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1 Introduction

In this paper, we continue our study of the GW-invariants of algebraic surfaces with positive p,. We will
prove a deformation invariance of localized GW-invariants of surfaces, prove a degeneration formula of
localized GW-invariants of spin surfaces, and in the end prove the formulas of low degree GW-invariants
of surfaces with positive py conjectured by Maulik-Pandharipande.

In [7], in our attempt to understand Lee-Parker’s work [16] on GW-invariants of Kéhler surfaces with
positive pg, the authors constructed the cosection localized virtual class for a DM stack with a perfect
obstruction theory and a cosection of its obstruction sheaf; the algebro-geometric construction of such
cycles was completed after constructing the algebraic localized Gysin map [8]. Applied to the moduli of
stable morphisms to surfaces, this reproduces Lee-Parker’s localization of GW-invariants of surfaces with
positive pg.

Given an algebraic surface X, a holomorphic two-form 6 € T'(Q2%) induces a cosection (i.e., a homo-
morphism to the structure sheaf) of the obstruction sheaf

70 : Obpy L x.8y0 ™ Omy (x50

of the moduli of stable morphisms to X of not necessarily connected domains and of fundamental class
B € Ho(X,Z) (cf. Definition 2.1). Let Z(op) be the non-surjective locus of oy. On the one hand, the
cosection localized virtual class (cf. (2.3))

[Myn (X, 8)*Jioe € AxZ(00)
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coincides with the ordinary virtual class [M,, (X, 3)*]V'", after applying the push-forward A.Z(og) —
A M, (X,B)*. On the other hand, since Z(oy) consists of [u,C] € M, (X, 3)® such that u(C) C
671(0) (cf. Lemma 2.3), it points to that localized virtual cycle only depends on the infinitesimal structure
of X near D = 671(0).

In this paper, we prove a deformation invariance result. It applies to cases when X — T = Al
is the deformation of X to the normal bundle Np,x of a smooth canonical divisor D C X, or when
X — T is a family of spin surfaces (they are total spaces of theta characteristics over smooth curves (cf.
Example 2.5)). In each case we have a tautological holomorphic two-form © € T'(Q%).

Let X — T be a family as indicated. For ¢ € T a closed point and a class 8 # 0 € Ha(X,,Z), we let
O, € I'(Q2%) be the pull-back of © to X;; we form the moduli spaces of stable morphisms M, (X, 3)*
and M, ,,(X., §)°®. Using the two-form ©, and applying (8, Sect. 6], we obtain cosections og and o, of
the respective obstruction sheaves of M, (X, 8)® and M, ,(X;, 5)°, and then their respective cosection
localized virtual classes.

Theorem 1.1.  Let the notation be as stated, let Z(oe,) be the non-surjective locus of oe,, and let
Le : ¢ — T be the inclusion. Then we have

Mo (Xe, B)oe = telMun (X, 8)ige € AuZ(06,).-

The corresponding invariance in GW-invariants was proved in [16].

Given a smooth curve D and a theta characteristic L over D, we form the surface S, called a spin
surface, that is the total space of L; S has a tautological holomorphic two-form 6 € I'(Q%). Using its
cosection localized virtual cycle [M, (S, d[D])*]yx, d > 0, we can form the localized GW-invariants with
descendants

(Ton (1) * Ta (W) 3 10 Vi € H'(S,2Z).

(We use d to mean the class d[D].) The deformation invariance implies that the GW-invariants of an
algebraic surface X having a smooth canonical divisor D are equal to the GW-invariants of .S with the
choice L = Npx.

Conjecture 1.2.  Let X be a smooth minimal general type surface with positive p, > 0. Its GW-
invariants (- - >§g. vanish unless § is a non-negative integral multiple of c1(Kx). In case f = de1(Kx)
for an integer d > 0, we let (D,L) be a pair of a smooth projective curve of genus K% + 1 and its
theta characteristic with parity x(Ox), and let S be the total space of L. Then there is a canonical
homomorphism p: H*(X,Z) — H*(S,Z) so that for any classes v; € H*(X,Z) and integers «; > 0,
t=1,...,n,

(Tay (1) T ()35 = (Tar (P(0)) T, (P(10))) 0

This conjecture was proved by Lee-Parker [16] when X has a smooth canonical divisor.

The main technical part of our paper is to prove a degeneration formula for spin surfaces. Let S be a
spin surface that is the total space of a theta characteristic L over a smooth curve D. We pick a point
g€ D and let E =S xp q (the fiber of S over q); we then form X — A! the blowing up of S x Al along
E x0C S x Al The family X — A! has general fibers S and special fiber (over 0 € A) the union of two
surfaces: one is 9, which we denote by Y7, and the other is £ x P!, which we denote by Y>. Note that Y;
and Ys intersect transversally along F = Y7 N Ya.

We fix integers a,...,a, € ZZ°. Let u = (1, .. -5 [e(w)) be a partition of d. Using the holomorphic
two-form 6 on S = Y7, we define in Section 5 a localized relative GW-invariants of the pair (Y1, E):

Yi/E, e

<HTO‘J‘(’YJ)> EA*(eE(#))7 Vi EH*(S7Z>5

X, H,loc

where e denotes the intersection of F with the zero section of Y7 — D.
We fix a splitting n1 + ne = n, and adopt the intersection pairing

*x: ALE' x Al — 7, [E']-[pt] = 1.
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Theorem 1.3.  Let the situation be as stated, and let v; € HZ1(X) be classes such that for 1; : Y; — X
the inclusion, 15 (v;) =0 for i > nq and 13(v;) =0 for i < ny. Then we have the degeneration formula

S,e

X,d,loc

<jﬁ1mj(%)> =3 |Aulf(m| -<:]:[:Taj(vj)>Y1/E7. *< ﬁ Taj(yj)>Y2/E’.7

X1,4,loc j=ni+1 X2,

where <H;l:m+1 Ty (%»2/5. is the ordinary relative GW-invariant of the pair (Y2, E), and the sum-

mation is over all possible partitions p+ d and x = x1 + X2 — (w).

In the end, by applying this degeneration formula, and a calculation of low degree GW invariants of
surfaces [9], we prove the following low degree formulas originally conjectured by Maulik and Pandhari-
pande [21].

Theorem 1.4. Let X — D be a theta characteristic over a smooth curve of genus h. Let v € H*(D,Z)
be the Poincaré dual of a point in D. Then the degree one and two GW-invariants with descendants are

n Xye 0 L (o7 o
(Trtn) =0 O " 27 (1)

i=1 [D],loc =1
n X,o 0( ) n ol
Toy; (7)> = (—1)h L) ghtn—1 v (_2)047 (12)
<11:[1 2[D],loc };[1 (2a; + 1)!

The paper is organized as follows. In Section 2, the localized GW-invariants of not necessarily connected
domains are introduced. Section 3 is devoted to prove the deformation invariance. In Section 4 and
Section 5, we introduce localized relative GW-invariants of spin surfaces; in Section 6 we prove the

degeneration formula of GW-invariants of spin curves. Finally, in Section 7 we prove the formulas (1.1)
and (1.2).

Remarks on preprint [7]. In [16], Lee-Parker proved that a holomorphic two-form 6 on a Kéhler
surface localized its GW-invariants to a neighborhood of the locus of (6§ = 0). They conjectured a
general form of the GW-invariants of surfaces with non-trivial holomorphic two-forms 6, and proved that
a universal formula in case (¢ = 0) is smooth.

In searching for an algebro-geometric analogue of Lee-Parker’s work, the authors constructed the
cosection localized virtual cycles. This construction was presented in the preprint [7], which contains
a reduction of virtual normal cone at the presence of a cosection of obstruction sheaf, and defines the
cosection localized virtual cycle in Borel-Moore homology using an analytic version of localized Gysin map.
In the same preprint, they phrased a more general version of conjecture on the structure of GW-invariants
of surfaces with holomorphic two-forms (cf. Conjecture 1.2), and proved the Maulik-Pandharipande
formulas (Theorem 1.4) of low-degree GW-invariants of surfaces, assuming the degeneration formula
(Theorem 1.3).

Shortly after, in [14] Lee proved the Maulik-Pandharipande’s formulas of low degree GW-invariants by
developing a degeneration formula of localized GW-invariants of surfaces in symplectic geometry.

Later, the authors constructed the algebraic version of the localized Gysin map in [8]. Because the
construction of cosection localized virtual cycles has shown larger potential in applications in a wider range
of problems, we have grouped the basic construction of cosection localized virtual cycles, the algebraic
construction of localized Gysin map, and the application to GW-invariants of surfaces with holomorphic
two-forms in the preprint [8].

The part of [7] on explicit calculation of low degree GW-invariants of surfaces, and the formula relating
localized GW-invariants of spin surfaces with the twisted GW-invariants of surfaces form the preprint [9].

In this paper, we prove the deformation invariance, and the degeneration formula put forward in [7].
The proof is made possible after the algebraic construction of localized Gysin map.
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2 Localized GW-invariants

Let X be a smooth complex quasi-projective variety and § € Ho(X,Z) be a curve class. In this paper,
we focus on the moduli space of stable morphisms to X of not necessarily connected domains.
Definition 2.1. [23] We define M, (X, 5)* as the moduli stack of stable morphisms u:C — X of
not necessarily connected n-pointed nodal curves C' of Euler characteristic x(Oc) = x and of fundamental
class u«([C]) = B, such that the restriction of u to each connected component of C' is non-constant. We
call u stable when the automorphism group of u is finite.

Let 6 be a non-trivial holomorphic two-form on X. The construction of localized GW-invariants in [7]
can be applied to this moduli space. We divide M, (X, 3)*® into a disjoint union

Myn(X,8)* =M.,

r>1

where M, consists of stable morphisms [u, C] € M, (X, 3)® whose domains C have r connected compo-
nents. Let (7, f;) : C — M, x X be the universal family on M,. Then the cosection of the obstruction
sheaf of M, was constructed as a lift of (cf. [8, Sect. 6])

R [T "2 Rl 70 5 Rlmwe, ne, 25 O, (2.1)
When r = 1, the last homomorphism 1), is the Serre duality le*wcr /M, = On,. For r > 2, at each
closed & = [u, C] € M, we have

Rlﬂr*wcr/Mr R0y k(€) 2K, (2.2)

where the summands are indexed by the connected components of C. In this case, we define v, so
that ¢ : k®" — k is the summation map. Since the summation is independent of the indexing of the
summands of k¥", it extends to a global homomomorphism 1, as in the sequence (2.1).

Proposition 2.2.  The composite (2.1) lifts to a cosection of the obstruction sheaf of My (X, 3)®
op : ObMX,n(X,ﬁr — OMX,n(X,ﬁ)"

Proof.  Since M, C M, (X, )® is both open and closed, we only need to show that oy exists over
each M,.

We let 91, , be the Artin stack of n-pointed not necessarily connected nodal curves. By forgetting the
maps, we obtain ¢, : M, — 9, ,. The relative obstruction theory of M, — 9, , is given by

(R*mpa fiTx)" — Lo,

where Ly, is the cotangent complex of M,.. Its relative obstruction sheaf is R ... fTx, and its (absolute)
obstruction sheaf fits into the exact sequence

q;ﬂﬂg/ﬁx‘n — Rl’frr*f:TX — Oer — 0.

See [8, Sect. 6] for details.
Repeating the argument in [8, Sect. 6], we see that the arrow Rl fiTx — Rl‘JJCT/Mr in (2.1) factors
through
Obyi, — R'mpawe, o, -

Composed with the 1), constructed using the rule stated after (2.2), we obtain the desired cosection.
We now describe the locus Z(og) C My (X, 5)® where o fails to be surjective. We call a stable map
u:C — X -null if the composite

u (@) odu:Te,, — uTx

Creg — 7 u*Qx

Creg

reg

is trivial over the regular locus Cleg of C'.
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Lemma 2.3. [8] The locus Z(og) (i.e., the non-surjective locus of og) consists of all 0-null stable
morphisms in My (X, 5)°.

Proof.  This is proved in [8, Prop. 6.4] for M1 C M, (X, )°®. The case M, > is similar, using that for
every [u,C] € M, u restricted to each connected component of C' is non-constant. We omit the details
for it is a special case of Proposition 5.6.

Using the cosection oy and applying [8], we obtain a cosection localized virtual cycle

My (X, 8)* e € AuZ(0). (2.3)
In case Z(oy) is proper, one defines the localized GW-invariants of the pair
(Myn(X,8)*,00)

by pairing [M, (X, 8)*]\IX with the cohomology classes of M, (X, 3)*.

loc
Application to surfaces is particularly interesting.

Example 2.4. [16] When X is a smooth algebraic surface and § € H°(Q%) is a non-zero holomorphic
two form. Let D = (§ = 0) C X. Then for 8 # 0, Z(0p) is the union of M, (D, "), where
B' € Hyo(D,Z) run through all classes such that ¢.(8") = 8 with ¢ : D C X.

Note that in case D is smooth, Z(o) # () only if 8 is a positive integral multiple of [D]. Also,
when X is proper, the localized GW-invariants coincide with the ordinary GW-invariants of X [16] (see
also [8, Lemma 6.5]).

Example 2.5. (Spin surfaces) Let S be a spin surface, which is the total space of a theta characteristic
of a smooth curve D, i.e. L®? >~ Kp. Welet p: S — D be the projection. Since Kg = p* Kp®p*LY = p*L,
the identity section of p*L defines a section § € H°(2%), which we call the standard two-form on S. Since
6=1(0) = D is the zero-section of L and is proper, the localized GW-invariants of S are well-defined.

For a spin surface S associated with a theta characteristic L on D, and for v; € H*(X), a; € Z>9,
and v; the first Chern class of the relative cotangent line bundle of the domain curves at the i-th marked
point, using the evaluation morphism

ev: M, ,(S,d[D])* — 5",

we define the localized GW-invariant of S with descendants to be

S,e

(T () T, () S = [ v () U
[Myx,n (S,d[D]))}ix
In [16], Lee-Parker conjectured the structure of GW-invariants of Kéhler surfaces of positive p, in
terms of the structure of their canonical divisors. They proved the conjecture when the surfaces have
smooth canonical divisors.

We make the following conjecture.

Conjecture 2.6. [7] Let X be a smooth minimal general type surface with positive py. Its GW-
invariants <>§g vanish unless 8 is a non-negative integral multiple of ¢1(Kx). In the case 8 =
dei(Kx) for an integer d > 0, we let (D,L) be a pair of a smooth curve of genus K% + 1 and its
theta characteristic with parity x(Ox), and let S be the total space of L. Then there is a canonical
homomorphism p: H*(X,Z) — H*(S,Z) so that for classes v; € H*(X,Z) and integers c; > 0,

(Tar (1) -+ Ta, ()5 = (o (P(12)) -+ T (0(1))) 5 B

Using a deformation argument, one can verify the conjecture in several cases where the singularity of
a canonical divisor of X is relatively simple.
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3 Surfaces with smooth canonical divisors

Like the ordinary GW-invariants, the localized GW-invariants are expected to remain constant under
deformation of complex structures. In the following, we shall prove this for the circumstances relevant to
our study.

We consider a smooth family X' /T of quasi-projective varieties over a connected smooth affine curve
T; we assume that this family admits a regular (relative) homomorphic two-form © € I'(X, Q% 7). We
let 5 € Ha(X,Z) be a (fiber) curve class and denote by

Mrp = My (X/T,B)°

the moduli space of stable morphisms (of not necessarily connected domains) to fibers of X /T of funda-
mental class 8. For closed t € T, we write

Mt:MT XT(J):MXJL(Xt,ﬁ), Xt:XXTt.

Let f:C — X and m:C — My be the universal family of this moduli stack; let x € H*(X,Tx,r) be
the Kodaira-Spencer class of the first order deformation of X'/T— it is the extension class of the exact
sequence of sheaves of tangent bundles

0 — Tx/r — Tx — Ox — 0.

As shown in [3,20], the obstruction sheaf Obyy,. and its relative obstruction sheaf Obyy, /7, which is the
sheaf whose restriction to each fiber M; is the obstruction sheaf Oby, of M, fit into the exact diagram:

mf O0x —I5 Rz, T —0 ker(Rim. f*Ta — Rim f*Oy)

H surjl surjl (3.1)

T f*Ox ——  Obyyr  — Obus,.

Applying the previous construction, we check that the form © induces a cosection of R'm, f* 7Ty /7 that
descends to a cosection

0o : ObMT/T — OMT- (3.2)

The restriction of ¢ to each fiber M; is the previously constructed cosection og, of Obys,. We let Z(o)
be the union of Z(ce,) C M; for all t € T
Suppose that Z(o) is proper over T, for each ¢t € T we can define the localized GW-invariants of X;:

(Tar (1) Ta,, ('Yn)>;té,.locv Vi € HY(X,Z).

The deformation invariance principle states that the above is independent of ¢. In this section, we shall
prove this principle for the localized GW-invariants for the circumstances relevant to our study.

According to [8, Thm. 5.2], the constancy of the localized GW-invariants follows from the lifting of
the homomorphism og to a homomorphism

0o : ObMT — OMT, (33)
which by the lower exact sequence in (3.1) amounts to the vanishing of the composite
W*f*OX _>ObMT/TE>OMT- (34)

Lemma 3.1.  Suppose that the relative holomorphic two-form © € F(Q/Q.,(/T) is the image of a © €
[(Q%) via Qx — Qx 7. Then the lifting 6o in (3.3) exists.
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Proof.  This is because the form © defines a homomorphism R, f*Tx — Ong, like in (2.1) with X
replaced by X, which is compatible with the cosection of R, f* T 7. Because of the sequence (3.1),
we see that the composite (3.4) is trivial.

We now prove the vanishing of the composite (3.4) in some special situation without assuming the
existence of ©. The first case is the deformation to the normal bundle of a smooth canonical divisor in a
surface X. Let (X, ) be a pair of a smooth surface and a holomorphic two-form with smooth D = 6~1(0).
By blowing up X x Al along D x 0, and removing the proper transform of X x 0 in the blown-up, we
obtain a family of surfaces 7 : Z — Al whose fiber over t # 0 is X and whose fiber over 0 € Al is a spin
surface that is the total space of the normal bundle Np,x.

Using the projection mx : Z — X, we obtain the pull back 7%6. We claim that the t~27%6 in-
duces a family of relative holomorphic two-form whose restriction to Zy is proportional to the standard
holomorphic two-form on Zj.

Let U C X be an analytic open neighborhood of D with analytic coordinate functions (z1, z2) so that
O|lu = z2dz1 A dze. Then 77;(1([] ) has analytic coordinate (21,t,&) with 2o =t - £. The pull-back

0]y = t2€dzy A dE +t&%dzy Adt € T(QF)
has its image in F(Q?J/Al) of the form

(T30l )y = € dz1 N dE € T )

This proves that the image of t ~27%6 in Qg( /AL is a regular relative holomorphic two-form whose restriction
to Z; = X (t #0) and Z; are proportional to the form 6 and the standard two-form on Z, respectively.
We let

0= (t*%r;(e)xml € I‘(Q%(/Al)
be this family of relative holomorphic forms.

Proposition 3.2. Let X — Al be the deformation of X to the normal bundle Np,x, and let © be
the relative holomorphic two-form specified above. Then the associated cosection oo in (3.2) lifts to a
cosection o as in (3.3).

Proof.  Welet  =d[D], and let M = M, ,(X/T, /). Following the diagram (3.1), we need to show
that the composite §
7 f*Ox 25 R f*Tae jr — Obig, jr 2% Oty (3.5)

is zero, where & is the Kodaira-Spencer class. In this case, since Z — Al over Al — 0 is the constant
family, & is trivial over Z xu (Al —0).

We now consider Xy C X. Let Dy C Xy be the intersection of X with the proper transform of D x Al C
X x Al. Then Tx|p, = Tx,|p, ® Op,- Since Xj is a line bundle over Dy, we have Tx|x, = T, |x, ® O, -
This shows that » restricted to Xp is a trivial cohomology class in H'(Xp, T, ). In particular, f*x = 0
in (3.5). This proves the proposition.

We next consider the case where X is a smooth family of spin surfaces. We let D — T be a smooth
family of curves and £ be a family of theta characteristics of D/T; i.e. £%2 = Qp s7- The total spaces
X of £ form a family of spin surfaces. We let © € T'(X, Q3 /T) be the standard relative holomorphic
two-form. We let 8 € Ha(X,Z) be the class generated by a d-multiple of the zero section of one of X;.
As before, we denote M, (X /T, 5)® by Mr.

Proposition 3.3.  The conclusion of Proposition 3.2 holds for the family of spin surfaces X and its
associated two-form ©.

Proof. Let 0 € T be a closed point. We first check that restricting to Ay the Kodaira-Spencer class
ko € HY(Xo,Tx,) of the family X has the following property: Let (fo,Co) be the universal family of
My = My (X, B)®. Then the composite

T f O I Rl T — Oy 228 O, (3.6)
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is locally constant.

We first describe the Kodaira-Spencer class xg, which depends on the family D. For simplicity, we
shall work with the analytic charts of Dy = D x, 0. We pick an analytic open U C Dy so that U is
isomorphic to the unit disk A € C. We then let V = Dy — A with A C U a compact subset so that
U — A is isomorphic to an annulus. The two open sets U and V form an open covering of Dy. Since
HY(Ty) = HY(Ty) = 0, H*(Tyny) — H'(Tp,) is surjective. Hence, for small ¢ the family D; can be
realized by an analytic deformation of the gluing map

U>UNV =UNVCV.

In concrete terms, if we let 2z and w be the analytic coordinates of U and V near UNV, and let z = h(w, 0)
be the identity map of U NV in coordinate variables z and w, then D, can be realized by gluing U and
V via z = h(w, t) with h(w,t) an analytic deformation of h(w,0).

To proceed, we need the transition function of X;. Because D; = U UV, the surface A} is the union of
the total space of Ké and Ké To build a transition function of X;, we let £ = (dz)2 and n = (dw)? be

1 1 .
bases of K7 and K} over U NV. Then by adopting the convention that h, = 353 and h = ‘fi’;, the two

pairs of local charts (z,£) and (w,n) are related by
z=h(w,t) and &= (hw)én.

Accordingly, the Kodaira-Spencer class of the first order deformation of X} at ¢ = 0 can be represented

(i 9 Ehy O
t_0_<h'az+2hw'ag>

1 1
Because over K; N K, the standard holomorphic two-form is ©¢ = £ d§ A dz, the contraction is

by Cech 1-cocycle

mo(UﬂV):(dh o d . a)

at 9x " dt((h”)gn) o€

t=0

. 1 ..
Oo (ko) = —Eh dE + 2§2hwh;1dz.
T O
Therefore, using h, = hy, . = —hywhyt,
(O (ko)) = —Eh.dz N dE + Ehyhy dé N dz = 0.

Combined with the fact that 90 (ko) = 0, we see that the form Og(kg) is d-closed.

The lemma now follows easily. We let p: Xy — D be the projection and let W C My be the (analytic)
open subset consisting of those u:C' — Ay so that pow:C — Dy are unramified over U N V. We then
pick an oriented embedded circle S* C UNV that separates the two boundary components of U NV. An
easy argument shows that the homomorphism (3.6) is the function, up to sign,

[u,Cl e W +— O (ko) € C.
ufl(Sl)

Because Oq (ko) is d-closed, this integral only depends on the topological class of u~1(S), hence it must
be locally constant over W. But then this constant must be zero since it vanishes on those u so that
u(C) C Dy C Ap, and since by dilation along fibers of £y each u:C — A can be deformed to a stable
map from C to Dy C Xy within W. This shows that (3.6) is zero over W.

Finally, we observe that for each stable map in My, we can choose U C Dy so that this stable map
lies in the W associated with U. Therefore (3.6) must be zero on all My, completing the proof of the
lemma.

These two deformation invariance properties provide an algebro-geometric proof of Conjecture 2.6 in
case X has a smooth canonical divisor, which was originally proved in [16].
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4 A degeneration formula

One of the major tools in studying GW-invariants of varieties is the degeneration formula. The symplectic
version of this theory is completed in [6,19]; the algebraic version of this theory is developed by the second
author in [17,18]. In this section, we will work out a parallel theory of localized relative GW-invariants
and prove a degeneration formula for spin surfaces. The degeneration will be used to prove a conjetured
formula of low degree GW-invariants of surfaces [21].

We continue to denote by S a spin surface that is the total space of a theta-chracteristic L on a smooth
curve D. We pick a point ¢ € D and denote by E C S the fiber of S over ¢; we blow up S x Al along
E x 0 to obtain a family X over A! whose fiber over t # 0 € Al is the original S, and its central fiber
Xo := X x 0 is the union of S with E x P!, intersecting transversally along E C S and E x 0 C E x P..
To distinguish the S C &) from &; =& S, we denote by Y7 C Ay the component S C Xy and denote
E xP' C &) by Y5. We denote E = Y; N Y5, viewed as a divisor in both Y; and Y5. Let e € E be the
intersection point of E with the zero section of Y7 — D.

The family & is the total space of a line bundle £ on the blow-up of D x Al along (g,0). We let D be this
blow-up. The line bundle £ is the pull-back of L via the composite of the projections D — D x Al — D.

The total space X has a holomorphic two-form by pulling back the standard two-form 6 on S:

O =70 (N%), 7mg: X = SxA — 8. 4.1
S X

We will show that this holomorphic two-form defines a cosection of the obstruction sheaf of the moduli
of stable morphisms to the family &X' /Al in the sense of [18]. The cosection localized virtual cycle of this
moduli space is the bridge to prove the degeneration formula for the localized GW-invariants.

The moduli of stable morphisms to X /Al constructed in [17] is the moduli of stable morphisms to the
stack of expanded degenerations X of X'/A!, whose construction we now recall. To each integer m > 0,
we let A1 — Al be (21,...,2m+1) = 21 Zm+1, and let the expanded degeneration

X[m] — A™T!

be the small resolution of X, := X xu A™T! characterized by the properties:

1. for each t € A™T! the fiber X[m]g := X[m] X pm+1 t is a surface with normal crossing singularities;

2. in case t = (¢;) has exactly k vanishing ¢;’s, the irreducible components of X[m] are Y1 =5, (k—1)
copies of A :=P! x Al, and Yo = E x P! (in case k > 0), with a chain like intersection patten;

3. the union of the fibers of X[m] over the i-th coordinate line in A™*! is a smoothing of the i-th
singular divisor of X[m]o, following the convention that Y3 C X[m]o is the 0-th component; Y3 is the
(m + 1)-th component, and the i-th singular divisor is the intersection of the i-th and the (i + 1)-th
irreducible components of X[m]o.

The (C*)™ action on A™*! via

(2)7 = (121, 7] 'T222, oy T 2mtn)

lifts to a unique action on X[m] — A™*+1. This group action defines a class of equivalences of X[m].
The space X[m] has another class of partial equivalences. For 1 < i < m + 1, we denote by

Aerl — Ai—l % 1 % Am—i+1 C Am—‘—l

zi=1

the hypersurface parallel to the coordinate hyperplane (z; = 0) and passing through (1,...,1). Following
the construction, we have a canonical isomorphism

1 X[m — 1] — X[m] X gmsr AT (4.2)

zi=1"
By a direct inspection, via the inclusion

(C)m = (€)' x {1} x (C)™ ()™, (4.3)
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the inclusion 7; is (C*)™~1 equivariant.
Using the standard isomorphism C* = Al — 0 and C*-action induced by the i-th factor of C* in (C*)™,
we obtain an isomorphism

B Xfm — 1] x (Al = 0) = X[m] X gms1 (A™F — ATEL), (4.4)

where A;’:Zé is the coordinate hyperplane z; = 0 in A™+1,

We define the stack [X[m]/~] be X[m] quotient by the equivalence relations generated by the (C*)™-
action and the equivalences 7; o ij’l (cf. (4.4)) for all possible ¢ < j. Using (4.2), we have inclusion
[X[m]/~] C [X[m + 1]/ ~]; we define

X = lim [X[m]/~].

It was shown in [17] that X is an Artin stack.

We next recall the construction of expanded relative pairs. We let E C Y be either E C Y7 or F C Y5.
Inductively,

1. we let Y[0] =Y and E[0] = E;

2. after E[i] C Y[i] and Y[i] — A® are constructed, we let Y[i + 1] be the blow-up of Y[i] x Al along
Eli] x 0, let E[i + 1] be the proper transform of E[i] x Al, and let Y[i + 1] — A’™! be induced by
Y]i] x Al — A" x Al = ATFL
Note that the central fiber Y]i] x 4: 0 is the union of Y with ¢ copies of A’s.

We denote by Y[m] the pair of a variety and a divisor plus the projection:

Y[m] = (Y[m], Elm]),  Y[m] — A™. (4.5)

The standard (C*)™ action (2)™ = (1121, ..., Tmzm) on A™ lifts to a (C*)™ action on Y[m]/A™. Also,
for each 1 < i < m, we have isomorphisms and inclusions

752 V[m — 1] =5 Y[m] xam AT_, C Y]m)], (4.6)
which is (C*)™~!-equivariant via the group homomorphism (4.3), and the isomorphisms
Ji s VIm —1] x (Al = 0) =5 Y[m] xam (A™ — AT_). (4.7)

We define [Y[m]/~] to be Y[m] quotiented by the equivalences generated by the (C*)™ action and the
isomorphisms j; o (j;) 7! for all i # j. Using (4.6), we have inclusions

Y]/ ~] — [Vim +1]/~];

we define
D = lim [Yfm]/ ~].

It is an Artin stack.
The families X[m], Y1[k] and Yz[k]") are related by the following decomposition:

X[m] X pm+r A'_g = Vi[i] x A™7P U Yalm — i+ 1] x A, 1<i<m+1,

which is a union of two smooth varieties (as shown) intersecting transversally along a smooth divisor.
Passing to limits, we obtain a co-fiber product

E — 2

l l (4.8)

gg — X xun0.

1) Yi[m] is Y[m] with Y replaced by Yi; same for Y1 and 9)1.
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We introduce three more stacks. Using that S is (the total space of) a line bundle over D, the zero
section D C S provides us with closed substacks ©® C X and By C Q)i via fiber products

@Z.%XSD and %k:@k XsD. (49)

Here since the projection g : X — S (cf. (4.1)) induces projections X[m] — S that commute with
the equivalence relations defining X, we have the induced X — S; similarly, for projections ), — S for
k =1,2. The fiber products above use these projections.

Like X, we can construct © from quotients [D[m]/~], where D[m| = X[m] x g D are small resolutions of
D x o A™FL parallel to the construction of X[m]. By the same reason, if we let By C Yj, be By = Y, xg D
with relative divisor e = EN By, By, is the stack of expanded relative pair (By,e). By construction, both
D /Al and By, are proper.

We next recall the moduli stack M, (%, d)® of stable morphisms to X of the given topological type and
its key ingredients relevant to this paper. We form the moduli stack M, ,,(X[m],d)*® of stable morphisms
to X[m] of domain curves with indicated topological type and of fundamental classes d-multiple of the
zero section of X[m]¢ for some t € A™F1. (The zero section is X [m]¢ xg D.)

Let ¢ : X[m] — X be the tautological morphism from the definition of X. For £ = [u, (] €
My n(X[m],d)®, we let () be the induced morphism ¢ ow : C' — X. Following the definition of X,
given ¢ = [u,C] and & = [v/,C'] € M, o(X[m],d)®, 1(§) = ¢(u') if there is a pair (¢,7) of an isomor-
phism ¢ : C — C’ of pointed curves and 7 € (C*)™ so that 7-u=wuo .

Definition 4.1.  We define an equivalence & ~x £ to be a pair (¢, ) that makes 1(§) = v(u'). We
define Autx(§) to be the set of self-equivalences of &; it is a group.

We call € = [u, C] a stable morphism to X if u : C — X[m] is pre-deformable? and | Autx(€)| < co.

We let

st
X,

M (X[m],d)* C My n(X[m],d)*
be the locally closed substack of stable morphisms (to X). Because of the finite stabilizer assumption,

M (X[m],d)*/(C*)™ is a DM-stack.

X,n
Proposition 4.2. [17, Thm. 3.10] The moduli stack M, ,(X,d)® of stable morphisms to X of the
given topological type is a separated DM-stack over A'. The set of its closed points is

Mon(X,d)*(C) = [ (M}, (X[m], d)*(C))/ ~x .

m=0

For each m, the tautological

M (X[m],d)* /(CH)™ — My (X, d)° (4.10)

xX,n

is finite and étale. For large m, (4.10) is surjective. For ¢ # 0 € Al, canonically
My (Xe, d)® = My n(X,d)* xp ¢ =2 My 0(S,d)°.

We define the moduli of relative stable morphisms of not necessarily connected domains in Y = (Y, E),
where Y = Y7 or Ya. We pick a partition y = (u1 < -+ < pe) of d, (we write £ = £(u),) and for (x,n)
and an m > 0, we call a stable map

U::(C,pl,~-~,pn,q1,...,q5)—>Y[m] (411)
in My, n40(Y[m],d)® of the contact type p if as divisors
W Em) = 3 g

(Here, the stable maps having fundamental classes u,[C] are d-multiples of the zero sections of Y[m]s,
te A™)

2) We refer the definition of pre-deformability to [17]; it is repeated in this paper in Remark 5.2. It was proved that
pre-deformability is a locally closed condition.
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Definition 4.3. [17] For two stable maps u and v’ to Y[m], we define an equivalence u ~g v’ to be a
pair (¢, T) of an isomorphism ¢ : C — C' as pointed curves and 7 € (C*)™ so that 7-u = u o p. We
define Auty) (u) to be the set of self-equivalences of u; it is a group.

We call u a stable relative morphism of type p to Q) if u has the contact type p, it is pre-deformable
and the group Auty (u) is finite.

We let

st

MVl p)* € My npe(Yim], d)®
be the locally closed substack of stable relative morphisms in My, ,4¢(Y[m],d)® (cf. [17]). Because of the
finiteness of Auty assumption, M;ﬁn(y[m], 1)®/(C*)™ is a DM-stack.
We list the relevant property of the stack M, (2, 1)® of the stable relative morphisms of type u to
9 proved in [17].
Proposition 4.4. [17, Thm. 4.10] The moduli stack My (), 1)® is a separated DM-stack. As sets,

M@, 0)°(C) = [T M, (VIm], 1)*(C))/ ~y -
m2>=0
For each m, the tautological
ML lm], 1) (C)™ — Mya(D, 1)° (4.12)

is finite and étale; for large m, it is surjective.

The moduli space My (2, u1)® has two evaluation morphisms: one ordinary and one special: for
w:C — Y[m] in M, (D, p)*, letting @ be the composite C' — Y[m] 2= Y, we define

ev(u) = (a(p1),....u(pa)) €Y", &v(u) = (alaqr),...,alq)) € B, €= L(n).

Using the co-fiber product (4.8), we have the gluing construction which we recall now. For an integer
n, we denote [n] = {1,...,n}. We let

v=(pFdix=x14x2—pn); A:[n1] = [n] order preserving). (4.13)
(The role of A will be clear shortly.) Using the special evaluation morphism, we define

M(@1 U @27’7). = MX1,n1 (igl?/‘). X pew) MXz,nz (@27/‘).' (414)

We recall the construction of the gluing morphism
U, M1 UD2,7)* — My n(Xo,d)® := My n(X,d)® xu 0. (4.15)

Given (u1,u2) € M(91UQ2,7), and suppose that u; are of the forms w; : C; — Y;[m;] for some m;, with
ordinary marked points pi,...,p’ and special marked points qi,..., g},

1. we let C = Cy UCy/~, where ~ is identifying qjl. € Cy with q?. € C, for all j;

2. using (4.8), u; and ug patch to form a morphism u : C' — X[m]y, where m = my + mo;

3. we let X : [np] — [n] be the complement of A%, and define the marked points py, ..., Pn, +n, of C to
be paj) = p; and pa ;) = p3-
By construction, we see that x(Oc) = x1 + x2 — ¢, and thus [u,C] € M, ,(X,d)*. Working out the
family version of this construction, we obtain the gluing morphism (4.15).

Let T" be the collection of all possible v in (4.13). It is clear that the union of the images of ¥, for all
v € T surjects onto M, (X0, d)®.

We now state the degeneration of localized virtual classes. Recall that since ® C X is a substack, we
have canonical inclusion My, (D, d)* C My (X, d)*. For c € A, we let

te: My n(De,d)® := My n(D,d)® xp ¢ — M, o (D,d)*

3) Here, [n] = {1,...,n}; X is order preserving so that A([n1]) U X ([n2]) = [n1 + n2].
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be the fiber over ¢ and its tautological embedding; we let
L AMyn(D,d)* — A, Moy (Do, d)®

be the associated Gysin map.
We also need the following commutative square. Given v € T' (cf. (4.13)), we let

M(%l U %277). = MXl,nl (%hlu). X pew) MXQ,TLQ (%27/0.-

We claim that the following commutative square is a Cartesian square:

M(%l U%277). L} Mthl (%1,/1)' X MXQJQ(QJQ),U).
le"v l(év,e’v) (416)
diag

Eé(p) Ee(#) X Ee(ﬂ).

Indeed, because Y2 — Bs is the trivial line bundle, the induced morphism (by composing u : C' — Y2[m]
with Ya[m] — Ba[m])
MX27TL2 (2)27 ,U). — MXQ,TLQ (%27 ,U).

is a fiber bundle with fibers (A')", where r is the number of connected components of the domain curves,
which varies over different connected components of My, »,(22, ). Because a relative stable map
[u,C] € My, 5, (Y2, 1)® restricted to every connected component of its domain is non-constant,

Mz ns (D2, 1)* X gew et = My, ns (B, 1)°.

(Recall e = E N By, and My, n, (D2, 1)® — EXM) is via special evaluation.) This proves that (4.16) is a
Cartesian square. We let

&' A, (MX1,n1 (B1,1)* X Myyn, (@27,”).) — AM(B1UB,7)°
be the associated Gysin map. We let
¢,Y : M(%l LJ %2,’}/). — Mx,n(©0>d). (417)

be induced by the gluing morphism V..
Let
My (S, d)*]ige € AsMy (D, d)*

be the localized virtual class constructed in [8] (and Section 2) that defines the localized GW-invariants
of S.

Theorem 4.5. The holomorphic two-form © on X and its restriction to Yy define cosection localized
virtual classes

Mo (X,d)° 00 € AMyn(D,d)%, M1, 1) Tioe € AcMyn (B, 1)
these classes fit into the identities
LeMon (X,d)Tioe = Mon (S, d)*ioe € Au(Myn(D,d)*), ¢ #0€ AL (4.18)
1 e7vir :u' ! e vir
U M s x7d Voc = ¢ *6 M 1,11 ) Voc
0[ X ( ) ]l ; |Aut(u)|( ’Y) ([ X (@1 :u) ]1
X [sz,nz(%,u)']“r) € AM,y n(Do,d)". (4.19)

Here p! = py -+~ pgy and Aut(p) consists of all permutations o € Sy, so that p; = pia() for all i.
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The proof of this theorem will occupy the next two sections.
This theorem implies the degeneration formula of the localized GW-invariants of X. We pick classes
~vi € H*(Y7) and non-negative integers «;; we define the reduced relative GW-invariants

<Ta1 (’yl) T Tan (’yn)>3;llifo,c. € A*GZ(M)

to be the direct image

vir

SV (ev (3 X -+ X ) - 5T - 0 Mo (D1, 1)) 1) € A9, (4.20)

Here 9; is the 9 class of the universal curve of M, (Y1, 1)*® associated with the i-th marked points.
Since the localized virtual class lies in A, M, ,(B1,)®, the class (4.20) lies in /() c B4,

For Yo = (Y2, FE), we take the virtual cycle of M, (92, 1)® using its perfect obstruction theory
constructed in [18]:

[Mx,n(@% ,U).]Vir € A*Mx,n@j% M).-

Since Y> = By x Al and F is one of the Al in the product, the special evaluation morphism
&t Myn(Da,p)* — B

is proper. Using the proper push-forward, we define

(Tar (1) Ta, (W) 2, 7° € ALE'W) (4.21)
to be (4.20) with [-]/I* replaced by [My n (D2, u)*]V".
We fix integers aq,...,a, € ZZ%; a splitting n; + no = n and classes 7; € HZ'(X) such that for

ti : Y; = X the inclusion, ¢ (y;) = 0 for ¢ > n; and ¢3(y;) = 0 for ¢ < n1. We also adopt the intersection
pairing
*x: AE' x Al — 7, [E']-[pt] = 1.

Theorem 4.6.  Let the situation be as stated. We have the degeneration formula
n S,e ,U' n1 Y1/E,e n Y2/E,e
() =5 gy () o TL i)
j=1 X, d,loc K j=1 X1,ploc j=ni+1 X2,

Here the summation is over all possible partitions u 't d and x = x1 + x2 — ().

Proof.  Applying the class version of the degeneration formulas in Theorem 4.5, we obtain the formula
in the statement of the theorem with summation over all possible partitions u - d, x = x1 + x2 — £()
and A : [n1] — [n]. Using the assumption ¢ (y;) = 0 for i > n; and ¢5(7y;) = 0 for i < ny, we see that the
terms in the summation may possibly be non-vanishing only if A([n1]) = {1,...,n1} C [n]. This proves
the theorem.

5 Obstruction sheaves and their cosections

We prove Theorem 4.6 in this section and the next one. Our first step is to construct the cosection localized
virtual class of M, (X, d)®. As constructed in [18], its perfect obstruction theory is the descent of that of
Mf:n(X [m],d)®. For simplicity, we denote M, = M;fn(X [m],d). Following [18], the obstruction sheaf
of M, is the cohomology sheaf h?(&*) of a Céch complex &® whose construction we now recall.

We begin with preferred charts of the universal family of M,,:
(fm,™m) : Cp — X[m] X My, P C Cy,  marked points.

We call U/V an étale chart of Cy,,/M,, if U is an affine scheme over V, and they fit into a commutative

square with étale horizontal arrows
U —— Cn,

l l (5.1)

YV —— M,,.
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Given U/V an étale chart of C,,, /M., we let Cyy = Cp, X 01, U, and let fi; : Cyy — X’[m] be the morphisms
induced by fo, : Cn — X[m]. We let z; € I'(Opm+1) be the i-th coordinate function of A™*1.

Definition 5.1.  We call (U/V, fu, (wi1, Wi 2)1<i<m+1) @ preferred chart of fu, if

(1) U/V is an étale chart of Cpy /M ;

(2) there is a Zariski open W C X[m] such that fu(U) C W, and

(3) wi,1, w2 € T(Ow) such that w; 1 - wi2 = p*(2z;), and both w; 1 =0 and w; 2 = 0 are smooth for all
i, where p: W — A™T1 4s the composite W C X[m] — A™F1.

Recall that WN (p*(z;) = 0) C W is a divisor of normal crossing singularity; the choice of (w; 1, w; 2)
ensures that (w; 1 = w; 2 = 0) C W is the singular locus of W N (p*(z;) = 0).
Remark 5.2.  Using preferred charts, we can describe the notion of pre-deformable as follows. Let
D; = (w;;1 = w2 = 0) C W. Suppose fl;l(Di) # (. We let U; (resp. f)l) be the formal completion of
U (resp. V) along f;;*(D;) (resp. € (2 = 0)). (The morphisms ¢ and others are shown in the squares
below.)

u s ow (@i, =0) —S— T2y W
T
v L amt (0 =0) —S v S pAmtL,

Then after shrinking ¢/, if necessary, that f is pre-deformable along f;,;*(D;) is equivalent to that there
are U;,1, U2 € I'(Oy), 0 € I'(Oy) and an integer n; so that @;; = 0 and ;2 = 0 are families of smooth
curves over U; = 0,

ZA’Z‘}l = f;(w:ﬁ% 2@2 = f;(w%) and fLLl '/&7;2 = 71';(’[%)

Let (U/V,w;1,w;z2) be a preferred chart. We define F(U,f;’;ﬂx[m])T to be the set of data (cf. [18,
Sect. 1.2])

(% (ni,1>7]i,2)1<i<m+1) el'U, fﬁlﬁgc[m]) ® F(Ou)@(2m+2)
such that forall 1 <i<m+1and j=1,2,
e(frmdwij) = fr(wij) nij, @(fmdzi) €T(Ov), ni1+mi2 € N(Oy). (5.2)

Here by ¢(f} dz;) € T'(Oy) we mean that it lies in the image of the pull-back homomorphism I'(Oy) —
I'(Oy). Note that I'(U, f;’;LQ}[m])T is a I'(Oy)-module.
We cover f by finitely many preferred charts

{Ua/Vas fuaos (Wi, ws)1<icmt1) faen-

For A = (ag,...,a1) € AM*Y Us = Uy, Xc -+ X¢ Uy, coupled with similarly defined V4 and (w;i‘l, w;‘}Q),
we define T'(Ua, f;LQX([m])T similarly.
We form
o= D TUf72%)" (5.3)
AeAF+T

We denote by C(M,,) (resp. D(M,,)) the triangulated category (resp. derived category) of complexes
of coherent sheaves of M,,.
In [18, Sect. 1.2], the second author constructed homomorphisms

o oy, — D!

that make (D?,,0°) a complex in C(M,,); constructed a complex §F?, in C(M,,) that is isomorphic to
RHomy,, (Q¢,, /M., (Pm), Oc,,) in D(Mp,), and a homomorphism §° : §;, — D}, in C(M,,) that has the
following properties.
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Proposition 5.3. [18, Sect. 1] Let €% = c(6®) be the mapping cone of 6°; it has h*(€%,) = 0 for
i # 1,2. The complex €, is part of the perfect obstruction theory of M,, introduced in [18]. The
obstruction sheaf Obyy, is the cohomology sheaf h*(€2,).

The perfect obstruction theory of M,, constructed is (C*)™-equivariant, and descends to a perfect
obstruction theory of M,y ,(X,d)®; the obstruction sheaf Oby,, descends to the obstruction sheaf of
My o (%, d)°.

Note that the vanishing H*(F?,) = H(D?,) = 0 for i > 2 gives the vanishing H*(€2,) =0 for i > 3

Remark 5.4. Recently, Abramovich and Fantechi [1] have constructed the perfect obstruction theories
of My »(%X,d)* and M, ,,(Yr,n)* in the framework of [3]. The construction in this section should give
the same cosections, which together with the technique developed in [8] will give the degeneration formula
stated in Theorem 4.6.

We now construct the desired cosection of the obstruction sheaf Oby,, , which is built upon a homo-
morphism
Gm : Obyy,, — R'Tpewc,, i, - (5.4)

We let ©,, € F(Q/Qy[m]) be the pull-back of the two-form © € I'(Q2 X[m]) (cf. (4.1)) via the projection
X[m] — X. Viewing it as a homomorphism Y X[m] Qx[m), its pull-back f;, ©,, defines a homomorphism

f Om

TUn,, i Q%) 2 DU, £ Q) ™ TUa, £, m) (5.5)

where “pr” sends (¢, (1:,5)) to ¢. Composed with f, Qx[m) — we,, /M., it defines a homomorphism
(Z/{A,f QX[m]) — F(uA7ow/Mm)' (56)

Let €, = C*(A,we,, /um,,) be the Céch complex of the sheaf we, /n, associated with the covering
{U_}A. Then (5.6) defines a homomorphism of complexes D2, — € . Taking cohomologies, we obtain

Gt HY(D,) — HY(€),) = R'mmawe,, /i, - (5.7)
Let
(M, f):C— My n(X,d)* x X
be the universal family of M, ,(X,d)*.

Proposition 5.5.  The homomorphism 6, lifts to a homomorphism

Gm = Obyy, = H*(€2) — R'mp.we

m/ My, *
For m large, &,, descends to a homomorphism, independent of m,
o Ong,n(ae,dr — RlW*WC/MX,n(x,d)"
Proof. By definition, H?(€®) is the cokernel of H!(§®) : HY(§®*) — H*(D*); since H(F*) — H'(D*)
i Eaty, (D¢, pr, (Pm); Oc,,) — H' (D),

to prove this proposition, it suffices to check that the composite

5£Et71rm (QCm/Mm, (Pm)7 Ocm) — Hl(g.) — Rlﬂ'm*wc

m/ Mo,
is trivial.
According to the construction (5.5), we see that this composition is induced by the sequence

f,*,,®m

'm/Mm — f QX[’H’L] f QX[m] — QC,,,/Mmy (5.8)

where the first arrow is the dual of the composite f*Qux () — Qc,. /M., — We,. /M, -



Kiem Y H et al. Sci China Math  August 2011 Vol. 54 No.8 1695

Applying [8, Prop. 3.4], we conclude that the composite (5.8) vanishes. This proves that &, exists.
That 7, descends to & follows from Theorem 4.2. Because 6, is constructed canonically, using (4.2), we
see that ¢ is independent of m.

The desired cosection

Om Ome — OMm (5.9)

is defined to be the composite of G, with the sum homomorphism

sum : R .0 — O,

m/ Mo,

specified in (2.2) and after. Since the “sum” homomorphism is canonical, o, is well defined, and descends
to a homomorphism
ox:Oby e = Opxaaye (5.10)

The degeneracy (non-surjective) locus of ox is easy to describe. Let
Z(0%) = {6 € Myn(X,d)* | 0(6) = 0: Obyy  x pele = K()}.

Proposition 5.6.  For d > 0, the set Z(ox) coincides with the set Mgy, (9,d)* C Mg n(X,d)*. In
particular, it is proper over Al.

Proof.  Let £ € Z(ox) be a closed point, represented by a stable morphism u : C — X[m]¢, where
t € A™*t1 and P C C its marked points. Let A'T be the standard log-structure of the pair 0 € Al; let
AT (vesp. X[m]T) be A™*! (resp. X[m]) endowed with the pull-back log-structure via A™+1 — Al
(resp. X[m] — Al).

Let Q)i am+1+ be the sheaf of relative log-differentials of X[m]t — Am+1T. By [18, Prop. 5.1], we
have the exact sequences

Exti(Qc(P),0c) — HY(D®|¢) — Obar,, |¢ — 0

and
k+1

Hl(CE U*QX[m]T/A'"HrlT) — H1(®.|£) — @ He}t(m”f)'
=1
Here the exact meaning of 2} is irrelevant to our discussion. What is crucial is that the explicit form of
the homomorphism (5.5) shows that the dual of the composite

* ° 57"‘
HY(Cu* Qg amsrt) — HY(D®|e) — Obg,, e == H'(C,wo)
is the arrow
HO(C7 OC) — _FIO(C'7 U*QX[mJT/Am+1T ® (JJC) = Hl(C7u*Q}[m]T/A»m+1T)V (5.11)

induced by the holomorphic two-form ©*©,,.

We now suppose that t lies in the coordinate hyperplane of A™*1. In this case, X[m]y = Y1 LU Ay L
- U A, UYs, where k > 0 depends on the number of vanishing coordinates of t € A™T!. We let
Ye=AU---UALUY3, and denote E' = Y7 NYY.

We write C' = |J;_, C; for the connected component decomposition of C. Let

i : HO(Ci,OCi) — HO(Ci,U*Qx[m]f/Am-Hf ®0e Wey)

be the summands in (5.11), which are individually induced by u*©,,|c,. Note that restricting to Y1 —E’ C

X[mlg, Omly,—g induces an isomorphism
®m|Y17E/ : Q;/’l—E’ — QYI,E/. (512)

We now suppose ¢; = 0. Because d > 0, by the pre-deformability requirement of stable morphisms in
My n(X,d)®, we have u(C;)N (Y1 —E") # 0; because of the isomorphism (5.12), we have u(C;)N(Y1—E’) C



1696 Kiem Y H et al. Sci China Math ~ August 2011 Vol. 54 No.8

By (B1 =Y7 xg D). In particular, u(C;) N E’ C By N E’. Further more, because Y — Y* xg D := Bf
is the trivial line bundle over B, knowing C; is connected and

0 # u(Cy) NE' CcBNE,

we must have u(C;) C By U Bf.
Finally, we let € : k — k®" be the diagonal homomorphism. Then

k -k =@ H(C;,0c,) — P H(Ci, w* Qi jam11 @ wcr,) (5.13)
i=1 i=1
is zero if and only if all ¢; = 0, which is true only if u(C;) C X[m] xx D for all i; namely, u(C) C
X[m] Xx D.
Since (5.13) is (5.11) composed with k — H'(C, O¢), and is dual to the composite

HY (O™ Qg i) — HU(D®]e) — Obag, e 5k,
we conclude that op,|¢ = 0 only if £ € M, ,(D,d)*.

The remainder case is when t does not lie in the coordinate hyperplanes of A™*!. In this case
Y1 = X[m]¢ is smooth and Y{® defined previously is the empty set. Then the same argument shows that
¢ € Z(ox) only if £ € My (D, d)*. This proves M, ,(D,d)* D Z(ox).

Finally, since O|p = 0, M, »(®,d)* C Z(ox). This proves the proposition.

We have a parallel construction for the moduli of relative stable morphisms to the pair (Y7, F1). Fixing
a partition p of d, we form the moduli space My, (1, 1)® of relative stable morphisms to )1, as stated
in Proposition 4.4. By definition, it is étale covered by /\/lin(yl [m], w)*/(C*)™. For simplicity, we
abbreviate M/ = Mj:}n(yl [m], 1)*; we denote by Obyy: its obstruction sheaf.

We give a description of the obstruction sheaf of M (cf. [18, Sect. 1.3]). Let

(T frn) + Cop — My, X Yi[m]

(with the marked points implicitly understood) be the universal family of M/ . We cover C,, — M/ by
preferred charts &/V as in (5.1) so that in addition to (5.1) and the validity of Definition 5.1 (with C,y,,
fm, fu, etc. replaced by C.., f/., fi;, etc.), we require

(4) there is a w € I'(Oyy) so that (w =0) =W N E[m].
We then define T'(U, f/:Q5

m*="Yy [m]

(&, (i1 mi2)1<i<m1,m) € DU, f1, Q2% 4y Oc,,) ® T(Ou) 2P @ T(Oy)

)T to be the set of data

such that in addition to (5.2), we have

@(frmdw) = fr(w) - 1.

Like the case for M,,, using I'(U, f};Qy, [m])T, we form the complex ©’®, and then the complex &'°.
The sheaf cohomology
H?(€'*) = Obyy .

Using Y7 = S, we have the holomorphic two-form 6 € F(Q%,1 ). Like the case for M,,, the form 6 induces
a homomorphism
O';n : ObM,’n = Hz(él.) — OMv/n
Because the construction of ¢/, is canonical, it is (C*)™-equivariant and descends to a homomorphism
(independent of m)
o1 Obr @i~ Omu@ime (5.14)
As before, we denote B; =) Xy, Bi, where By =D C S =Y.
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Proposition 5.7.  The locus Z(oy,) of non-surjectivity of oy, is
Z(o9,) = Myn(B1,1)* € Myn(D1,n)°

It is proper.
Proof.  The proof is similar to that of M, ,(X,d)*, and will be omitted.

6 Proof of Theorem 4.5

Applying cosection localized virtual class construction [8], we obtain

Definition-Proposition 6.1.  The cosection ox in (5.10) and oy, in (5.14) define cosection localized
wirtual classes:

Mo (X, )0 € AMyn(D,d)° and  [Myn(D1. 1) lioe € AMin(B1,)°.

To prove Theorem 4.5, the first step is to use [M, (X, d)*}Ir to produce a numerical equivalence of

My, (S, d)*]E in (4.18) with the cosection localized virtual class of My, ,(Xo,d)®.

loc

For ¢ € A, we endow M, ,(X.,d)® with the perfect obstruction theory induced by the Cartesian
product above and the obstruction theory of M, ,(X,d)®. (Recall that for ¢ € A, M, ,(X.,d)® =
My n(X,d)® xp ¢ for ¢ # 0, using X, = S, we have M, ,(X;,d)* = M, (S,d)*.)

Lemma 6.2.  Letc € Al be any closed point. The obstruction sheaves of My, (X, d)® and My ,,(X.,d)*
fit into the following exact sequence, and the cosection ox of (5.10) restricting to My n(X¢,d)*® lifts to a
cosection ox, of Obe A(Xed)e

ObMX,n(BE,d)°|MX,n(3€C,d)° ObMX,n(xc,dy 0
la:{lMx.n(ffc,d). l”*c (6.1)
OMX,H(%C,dP OMX,n(fc,d)”

Proof.  Recall that © is the pull-back of § € I'(2%) via the projection X — S; for ¢ # 0, using X, = S,
we obtain the following commutative square

©
Q%lx, —— Qxlx,

I !

0
QY —t— Q.

Since the cosection oz is constructed using O, this commutative square guarantees that the cosection
ox, shown in (6.1) constructed using 6 on X, = S commutes with ox as shown in (6.1). This proves the
lemma for ¢ # 0.

For ¢ = 0, the proof is similar. In this case, the square (6.1) is commutative with Qx_ replaced by
Qu,(log E). Since maps [u,C] € My »(X0,d)® are pre-deformable, the pull-back u* is a homomophism
u* : u*Qu,(log E) — we. Using these, we see that oy, exists and fits into the commutative diagram
(6.1).

Remark 6.3. For ¢ # 0, using X. = S, the obstruction theory of M, ,(X.,d)* induced from
M, 1 (%,d)* coincides with that of M, ,(S,d)® (without referring to the family X — Al); the cosec-
tion ox, coincides with the cosection of Ob Mo (S,d)® constructed in Section 2.

Applying Proposition 5.6, we see that the non-surjective locus Z(ox,) of ox, is My n(D.,d)®. We let
Mo (Xe,d)*lioe € AcMyn(De, d)*

be the cosection localized virtual class of M, ,,(%X.,d)*®, using the cosection ox,.
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Proposition 6.4. Let c € Al be any closed point, and let 1. : ¢ — Al be the inclusion. Then
b Mo (X, d)* o0 = My (Xe, d)Tioe € AcMyn(De, d)*.

Proof.  This follows from [8, Thm 5.2].

Corollary 6.5.  For c # 0 € Al, using the canonical isomorphism X. = S, we have
[Man(Xe, d)°*lige = [Min (S, d)* ot € AcMy (D, d)".

Proof. For ¢ # 0 € A, by Remark 6.3, the obstruction theory and the cosection of the obstruction
sheaf of M, (X, d)* coincide with that of M, ,,(S,d)*. Thus My ,(Xc, d)*]}E = [My (S, d)*]}iz. This
proves the corollary, which implies (4.18) in Theorem 4.5.

We quote the following existence result. Let mu : M, ,(X,d)®* — Al be the projection; let t € I'(Op)
be the standard coordinate function. We continue to denote by I' the set of possible decompositions
defined in and after (4.13).

Lemma 6.6. [18, Sect. 3.1] There are pairs (L, s.), indezed by v € ', of line bundles and sections
sy € T'(Ly) on My n(X%,d)® such that

®L7 =10a0pn, and H Sy =mnt.

yel ~el’
Let Lo = 5, O and sg = 75t € I'(Lo). Let
C1 (L07 30) : A*Mx,n(©7 d). i A*,lMX}n(fDo, ’7).

be the localized first Chern class of the pair (Lo, so).
Proposition 6.7.  We have the identity

Mo (X0, d)*Tige = e1(Los 50) (Mo (X, d)* Tt = D e1(Lo, 57)[Min (%o, d) Jige-

yell

Proof.  The first identity follows from that c¢;(Lo, so) = ¢, and Proposition 6.4; the second identity
follows from Lemma 6.6.
The summands in the last summation have their own virtual cycle interpretations. We fix a v € T.
We define
My (Xo0,7)® == (sy =0) C My n(X,d)°. (6.2)

Because it is defined by the vanishing of a section of a line bundle on M, ,(%,d)®, it has an induced
perfect obstruction theory from that of M, ,(X,d)*® [18, Prop. 3.8].

Proposition 6.8.  The cosection ox restricted to My ,(X0,7)* lifts to a cosection ox, -
Obe,n(xyd). |Mx.n(x0:7). ObMX,n(xO:'Y). 0
l"x‘Mx,n@om' lf’x(w (6.3)
OMx.n(xO:'Y). OM;(,'/L(:{O/Y)..

Let [Myn(X0,7)*]5 be the cosection localized virtual class of My n(X0,7)® using the cosection ox, .
Then
[MXW(%O?’}/).]YSE =1 (L77 S’Y)[Mxm(xvd).]fgg € A*Mx,n(©077).~

Proof.  'We comment that the first line in (6.3) is an exact sequence, which follows from the fact that
the obstruction theory of M, ,,(X0,7)® is induced from that of M, ,(X,d)®. That ox, ~ exists follows
the same reasoning as in the proof of Lemma 6.2. Finally, the proof of the identity of cycles follows from
the proof of [8, Thm. 5.2].
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We next give M (91 UD2,7)®, defined via the Cartesian product (4.14), a perfect obstruction theory.
Using the Cartesian product, and that each factor My, »,(9:, 1)® has perfect obstruction theory, we
obtain a perfect obstruction theory of M(2)1 U Qa2,v)®. We call this the perfect obstruction theory
induced by the Cartesian product (4.14).

It has a second induced perfect obstruction theory. We let 91 be the Artin stack of not necessarily
connected nodal curves; for u the partition appearing in the decomposition index v (cf. (4.13)) and
¢ = {(p), we denote by M, be the Artin stack of (ordered) ¢-pointed not necessarily connected nodal
curves. By identifying the ¢} with ¢7 for all i of all pairs ((Cl, q), (Cs, qf)) in M, x My, we obtain a
gluing morphism

mg X mg — M. (6.4)

By the Cartesian product above and the pre-deformable assumption, one sees that the tautological
inclusion

M(D1UDs,7)" == My n(X,d)° xom (e x M) (6.5)

is both open and closed.

Since (6.4) is a regular local immersion of smooth stacks, together with the perfect obstruction theory of
M,y o (%,d)®, it induces a perfect obstruction theory of the fiber product (on the right hand side) in (6.5).
As the arrow in (6.5) is both open and closed, it defines a perfect obstruction theory of M(2)1 U2, 7).
We call this perfect obstruction theory the one induced by (6.5).

Lemma 6.9. [18] The two perfect obstruction theories of M(D1 U Da2,7)® induced by the Cartesian

product (4.14) and by the open and closed immersion (6.5) are identical.

We now look at the product

Mthl (%17 ,U). X MXQ,TLQ (2)27 ,u).'

Since its obstruction sheaf is the direct sum of the pull-back of the obstruction sheaves of the two
individual factors, it has a cosection that is the pull-back of the cosection oy, in (5.14) and the zero
cosection oy, =0 0f Oby, o, .- We denote this cosection by o9, x9,-

Proposition 6.10. The cosections oy, xy, and ox restricted to M(Q1 U Y2,7)* lift to cosections of
Ob yy(9,09)5,7)+ Via (4.14) and (6.5), respectively. The two (lifted) cosections are identical, which we
denote by

0’2)11_&{)2 : ObM(QJlUQJQ,"Y)’ — OM(@1U@2,’7)" (6.6)
The locus of its non-surjectivity is M(B1 U Ba,7)®. Let [M(D1 UYa2,v)* V% be the cosection localized

loc
virtual class, then

M1 D2, = 6 (Mt (D1,1) e X Mo (D)),
as classes in A, M(B1 U B, 7).

Proof.  The proof of the existence of the lifting is parallel to the proof of Lemma 6.2; the two lifted
cosections coincide because both are induced by the same two-form 6 € I'(Q%). Finally, the identity on
cycles follows from the proof of [8, Thm. 5.2].

Theorem 4.5 will follow after we prove

Proposition 6.11.  Let p be the partition appearing in the data v € I', and let 1., be the morphism
defined in (4.17). Then

| . .
At (M1 0D2,9) T = M (X0, 7)ok € A Mo (Do, )"

We prove the proposition. Consider the morphism (cf. (4.15))

\II’Y : M(inl u @27’7). — Mx,n(xvd).'
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We let ¢y 2 5 — My (X, d)® (vesp. ¢ : Moy — M) be the formal completion of M, (X, d)* (resp.
M) along the image Im ¥, (resp. the image of (6.4)). We have the following commutative diagram

oy

M1 UD27)* — 5, =2 My a(X,d)°

! ! !

Sﬁg X Dﬁg L) f):ng,g L) M.

Here @, is the lift of U,. Note that the left square is a Cartesian square. Since the lower left horizontal
arrow is finite and étale (of degree £!) to its image, by the topological invariance of étale morhisms, we
can find an Artin stack 931“ that contains 91, x M, as its closed substack and a pure degree ¢! finite and
étale morphism 95?575 — 95?575 that extends 9, x My — 95?575.

We let =, = :;7 X, 951575; by definition, it contains M ()1 U2, ~)* as its closed substack, and @,
lifts to a finite and étale 9., : :;7 — :AV. A direct inspection shows that ¥, has pure degree |Aut~y|.

We can insert =, and 9%, in the above diagram to get a commutative

MDiUDa ) —S 2 Dy 2 O M (X, d)

| b | o1

e x M L, My — Moe P, an.

This time, the two left horizontal arrows are closed immersions, and the two middle horizontal arrows
are finite and étale. (We comment that 95?“ is the Q mentioned in [18, Lemma 4.10].)

The importance of the Sfﬂu is the following existence result [18, Lemma 4.12]. There are pairs of line
bundles and sections (f/i, 3;), where L; are line bundles on 93?575, 3 € F(fji) and 1 < ¢ < 4, such that

(i) (9yo Qg'y)*L'VNZ ﬁfy (®f:1 L;@M)v and (7, o Qg'y)*sw = il»*y (Hf:l 3?)%

(ii) (s; =0) C Mty is the divisor of the locus where the i-th gluing-nodes of curves in Im(¢,) are not
smoothed.

Because of (ii), ®. factors and effects an isomorphism

~

Oy M(Q1UD2,d)* — ((hEs; = 0) C =,
=1

3

We let
) )

Nozﬂ(sizo) C Nzﬂ(sﬁ”zO) C My,

i=1 i=1

We define
¢

M;n(%mv)' = ﬂ(ﬁfysf =0)= é’v Xgy, , N C

=1

[

Then we have the Cartesian square

M(@l UQDQ,’}/). B M;,n(x()?’)l).

l l (6.9)

N, - N S 5 om
Using the top line of (6.7), we also have an induced morphism
Min(X0,7)* — Myn(X,d)°. (6.10)

Lemma 6.12. The stack /\/l;n(.’{o,'y)’ has a perfect obstruction theory induced by the arrow (6.10).
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Proof.  Using the definition of M, ,(X0,7)® (in (6.2)), and using the item (i) above, the morphism
(6.10) factors through a finite, étale morphism

M;,n(x077). — MX7"(‘%07,7). (611)

of pure degree |Auty|. Thus, the perfect obstruction theory of M, ,(Xo,7)® (defined after (6.2),
using the defining equation s, = 0 and that of M, ,,(¥X,d)®) induces a perfect obstruction theory of
M (%0, 7)°. N

Like in [18, p. 278], one works out the perfect relative obstruction theory of the pair M, ,,(Xo,7)* — N;
using that No C N is a closed substack, and the Cartesian square (6.9), we obtain an induced perfect
relative obstruction theory of M(2)1 UQa2,7)® — Np.

Lemma 6.13. [18, Lemma 4.13] The relative obstruction theory of /\/l;n(.'{o,’y)’ — N is compatible
with the perfect obstruction theory of /\/1;7,1(.'{0,7)' giwen in Lemma 6.12; the relative obstruction theory
of M(1U9Qa,7v)* — Ny is compatible with the perfect obstruction theory of M(Y1 U D2, v)*.

Repeating the previous argument, using that both cosections ox and oy, .9, are induced by the two-
form § € T'(€2%), one checks that the cosection ox,  (cf. Proposition 6.8) lifts to a cosection oxy - of the
obstruction sheaf of /\/l;n (X0,7)°, and that the later fits into the following commuting square

surj
ObM —_— ObM(@1U@2,'¥).

o (Xoy) |M(271u272,w>'

lffxg.w lﬁmlug)g (612)

O pm@ s O Mm@z
Recall that using the relative obstruction theories, we can construct the virtual cycles [M;n(fo,
v)® /N and [M(D1 U Da,7v)*/No]V'™ (cf. [18, Sect. 4], see also [3]). Applying the cosection localized
virtual cycle construction, using oxy 4 and oy, uy,, we obtain cosection localized virtual cycles
M (X0,7)* /NI and - [M(D1 UD2,7)*/Nolige € AM(B1 LBz, 7)°.
Here the inclusion M ()1 UQ2,v)® C M;n(%o,*y)' is a bijection.
Since Ny is smooth, using the second part of Lemma 6.13, we have identity

M1 UD2,7)*/Nolige = IM(@1UD2,7) o € AM(B1 U Bs,7)°, (6.13)

without relying on any rational equivalence.
Because M ¢ is smooth, No C 9, ¢ is smooth of codimension ¢ and defined by N(s; = 0), and because
N C My is defined by N(s]" = 0), parallel to the proof of [18, Lemma 4.8], we conclude

- [M(D1UD2,7)* /Nolige = M, (X0,7)/NJige € AM(B1UB2,7)*, (6.14)

without relying on any rational equivalence.

At last, using the cosection ox -, repeating the argument in [8, Thm. 5.2], we conclude that the
canonical rational equivalence constructed by Vistoli [24] (see also [11] and [10]) provides a rational
equivalence

Mo (X0, 7) /NIE = M, (X0,7)°Tiae € AM(B1 LU B2y)°. (6.15)
Since the argument is similar, we omit the details here.
Proof of Proposition 6.11.  Combining identities (6.13), (6.14) and (6.15), we obtain

pl - M1 UD2,7)°* /Nolige = M, (X0, 7) Tige € AM(B1 LI B2y)*

Because (6.11) is finite, étale and of pure degree |Aut |, and that the obstruction theory of M;n(%o, v)*®
is the pull-back of that of M, ,(Xo,7)*, for ¥, the morphism defined in (4.17), we have

(1)< [ M (X0, 7)o = [Aut ] - [Myn(X0,7)loe € AcMyn (Do, d)*.

This proves the proposition.
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7 Low-degree GW-invariants of surfaces

In this section, we use degeneration formula to prove the formulas of low degree GW-invariants of surfaces.

Applying the deformation invariance results in Section 3, for smooth algebraic surfaces X with 6 €
H°(Kx) and (# = 0) smooth, its GW-invariants are given by the local GW-invariants of any spin surface
S that is the total space of a theta-characteristic L of a smooth curve D of genus

h=K%x+1

such that h°(L) = x(Ox) mod 2.
We denote the localized GW-invariants of S by

S,e

(T7t) (1) T ) pprees For 7 € HY(S). (1)
1=1

x,d[D],loc

In this section, we use d[D] to signify that d is the degree of stable maps.
Following the convention, since (7.1) is possibly non-trivial only when

—XZng-FZOm o € Lo, (7.2)
i=1
we shall omit the reference to x in the notation of (7.1) with the understanding that it is given by (7.2).
Let v € H?(D,Z) be the Poincaré dual of a point in D. The main result of this section is the following
theorem, conjectured by Maulik and Pandharipande [21, (8)—(9)].

Theorem 7.1. Let S — D and h = g(D) be as before. Then the degree one and two localized GW-
invariants with descendants are

n S,e n
’ 0 ;!
TeulV = (-)"® ' —2)7%, 7.3
<11:[1 ( )>[D],loc ( ) 11;[ (2041+1)'( ) ( )
n S,e n
7 0 ;! .
W), = (-2). (.40
<11:[1 2[D],loc g (2a; + 1)!

The first identity is proved in [9, Prop. 1.3] (see also [7]). Before we prove (7.4) using the degeneration
formula proved above, we recall the following two identities proved in [9].
Let Y; be the total space of Opi1(—1). Then we have (see [9, Prop. 3.3])

Yo,e n

(Trat0) =2 L 2 (7.5)

2[P'],loc i=1

we also have (see [9, Prop. 3.4])

o h
(TL()3ip)10c = (=1 P (33) : (7.6)

Let = (1,1) be the obvious partition of 2.

Lemma 7.2. Let (Y1, E) and (Ya, E) be the relative pairs resulting from the degeneration constructed
in the previous section. Then
Y1 /E,e 0 Ys/E,e 1
Wi iee = DR and ()G * b = -
Proof.  We first look at the first identity. It is easy to see, from the construction of localized relative
invariants (Definition-Proposition 6.1), that <1>Y1/ e

(1,1),loc
dimension counting shows that the stable maps that contribute to this invariant must have —x = 2(h—1).

is a scalar multiple of [pt?]. Then, an easy virtual
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By (7.2), the composites of these stable maps with p: X — D are étale covers of D. Hence the (relevant)
moduli space of relative stable maps to (Y3, E) is a disjoint union of 22" vector spaces, each consists of
all liftings of an étale cover of D. By the proof of [9, Prop. 2.5], we obtain

Yi/E,e 0 (4
()i = > (—)M ) [pr?).
wu:2-fold étale covers of D
It is known that étale double covers of D are parameterized by the set of order 2 line bundles on D, and
exactly 2"71(2" 4 1) of them satisfy h®(u*L) = h°(L) mod 2 (see [5]). Therefore we have

(e = (~D)h ) (b1 (2 1) — 201 (2 - 1)) [pt?] = (~ 1) P2 e,

This proves the first equation.

Since Y5 is the total space of the trivial line bundle over P!, any stable map in M, (92, (1,1))® with
two distinct intersection points with E has two irreducible components, one with the marked point and
the other without. Therefore, because

2 . 1 Y>/E
)" * 1) = (O = =, and )G b =1,

we have
()" * ] = () * ) () * [pt])
+ (" * ) (r ()1 pt]) = -

This proves the lemma.
We prove (7.4). By the degeneration formula, we have

n S,e 1 Y JE, Y2/E,e VB n Y2/E,e
(Tratn) =y i <H ) e (b)) o a0
i=1 N

2[D],loc (1,1)

In particular, from (7.6) and Lemma 7.2, we have

0 2h ° 1 0 2h . .
10 (2) = iy = 5 0O (25 + 20ES # i

Comparing this with the case where D = P! (h = 0), we see that the relative invariants <1>z/11/1;51;c and

(1)3{5’; are exactly those for D = P!, multiplied by (—l)ho(L) 2", Therefore by (7.7) and (7.5), we have

Yo,e '

n S,e n
<i1:[7'ari(7)> = (_1)h0(L) 2h <i1:[7—a,i('y)> :( )hO(L) 2h+n 1 H 2a1+1) ( 2)0‘1..

2[D],loc 2[P1],loc

This proves Theorem 7.1.

We end this section by commenting on other possible degenerations of spin surfaces. Let S be a
spin surface over a smooth curve D of genus g with the associated theta-characteristic L. Besides the
situation studied in details in this paper, we can also generate S to a normal crossing surface having
three irreducible components, which we describe now.

We first degenerate D to a (chain like) nodal curve D’ of three smooth irreducible components D} U
D4 U DY) so that D} and D have genus g; and g3 with g1 + g3 = g, and D5 = PL. The theta characteristic
L on D can be specialized to a line bundle L’ on D’ so that L'|p; and L'|p, are theta-characteristics of D}
and Dj, respectively, and L'[p; = Op1(—1). We let S’ be the total space of L’; it is the union of smooth
components S, = S’ xpr Dj. Like before, we denote by X — V the total space of this degeneration,
where 0 € V is a smooth curve; we agree Xy = S’. Using this family X', we can form the stack X and the
moduli of stable morphisms

My n(%,d)°
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as in Proposition 4.2.

To construct the cosection of its obstruction sheaf, we notice that the tautological holomorphic two-
form @ on S extends to a section © € I'(X,wy /) that vanishes along S5 C Ap. Parallel to the discussion
we had, 0’ = ©|x, defines a cosection ¢’ of the obstruction sheaf of the moduli space

My n(Xo,d)* = M, o (X,d)® xv 0.

One checks that the non-surjective loci of o’ contains stable maps u : C — S’ so that u(C) C
Dj U S, U DL, Suppose d > 2. One sees that the non-surjective loci of o’ is not proper, of which we
can not apply the proof derived in this paper. Nevertheless, it is hoped that a detailed study of this
non-properness will yield information on higher degree localized GW-invariants of spin surfaces.

8 Comment on reduced GW-invariants of K3 surfaces

Let X be a smooth projective K3 surface with a non-trivial algebraic class @ # 0 € Ha(X,Z). The
GW-invariant satisfies
(NXoo = Myn(X, )" =0 AM, (X, ). (8.1)

xX,n,x

(We use () to represent the cycle class.) This can be seen as follows. Let § € T'(Q%) be a no-where
vanishing holomorphic two-form; it induces a cosection of the obstruction sheaf of M, (X, a)®

o ObMX,n(X»O‘). — OMX.n(X»O‘).

that is everywhere surjective (since « # 0). Applying the cosection localized virtual cycles [8], we obtain
the vanishing (8.1).

Toward enumerating curves in K3 surfaces, modified GW-invariants of K3 surfaces were introduced.
In [4], using twisted family of K3 surfaces Bryan-Leung introduced the family GW-invariants of a K3
surface. Later, by deforming almost complex structures of surfaces Lee introduced the family GW-
invariants of surfaces with p, > 0 [12]. For the case of K3 surfaces, Lee showed that the two versions of
family GW-invariants coincide.

Algebraic version of family GW-invariants of a K3 surface can be defined as follows. Given a pair
(X, a) of an algebraic K3 surface X with an algebraic class o # 0 € Ha(X,Z), we pick a family of K3
surfaces X — T over a disk 0 € T' so that Xy = X and that the class o € Hy(X,Z) = Ha(X,Z) ceases to
be algebraic at the first order deformation of Xy C X. We then form the moduli space M, (X, a)*® of
stable morphisms to X of class «; it is a Deligne-Mumford stack proper over T'. Since o does not deform
in the first order as an algebraic class, the tautological embedding

My (X, 0)* = My (X, @) — My (X, ) (8.2)

is an isomorphism.
Let (m,f) : C = My n(X,a)® X X be its universal family. To define the family GW-invariants, we
form the perfect relative obstruction theory
* \% °
(R’]T*f TX/T) — LMX,n(X,a)‘/DJTX,nxT . (83)
Let € C h'/h°(Rm. f*Txr) be the intrinsic normal cone embedded via the obstruction theory (8.3).
Because of (8.2), My n(X,a)® = M, (X, a)® is proper. We define the algebraic version of family
GWe-invariants of X to be
(Vomh = 0'er] € AMyn(X, @), (8.4)

X,

where 0' is intersecting with the zero section of h'/h®(Rm, f*Tx,r). (Here we use “fi” to stand for
“family”.)

In [22], Okounkov-Pandharipande introduced the reduced GW-invariants of an algebraic K3 surface.
It can be phrased using cosection of the obstruction sheaf of M, ,,(X,«)®. Because of the identity (8.2),
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(m, f,C) is also the universal family of M, ,(X,«)®. The holomorphic two form 6 € I'(2%) defines a
surjective cosection (homomorphism) [8]

/.
7" Obugixar 7 Ontn(x.e

Since ¢’ is surjective, it induces a surjective bundle stack homomorphism
n. il 0 *
[0'] : B! /RO (Rm, f*Tx ) —> Optn(Xoa)e-

We let R be its kernel bundle stack.
Let ¢’ C h'/h°(Rm, f*Tx) be the intrinsic normal cone of M, (X, @)*. The cosection localization
of [8] shows that the cycle [¢'] lifts to a cycle [€],,] € Z.R. The reduced GW-invariants of X (in [22]) is
(e = Or[Clin] € AuMyn (X, )%, (85)

xX,n, o

Lemma 8.1.  The algebraic version of family GW-invariants (8.4) and the reduced GW-invariants
(8.5) of a K3 surface X are identical.

Proof. By (8.2), Rm.f*Tx;r = Rn.f*Tx. The Lemma then follows from the fact that €7 intersects
R C h'/h?(Rm, f*Tx) transversally and the cycle of the (stack-theoretic) intersection [€7 NR] is the lift
of [€’]. This can be proved using the algebraic class o € Ha(X,Z) when ceases to be algebraic in the first
order deformation of X in X. We leave the details to the readers.

In [15], Lee-Leung proved the index two Yau-Zaslow conjecture using a degeneration formula of the
family GW-invariants of an elliptic K3 surface. By the above equivalence result, this degeneration is also
a degeneration of reduced GW-invariants of K3. We show that the degeneration formula can be derived
parallel to the method developed in this paper.

We let X — P! be an elliptic K3 surface. Pick a ¢ € P! so that F = X xp1 ¢ is a smooth fiber.
We form the family X — A! that is the blow-up of X x Al along F x 0. Note that the fiber of X over
t#0€ Al is X, and the special fiber X is the union of X with F' x P!, intersecting transversally along
FC X and F x0C F xPL To avoid confusing the X C Xy with the general fiber of X', we denote the
two irreducible components of Xy by Y1 = X and Ys = F x P,

Let p : X — X be the projection, and let © = p*0 € I'(Q%). Let ¢; : ¥; — X be the tautological
inclusion. Then

11O =0€Tl(Q3,) and ;0 =0€T(QF). (8.6)

Parallel to the case studied in this paper, for the algebraic class a € Hy(X,Z), we form the moduli
M,y.n (X, @)® of stable morphisms to the stack X of expanded degenerations of the family X' /A'; the form
© induces a cosection

o Obe.n(xva). — OMX‘n(x,a)u.

Suppose a-[F] # 0, one checks that this cosection is surjective, thus the cosection localization lemma in [8]
implies that we can define a reduced virtual cycle [M, ,,(X,@)®]¥%. Then using (8.6), one checks that
the resulting degeneration formula of the reduced GW-invariants of X is the usual degeneration formula
after pairing the reduced relative GW-invariants of (Y7, F') with the (ordinary) relative GW-invariants of

(Y2, F x 0). The degeneration formula used in [15] can be derived along this line.
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