has not been understood so far.
The purpose of this paper is to show that there is a morphism from Kirwan’s
desingularization to Seshadri’s, which turns out to be the composition of two
blow-downs. In doing so, we will show that the singularities of My are ter-
minal and the plurigenera are all trivial. As an application, we compute the
Betti numbers of the cohomology of Seshadri’s desingularization in all degrees.
This generalizes the result of [BS90] which computes the Betti numbers in low
degrees. Another application is the computation of the stringy E-function (see
[Bat98] for definition) of Mg for any genus g > 3 which generalizes the result
of [Kie03].

Dedicated to Professor Ronnie Lee.

1. INTRODUCTION

Let X be a smooth projective curve of genus g > 3. Let My be the moduli space
of rank 2 semistable bundles over X with trivial determinant, which is a singular
projective variety of dimension 3g — 3. There are three desingularizations of M.

(1) Seshadri’s desingularization S : fine moduli space of parabolic bundles of
rank 4 and degree zero such that the endomorphism algebra of the under-
lying vector bundle is isomorphic to a specialization of the matrix algebra
M (2). This is constructed in [Ses77].

(2) Narasimhan-Ramanan’s desingularization N : moduli space of Hecke cy-
cles, as an irreducible subvariety of the Hilbert scheme of conics. This is
constructed in [NR78].

(3) Kirwan’s desingularization K : the result of systematic blow-ups of My,
constructed in [Kir86b.

For cohomological computation, K is most useful thanks to the Kirwan theory
[Kir85, Kir86a, Kir86b]. On the other hand, S and N are moduli spaces themselves.
The relationship between these desingularizations has not been understood.

The first main result of this paper is that there is a birational morphism (Theo-
rem 4.1)

p:K—S.
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Since both S and K contain the open subset M of stable bundles, there is a
rational map p’ : K --» S. By GAGA and Riemann’s extension theorem [Mum?76],
it suffices to show that p’ can be extended to a continuous map with respect to the
usual complex topology. By Luna’s slice theorem, for each point x € My— Mg, there
is an analytic submanifold W of the Quot scheme whose quotient by the stabilizer H
of a point in both W and the closed orbit represented by z is analytically equivalent
to a neighborhood of = in My. Furthermore, Kirwan’s desingularization W// H of
W/ H is a neighborhood of the preimage of  in K by construction. Our strategy is
to construct a nice family of (parabolic) vector bundles of rank 4 parametrized by
W, starting from the family of rank 2 bundles parametrized by W, which is induced
from the universal bundle over the Quot scheme. This is achieved by successive
applications of elementary modifications. Because S is the fine moduli space of
such parabolic bundles of rank 4, we get a morphism W — S. This is invariant
under the action of H and hence we have a morphism W JH — S. Therefore, p/
extends to a neighborhood of the preimage of x in K.

The second main result of this paper is that the above morphism p is in fact the
consequence of two blow-downs which can be described quite explicitly (Theorem
5.6). To prove this theorem, we first show that Kirwan’s desingularization K can
be blown down twice by finding extremal rays. O’Grady in [OGr99] worked out
such contractions for the moduli space of rank 2 sheaves on a K3 surface. Since
the proofs are almost same as his case, we provide only the outline and necessary
modifications in §5.1. Next, we show that p is constant along the fibers of the
blow-downs and thus p factors through the blown-down of K. Finally, Zariski’s
main theorem tells us that S is isomorphic to the blown-down. Using this theorem,
we can compute the discrepancy divisor of mx : K — My (Proposition 5.3) and
show that the singularities are terminal. This implies that the plurigenera of M
(or K, or S) are all trivial (Corollary 5.4). We conjecture that the intermediate
variety between K and S is the desingularization N by Narasimhan and Ramanan.

Our third main result is the computation of the cohomology of S. In [Bal88,
BS90], Balaji and Seshadri provides an algorithm for the Betti numbers of S for
degrees up to 29 — 4. The cohomology of Kirwan’s partial desingularization is
computed in [Kir86b] and K is obtained as a single blow-up of this partial desingu-
larization. Since it is well-known how to compare cohomology groups after blow-up
(or blow-down) along a smooth submanifold of an orbifold ([GHT78] p.605), we can
compute the cohomology of S.

The last result of this paper is the computation of the stringy E-function of
Mj. The stringy E-function is a new invariant of singular varieties, obtained as the
measure of the arc space (see, for instance, [Bat98]). From the knowledge of the
discrepancy divisor (Proposition 5.3) and explicit descriptions of the exceptional
divisors of g : K — My (Proposition 5.1), we show that
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Surprisingly, this is equal to the E-polynomial of the intersection cohomology of
My when g is even. For g odd, Es (M) is not a polynomial. As a consequence, the
stringy Euler number is

est(Mo) = lim Ey(Mp) = 49~1,

u,v—
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If we denote by e, the stringy Euler number of the moduli space My for a genus g

curve, then the equality
Z egq? = 11
il 41—4q

holds for degree > 2. The coefficient i might be related to the “mysterious”
coefficient 1 for the S-duality conjecture test in [VW94].

This paper is organized as follows. In sections 2 and 3, we review Seshadri’s and
Kirwan’s desingularizations respectively. In section 4, we construct a morphism
p : K — S by elementary modification. In section 5, we show that p is the
composition of two blow-downs. In section 6, we compute the cohomology of S and
the stringy E-function of Mj.

The first named author thanks Professor Ramanan for useful conversations at
the Korea Institute for Advanced Study during the spring of 2003 and Professor
Ronnie Lee for illuminating discussions at Yale on desingularizations about 5 years
ago. Part of this paper was written while the first named author was visiting

Stanford University and Fudan University. Their hospitality is greatly appreciated.

2. SESHADRI’S DESINGULARIZATION

Let X be a compact Riemann surface of genus g > 3. Let My = Mx(2,0)
denote the moduli space of semistable vector bundles over X of rank 2 with triv-
ial determinant. Then M is a singular normal projective variety of (complex)
dimension 3¢g — 3. In [Ses77], Seshadri constructed a desingularization

s S — My

which restricts to an isomorphism on pg'(Mg) where Mg denotes the open subset
of stable bundles. In fact, this is constructed as the fine moduli space of a moduli
problem which we recall in this section. The main reference is [Ses82] Chapter 5
and [BS90].

Fix a point zg € X. Let E be a vector bundle of rank 4 and degree 0 on X and
0 # s € E;, be a parabolic structure with parabolic weights 0 < a; < az <1.

Lemma 2.1. ([Ses82] 5.III Lemma 5) There are real numbers a1, as such that for
any semistable parabolic bundle (E,s) of rank 4 and degree 0, we have

(1) (E,s) is stable

(2) E is a semistable vector bundle.

If we take sufficiently small a; and ao, it is easy to see that the conditions of the
lemma are satisfied. Let us fix such aq, as.
It is well-known from [MS80] that the moduli functor

(2.1) P : Var — Sets

which assigns to each variety T the set of equivalence classes of families of stable
parabolic bundles of rank 4 and degree 0 over X parameterized by T, is represented
by a smooth projective variety, which we denote by P. It turns out that Seshadri’s
desingularization S is a closed subvariety of P.

We need a few more facts from [Ses82] (Chapter 5, Propositions 7, 8, 9).

Proposition 2.2. Let E be a semistable vector bundle of rank 4 and degree 0 on
X. There is 0 # s € B} such that the parabolic bundle (E,s) is stable if and only
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if for any line bundle L on X of degree 0 there is no injective homomorphism of

vector bundles
L L — FE.

Proposition 2.3. Let (E,s) be a stable parabolic bundle of rank 4 and degree 0.
Then the algebra EndE of endomorphisms of the underlying vector bundle E has
dimension < 4. Moreover, if the algebra EndFE is isomorphic to the matriz algebra
M(2) of 2 x 2 matrices, then E =2 F & F for a unique stable vector bundle F of
rank 2 and degree 0.

Proposition 2.4. Let (E1,s1), (E2,s2) be two stable parabolic bundles of rank 4,
degree 0 over X. Suppose dim EndE; = dim EndFE, = 4. Then they are isomorphic
as parabolic bundles if and only if the underlying vector bundles E1 and E5 are
isomorphic.

Let S’ be the subset of P consisting of stable parabolic bundles (E,s) such
that EndF = M(2) and detFE is trivial. Then Proposition 2.3 says we have a map
S’ — M from S’ to the set of stable vector bundles. By Proposition 2.4, this map is
injective. By Proposition 2.2, it is surjective as well. Seshadri’s desingularization S
of M is defined as the closure of S’ in P which is nonsingular by [BS90] Proposition
1. Furthermore, the morphism S” — M{ extends to a morphism 7g : S — M such
that for each (E,s) € S, grE = F&F where F is the polystable bundle representing
the image of (F,s) in Mj.

Fix a nonzero element ey € C*. Let A(2) be the set of elements in

Hom(C* ® C*, C*)
which gives us an algebra structure on C* with the identity element eg. There is a
subset of A(2) which consists of algebra structures on C*, isomorphic to the matrix
algebra M (2). Let Ay be the closure of this subset. An element of A is called a
specialization of M(2). Obviously, there is a locally free sheaf W of O 4,-algebras
on A, such that for every z € Ay, W, ® C is the specialization of M (2) represented
by z.

Let F be the subfunctor of the functor P (2.1) defined as follows. For each
variety T, F(T') is the set of equivalence classes of families &€ — T x X of stable
parabolic bundles on X of rank 4 and degree 0 that satisfies the following property
(*):
for any t € T there is a neighborhood T3 of ¢ in T" and a morphism f : T3 — As
such that f*W = (pr).(EndE)|r, as O -algebras where pr : T x X — T is the
projection to T'.

Theorem 2.5. ([Ses82] Chapter 5, Theorem 15) The functor F is represented by
S.

The condition (*) can be weakened slightly by the following proposition.

Proposition 2.6. ([Ses82] Chapter 5, Proposition 1) Let T be a complex mani-
fold and B be a holomorphic vector bundle of rank 4 equipped with an Or algebra
structure. Suppose there is an open dense subset T' of T such that for each t € T,
B; ® C is a specialization of M(2). Then for every t € T, there is a neighborhood
Ty of t and a morphism f : Ty — Ag such that f*W = B|p,.

To prove this, it suffices to consider any open set of T' over which B is trivial.
But in this trivial case, the proposition is obvious.
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The singular locus of My is the Kummer variety & or the complement of M§,
isomorphic to the quotient Jacy/Zso of the Jacobian of degree 0 line bundles over X
by the involution I — L~!. There are 229 fixed points Z5? = {[L&L™'] : L= L~}
and we have a stratification

(2.2) My = Mj U (R —7Z39)UZYF.

On the other hand, Seshadri’s desingularization S is stratified by the rank of
the natural conic bundle on S ([Bal88] §3) and thus we have a filtration by closed
subvarieties

(2.3) SDS8 D8 DS;
such that S — Sy = mg " (Mg) = M.
Proposition 2.7. ([BS90])
(1) The image ws(Sy — Sz) is precisely the middle stratum & — 739, In fact,
S1 — So is a P92 x P9=2 bundle over R — Zgg.
(2) The image of Sy is precisely the deepest strata Zgg and So—S3 is the disjoint
union of 229 copies of a vector bundle of rank g — 2 over the Grassmannian

Gr(2,9) while Sz is the disjoint union of 229 copies of the Grassmannian

Gr(3,9).

We end this section with the following proposition which is the key for our
construction of the morphism from Kirwan’s desingularization to Seshadri’s desin-
gularization.

Proposition 2.8. (1) Let € = T x X be a family of semistable holomorphic
vector bundles of rank 4 and degree 0 on X parameterized by a complex
manifold T. Assume the following:

(a) for any t € T and any line bundle L of degree 0 on X, L & L is not
isomorphic to a subbundle of €|ix x

(b) there is an open dense subset T' of T such that End(E|ixx) = M(2)
foranyteT'.

Then we have a holomorphic map 7:T — S.

(2) Suppose a holomorphic map 7 : T — S is given. Suppose T is an open
subset of a nonsingular quasi-projective variety W on which a reductive
group G acts such that every point in W is stable and the (smooth) geomet-
ric quotient W/G exists. Furthermore, assume that there is an open dense
subset W' of W such that whenever t1,to € T NW' are in the same orbit,
we have T(t,) = 7(t2). Then T factors through the (smooth) image T of T
in the quotient W/G, i.e. we have a continuous map T — S such that the

diagram
T———§
T

Proof. (1) Let Ey = E|ixx. For each t € T, there is a parabolic structure 0 # s; €
(Et);, such that (Ej,s;) is a stable parabolic bundle by (a) and Proposition 2.2.
Hence we get a set-theoretic map 7 : T — P. Moreover, by (b), a dense open subset

commutes.
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of T is mapped to S’ and thus 7 is actually a map into S. We show that this is in
fact holomorphic.

By Proposition 2.3, dim EndE; < 4. Since dim End F; is an upper semi-continuous
function of ¢, {t € T'| dimEndE; = 4} is a closed subset of T'. But there is a dense
open subset in T where dim EndE; = 4 by (b). Hence, dim EndE; = 4 for all t € T.
Consequently, (pr).End(€) is a locally free sheaf of Orp-algebras of rank 4.

Since stability is an open property, there is a neighborhood 77 of ¢ and s €
E|T, xzo such that (Ey, sy ) is a stable parabolic bundle for every ¢’ € T}. Therefore
(Elry xx,8) is a family of stable parabolic bundles and (pr,)«End(€|m xx) is a
locally free sheaf of O -algebras. Hence by assumption (b) and Proposition 2.6,
we see that (€1, xx, s) is a family of stable parabolic bundles satisfying (*) above.
By deformation theory, we have a linear map from the tangent space of T at t’ to
the deformation space of (Ey,sy) which is isomorphic to the tangent space of P.
This is the derivative of 7 at '. So we see that 7 is a holomorphic map from T} to
S. Because we can find a covering of T by such open sets 77, we deduce that 7 is
holomorphic.

(2) This is an easy consequence of the étale slice theorem. In particular, the
image T is an open subset of /G in the usual complex topology. O

3. KIRWAN’S DESINGULARIZATION

In this section we recall Kirwan’s desingularization from [Kir86b]. We refer to
[Kie03] for a very explicit description of this desingularization process for the genus
3 case.

Note that we have the decomposition (2.2). The idea is to blow up M along the
deepest strata Z§9 and then along the proper transform of the middle stratum K.
Let M; denote the result of the first blow-up and M, the second blow-up. Kirwan’s
partial desingularization is the projective variety Ms which we have to blow up one
more time to get the full desingularization K.

The moduli space My is constructed as the GIT quotient of a smooth quasi-
projective variety SR, which is a subset of the space of holomorphic maps from the
Riemann surface to the Grassmannian Gr(2,p) of 2-dimensional quotients of CP
where p is a large even number, by the action of G = SL(p). Over each point in the
deepest strata Zgg there is a unique closed orbit in $3°°. By deformation theory, the
normal space of the orbit at a point h, which represents L @& L~! where L = L1,
is
(3.1) HY(Endy(L® L)) =2 HY(O) ® sl(2)

where the subscript 0 denotes the trace-free part. According to Luna’s slice theo-
rem, there is a neighborhood of the point [L & L~ with L = L=, homeomorphic
to HY(O)@sl(2)/SL(2) since the stabilizer of the point h is SL(2) ([Kir86b] (3.3)).
More precisely, there is an SL(2)-invariant locally closed subvariety W in J8%% con-
taining h and an SL(2)-equivariant morphism W — H'(O) ® sl(2), étale at h, such
that we have a commutative diagram

(3.2) G xsp2) (HHO) ®sl(2)) «+—— G X529 W —— ®ss

| |

HY(0) @ sl(2) }SL(2) +——— W//SL(2) — M,
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whose horizontal morphisms are all étale.

Next, we consider the middle stratum & — Zgg . For each point, the normal space
to the unique closed orbit over it at a point h representing L @ L~! with L # L1,
is isomorphic to
(3.3) HY(Endo(L® L™Y)) = H'(O) o HY(L?*) @ H'(L™?).

The stabilizer C* acts with weights 0, 2, —2 respectively on the components. Hence,
there is a neighborhood of the point [L & L™!] € & — Z2Y in My, homeomorphic to

HY(O) P (' (L*) @ H' (L7%)/C7).
Notice that H'(O) is the tangent space to & and hence
HI(LQ) D HI(L72)//C* o~ (C2972//(C*

is the normal cone. The GIT quotient of the projectivization PC29~2 by the induced
C* action is P972 x P92 and the normal cone C29~2 /C* is obtained by collapsing
the zero section of the line bundle Opg-2 ps—2(—1, —1).

Let H be a reductive subgroup of G = SL(p) and define Zj7 as the set of
semistable points in R*® fixed by H. Let 93 be the blow-up of PR along the
smooth subvariety GZESL(Z). Then by Lemma 3.11 in [Kir85], the GIT quotient
R1"/ G is the first blow-up M of My along GZg5 , |G = 757, The C*-fixed point
set in PR]° is the proper transform Zéi of Z&% and the quotient of GZ by G is
the blow-up & of £ along Zgg . If we denote by MRy the blow-up of JR;° along the
smooth subvariety GZ23 = G X ye- Zf;i where N€" is the normalizer of C*, the
GIT quotient R5® /G is the second blow-up M, again by Lemma 3.11 in [Kir85).
This is Kirwan’s partial desingularization of My (See §3 [Kir86b]).

The points with stabilizer greater than the center {£1} in 2R$° is precisely the
exceptional divisor of the second blow-up and the proper transform A of the subset
A of the exceptional divisor of the first blow-up, which corresponds, via Luna’s
slice theorem, to

SL(2)P{ (2 8) |b,c € H'(0)} c P(H'(O) ® s1(2)).

This is a simple exercise. Hence, if we blow up M; along A /SL(2), we get a smooth
variety K, Kirwan’s desingularization.
4. CONSTRUCTION OF THE MORPHISM

The goal of this section is to prove the following.

Theorem 4.1. There is a birational morphism
p: K — S

from Kirwan’s desingularization K to Seshadri’s desingularization S.

Since the desingularization morphisms

kK — My, ws:S— M

are both isomorphisms over M, we have a rational map

p K- 8.
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By GAGA ([Har77] Appendix B, Ex.6.6), it suffices to find a holomorphic map
p: K — S that extends p’. By Riemann’s extension theorem [Mum76], it suffices
to show that p’ can be extended to a continuous map with respect to the usual
complex topology.

4.1. Points over the middle stratum. Let us first extend to points over the
middle stratum of My. Let | = [L® L™'] € & — 23 C My and let W; be the étale
slice of the unique closed orbit in $R*® over [. By Luna’s slice theorem we have a
commutative diagram

(4.1) G xcr Nj —— G e W) —— RS

| L

N JC* ¢—— W JC* ——— M
whose horizontal morphisms are all étale where G = SL(p) and
Ny = HY(End(L @ L™ %)) = HY(O) @ HY(L?) @ H (L™?).

The slice W; is a subvariety of R and the universal bundle over R*® x X gives us
a vector bundle over W; x X. Since W; — N is étale, this gives us a holomorphic
family F of semistable vector bundles over X parametrized by a neighborhood Uj
of 0 in ;. The idea now is to modify F @ F to make it satisfy the assumptions of
Proposition 2.8.

The restriction of F to (U; N H(O)) x X is a direct sum

LeL!

where £ is a line bundle coming from an étale map between H'(O) and the slice
in the Quot scheme for degree 0 line bundles.

To get Kirwan’s desingularization, we blow up A along H'(0). Let m; : Nj — N}
be the blow-up map. Let U; = wl_l(Ul) ﬁ./\~/'lSS and D; be the exceptional locus in
U,. Let F and £ denote the pull-backs of F and £ to U; and D; respectively. Then
we have surjective morphisms

Flp, = L, Flp, — L7
Let ' and F” be the kernels of
F—Flp, =L, F—-Flp—L"
respectively. Define & = F' & F" over U; x X.

Lemma 4.2. The bundle £ is a family of semistable vector bundles of rank 4 and
degree 0 over X parametrized by U; such that the assumptions of Proposition 2.8
are satisfied, i.e.
(1) For each t € U, and L' € Pic®(X), L' ® L' is not isomorphic to any
subbundle of E|ixx -
(2) El—pyxx = (F S F)|(,—pyyxx and there is an open dense subset of Uy
where End(€lixx) is a specialization of M(2).
(3) With respect to the action of C* on Nj — Dy, if t1,ta € U, — Dy are in the
same orbit, then Ely, xx = Eltyxx-
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Proof. Since D; is a smooth divisor in U;, € is locally free of rank 4. Let (a,b,c) €
N, = HY(O) ® HY(L?) ® H*(L™2). The weights of the C* action are 0,2, —2
respectively. It is well-known (see [Kir86b, (2.5) (iv)]) that the bundle F/ 5 c)x x
is stable if and only if the image of (a, b, ¢) in 8% is a stable point. This is equivalent
to saying that (a,b,c) is stable with respect to the C* action. Hence F|(4p.c)x x 18
stable if and only if b # 0 and ¢ # 0.

Let to € U, — D; and m (to) = (a,b,c). This point has nothing to do with
the blow-up and the Hecke modification. Hence g~|to><X 2 F @ Flr(to)xx- The
unstable points in N are the proper transform of {(a,b,c)|b = 0 or ¢ = 0}. Since
to is (semi)stable, we have b # 0 and ¢ # 0 which implies that F' = F| ;))xx is
stable. Therefore, End(F @ F') & M (2) which proves (2).

For t,,t2 € U; — Dy, 5|tj><X =Fod -7:|7rz(tj)><X (j = 1,2). But f|7rl(t1)><X =
Flri(t2)xx if and only if m;(¢1) and m(t2) are in the same orbit. This is equivalent
to t1 and ¢, being in the same orbit since U; — D is isomorphic to the stable part
of NV;. So we proved (3).

Let us prove (1). For t € U, — Dy, it is trivial since -7:—’|t><X = ]:—|t><x = Flrtyxx
which is stable and the same is true for F.

Let C be a line in A given by a map C — N; with z — (a,2b, zc) for a €
HY(0),0 #be€ HY(L?),0# c € H*(L™2). Note that any point in D, is represented
by such a line. Let ¢ be the point in D; represented by C'.

Let Cy = C' NU,;. By restricting U; if necessary, we can find an open covering
{Vi} of X such that F|c,xv, are all trivial. Fix a trivialization for each i and let
Ly = L|axx- Since Floxx = L, ® L1, the transition matrices are of the form

)\,‘j Zbij
ZCij )\;jl

where \;;|,=¢ is the transition for L,. The cocycle condition tells us that
{Aijbijl-=0}, {A;jlcij‘zzo}

are cocycles whose cohomology classes are nonzero because F |(¢172,l,’zc)X x is stable
for 2 # 0. Let F’ be the kernel of Flo,xx — Floxx = Lo ® L;' — L, where
the first morphism is the restriction and the last is the projection. Define F”
as the kernel of Flo,xx — Floxx = Lo ® L' — L7t Let F' = F'loxx and
F" = F"|oxx. Then by construction, .7:"|txx =~ "’ and f”|txx ~ [,

Any section of F’ over Cy x V; is of the form (zs1, $2). Because

S1 Z81 /\ij Zbl'j Z81 _ z()\ijsl + bijSQ) )\ijsl + bijSQ
> [— o )\—1 - )\—1 2. )\—l 2.,
So S9 2Cij ij So ij 52 + 27¢i581 ij 52 + 27¢i581
the transition for F' is
ZQCij /\Z_j1 ’

Hence F’ fits into a short exact sequence
0—L,—F —-L'=0

whose extension class is given by {X;;b;;|.=0} which is nonzero. Hence, F' = F'|.~
is a nonsplit extension of L;! by L, and similarly F” = F’|,_¢ is a nonsplit
extension of L, by L;!. It is now an elementary exercise to show that E = F' @ F"
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does not have a subbundle isomorphic to L' @ L' for any L' € Pic%(X). So we
proved (1). O

By Proposition 2.8, we have a holomorphic map from the image of U; in /\7fs /C*
to S. Since the image is open in the usual complex topology by the slice theorem,
this implies that p’ extends continuously to a neighborhood of the points in K lying
over [. Since p’ is defined on an open dense subset, there is at most one continuous
extension. Therefore, the extensions for various points ! in the middle stratum
R— Zgg are compatible and so p’ is extended to all the points in K except those
over the deepest strata Z2.

4.2. Points over the deepest strata. Let us next extend p’ to the points over
the deepest strata Zi-" . The exactly same argument applies to all the points in Zgg ,
so we consider only the points in K over 0 = [O @ O]. Let W be the étale slice of
the unique closed orbit in R*® over [O & O] € M. Let

N = H'(0) @ sl(2).
By Luna’s slice theorem, a neighborhood of [O® O] in M, is analytically equivalent
to a neighborhood of the vertex 0 in the cone N J/SL(2) from the diagram (3.2).
Hence a neighborhood of the preimage of [O @ O] in K is biholomorphic to an open
set of the desingularization A //SL(2), obtained as a result of three blow-ups from
N JJSL(2), described below. Therefore it suffices to construct a holomorphic map
from a neighborhood V of the preimage of 0 in N/SL(2) to S.
Let ¥ be the subset of A/ defined by

szepro)e (o °))

Let m; : N1 — N be the first blow-up in the partial desingularization process, i.e.
the blow-up at 0, and let Dgl) be the exceptional divisor. Recall that A is the
subset of Dgl) defined as

SL(2)P{ (2 8) b, c e HY(O)}.

Let 3 be the proper transform of ¥ in Nj. Then the singular locus of N7 /SL(2)
is the quotient of A UX by SL(2). It is an elementary exercise to check that

(4.2) PN = SLEP{H (O)® (é _01)} =ANS.

Let 7 : N — N; be the second blow-up, i.e. the blow-up along ¥ and let Df)
be the exceptional divisor. Let Dél) be the proper transform of D%l). The singular
locus of N /SL(2) is the quotient of the proper transform A of A.

Finally let m5 : N = N3 — A5 denote the blow-up of Ny along A and let
DB) = Dég) be the exceptional divisor while D1 = Dgl), D3 = D:(f)

transforms of Dél) and Df) respectively. Let 7 : N'— A be the composition of the

three blow-ups. Also let ij) be the quotient of ng) in N;/SL(2) for 1 << 3
and 1 <j <.

As in the middle stratum case, the pull-back of the universal bundle over JR%% x X
to W x X gives us a holomorphic family F of rank 2 semistable vector bundles over
X parametrized by an open neighborhood U of 0 in N. Let V be the image

are the proper
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of U under the good quotient morphism N' — AN /SL(2). Then V is an open
neighborhood of 0. Let U; = 7, H(U) NN and V; be the image of U; by the good
quotient morphism N — N; /SL(2). From the commutative diagram

T —— N1 JSL(2)

N —— NJSL(2)

we see that Vi =77 1(V).

Let Uy = 75 1(U1) NN3® and Vs be the image of Uy in the quotient of N3. Then
we have Vy = 7, (V1) where Ty : No/SL(2) — N1 /SL(2). Similarly, let U =
73 1 (Ua) NN'** and V be the image of U in the quotient of A'. By construction, V
is smooth with simple normal crossing divisors DM D@ DG where DU) = Déj).
To simplify our notation we denote the intersection of D) with V again by D®.

Since we already extended p’ to the points over the middle stratum, we have a
holomorphic map p' : V— (DM UD®)) — § and we have to extend it to p: V — S.

4.3. Points in D — (D U D®)). In this subsection, we extend p’ to points in
V that lies over the quotient of Dgl) — A via T3 o Te. Notice that Dgl) — A does
not intersect with the blow-up centers of the second and third blow-up and hence
it remains unchanged.

Our strategy is again to modify the pull-back of F & F to U; — AUY so that p
extends to a holomorphic map near the quotient of Dgl) — A by Proposition 2.8.

Let F7 be the pull-back of F to Uy x X via m; X 1x. Then .7-'1|D<1>XX 2060
1
since Floxx is trivial. Let Fj be the kernel of
F1 = Filpm,x Z Opwx @ Opi, x — Op, x

where the second arrow is the projection onto the first component. Let Fj be
defined similarly with the projection onto the second component. By computing
transition matrices as in the proof of Lemma 4.2, it is immediate that Fj ¢, x x and
b ] e PN = DY with

F!'|t+,xx are nonsplit extensions of O by O if t; = {CCL

b#0and c# 0 in HY(O).
Suppose t1 € D%l) — A. Then a,b, ¢ are linearly independent because otherwise
we can find g € SL(2) such that gt;¢g~! is of the form

0 = * 0
(4.3) L 0] or L *] .
The first case belongs to A while the second is unstable in A and is deleted after
all. In particular, a, b, ¢ are all nonzero and thus Fj ¢, x x and F'|¢, x x are nonsplit

extensions of O by O whose extension classes are b, ¢ respectively.
The inclusion F{ < Fj gives us a homomorphism F]

|D§1)xx - '7:1|D§1>xx

O & O whose image is the second factor O and the kernel of this homomorphism is

O. Similarly, the trivial bundle O . is a subbundle of F py x and we have
1 1

a diagonal embedding of O into F| & F; Let &; be the kernel of

!
DM xx |D§1>xX'

/ /! / /! ! !/
FleF —FeF |D§”xX - FL®F |D§1)><X/OD§1>xX'
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As in the proof of Lemma 4.2, introduce a local coordinate z of a suitable curve
passing through tg and write the transition for 7| @& F; as
Aij by 0 0
ZQCi]' )\Z_Jl 0 0
0 0 )\ij Z2bij
0 0 Cij )\71

]

(4.4)

where \;; = 1+ za;;. Note that, when restricted to z = 0, the cocycles {a;;}, {bi;},
{c;j} represent the classes a,b,c € H*(O) respectively.

A local section of & as a subsheaf of F] @& F is of the form (s1, 282, 283, 51+254).
Because

(4.5)
S1 51 é\ij bijl 0 0 s1
S9 o 289 N e )\ij 0 0 Z89
S3 Z83 0 0 )\ij Z2bij Z83
S4 S1 4 284 0 0 Cij )\;jl 81+ 284
Aijs1 + zbijs2 Aijsi + Zbijl52
Z2¢ii81 + z)\i_jlsg 2Cijs1 + Ay 52
= . — 2
szijsl + 283 + z3bijs4 zbijs1 + Aijs3 + 27bij54

-1
A A

- 1 -1 -1
ZCijS3 + Aij s1+ Z)‘ij S4 Y S1 — bijsz + cij83 + Aij S4

z

the transition for &; is

)\ij Zbij 0 0
ZCij )\;jl 0 0
Zbij 0 )‘ij Z2bij
72aij 7bij C,’j )\;1

(4.6)

Put z = 0 to see that the transition for €|, « x is

1 0 0 0

0 1 0 0

(4’7) 0 0 1 0
—2aj|,=0 —bijls=0 cijls=0 1

Hence we have a filtration by subbundles
(48) g|t1><X:E4DEgDE2:)ElDEQZO

such that E;11/F; =2 Ox. The extension Es of O by E; = O is nontrivial since
¢ # 0. An extension of O by Ej is parameterized by Ezt!(O, E) which fits in the
exact sequence

Hom(0,0) —*— Ext' (0, 0) —— Ext' (0, Ey) — Ext' (0, 0)

and Ej is the image of b € Ext'(O,0) = H'(O) which is nonzero since b, c are
linearly independent. Hence FEj3 is a nonsplit extension. Similarly F, is a nonsplit
extension since a,b,c are linearly independent. Hence (4.8) is the result of three
nonsplit extensions. This certainly implies that the condition (a) of Proposition 2.8
is satisfied for points in U over D;l) — A. The other conditions of Proposition 2.8
(1), (2) are trivially satisfied and hence p’ extends to the points over the quotient

of the points over Dgl) — A as desired.
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4.4. Points in D® — D®), We use the notation of §4.3. Suppose now t; =
[CCL _ba} € A—3. Then a,b, ¢ span 2-dimensional subspace of H'(O). The bundle
&1]t, xx in the previous subsection has transition matrices of the form (4.7). The
one dimensional space of linear relations of a, b, ¢ gives rise to an embedding of O
into &1, xx. More generally, the family of linear relations of a, b, ¢ gives us a line
bundle over A —¥. Let £; denote the pull-back of this line bundle to (A —X) x X.
Then we have an embedding of £y into &1|n_5),x- Let & (resp. L3) be the

pull-back of & (resp. L1) to U = Us (resp. D) —D®),
Let &€ be the kernel of

&l — 53|(ﬁ(3>_13<2>)xx - 53|(ﬁ<3)_13<2>)xx/£3-

We claim that éisatisﬁqs the conditions of Proposition 2.8 and hence p’ extends to
the quotient of D®) — D),
o b

For simplicity, let ¢; be {(C) 0
general case is obtained by conjugation.) Let t3 € D®) — D) be a (semi)stable
point lying over ¢;. Now we make local computations as in (4.5) and (4.6).

A point t5 € DG represents a normal direction to A at t;. Choose a local
parameter z of the direction such that z = 0 represents ;.

If t3 represents a normal direction of A tangent to D), then from (4.7), the
transition of the restriction of &3 to the direction is of the form

} € A — % with b, ¢ linearly independent. (The

1 0 0 0

0 1 0 O

(4.9) 0 0 1 0
*QZdij *bij Cij 1

for some cocycle {d;;} which gives rise to a nonzero class d € H'(O) at z = 0 such
that d, b, ¢ are linearly independent. In this case, the transition for |, x x is of the
form

1 0 0 0

0 1 0 0

(4.10) 0 0 1 0
=2dijl.=0 —bijlz=0 Cijle=0 1

by a local computation. Hence, the condition (1) of Proposition 2.8 is satisfied
because the bundle is obtained by three nonsplit extensions.

Suppose t5 represents the direction normal to D). Then we can use the same
curve we used in §4.3 and the transition of & is given by (4.6). More generally, the
transition of &5 restricted to the direction of any t3, not tangent to D), is of the
form

1+ 2055 Zbij 0 0

Z2Cij 1-— 25 0 0

(411) Zbij 0 1+ 2Qq5 0
72Zdij *bij Cij 1— 2045

mod 22 for some cocycle {d;;}. A local section of £ is of the form (sy, 259, 253, 254)
and by computing as in (4.5) starting with (4.11), we deduce that the transition
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for g|t3><X is of the form

1 0 0 0

Cij |z:0 1 0 0

(4.12) borlozo 0 1 0
—2d;jl.=0  —bijl:=0 Cijli=0 1

This implies that the bundle has a filtration by subbundles as in (4.8) obtained by
three nonsplit extensions. Hence &, x satisfies the condition (1) of Proposition
2.8.

Because the other conditions of Proposition 2.8 are trivially satisfied on the
stable part of U, we deduce that the holomorphic map p’ extends to the quotient
of U — D@ . So far, we extended p’ to the complement of the quotient of D@ N
(25(1) U 25(3)) which consists of points lying over A N 3.

4.5. Points in D® N (DM U D®)), In this subsection, we finally extend p’ to

everywhere in K and finish the proof of Theorem 4.1. We use the notation of §4.2.

By the slice theorem, we have a map V — K, biholomorphic onto a neighborhood

of the preimage of [O & O]. So it suffices to construct a holomorphic map VvV —8S.
We have a commutative diagram

Ve—— K

| b
Vie—— M,
where the vertical maps are blow-ups. We already constructed a holomorphic map
v:V—a Y(ANT)SL?2)) — S
Let x be any point in A NY/SL(2). From (4.2), z is represented by the orbit of
[ao _(;0} for some [a°] € H(X,O). The stabilizer of the point in SL(2) is C* and

0
the normal space Y to its orbit is isomorphic to CI @ C29~2 where C9 is the tangent

space of the blow-up H1(O) = blgH(0O) and C%92 = HY(0)/Ca® & H*(O)/Ca®.

Obviously, a neighborhood Y7 of 0 in Y is holomorphically embedded into Uy,
perpendicular to the SL(2)-orbit of the point [a°] and the vector bundle Fi|y, x x
has transition matrices of the form

1+ z1(ad; + a;)) 21bi;
4.13 “ J J .
( ) ( 21Cij 1-— Z1 (CL% + az-j)

Here a = {a;;},b = {bij},c = {ci;} are classes in H!(O), not parallel to a° if

—_~—

nonzero and 27 is the coordinate for the normal direction of PH'(O) in H'(O).

By Luna’s étale slice theorem, a neighborhood of the vertex of the cone Y /C*
is analytically equivalent to a neighborhood of z in Vi or M;. Let Y denote the
proper transform of Y7 in U. Then the image of Y in V is biholomorphic to a
neighborhood of a~!(z). Our goal is to construct a family of rank 4 bundles on
X parametrized by Y satisfying the conditions of Proposition 2.8. Then we can
conclude that v extends to a1 (x).
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Recall that we have a rank 2 bundle F; over Uy X X. Let Fy, = Fi|y,xx- Let
Dg) be the divisor in Y; given by z; = 0. Then from (4.13) we see that

]:Y1|D§,11>><X =000.
Let Fy, (resp. Fy,) be the kernel of
Fy, —>fY1|D<Y1>XX 200 -0
1

where the last arrow is the projection onto the first (resp. second) component.

From a local computation as in §4.1, the transition matrices of Fy. and Fy. are

respectively
<1 + z1(a; + aij) bij > <1 + z1(a; + aij) 22bi; >
zici 1—z1(ad; +aij))’ Cij 1 — z1(af; + aij)
In particular, 7y, and Fy, restricted to
Yy, =YiN{b=¢c=0}=YN(C'¢@0)CcCI®C¥ =Y
are given by transition matrices
(1 + z1(ad; + aiy) 0 )
0 1—2 (a?j + a;j)
and thus
F sy, xx = Ly, @ Ly

for some line bundle Ly, over By, x X.

Let Y5 be the proper transform of Y7 in Us by the blow-up (and subtraction of
unstable points) map Us — U;. In other words, Y5 is the blow-up of Y; along iyl
with unstable points removed. Let zo be the coordinate of the normal direction
of the exceptional divisor Dg) at a point [b,c] over (z1,a). Let Fj o, Fy, be the
pull-back of Fy. , Fy. to Yo x X respectively. Let Ly, denote the pull-back of Ly,

to DY) x X.
Let .7-'{,2 be the kernel of

! / -1
f2,0 - '7:270|D§,2)><X =Ly, ® ‘CYZ — Ly,
2
and Fy, be the kernel of
11 11 ~ —1 —1
Fa0 = ‘7:270|D§,22)><X = Ly, © Ly, — Ly,

Let Dg/lz ) be the proper transform of Dg/ll ), By a local computation, it is easy to see
that the trivial bundle O is a subbundle of both Fy, and Fy,

§4.3. Let &y, be the kernel of
‘7:;’2 ® ]:1/;2 - ‘Fg/z ® ‘7:52|D§,12)><X - ‘F;/z ® ‘7:52|D§,12)><X/O'

as in

‘Dg};xx |D§,12)><X

4 4 ! s ! /!
The inclusion &y, — Fy, & Fy, induces Ey, |D§,12)><X — Fy, © Fy, ‘D%)XX whose

image is the diagonal O. Hence &y, is a family of extensions of a line bundle

|D§,12> xX
by rank 3 bundles. This extension splits along ANYs; so that we have an embedding
of O into Ev,|Any, xx-
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Note that Y is the blow-up of Y5 along A NY; with unstable points removed.
Let £ be the pull-back of &y, to Y x X and Dg ) be the exceptional divisor while

Dg ) and Dg ) denote the proper transforms of D% ) and Dg ) respectively. Let € be
the kernel of

8)7 - 817|D$)><X - ?|D§f)><X/O

This is the desired family of semistable bundles of rank 4. Verifying that this
satisfies the conditions of Proposition 2.8 is a repetition of the computations in the
previous subsections and so we leave it to the reader.

5. BLOWING DOWN KIRWAN’S DESINGULARIZATION
In this section we show that the morphism
p: K— S

constructed in section 4, is in fact the result of two contractions. In [OGr99),

O’Grady worked out such contractions for the moduli space of sheaves on a K3

surface. We follow O’Grady’s arguments to show that K can be contracted twice
fo fe

(5.1) I K— K, — K,

and these contractions are actually blow-downs. Then we show that the map p

factors through K¢, i.e.

(5.2) K——t— 5

oA

K.

By Zariski’s main theorem, we will conclude that K. = S.

5.1. Contractions. Since the details are almost identical to section 3 of [OGr99],
we provide only the outline.

Let A (resp. B) be the tautological rank 2 (resp. rank 3) bundle over the
Grassmannian Gr(2,g) (resp. Gr(3,g)). Let W = sl(2)V be the dual vector space
of sl(2). Fix B € Gr(3,g). Then the variety of complete conics CC(B) is the
blow-up

@\/
P(S2B) +—2— CC(B) —25 P(S2BY)
of both of the spaces of conics in PB and PBY along the locus of rank 1 conics.

Proposition 5.1. (1) DWW is the variety of complete conics CC(B) over Gr(3,g).
In other words, DY) is the blow-up of the projective bundle P(S%B) along
the locus of rank 1 conics.

(2) There is an integer | such that

D® = P(S2A) X 2,9 P(CY /A D O(1)).

Hence D®) is a P2 x P9=2 bundle over Gr(2,g).
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(3) The intersection DM N DB s isomorphic to the fibred product
P(S2A) x P(C9/A)
over Gr(2,g). As a subvariety of DO, DONDG) s the exceptional divisor
of the blow-up CC(B) — P(S*BY).
(4) The intersection DM N D@ 0 DG s isomorphic to
P(S%2A); x P(CY/A)
over Gr(2,g) where P(S?A); denotes the locus of rank 1 quadratic forms.

(5) The intersection DMYND®) is the exceptional divisor of the blow-up CC(B) —
P(S°B).

Proof. The proofs are identical to (3.1.1), (3.5.1), and (3.5.4) in [OGr99]. O

Next, we consider some rational curves to be contracted. Define the following
classes in N1(D™) (the group of numerical equivalence classes of 1-cycles)

o := the class of lines in the fiber of ®}%
€ := the class of lines in the fiber of ®p

v := the class of {@;3 (gt) }ten

where {B;} is a line A of 3-dimensional subspaces in Gr(3,g) containing a fixed
2-dimensional space A with ¢ € S?A and ¢ is the induced quadratic form on B;.
To show that these form a basis of N; (D)) we consider the following diagram

p —L5 P(S2B)

y
Gr(3,9)

where 6 is the blow-up. Let h = ¢1(BY), = ¢1(Op(s2p)(1)) and e be the exceptional
divisor of . Then obviously h,,e form a basis of NY(DWM) which is dual to
Nl(D(l)). By elementary computation, the intersection pairing is given by the
table

_ o o >

€
o
Y
Hence, o, ¢, 7 form a basis of Ny (D).

Lemma 5.2. (1) [E(l)“CC(B) = 2z +e|ccp) for B € Gr(3,9).
(2) [D®]] ) = e
(3) [DW]|p) = 3z — 2h — 2e
(4) ©p50) = —(9 —4)h — 62 + 2e where © ) denotes the canonical divisor of
DM,

The proofs are identical to those of (3.2.3) - (3.2.5), (3.4.3) with obvious modi-
fications.

Let 6 = 1.0, € = 1,e and 4 = 1,y where 7 is the inclusion of DW into K.
By the above lemma, x,h,e are in the image of N!'(K) by restriction. Hence,
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NYK) — NY(DW) is surjective and dually 2, is injective. Consequently, &, ¢4
are linearly independent.

At this point, we can compute the discrepancy wx — m*wyy, of the canonical
divisors wx and wpy, .

Proposition 5.3.
wi — mwa, = (39 — 1)DW 4 (9 — 2)D@ 4 (29 — 2)D®
Proof. Obvious adaptation of the proof of (3.4.1) in [OGr99]. O

Corollary 5.4. For g > 3, My has terminal singularities and the plurigenera are
all trivial.

Proof. It is well-known that wpy, is anti-ample. Since the singularities are terminal,
TwWwi = wh,- 1t follows from spectral sequence and Kodaira’s vanishing theorem
that HO(K,wi@™) = HO(M(Mw%T) =0 for m > 0. O

Finally we can show that K can be blown-down twice.

Proposition 5.5. (1) 6,€ are wi -negative extremal rays. For g > 3, 4 is also
wg -negative extremal.

(2) The contraction K, of the ray RT6 is a smooth projective desingularization
of My. In fact, this is the contraction of the P(S?A)-direction of D®) . Since
the normal bundle is O(—1) up to tensoring a line bundle on P(CY/A @
O(1)), the contraction is a blow-down map.

(3) The image of € in N1(K,) is wk, -negative extremal ray and its contraction
K. is a smooth projective desingularization of My. This is the contraction
of the fiber direction of P(S?BY) — Gr(3,g) and is also a blow-down map.

The proofs are same as those of (3.0.2)-(3.0.4) in [OGr99].
5.2. Factorization of p. Now we can show the following
Theorem 5.6. p factors through K. and K. = S.

Proof. Let us consider the first contraction f, : K — K,. We claim that there is
a continuous map p, : K, — S such that p, o f, = p. (See the diagram (5.2).)
By Riemann’s extension theorem [Mum?76], it suffices to show that p is constant on
the fibers of f,. From Proposition 5.1, we know f, is the result of contracting the
fibers P? of

DB =P(52A) x P(CI/A® O(l)) — P(CY/A® O(1))

which amounts to forgetting the choice of b,¢ in the 2-dimensional subspace of
H'(O) spanned by b, c. We need only to check that the isomorphism classes of the
vector bundles given by (4.12) and (4.10) depend not on the particular choice of
b, ¢ but only on the points in P9~2-bundle P(CI/A® O(1)) — P(CI/A® O(1)) over
Gr(2,9).

From [BS90] Proposition 5, the isomorphism classes of bundles given by (4.12)
are parametrized by a vector bundle of rank g — 2 over Gr(2,g). In particular,
the isomorphism classes are independent of the choice of b,c. Hence the bundles
given by (4.12) are constant along the P(S2A)-direction. On the other hand, it is
elementary to show that a similar statement holds for the bundles given by (4.10).
Therefore, there exists a morphism p, : K, — S such that p, o f, = p.
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Next we show that p, factors through K.. The morphism f. : K, — K. is the
contraction of the fibers P° of

P(5?B) — Gr(3,9)

and general points of a fiber give rise to a rank 4 bundle whose transition matrices
are of the form (4.7). It is elementary to show that the isomorphism classes of
the bundles given by (4.7) depend only on the 3-dimensional subspace spanned by
a, b, c. Hence p, is constant along the fibers of f.. By Riemann’s extension theorem
again, we get a morphism p. : K. — S such that p. o f = p.

From [Bal88, BS90], p(D® —DMUD®) is a smooth divisor of S —p(DMUD®))
that lies over & — Zgg. Hence, we have a morphism from S — p(D™ U D®) to the
blow-up of My — Z3? along & — Z3% which is isomorphic to K — DM U D®) =
K. — f(DM U D®) by construction. Hence, p, is an isomorphism in codimension
one. Since K, and S are both smooth, Zariski’s main theorem says K. is isomorphic
to S. (]

Conjecture 5.7. The intermediate variety K, is the Narasimhan-Ramanan desin-
gularization.

We hope to get back to this conjecture in the future.

6. COHOMOLOGICAL CONSEQUENCES

6.1. Cohomology of Seshadri’s desingularization. In [Bal88, BS90], Balaji
and Seshadri show the Betti numbers of Seshadri’s desingularization S can be com-
puted, up to degree < 2g — 4. Thanks to the explicit description of S as the
blow-down of K, we can compute the Betti numbers in all degrees.

For a variety T, let

P(T) = i t* dim H*(T)
k=0

be the Poincaré series of T. In [Kir85], Kirwan described an algorithm for the
Poincaré series of a partial desingularization of a good quotient of a smooth projec-
tive variety and in [Kir86b] the algorithm was applied to the moduli space without
fixing the determinant. For P(M;) we use Kirwan’s algorithm in [Kir85].

By [AB82] §11 and [Kir86a), it is well-known that the equivariant Poincaré series
PE(R) =3, o, tF dim HE(R**) is
(1+13)%9 — 12972(1 4 t)%9

(1—t2)(1—1t%)

up to degrees as high as we want. In order to get R7° we blow up $8°° along GZ;SL@)
and delete the unstable strata. So we get

s . t2+t4+"'+t6‘q_2 t4g_2(1+t2+"'+t2g_2)
PO(R") = PE(R) + 279 - - e )-

PG (mss) —

Now fR5° is obtained by blowing up R3j® along GZz5 and deleting the unstable
strata. Thus we have
(6.1)
2 2 —
PO(RS) = PO(RS) (12 + 14+ - 4 ¢h970) (JEE0T 4 U | 929 20 )

_t2g72(1+i2j;;.+t2g—4)((1+t)29+22g(t2+t4_~_._.+t2g—2)).
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Because the stabilizers of the G action on R35° are all finite, we have
He(R3*) = H*(R3°/G) = H™ (M>)
and hence we deduce that

1443)29 42942 (1 44)%9
P(My) =t ()1—t2)(1—t(4) )
+22g(t2+t4+,..+t69—2 _ 492 (1442 4. 42972)
1—¢4 =2

2444 ag—6y(1 (4029 | 1 (1=1)%9 | 529434442972
+(E -+t (35 + 5 T + 2%l )

_t2§—2(1+§2__|;.2..+t29—4) ((1 + )29 4 229(¢2 4 ¢ 4. 4 t2g—2)).

(6.2)

Kirwan’s desingularization is the blow-up of My along A //SL(2) which is isomorphic
to the 229 copies of P(S2A) over Gr(2,g). Hence,

P(K) = P(My) +229(1 4+ t* + t*) P(Gr(2,9)) (t* + t* + - - - + £297%)

by [GH78] p. 605.1
On the other hand, K is the blow-up of K, along a PY~2-bundle over Gr(2, g).
Hence,

P(K,) =P(K) =221+ +---+ 29 P(Gr(2,9))(¢* + )

— P(Ms) + 229 P(Gr(2, g)) o

Similarly, K, is the blow-up of K, along a Gr(3,g) and thus

P(K.) =P(K,)—2%P(Gr(3,9))(t* + - + ')
= P(Mp) + 227 P(Gr(2,9)) 75— — 229P(Gr(3,9)) (2 + - + £1°).

1—t2

Since K. is isomorphic to Seshadri’s desingularization, we get

_ (14t3)%9 4292 (144)%9
P(S) = (- _ e,
2g (74t 4 4t°9 [ € 5 ok e kit w2
+2 g( 1=t P 12;t2 2)q 2 2g—2
_ 1+1)> 1) gg29—
(et 6)(%(1—22 +%(1+t)2 +22gt+1—tst4 )

_t2g—2(1+t2+...+t2g—4)((1 +t)2g +22g(t2 + 4 +---+t2972))

1—t2
1220 P(Gr (2, g)) Bt — 229P(Gr(3,9)) (2 + - - + 119).

By Schubert calculus [GH78], we have

(1 —129)(1 —t2972)
(1—-t2)(1—1t4

(1 —129)(1 — t2972)(1 — t297%)
(1 —t2)(1 —t4)(1—1t5)
and hence we obtained a closed formula for the Poincaré polynomial of S.
In [BS90], an algorithm for the Betti numbers only up to degree 2g—4 is provided.
It is an elementary exercise to check that in this range, their answer is identical to
ours.

P(Gr(2,9)) =

P(Gr(3,9)) =

IThe formula in [GHT8] is stated for smooth manifolds. But the same Mayer-Vietoris argument
gives us the same formula in our case (of orbifold M2 blown up along a smooth subvariety). The
only thing to be checked is that the pull-back homomorphism H*(M2) — H*(K) is injective but
this clearly holds by the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber.
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6.2. The stringy E-function. The stringy E-function is an invariant of singular
varieties introduced by Batyrev, Denef and Loeser, based on the suggestions by
Kontsevich. In [Kie03], the stringy E-function of My was computed for ¢ = 3 by
using the observation that the singularities are hypersurface singularities in this
case.? In this subsection, we compute the stringy E-function of M for arbitrary
genus. For the definition and some basic facts on the stringy E-functions, see the
introduction of [Kie03].

Since the discrepancy divisor is given by Proposition 5.3, our goal is to compute

Eq(Mo) = E(Mg) + E(D{V) izt + B(D(?) et + E(DY)) i

-‘rE(D((JLQ)) uv—1 uv—1 + E(D(()2>3)) uv—1 uv—1

(uv)39—1 (uv)9—1-1 (uv)9=1—-1 (uv)?29-1-1
(1,3 uv— uv— H(1,2,3 Uv— uv— uv—
+E(Dé )) (uv)?’glfl (uv)29*1171 + E(D((J )) (u'u)39171 (uv)gfllfl (uv)2g71171
where f)é” = NerD® — Uﬁgf)(j) for I C {1,2,3} and E denotes the Hodge-
Deligne polynomal.
The E-function of the smooth part is from [Kie03] §4,

< 1 2 1
E(M§) = E(Mp) - E(Dy") - B(Dy” — D3
_ (l—uzv)g(l—(iivz)g)—((1uv()g+)12()1—u)g(l—v)g
1—u)9(1—v)Y 14+uw)9(14+0v)9
_%(( 1)—’(111) ) + ( 1)-‘4-’(11,11 ) )

By Proposition 5.1, Dél) = DW —(D® U D®) is the union of 229 copies of
P? — P? x 7z, P2-bundle over G7(3,g) and thus

=)y, uv—1

= 2((u0)” = (o)) E(Cr(3,9) v

Since DSQ) is the quotient of a P9=2 x P9~2-bundle over Jacy — Zgg by the action
of Zs, the E-function of D(()2) is

~(2 wv—
B(DY) o=t

= (31— w91 =) + 31+ u) (1 +0)? = 22)B(PI2 x PI72)+ =iy

+(3L—w)? (1 —0)? = 3L+ u)I (1 +0)?) B(PI2 x PI72)~ =i
where
w0)? = 1)((w)r1 — 1)

(uv = 1)((uv)* — 1)
is the E-polynomial of the Zy-invariant part of H*(P9=2 x P9=2) and
((uwv)~! — D)((uv)?~2 — 1)
(uv — 1)((ww)? = 1)
is the E-polynomial of the anti-invariant part.
By Proposition 5.1, ﬁég) is the union of 229 copies of a (P? x P92 — P2 x P93 U

P! x P9=2)-bundle over Gr(2,g) and thus

E(PI2 xPI2)t = («

EPI2 xPI™2)" = o

uv — 1
(uv)29-1 —1°

uv — 1

503)
E(De) vz =1

= 229 (uwv)YE(Gr(2,9))

2There is a small error in [Kie03] page 1852. In line -3, a1 should be replaced by a% and thus
in line -1, the discrepancy divisor is 8D1 + D2 + 4D3 (cf. Proposition 5.3). The computation in
[Kie03] §7 should be accordingly modified. The correct formula for any g > 3 is proved in this
paper (Theorem 6.1).
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Notice that D(()172) is the disjoint union of 229 copies of a (P? — P!) x P2-bundle
over Gr(3,¢g) and thus

uy — 1 uv — 1
(uv)39 — 1 (uw)9—t —1°

B(DY ) i oo = () () ) E(Gr (3. 9)

Also, D{" is a (P2 — P') x P9=3-bundle over Gr(2, g) and thus

uv — 1 uv — 1

) uv)92 — 1 uv —1 uv—1
(uv)39 — 1 (uv)?9~1 —1

E(D(()LB) _ 22g(uv)2( E(Gr(2,9)) (o) —1 @) T 1"

uv — 1
Finally, a component of D(()2’3) is a P! x (P9=2 — P9~3)-bundle over Gr(2,g) and
a component of D(()LZ,S) is a P! x P9~3-bundle over Gr(2,g). Therefore,

uv — 1 uv — 1
(uv)9=1 — 1 (uv)29-1 -1

uv — 1 uv — 1
(uv)9=1 — 1 (uv)29-1 -1

E(D§*) = 229 (14w) (w)? 2 E(Gr (2, 9))

and
~(1,2,3 wv— wv— wv—
E(D(() )> (uv)Sglfl (u,u)g—llfl (uv)29*11—1

= 229(1 + ’LL’U) (W;)jizl—l E(GT(?, g)) uv—1 uv—1 uv—1

(uv)39—1 (uv)9—1-1 (uv)29-1-1"

Recall that

uv)d — 1) ((uww)9=1 — 1)
(uv — 1) ((wv)? — 1)
((w)? — D((wv)?~" = 1)((ww)?~2 — 1)

(w0 = D((w)? = D((w)® =1)
Putting together all the pieces above, we get

B(Gr(2,g)) = 1

E(Gr(3,9)) =

Theorem 6.1.

1—u20)9 (1—uv?)9 —(uv)9 T (1—u)? (1—v)?

Est(MO) = ( 2 (1—1)“1)((1—()“11)2() = :
g S G
2 1—uv 1+uv ’

Remark 6.2. It is well-known that the middle perversity intersection cohomology
of My is equipped with a Hodge structure and hence it makes sense to think about
the E-polynomial of the intersection cohomology. The computation of the Poincaré
polynomial of TH*(My) in [Kir86b] can be easily refined as in [EKO00] to give the
E-polynomial of TH*(My)
1—u20)9 (1—uv?)9 — (uv) 9T (1—u)9 (1—v)?
IE(My) = ( )9 ( (17111))((17()%)2() )?(1—v)

9= (1—)9(1—v)9 —1 (I4w)?(14v)?
(oo (OO (e Gty

See also [Kiem]. Quite surprisingly, when g is even, Eg(Mj) is identical to the E-
polynomial of the middle perversity intersection cohomology of M. This indicates
that there may be an unknown relation between the stringy E-function and the
intersection cohomology. When ¢ is odd, Es:(Mp) is not a polynomial.

Corollary 6.3. The stringy Euler number of My is
est(Mp) := limlESt(Mo) =4971,
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Let e4 be the stringy Euler number of the moduli space M for a genus g curve.
When g = 2, My = P2 and so ey = 4. Therefore the equality

st = gy
: 9 T 41 "4

holds for degree > 2. The coefficient % might be related to the “mysterious”

coefficient ; for the S-duality conjecture test in the K3 case in [VW94].
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