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Warm-up Homework
T4 7] ek sHE 7

e You may discuss the problems with your friends or look up some books on
algebraic geometry. But try to fully understand the solutions and then write them
in your own language.

(1) Let X be an affine variety and Z;, Zs be two closed disjoint subsets of
X. Show that there is a regular function ¢ on X such that ¢(Z;) = 0,
?(Z2) = 1.

(2) (a) Prove that the complement of a hypersurface (= the zero locus of a

homogeneous polynomial) in P™ is an affine variety.
(b) Show that PGL(n) = GL(n,C)/C* is an affine variety.

(3) Let X be an affine variety and O(X) be its ring of regular functions. Let
Y be any variety (not necessarily affine). Prove that there is a bijection
between the set Home_q14(O(X), O(Y)) of C-algebra homomorphisms and
the set Hom,q, (Y, X) of morphisms of varieties.

(4) Let X be any variety. Verify that there is a bijection between the following
two sets;

(a) {invertible sheaves £ on X together with global sections sg, 1, , S, €
H°(X, L) which generate £ }
(b) { morphisms from X to P™ }

(5) Let 0 - F — G — H — 0 be a short exact sequence of coherent sheaves

over a projective variety X. Prove that there is a long exact sequence

0— H°(X,F) - H°X,G) - H'(X,H) - H'(X,F) - H'(X,G) — - --



Geometric Invariant Theory and Moduli Problems

Professor: Young-Hoon Kiem
Office: 275 327%
Email: kiem@math.snu.ac.kr
Course webpage: www.math.snu.ac.kr/ kiem/git02.html
Textbook: Peter Newstead, Introduction to moduli problems and orbit
spaces, Tata Lecture Note, 1978.
e References:
(1) Mumford, Fogarty, Kirwan, Geometric Invariant Theory, 3rd ed., Springer-
Verlag, 1994
(2) F. Kirwan, Cohomology of quotients in algebraic and symplectic geom-
etry, Princeton 1984
(3) 1. Dolgachev, Introduction to geometric invariant theory, A-&t] 4%+
Q74 4ol 2 257
(4) J. Le Potier, Lectures on vector bundles, Cambridge University Press,
1997
(5) D. Gieseker, Moduli of curves, Tata lecture Note, 1982
e Grading: ¢ Zo = 20%+ %A 80%



g% 57 - 2%
Chapter 0. Preliminaries.
Throughout this course, we assume that the base field k is an algebraically closed
field of characteristic 0. In many places we will think of only C.

(1) Sheaf
Let X be a topological space. The open sets in X form a category by inclu-
sion U C V. A presheaf of abelian groups (resp. rings, modules, algebras) is a
contravariant functor from the category of the open sets to the category of abelian
groups (resp. rings, modules, algebras. In other words, to each open set U we
can associate an abelian group S(U) and to each inclusion U C V we can asso-
ciate a (restriction) homomorphism pyy : S(V) — S(U) such that pyy = idy and
pvupwy = pwu for U C V. C W. Furthermore, a presheaf S is a sheaf if for each
open cover of an open set U = UU; the following are satisfied:
(1) if s1,52 € S(U) satisfies s1|y, = s2|v, for each 4, then s; = s
(2) if we have s; € S(U;) such that s; v.nu, for all 4, j, then there is
s € S(U) such that s|y, = s;.
Suppose X is equipped with a sheaf Ox of rings. A sheaf of Ox-modules S is
invertible (locally free) if for each € X there is an open set U containing x such
that S|y is isomorphic to (a direct sum of) O|y.

U;NU; = Sj

(2) Affine variety
By weak Nullstellensatz, there is a one-to-one correspondence

k™ — {m C klz1,--- , 2] : maximal ideal}

given by (ay,- -+ ,a,) = m = (z1—a1, -+ ,2n—ay,). Foreachideal I C k[z1,-+ , zp],
we get a subset

V(I) = {(a1,--- ,an) €K™ : f(a1,---,a,) =0 forall f eI}

By declaring that V(I) is a closed set for each I — it is easy to check — we get
a topology on k", called the Zariski topology. The sets (k"); = {(a1,--- ,a,) :
flay, -+ ,a,) # 0} for f € k[z1,- -, 2z, are basic open set for the topology.
An Affine variety consists of 3 layers.
(1) a closed subset X =V (I) of k™
(2) induced Zariski topology : Xy = X N (k™)¢ basic open sets (affine)
(3) sheaf of regular functions : A(X) = O(X) = k[z1,--+,2,]/VI, O(X;) =
A(X)7 localization.
set + topology + sheaf of rings = ringed space
There is a bijection

{affine varieties} < {finitely generated integral domain}

given by X — O(X).

(3) Varieties
A prevariety is a ringed space X which can be covered by finitely many open
subsets which are isomorphic to affine varieties. A prevariety is a variety if the
diagonal map
Ax: X —- X x X

has closed image. (Hausdorff axiom)



Example: P* = C"*! — 0/C* is a variety. Let 2o, - , 2, be homogeneous coor-
dinates for P". Then the sets
U ={(z0:":2,) €P"| 2 #£0}
fori=0,1,--- ,n give us an open cover, each element of which is isomorphic to k"
via (20 1+t 2n) — (20/7i, 5 2n/2:). P™ is certainly separated since the image of

the diagonal map is given by 2,2} = z;2].

An open or a closed subset of a variety is a variety. A projective variety is a
closed subvariety of P™. A quasi-projective variety is an open subset of a projective
variety.

A variety X is irreducible if it is not a union of proper closed subsets. A variety
X is complete (compact) if for any variety Y the projection py : X XY — Y is
closed.! If X is complete irreducible, then O(X) = k.

(1) Projective varieties are complete.

(2) A complete affine variety must be a finite set.

(3) A compactification of a variety X is a complete variety Y containing X as
a dense open subset.

1f (Tn,yn) € Z, yn — y, then x,, — .
21f nonconstant, the image of V(fy = 1) C X x k — k should be k which contains 0.
Contradiction!



7let 53 - 3%

(4) Morphisms

A morphism of varieties f : X — Y is a continuous map which induces a ho-
momorphism of sheaves Oy — f.Ox, i.e. given a regular function ¢ € Oy (U) on
U C Y, the composition ¢po f € Ox(f~1(U)) is regular.

A morphism f : X — Y is affine if for each affine open subset U of Y, f~1(U) is
affine. f is finite if affine and O(f~1(U)) is integral over O(U). f is proper? if for
any variety Z, the map f x 1z : X x Z — Y x Z is closed.

It is elementary to check the following:

1) if X is a closed subset of Y, the inclusion i : X < Y is finite

2) composition of two affine/finite/proper morphisms is affine/finite/proper

3) if f o g is proper, g is proper

4) if f o g is proper and g is surjective, then f is proper?

5) X is complete if X — pt is proper. Inverse image of a complete variety by
a proper morphism is complete

(6) a finite morphism is proper

(
(
(
(
(

Valuative criterion: Properness is difficult to prove by using its definition. Rather
the valuative criterion is more useful. We need to use the language of schemes: For
a commutative ring R, SpecR denotes the set of prime ideals in R together with
Zariski topology and the sheaf of rings Ry on SpecRy ={a € R : f ¢ a}.

Let R = E[[T]] be the ring of formal power series in T" and K be its field of
fractions, i.e. K = R(y). The inclusion R — K induces an inclusion SpecK —
SpecR. A morphism f : X — Y is proper iff whenever we have a commutative
diagram

SpecK — X

l I

SpecR —— Y

there is a morphism SpecR — X which makes the diagram commutative. For proof,
see [Hartshorne] for instance.

A surjective morphism f : X — Y of irreducible varieties is flat if at each z € X,
the stalk Ox , = limyepy O(U) at x is a flat Oy, ¢(,)-module via the homomorphism
Oy, t(@x) — Ox,. If flat, the fibers do not vary discontinuously (e.g. dimension
jump like + — —). A sheaf F of Ox-modules is flat over Y if each stalk F, is flat
as a Oy, y(,)-module.

If f is projective, i.e. f factors through X — Y x P" for some n, then f is flat
iff the Hilbert polynomial of each fiber is independent of y € Y.> See Hartshorne
for a proof.

Let X — S and Y — S be two morphisms. Then the fibred product is defined
as the unique variety X xg Y such that for any 7 — X and Z — Y .... there is a
unique morphism Z — X xgY ...

(5) Vector bundles
A vector bundle of rank r is a morphism p : E — X of algebraic varieties together
with an open cover U = {U;} and a set of isomorphisms

e |
ﬂi~p (Uz)—>UZ><(CT
3Intuitively, it means that each fiber is compact.

4 fog)~(2) — f~1(2) surjects.
5a fiber is the fibred product pt Xy X.
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such that the isomorphism 3; o ﬁj_l (U;NU;) x C" — (U; NU;) x CT is given
by a morphism g;; : U; NU; — GL(r). A line bundle is a vector bundle of rank
1. A trivial bundle of rank r is prx : I, = X x C" — X. The cocycle conditions
9ij9ik = Gik, gii = 1 are satisfied. The dual bundle of F is given by gigl and the
determinant bundle is given by detg;;. The direct sum and tensor product of two
vector bundles are defined in the obvious fashion.

A homomorphism h : Ey — FEs of vector bundles is a morphism such that
p2 o h = p; and h restricts to a linear map at each point. An isomorphism is a
bijective homomorphism.

A section of a vector bundle is a morphism s : X — E such that pos = 1x.
There is a bijection

{sections of E} «» Hom(I, E).

If p: E — X is a vector bundle and ¥ — X is a morphism, then the fiber

product ¥ X x Y — Y is the pull-back bundle.

Example: P x C"™ > {(x,v) : v € 2} — P" tautological line bundle O(—1) over
P". (The blow-up of C"*! at 0 is O(—1) of P".) The dual O(1) is the hyperplane
bundle.

Claim: Let X be a complete variety and L be a line bundle. If I, ® L is trivial,
then L is trivial.

Proof: L™ = det(L ® I,,) = I. A nonzero section s of L gives a section s™ of L"
which is nowhere vanishing. Hence s is nowhere vanishing. So, L =2 I.
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Chapter 1. The concept of moduli

Suppose we have a set A of objects (e.g. vector bundles, algebraic manifolds of
given topological type) and equivalence relation ~ (e.g. isomorphism).

Classification problem: Describe A/ ~ algebro-geometrically. [GIT or Stack] We
need the concept of family in order to assign a topology on the moduli space.

§1. Families
Let S be a variety.
Examples:

(1) Hypersurfaces of degree d in P™: A hypersurface is the zero locus of a
homogeneous polynomial in zg,--- , 2.

A=all hypersurfaces of degree d in P", i.e. A is the projective space

where N = (n+1)Hd = ("jl'd). (Given a homogeneous polynomial f, write

HDNfl

f =i, 20 - - zir. The ratio of (as,...;,) determine a hypersurface.

~= two hypersurfaces H and H' are equivalent if there is g € GL(n+ 1)
such that H is mapped to H' by g.

A family of hypersurfaces parametrized by S is a pair (L,a) of a line
bundle L over S and a set of sections a = (a;,...;, ) of L for ig+---+1i, = d.

Two families (L,a) and (L', a’) are isomorphic if there is an isomorphism
h: L — L’ which takes a to a’.

Two families are equivalent if there exists g € GL(n+1) such that (L, a)
is isomorphic to (L', ga’). (The action of GL(n+1) on C™ induces an action
of GL(n +1) on CV))

Finding the moduli space for this equivalence, i.e. finding the quotient
PN=1//GL(n + 1), was the major problem of classical invariant theory.

(2) Family of complete varieties: A= all complete varieties, ~= isomorphism
of varieties. A family of objects of A parametrized by S is a variety X and
a proper flat morphism f : X — S whose fibers X, = f~!(s) are objects in
A.

If S — S is a morphism, then we can define the pull-back family of
X — S to S’ as the fiber product S’ xg X.

Two families X — S and X’ — S are equivalent if there is an isomor-
phism X — X’ over S.

(3) Family of vector bundles: X = fixed variety, A= vector bundles over X,
~= isomorphism of vector bundles.

A family of vector bundles over X parametrized by S is a vector bundle
FE over S x X. The restriction E, of E to X = s x X is a vector bundle
over X.

For any morphism ¢ : S — S, the induced family is just the pull-back
(¢ x 1x)*E.

Two families of bundles E1, Fs over X parametrized by S are equivalent
if By =2 Ey ® pgL for some line bundle L over S.

A moduli problem consists of objects, families, equivalence relation of families
such that

(1) A family parametrized by a single point is a single object in A. The equiva-
lence of two families parametrized by a point is the same as the equivalence
of two objects in A.



9

(2) For any morphism ¢ : S — S and any family X parametrized by S, there
is an induced family ¢* X parametrized by S’. Moreover, (10 ¢)* = ¢* o th*
and 1§ = identity.

(3) The equivalence relation is compatible with the pull-back, ie. X ~ X’
implies ¢* X ~ ¢* X',

82. Moduli spaces

(1) Fine moduli space:

It is necessary to make clear what we want from a solution. (Necessities make
defitions.)

Suppose we are given a moduli problem. The goal is to describe A/ ~ algebro-
geometrically.

Suppose we have a family X parametrized by S. Then each point s <— S gives
us an element of A/ ~ and thus we have a set-theoretic map S — A/ ~, i.e. an
element of Homgets(S, A/ ~).

For a variety S, let F(S) be the set of all equivalence classes of families parametrized
by S.

(Ex.: vector bundles over X. F(S) is the set of equivalence classes of vector
bundles over S x X.)

Then we have a map F(S) — Homges(S, A/ ~). What we would like to
have is to find a variety structure M on A/S such that the map factors through
Homyg, (S, M). Furthermore, it would be best if the map is a bijection.

Let’s vary S. Category theory is useful to keep track of the parameter space.
Notice that a morphism ¢ : S’ — S induces a map ¢* : F(S) — F(S’) and we have
¢ op* = (Yop)*. Then F is a contravariant functor from the category of varieties
to the category of sets.

Fix a variety M. Let hp(S) = Homyer (S, M). Then hys is a contravariant
functor from the category of varieties to the category of sets.

Having a map F(S) — hps(S) for each S amounts to having a natural transfor-
mation F — hys of functors. So we make the following definition.

Definition: A fine moduli space for a moduli problem is a variety M together
with an isomorphism of functors ® : F — hys, i.e. M represents the functor F.
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We learned that a fine moduli space is a variety which represents the moduli
functor S — F(S). ILe. there is an isomorphism of functors ® : F — hjys where
hy = Hom(—, M). It is unique up to isomorphism.

(2) Universal family and fine moduli space:

Let M be a fine moduli space. Consider S = M. Then F(M) < Hom(M,M).
Let U be the family parametrized by M corresponding to the identity morphism in
Hom(M,M). Then we call U the universal family for the moduli problem.

This is the reason why. Let X be any family parametrized by S and ¢ : S — M
be the corresponding morphism via F(S) < Hom(S, M). Consider the pull-back
¢*U of the universal family U. Then we have ¢*U = X since they both correspond
to ¢.° In other words, for any family X parametrized by S, there is a unique
morphism ¢ : S — M such that X = ¢*U. (universal property **)

Conversely, suppose U is a family parametrized by M with the above property.
Then obviously, M is a fine moduli space given by X — ¢.

lemma M is a fine moduli space for a moduli problem iff there is a family pa-
prametrized by M with the property **.

(3) Coarse moduli space:

In many interesting cases there are no fine moduli spaces (e.g. moduli of curves,
vector bundles, etc). So, we need to weaken the assumption. Here’s an example.

Example: Moduli problem for (irreducible smooth complete) algebraic curves of
genus 0. A=algebraic curves of genus 0, ~=isomorphisms, a family parametrized
by S is a proper flat morphism X — S whose fibers are genus 0 curves, two families
X — S and X’ — S are isomorphic if there is an isomorphism X — X’ over S.

Suppose there is a fine moduli space M. Let S = P! and consider two families
pr: P! x P! — P! and Bl,,P? — P!. They are not isomorphic (though birational
due to a —1-curve) but they both give the same map P! — pt — M. Contradiction.

So, we need to be less ambitious i.e. we require a weaker condition on the natural
transformation ® : 7 — hj; than being an isomorphism of functors.

Notice that given any morphism M — N, the composition of ® and the obvious
transformation hp; — hy gives us a new functor ¥ : F — hy. We require the
following universal property.

Definition: A coarse moduli space for a given moduli problem is a variety M
together with a natural transformation ® : 7 — hj; such that

(1) asaset M =A/ ~

(2) given any variety N together with a natural transformation ¥ : F — hy,
there is a unique morphism ¢ : M — N which makes the diagram ¢* o ® =
.

When the second condition is satisfied we say M corepresents the functor F.

The coarse moduli space is unique.

F(M) ——— hp (M)
3 3

oMY4 y

F(S) ——— hm(S)

Start with 1 on the upper-right.
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Proposition: If My, My are coarse moduli spaces, then M; = Ms. (Proof: obvi-
ous.)

Relation of coarse moduli space with fine moduli space: A fine moduli space is a
coarse moduli space (trivial to check). But a coarse moduli space is not necessarily
a fine moduli space.

Proposition: A coarse moduli space (M, ®) is a fine moduli space iff

(1) there is a family U parametrized by M such that for each m € M, U, €
O(pt)~*(m)
(2) for families X, X’ parametrized by a variety S, the corresponding mor-
phisms are equal vy =vxs : S — M iff X ~ X',
Proof: (1) iff ® surj. (2) iff @ inj.
Though a fine moduli space does not exist in many interesting cases, a coarse
moduli space exists and that is something we call often the “moduli space”.

Remarks: We considered 3 moduli problems; hypersurfaces, complete varieties,
and vector bundles. But there is no coarse moduli space for Hyp and VB. For the
hypersurface problem, consider the family

z(z—My) =0CP' xC

For X\ # 0, the hypersurfaces are all equivalent but the fiber over 0 is not equivalent.
(Jump phenomenon)

Similarly, for VB, can construct a family X, such that X, ~ X, for s, s’ # 0 but
X is not similar to Xy. (Choose two line bundles Lo, Ly of degree 0 and 1 over a
Riemann surface. Choose a line in Ext!(Ly, Lg). This gives us a family over a line
C)

We need to get rid of some hypersurfaces and vector bundles in order to get a
separated moduli space.
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83. Moduli and Quotients.

In the previous lecture, we defined fine and coarse moduli spaces. The simplest
example of a fine moduli space is a projective space (lines passing through the origin
in a complex vector space) or Grassmannians (subspaces of a vector space).

In this lecture, we will learn how the problem of constructing a coarse moduli
space is related to the problem of forming a quotient of a variety by a group action.

(1) Local universal property:

In general, given a moduli problem, it is difficult (impossible in many cases) to
find a family with universal property but it is mot so hard to find a family which
satisfies the universal property locally.

Definition: We say a family X parametrized by a variety S has the local universal property
if for any family X’ parametrized by S’ and s € S’ there exists a neighborhood U
of s such that X'|yy ~ ¢*X for some morphism U — S. We say a variety has the
local universal property if there is a family with the local universal property.

For example, let us consider the moduli problem End,,.

A={(V,T)| dimV =n,T:V — V hom }

(V,T) ~ (V',T") iff there is an isom h : V — V' such that T’ = hTh™*.

A family of endomorphisms parametrized by S is a vector bundle E of rank n
over S together with a homomorphism 7' : E — E. Two families (F,T) and (E',T")
are equivalent if there is an isomorphism of vector bundles h : E — E’ such that
T = hTh™!.

These define a moduli problem End,. Basically, it is the classification problem
of n X n matrices up to similarity. Let F(S) be the set of isomorphism classes of
families of endomorphisms parametrized by S.

This moduli problem does not have even a coarse moduli space due to the jump
phenomenon as we saw in the previous lecture. For instance, consider the morphism
C — M(2) given by t — By = (A t]|0,\). For ¢ # 0, the matrix By is similar to Bj.
Hence they are mapped to the same point in M and so is the matrix By.

However we can easily find a family with local universal property. For example,
let S=M(n), F=1,=5xC" and define T : F — F by (f,v) = (f, fv). Then
we get a family.

Proposition: The family F' has the local universal property.

Proof: Let (E,T) be any family parametrized by S’ and s € S’. Since vector
bundles are locally trivial, there is an open subset U of S’ containing s such that
Ely 2 U x C". Now by this isomorphism 7' gives us a morphism ¢ : U — M (n)
and certainly the family (E|y, T|v) is the pull-back of the family F.

(2) Local universal property and coarse moduli space:
Now let us think about the problem of finding a coarse moduli space when we have
a family with local universal property.

Suppose we have a local universal family F' parametrized by S. Then we have
the following proposition.

Proposition: (1)For any natural transformation ® : F — hyy, consider the mor-
phism ¢ : § — M given by the family F. Then ¢ is constant on equivalence classes,
ie. if Fy ~ Fgy, then ¢(s) = ¢(s').
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(2) Conversely, if ¢ : S — M is any morphism which is constant on equivalence
classes, then we have a natural transformation ® : F — hjy; such that ¢ is the
morphism associated with the family F'.

Proof: (1) Think of s as a morphism pt — S. From the commutative diagram

FS) 5 ()
F(pt) BGON ha(pt) = M

we have ¢(s) = s*(¢) = s*(P(S)(F)) = ®(pt)(s*(F)) = P(pt)F,. Similarly,
¢*(s') = ©(pt)Fs. Since Fs ~ Fy, we have ¢(s) = ¢(s).

(2) For any family X’ parametrized by S’, we have to find a natural morphism
S’ — M. Since S has the local universal propety, for each point s € S’ there is
a neighborhood U and a morphism U — S such that the pull-back of F' by this
morphism is X'|y. Compose U — S with S — M to get a morphism U — M. For
another open set U’ with a morphism U’ — S such that the pull-back of F'is X'|y
we do the same to get a morphism U’ — M. They should be identical on U N U’
since ¢ is constant on equivalence classes. Hence we get a morphism S’ — M. This
gives us a natural transformation ® : F — hyy.

Suppose there is a family F parametrized by S. Then the problem of finding a
coarse moduli space becomes the following.

Lemma: Suppose there is a family F' parametrized by S. Then the coarse moduli
space is the variety M together with a morphism ¢ : S — M which is constant on
equivalence classes, such that

(1) if ¢ : S — N is any morphism constant on equivalence classes, there is a
unique morphism v : M — N such that yo ¢ = 1.
(2) each fiber of ¢ consists of only one equivalence class.

(3) Categorical quotient:

In particular, suppose the equivalence classes are the orbits of a group action.
The above result gives us motivates the following.

Definition: Let G be a group acting on a variety X. A categorical quotient of X
by G is a variety Y together with a morphism ¢ : X — Y which is constant on each
orbit, such that for any variety Z and a morphism v : X — Z, constant on orbits,
there is a unique morphism v : Y — Z such that vo ¢ = .

We say Y is an orbit space if in addition each fiber of ¢ consists of only one orbit.
Obviously, the categorical quotient is unique up to isomorphism.

An obvious consequence is the following.

Proposition: Suppose that there is a family X parametrized by S with the local
universal property. Suppose the equivalence classes are the orbits, i.e. X; ~ X; iff
s, t lie in the same orbit. Then

(1) a coarse moduli space is a categorical quotient of S by G
(2) a categorical quotient is a coarse moduli space iff it is an orbit space.

Proof: Obvious.

Let us finish with an example of categorical quotient.
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Consider the set of all n x n matrices M (n) and the action of GL(n) by conju-
gation. Since the characteristic polynomial is invariant under conjugation, we get
a morphism ¢ : M(n) — k™ by considering the coefficients of the characteristic
polynomial.

Proposition: ¢ : M(n) — k™ is a categorical quotient.

Proof: Suppose ¢ : M(n) — Z is constant on each orbit.

Claim: if two matrices have the same characteristic polynomial then their im-
ages in Z are identical. (Consider the Jordan canonical form. Note (A, 1//0,A) ~
(A, t//0, ) for ¢t # 0 and thus it has the same image as the diagonal matrix.)

Hence ¢ factors through a map v : k™ — Z. It suffices to show that ~ is
a morphism. But this is obvious since v is the composition of k* — M(n) by
Ct = (0, 0, —153//].7 07 —tQ//O, ].7 —tl) with ’l/)
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Chapter 2. Quotients

In the previous lecture, we learned how the problem of constructing a coarse
moduli space is related to the problem of constructing a quotient. From mow on, we
will focus on the problem of constructing the quotients.

81. Actions of algebraic groups

(1) Algebraic groups.

We first learn the definition of algebraic groups.

Definition: (i) an algebraic group G is a variety with a group structure such that
the multiplication p : G X G — G and the inverse G — G are morphisms.

(ii) an algebraic group G is affine if the variety G is an affine variety.

(iii) an algebraic group G is linear if it is a closed subgroup of GL(n) for some n.

Remark: an algebraic group is affine iff linear.

Suppose G is affine. Let O(G) be the ring of regular functions on G. Then
the multiplication gives the comultiplication p* : O(G) — O(G) ® O(G) and the
inverse gives the coinverse O(G) — O(G). (The axioms they satisfy are formulated
as “Hopf algebra”.) This is a way of giving a group structure on a variety G.

Example: (i) additive group G = C". We have O(C") = k[z1,- -+ , z,]. Consider
the map z; — 2z, ® 1 +1® 2; and z; — —z;. These make G} an abelian algebraic
group.

(ii) multiplicative group G,,, = C*. We have O(C*) = k[z, 27 !]. The multiplica-
tion is given by z — z® 2 and the inverse is given by z — 27!, We call G?, = (C*)"
a torus.

(iii) general linear group GL(n). It is the complement of the closed subvariety
det = 0 in C*°. Thus it is affine and we have O(G) = k[z;,det(z;;)"']. The
multiplication is given by z;; — Zk Zik @ Zgj.

Definition: a homomorphism of algebraic groups G, G’ is a morphism ¢ : G — G’
which is also a group homomorphism, i.e.

GxG@ — G

l l

G xG@ — G

(2) Algebraic group actions.

Next, we think about algebraic group actions.

Definition (i) an action of an algebraic group G on a variety X is a morphism
o0 :G x X — X such that the diagram

GxGxX”—Xl>G><X

lxal al
Gx X AN X
commutes and the composition X —¢*! G x X —° X is the identity.
(ii) For © € X, the stabilizer of z is G, = {g € G : g = x}. The orbit of z is
Gz ={gz: g€ G}.
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(iii) a point z € X is invariant under G if gz = = for every g € G. A subset W
of X is invariant if gW C W for every g € G.

(iv) given an action of G on X,Y, a morphism ¢ : X — Y is equivariant (or
G-morphism) if ¢(gx) = gop(x). We say ¢ is invariant if ¢ is equivariant and G acts
trivially on Y.

Suppose G and X are affine. An action is given by a homomorphism ¢* : O(X) —
O(G) x O(X), called coaction. The diagram

O(G) ® O(X) A O(X)

oo .|
O(G) ® O(Q) ® O(X) 2L 0G) ® O(X)

commutes and O(X) -7 O(G) ® O(X) —°® O(X).

A function f € O(X) is G-invariant if 0*(f) = 1® f. (This means f(gz) = f(z)
for all g € G.) We let O(X)% be the subalgebra of G-invariant functions.

Example: Suppose G,, = C* acts on an affine variety X. Then we have a
homomorphism ¢* : O(X) — klz,27'] ® O(X). Let o*(f) = >,c, 2" @ fi. The
assignment f — f; gives us a map O(X) — O(X). Since o*(f;) = 2' @ fi," p; is a
projection. Let O(X); = p;(O(X)). Then O(X) @; O(X);.® Hence, a C* action on
an affine variety X gives us a Z-grading on O(X).

Conversely, suppose we are given a Z-grading of O(X) = ®;O(X);. Then define
0* 1 O(X) — Klz,2- | © O(X) by f = X" fi = 24 @ fi.

Proposition: For an affine variety X, there is a bijection

{C*-actions on X} < {Z-grading on O(X)}.

Example: any homomorphism ¢ : G — GL(n) gives rise to an action of G on k"
by ¢ - v = ¢(g)v, matrix multiplication. Such a homomorphism is called a rational
representation and such an action is called a linear action.

(3) Rational action.

In order to solve a geometric problem about group actions, we sometimes need to
convert the problem into a purely algebraic problem. For this purpose, we need to
extract some algebraic properties of algebraic group actions.

Lemma Let G be an algebraic group acting on a variety X. Let W be a finite
dimensional subspace of O(X). Then we have (i) W is contained in a finite dimen-
sional invariant subspace of O(X), (ii) if W is invariant, the action of G on W is
given by a rational representation.

Proof: (i) Find a basis fi, -, f, of W. Let W’ be the subspace spanned by
ff for all i and g € G. Certainly W' is invariant and it suffices to show that W’
is finite dimensional. Let o*(f;) = Y pi; ® fi; and W” be the finite dimensional
subspace spanned by f;;. Since fJ =" pi;i(g) fij, W C W’ which implies that W’
is finite dimensional.

(i) o*(fi) = D_pij @ fj, pij € O(G) regular function on G. Hence we get a
morphism p = (p;;) : G — M(n). This has to factor through GL(n) since every
element of G is invertible.

Definition: Let G be an algebraic group, R be a k-algebra. A rational action of
G on R is a map R X G — R such that

(1) f99" = (f9)7 f = f
(2) the map f — f9 is a k-algebra automorphism of R for all g € G

7P i j P i i
280 fi) p OB
8f—  Z@fi— 1®fi— fi=f
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(3) every element of R is contained in a finite dimensional invariant subspace
on which G acts by a rational representation.
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In the previous lecture, we learned about (1) algebraic groups (2) algebraic group
actions (3) rational actions. Today, we will think about reductive groups.

(4) Reductive groups.

Most of the algebraic groups we shall deal with are reductive groups like torus,
SL(n), GL(n), PGL(n). The definition is as follows.

Definition: a linear algebraic group is reductive (resp. semisimple) if a maximal
solvable connected normal subgroup (radical) is a torus (resp. trivial).

Remarks: (1) A complex algebraic group is reductive iff it is the complexification
of a compact Lie group i.e. G has a maximal compact subgroup K such that
Lie(K) ®r C = Lie(G). A compact connected Lie group is the product of a torus
and a semisimple Lie group modulo a finite group action.

(2) Any rational representation of a reductive group is completely reducible, i.e.
it is a direct sum of irreducible representations. Weyl’s theorem.

Definition (1) a linear algebraic group G is linearly reductive if for any linear ac-
tion of G on k™, and every invariant point v € k", there is an invariant homogeneous
polynomial f of degree 1 such that f(v) # 0.

(2) a linear algebraic group G is geometrically reductive if for any linear action
of G on k™, and every invariant point v € k™, there is an invariant homogeneous
polynomial f of degree d > 1 such that f(v) # 0.

Remark: a reductive group is linearly reductive: Put k™ = kv @ V. Consider the
projection onto kv. This gives us a homogeneous invariant polynomial of degree 1
which does not vanish on v. Of course, a linearly reductive group is geometrically
reductive. Also, it was proved that every geometrically reductive group is reductive
[Nagata and Miyata]. Hence, the three definitions are all equivalent.

A consequence of reductivity is the following lemma.

Lemma: Let G be a reductive group acting on an affine variety X. Let Wy, Wy
be disjoint closed invariant subsets of X. Then there is f € O(X) such that
f(W1) =0, f(Wz) =1.

Proof: By (HW1), there is h € O(X) such that h(W7) = 0, h(W2) = 1. Con-
sider the subspace spanned by hY for g € G is finite dimensional. Choose a basis
hi, -+ ,hy. This gives a morphism ¢ : X — k™ which is equivariant. We have
Y(W1) = 0 and 9 (W3) is a nonzero invariant vector. Since geometrically reductive,
there is a homogeneous invariant function g on k™ such that g(v) = 1. Let f = goh.
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§2. Nagata’s Theorem.

We are interested in constructing categorical quotients.

Let X be a G-space. An invariant morphism X — Z (i.e. constant on orbits)
induces O(Z) — O(X) which factors through O(X)“. Suppose the categorical
quotient Y of X by G is affine. Then, O(Y) = O(X)®. In order to have an affine
quotient, we need to know whether O(X)¢ is finitely generated. (There are no
nilpotents in O(X)% since O(X) is already reduced.)

Question: Given a rational action of G on a finitely generated k-algebra R, is
the invariant subalgebra R finitely generated?

In general, the answer to this question is No. But when G is a reductive group,
it 1s Yes. This is the content of Nagata’s theorem!

Recall that we assume char(k) = 0 all the time.

Theorem: Let G be a reductive group acting rationally on a finitely generated
k-algebra R. Then R is finitely generated.

Remark: Popov proved the converse, i.e. if R is finitely generated for any
rational action of G on a finitely generated k-algebra R, then G is reductive.

Simple case (Hilbert): Let G be a reductive group acting on k" linearly. Let
A=0O(k") = k[z1, -+, 2zn), AY = ©gAT. Since a linear representation is completely
reducible, we have a G-invariant projection rq : A4 — AY. So we have a unique
linear map r : A — A% which is an A%-module homomorphism, i.e. r(ab) = ar(b)
for a € A% b € A.

Now let I be the ideal of A generated by homogeneous polynomials of positive
degree in A®. Hilbert Basis Theorem says I is generated by a finite set fi, -, fx
where f; € AdGi. For any f € Ag, f = > a;f; where a; € Ag_q,. We have
f=r(f) = >.r(a;)fi. By induction on degree of f, f is a polynomial of f;.
Therefore, A9 is finitely generated.

General case: Let G be a reductive group acting on a finitely generated k-algebra
rationally. Choose a set of generators f1,---, f, such that Span(fi,---, fn) is G-
invariant. Let f7 = > a;(g9)f;. Let A = k[z1,---,2,] and consider the action
of G on A given by zJ = > ;;(g)z;. Then we have a k-algebra homomorphism
A — S = A/I which commutes with the G-action. So it suffices to prove the
following.

Lemma: Let G be a reductive group acting rationally on a k-algebra A. Let [
be an invariant ideal. Then we have

(A/DY = A% /I n AC,

Proof: (D) is obvious. We prove (C). Let h be an element of A whose image
h € A/I is a nonzero element in (A/I)¢. It suffices to find f € A% such that
f-hel

Let M = Span{h9|g € G}, finite dimensional since the action is rational. Let
N = MnNI. Sinceh # 0, h ¢ N. But h9—h € MNI = N for all g € G. This implies
that dimM =dim N +1,ie. M = N @ k. Let I : M — k be the map ah + h' — a.
Then [ is G-invariant since (ah+h')9 = ah9+(h')9 = ah+a(h9—h)+(h')9 € ah+N.
Therefore [ € (M*)©.
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Choose a basis of M such that vy = h, ve, -+ ,v, € N. Then (M*) = k™ and
Il =(1,0,---,0). Since linearly reductive, there is a G-invariant linear function
f on M* such that f(I) # 0. But (M*)* = M = Span(vy,--- ,v,) and we may
assume f = h+ agvy + -+ anv, € ME. Hence we found f € MY C A% such that
f—h=avs+- -+ apv, € N CI. So we are done.
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Complete the proof of Nagata’s theorem.

83. Affine Quotients.

We are now ready to construct the quotients. Let’s start with affine varieties.

Let G be a reductive group acting on an affine variety X. Consider the invariant
subalgebra O(X)“ of O(X). Then we know it is finitely generated with no nilpo-
tents. Hence there is an affine variety Y such that O(Y) = O(X)%. The inclusion
O(Y) = O(X)¢ — O(X) gives rise to a morphism of affine varieties ¢ : X — Y.
(Warm-up HW 3.) This morphism satisfies the following properties.

Theorem:

(1) ¢ is G-invariant

(2) ¢ is surjective

(3) for each open subset U of Y, the pull-back ¢* : O(U) — O(¢~1(U)) is an
isomorphism onto O(¢p~1(U))%, i.e. Oy = [¢.(Ox)]C.

(4) if W is a closed invariant subset of X, then ¢(W) is closed

(5) if W7, Wy are disjoint invariant closed subsets of X, then ¢(W1)Np(W2) = 0.

Proof: (1) Suppose ¢(gx) # ¢(z). Choose a regular function f € O(Y) such that
f(p(gx)) =0, f(¢(x)) = 1. Then ¢*(f) = f o ¢ is not in O(X)C. Contradiction.

(2) Let R = O(X). We want to show that given a maximal ideal m of R, we
can find a maximal ideal m’ of R such that m’ N RS = m.

Choose a set of generators fi,--- , f,. Consider the ideal )" f;R of R. Suppose
> fiR # R. Then we can choose a maximal ideal m’ of R containing Y f;R. The
intersection m’ N RY is a maximal ideal (since it cannot contain 1) containing m
and thus m’ N RY = m.

So it remains to show that given fi,--- , f, € R® such that 3_ f;R = R, we have
3 fiR® = RY: We use induction on n. Let R = R/fiR. Then Y f;R = R implies
that >, fiR = R. By induction hypothesis, ", fiR® = R®. Hence

1= Z fia;
i—2

for some a; € RC.
Since RY = R%/f; RN RY by the lemma we proved above, we can find a; € R
whose image in R is a;. Hence

1= fiai =bifi
i=2
for some by € R. Let f be the left hand side of the equation. Then f = fib; € RC.
Thus f1 (b —b1) = f9— f=0.
Let J = {h € R: fih = 0}, ideal in R. Then the image b; of b; in R/J lies in
(R/J)Y = RY/J N RS. Hence there is an element a; € R such that by —a; € J.
This implies that

[ =hbr = fiar + fi(by —a1) = fias

and 1 = Z;;l fia; €3 fiRC. The proof in the case where n = 1 is an exercise.

(3) Since O is a sheaf, it suffices to show O(U) = O(¢p~1(U))¢ for U = Y;
since they form a basis. But O(Yy) = O(Y)s and O(¢~1(Yy)) = O(X)s. So it
suffices to show that (RY); = (R;) for f € RY. The natural homomorphism
R — Ry induces R — (R;)“ which factors through (RY); (since the image of f
is invertible). It is easy to show that this is an isomorphism.



(5) We proved that there is f € O(X)Y such that f(W;) =0, f(Ws) = 1. Since
¢* : O(Y) — O(X)% is an isomorphism, there is g € O(Y) such that f = g o ¢.
Hence, g(6(W1)) = 0, g(6(W2)) = 1. Thus (W) N $(Wa) = 0.

(4) Suppose ¢(W) — ¢(W) # (). Choose a point y in the set. Consider the fiber
¢~ 1(y) over y. Then W and ¢~ 1(y) are disjoint invariant closed subsets of X. But
d(W)Np(p~1(y)) # 0. Contradiction.
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Finish the proof of the Theorem from last time.

We can generalize (5) slightly.

Lemma: Let U be an open subset of Y. If Wy, W5 are disjoint invariant subsets
of $71(U), closed in ¢~ (U), then ¢p(W1) N ¢(Wz) = 0.

Proof: Suppose y € ¢(W1)N¢(Ws). Consider the closed subsets ¢~ (y), Wy, Wa.
Since their images in Y intersect, the closed sets ¢~1(y) N Wy and Wy intersect.
Hence,

WinWy = (Z)_I(U)ﬁWl ﬁWQ D) ¢_1(y) ﬂV_Vl ﬂV_VQ 75@
Contradiction.

Now, we prove that ¢ : X — Y is a categorical quotient.

Corollary: For any open subset U of Y, (U, ¢) is a categorical quotient of ¢=1(U).

Proof: Let ¢ : $~1(U) — Z be a G-invariant morphism. We want to show that
there is a unique morphism x : U — Z such that xy o ¢ = .

Simple case: Suppose Z is affine. Then ¢ gives us a homomorphism O(Z) —
O(¢~*(U)). Since G-invariant it must factor through O(¢~1(U))¢ = O(U). The
homomorphism O(Z) — O(U) gives rise to a morphism x : U — Z. (Warm-up
HW 3.) By construction, we have 1) = x o ¢.

General case: We first show that there is a unique map x : U — Z. For this
we need to show that for any y € U, (¢~ (y)) consists of a single point. Suppose
21,22 € P(d71(y)). Then ~1(21), =1 (22) are two disjoint invariant closed subsets
of ¢~1(U). By the lemma above, ¢(vp=1(21) N ¢(¥p~1(22) = 0 but it contains y.
Contradiction. Hence, we have a well-defined set-theoretic map x : U — Z.

Next we claim that x is continuous. Let V be an open set in Z. Note that each
fiber =1 (2) = Uy (=20~ (y). Hence x'(2) = ¢(¢!(2)) and thus

X (V)= (V) =U —¢(¢” ' (U) =y H(V))
since ¢ is surjective. By (4) in the above theorem, we see that x~1(V) is open.
Finally, we claim that y is a morphism. Let V be an affine open subset of Z.
Consider the open subsets x (V) and ¥ =}(V) = ¢~ 1(x~1(V)) of U and ¢~ 1(U)
respectively. Then we are in the situation of the simple case. So we are done.

Let’s see an example.
Example: Consider the action of G = Zy = {1,—1} on C2? by (=1) - (t1,t2) =
(—tl, —tg). What is (C2/ZQ?
O(C?) = k[t1,t2] and the invariant subalgebra is
O(Cz)G = k[t%,tﬂb,t%] = k[xla .TQ,Ig]/(SC1£E3 - .T%)
where z1 = t2, 5 = t1t9, 23 = t3. Hence we have O(C?/Zy) = klx1, 72, 23]/ (x123 —

x2) and the quotient is the hypersurface of C3 given by the equation z1x3 = 3.

The map C? — C2?/Zy — C? is given by (t1,t2,t3) — (3, t1t2,13).
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In the previous lecture, we proved the following.

Let X be an affine variety acted on by a reductive group G. Let Y be an affine
variety satisfying O(Y) 2 O(X)% and ¢ : X — Y be the morphism induced from
the inclusion O(X)% — O(X). Then

(1) ¢ is invariant

(2) ¢ is surjective

(3) for any open subset U of Y, the restriction ¢ : $~1(U) — U induces an
isomorphism O(U) = O(¢~1(U))¢

(4) the image of an invariant closed subset W of X is closed in Y

(5) if Wy, Wy are disjoint invariant closed subsets of X, ¢(W1) N ¢(Wo) = (.10

We also proved that ¢ : X — Y is a categorical quotient. In general, when X
is an arbitrary variety, we wish to construct the quotient by gluing the local affine
quotients. The above results motivate the following defintion.

Definition: Let G be an algebraic group acting on a variety X. A good quotient
of X by G is an affine morphism ¢ : X — Y of varieties satisfying (1)-(5) above. A
geometric quotient is a good quotient which is also an orbit space.

The proofs I gave last time also prove the following.
Proposition: Let ¢ : X — Y is a good quotient of X by G. Then ¢ is a categorical
quotient.

In general, a good quotient is a categorical quotient but not an orbit space.
Proposition: Let ¢ : X — Y be a good quotient. Then

#(21) = d(z2) < Gr1 N Gy # 0.

Proof: (<) If ¢(x1) # ¢(x2), ¢~ L(p(x1)) and ¢~ 1(p(x2)) are disjoint invariant
closed subsets which contain Gz, and Gzo respectively.

(=) The subsets Gz; and Gz are closed invariant subsets. If they are disjoint,
their images are disjoint, i.e. ¢(x1) # P(x2).

FEven if a good quotient is mot an orbit space, its restriction to a suitable open
subset may be an orbit space.

Proposition: Let ¢ : X — Y be a good quotient. Let U be an open subset of Y.
Suppose the action of G on ¢~1(U) is closed (i.e. the orbits are closed). Then U is
an orbit space.

Proof: We must show that each fiber consists of only one orbit, i.e. ¢(x1) = P(a2)
= Gz, = Gxy. Suppose Gxr1 # Gxy. Then Gzy, G are disjoint closed invariant
subsets. Hence ¢(Gx1) # ¢(Gao).

9More generally, the image of an invariant subset of ¢~ (U) which is closed in ¢=1(U) is closed
in U.

10More generally, if W1, Wa are disjoint invariant subsets of ¢~1(U) closed in ¢—1(U) then
their images are disjoint.
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In order to find an open subset U of Y such that the action of G on ¢~ (U) is
closed, we need the following lemma.
Lemma: Let G be an algebraic group acting on a variety X. Then
(1) for any = € X, Gz is an open subset of Gx and Gz — Gz is a union of orbits
of dimension < dim Gz
(2) for any x € X, dim Gz = dim G — dim G,
(3) {z € X : dim Gz > n} is open for any integer n.
Proof: (1) Consequence of Chevalley’s theorem. See any book on algebraic groups
(e.g. Borel’s).
(2) The morphism G — Gz has fiber G,.
(3) Consider the morphism G x X — X x X given by (g,z) — (z, gx). The fiber
over (z,x) is G, x {z}. Since the dimension of fiber is an upper semi-continuous
function, the function x — dim Gz is lower semi-continuous.

Now, we can describe the subset X' of X such that the restriction of ¢ is a
geometric quotient.

Proposition: Let X’ be the subset of points € X such that dim Gz is maximal
and Gz is closed in X. Then there is an open subset Y’ of Y such that ¢~ (V") = X'.
Furthermore, the restriction ¢ : X’ — Y’ is a geometric quotient for the action of
G on X'.

Proof: Let X™% be the subset of points z € X such that dim Gz is maximal.
We have to get rid of the orbits in X™?*  which are not closed. Let Y/ =Y —
¢(X — X™a®), This is an open subset since X™%* is open by the above lemma and
X — X™a2 i closed invariant. Obviously X’ C ¢~ 1(Y”).

Conversely, if z ¢ X™ ¢(z) ¢ Y’'. If Gz is not closed, for any y € Gz — G,
dim Gy < dim Gz, y ¢ X", 6(x) = o(y) € V', z ¢ 61 (V7).

The concept of good quotient (resp. geomelric quotient) is local.

Proposition: If ¢ : X — Y is a morphism and {U;} is an open covering of YV
such that ¢|4-1(y,) is a good (resp. geometric) quotient for each i , then ¢ is a
good (resp. geometric) quotient of X by G. Conversely, if ¢ : X — Y is a good
(geometric quotient) of X by G and U is open in Y, then ¢ : ¢~ (U) — U is a good
(geometric) quotient.

The proof is obvious and we omit it.

We end this lecture with the following proposition.

Proposition: Let ¥ : X; — X be an affine equivariant morphism of G-varieties.
If X has a good quotient, say ¢ : X — Y then X; has a good quotient ¢’ : X1 — Y3
and the induced morphism 1)’ : Y1 — Y is affine.

Proof: (Sketch) Find an affine open covering {V;} of Y. Since ¢ and ¢ are affine,
7 (¢7H(V;)) is affine and thus we have a good quotient ¢ : =1 (¢~ 1(V;)) — V.
Since a good quotient is a categorical quotient, we get a morphism ¢} : V/ — V.
Over the intersection V; N Vj, the varieties (¢)~'(V; N V;) and (¢;)~ (Vi N'V;) are
both good quotients of ¥~!(¢~(V; NV;)). Hence there is an isomorphism f3;; :
(W5~ H(VinV;) — (@)~ (VinV;). We may glue V; with V;/ using this isomorphism
to get a variety Y; and a morphism ¢’ : Y7 — Y. From the construction, it is
obvious that v’ is affine.
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84. Projective Quotients.

Today, we think about the problem of constructing a good quotient of a projective
variety X by a reductive group G. It is expected that the quotient is again projective.

Suppose X C P" is a projective variety and X be the affine subvariety of C"*!
lying over X, i.e. the homogeneous polynomial equations of X define X. Suppose
a reductive group G acts on X via a homomorphism G — GL(n +1). We have an
induced action of G on X. Our goal is to find the quotient of X by G.

Definition: Let X be a projective variety in P™. A linear action of an algebraic
group G on X is an action of G via a homomorphism G — GL(n + 1).1!

Notice that the center of GL(n+1) is a torus C* and so the action of G commutes
with the action of C*. Hence we have an action of G x C* on X.
There are two ways to take the quotient of X by G x C*. We may

(1) take the quotient of X by G and then by C* or
(2) take the quotient of X by C* and then by G.

It is obviously expected that we should get the same results “if there is justice on
earth”.

Let us make clear what we mean by “quotient by C*”. We know the quotient of
CH —0/C* is P and the quotient X —0/C* is X. Notice that P" = ProjO(C™t1)
and X = ProjO(X).'? In general, if Z = Spec(A) is an affine variety with an action
of C* which equips O(Z) with a Z>(-grading, the variety ProjO(Z) can be thought
of as the quotient of Z — 0 by C*.

(1) Consider the first method: Let R = O(X). The quotient of X by G is
b: X = Spec(R) — Spec(R%). Now the quotient of Spec(RY) by C* is just
Proj(R%).

(2) Next the second method: The quotient of X by C* is X = Proj(R). Thus
the result we get by the second method should be the quotient of X by G.

Consequently, we should have X//G = Proj(RY) if X = Proj(R)."

What is the quotient map then? To answer this question, we think about the
first method above. We have the quotient morphism ¢ : X — X //G. In order to
take the quotient of X //G by C*, we have to get rid of the vertex v = ¢(0) of the
cone X //G = Spec(R%). Hence we have to remove ¢~ '(v) from X. But we know
b(x) # ¢(0) iff GzNGO = 0 iff 3f € RE such that f(z) # 0 but £(0) = 0. By lifting
f to O(C™*1) and taking a homogeneous part, the last condition is equivalent to
saying that 3f nonconstant homogeneous invariant polynomial satisfying f(x) # 0.
Let X% be the set of such points. Then we have morphism X*¢ — X//G —v. Now

H1n other words, X is an invariant subset of P™ by the action of G on P™ via the homomorphism
G — GL(n+1).

12Recall that Proj of a graded ring A = @©4>0Aq is the set of homogeneous prime ideals,
not equal to ©4>0A4, with an affine open covering {Spec(A(s)) | f € Aq for some d > 0} where
Ay is the subring of elements of degree 0 in the localized ring Ay. If A is finitely generated,
then Broj(A) is always projective. (If A is generated by fi,---, fr with deg(fi) = d;, then let
d = idi and consider S = @r > 0S, with S, = A,4q. Then S is generated by S; and thus
Proj(S) is projective by [Hartshorne, II §5, Corollary 5.16]. By [Hartshorne, II §5, Exercise 5.13],
we have Proj(A) = Proj(S).)

13Compare this with the affine case: the quotient of Spec(R) by G is Spec(RC).
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we may take the quotients by C* and we get a morphism ¢ : X*° — X//G where
X5 is the image of X% via the quotient map C"*1 — (0 — P". We shall see that
this is a good quotient. We proved last time that if we restrict ¢ to the set of points
whose orbits are closed in X** with maximal dimension, then we get a geometric
quotient. So we make the following definition.

Definition: Let X be a projective variety in P™ on which a reductive group G
acts linearly.

(1) A point z € X is semi-stable if there is a nonconstant invariant homogeneous
polynomial f such that f(x) # 0.

(2) A point x € X is stable if dimGx = dim G and there is a nonconstant
invariant homogeneous polynomial f such that f(z) # 0 and the action of
G on X is closed.

It is obvious from the definition that X*®® and X* are open subsets of X.

We summarize the above discussions into the following theorem.
Theorem: Let X be a projective variety in P on which a reductive group G acts
linearly. Then
(1) there is a good quotient ¢ : X*° — Y of X*° by G and Y is projective.!4
(2) there is an open subset Y* of Y such that ¢=1(Y?®) = X® and ¢|x- is a
geometric quotient.
(3) for z1,x9 € X35, ¢(21) = P(22) iff Gxy N Gry N X5 £ .
(4) a semi-stable point z is stable iff dim Gz = dim G and Gz is closed in X*°.
Proof: We constructed ¢ : X** — X//G =:Y. For (1), check that Y = Proj(R%)
is covered by affine open sets Yy and qS’l(Yf) = Xy. It is easy to see that ¢ : Xy —
Yy is the affine quotient and thus a good quotient. Since good quotient is a local
concept, we deduce that ¢ is a good quotient. The rest of the proof is easy and we
omit it.

We learned how to construct the quotient of a projective variety by a linear action
of a reductive group. The lesson is that we cannot take the quotient of the whole
variety but we have to get rid of some bad points. (The homomorphism R < R
induces a rational map Proj(R) --» Proj(R%) which is a morphism only on an open
subset of prime ideals which does not contain @d>0R§. This open set is precisely
XS?)

But the concept of (semi)stability depends on the choice of the embedding X C
P™ i.e. the choice of an ample line bundle on X. So the GIT quotient X//G
depends on the choice of an ample line bundle! But all the quotients are birationally
equivalent and in many good cases they are related by “flips”.

We end this lecture with some more terminologies. We say

(1) a point = € X is unstable if = is not semistable.
(2) a point z is strictly semistable if x is semistable but not stable.

Our terminologies are different from Mumford’s [e.g. stable (us) =properly stable
(Mumford)].

14Projectivity is an important fact. This is the reason why GIT is so useful in compactification
problems.
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85. Linearization.

In the previous lecture, we learned that in order to get the good quotient of a
projective variety we have to get rid of unstable points and the notion of stability
depends on the choice of an ample line bundle. Recall that a line bundle L is ample
iff 3r > 1 such that a basis of HO(L") gives rise to an embedding of X into P
where n = dim HY(L") — 1.

We generalize the construction to arbitrary varieties with reductive group actions.

Let X be any variety on which an algebraic group acts. Let p: L — X be a line
bundle over X.

Definition: A linearization of the action of G with respect to L is an action of G
on L such that p is equivariant and the map g : L, — Ly, is linear. A linearization
is an isomorphism ® : pri(L) — o*(L) where 0 : G x X — X is the group action
and pro is the projection onto the second factor.

A linear action with respect to L is an action of G on X equipped with a lin-
earization.

Given a linearization, we can think about the stability. Recall that in the projec-
tive case X C P", a point « € X is semi-stable if there is a nonconstant homogeneous
polynomial which does not vanish at . But a homogeneous polynomial f of degree
r is a section of the line bundle Opr(r) = Opn(1)". Let L be the restriction of
the ample line bundle O(1) to X. Then a point = € X is semi-stable iff there is a
section f of L" such that f(z) # 0.'5 This motivates the following definition.

Definition: (1) A point z € X is semi-stable if for some r > 1 there is an invariant
section f € HO(L")® of L™ such that f(z) # 0 and X; = {y € X : f(y) # 0} is
affine. Let X*%(L) denote the set of semi-stable points with respect to L.

(2) A point z € X is gtable if dim Gz = dim G and there is an invariant section
f of L such that f(z) # 0, X affine and the action of G on X is closed. Let
X3(L) be the set of stable points with respect to L.

The condition of Xy being affine is to enable us to take the affine quotient of Xy
by G and then glue these to form the global quotient of X by G.

Remark: Obviously, this definition is compatible with the previous definition in
the projective case since the hyperplane complement of a projective space is affine.

Lemma: A line bundle L over a variety X is ample iff for all x € X, there is a
section f of L for some r > 1 such that f(x) # 0 and Xy is affine. (For a proof,
see [Hartshorne, 11, §7, Proof of Theorem 7.6].)

By the definition of semi-stability, we see that L|xss is ample and X*° is quasi-
projective. Hence it seems reasonable to expect a quasi-projective quotient.

Theorem: Let X be a variety and L a line bundle over X. Suppose a linear
action of G with respect to L is given. Then
(1) there is a good quotient ¢ : X*(L) — Y of X*(L) by G and Y is quasi-
projective
(2) there is an open subset Y* of Y such that ¢~ }(Y*) = X*(L) and the
restriction ¢|xs(z) is a geometric quotient
(3) for x1,29 € X*5(L), ¢(x1) = d(x2) & Gr1 NGy N X*¥(L) # ()

15Notice that the restriction map HO(P™, O(r)) — HO(X,O(r)) is surjective for sufficiently
large r since HY(P™,Zx ® O(r)) = 0 for large r by Serre’s theorem and f(z) # 0 & f"(z) # 0.
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(4) a semi-stable point x is stable iff dimGx = dim G and Gz is closed in
X®5(L).

Proof: (1) Choose an affine covering {X,} and take the affine quotients ¢; :
Xy, — Y. Glue these to get a variety ¥ and a morphism ¢ : X*°(L) — Y. The
ratio f;/f; is an invariant nowhere vanishing function on Xy, N X, and hence a
nowhere vanishing function on ¥; N'Yj;. This gives us a line bundle which must be
ample by the lemma above. (Exercise: Check the details!) The rest of the proof is
also easy and we omit it.

We end this lecture with a few words about linearizations.

Let Pic(X) = H*(X,0*) be the set of isomorphism classes of line bundles on X.
Then with tensor product as multiplication and the trivial bundle I or rank 1 as
the identity, Pic(X) becomes a group. If there is an action of an algebraic group G
on X, we may consider the set Pic”(X) of isomorphism classes of the line bundles
together with a linearization. Then tensor product and I with trivial action give a
group structure to Pic%(X). The forgetful map «a : Pic®(X) — Pic(X) is a group
homomorphism obviously. The kernel of « is the set of linearizations on the trivial
line bundle over X.

Proposition: Let G be an affine algebraic group acting on a variety X. The
homomorphism « fits into an exact sequence

0 — Hom(G,C*) — Pic%(X) — Pic(X) — Pic(G)

and Pic(G) is finite. Hence for any line bundle L over X there is an integer  such
that L™ admits a linearization.

Since we are not going to use it, we don’t prove it here.

In particular, if G = SL(m), the forgetful map Pic®(X) — Pic(X) is injective
since Hom(SL(m),C*) = {1}.16

Corollary: For each line bundle L, the action of SL(m) on X has at most one
linearization with respect to L.

Hence, our good quotient X//G depends only on the choice of an ample bundle.

Remark: In applications, we shall deal with the action of PGL(m) on P" via a
homomorphism PGL(m) — PGL(n + 1). This action is not linear with respect to
Opn (1). But we can linearize the action with respect to Opn(n + 1). Notice that
(semi-)stability with respect to L is equivalent to the (semi-)stability with respect
to L" for any r > 1.

Another way to deal with this problem is to lift the homomorphism PGL(m) —
PGL(n +1) to SL(m) — SL(n + 1). This is possible since SL(m) is a universal
covering of PGL(m). Thus we get a linear action of SL(m) on P".

161f G = SL(m), [G,G] = G and hence any homomorphism to an abelian group is trivial.
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86. Slice theorem and descent lemma.

Two important tools in studying good quotients are the slice theorem which gives
us the local structure of a quotient and the descent lemma which tells us when we can
descend a vector bundle to a quotient. As before, the base field is an algebraically
closed field of characteristic 0 or just C. Throughout this lecture, unless mentioned
otherwise, G is a reductive group.

A. Slice theorem.

Recall the following definition.

Definition: (1) A morphism f : X — Y of varieties of finite type is étale if it is
smooth of relative dimension 0.17

(2) An equivariant morphism f : X — Y of affine G-varieties is strongly étale if
the induced map f': X//G — Y//G is étale and (f,¢x): X — Y xy/q X/G is an

isomorphism.'®

Now we can state the “amazing” slice theorem of Luna.
Theorem: Let X be a normal affine variety acted on by a reductive group G.
If an orbit Gz is closed in X, there is a locally closed affine subvariety W, with
x € W, on which the stabilizer GG, acts, such that
(1) U=GW ={gw: g € G,w € W} is open
(2) G xg, W — U is strongly étale.
In case X is smooth at z, there is a strongly étale G -equivariant morphism from
W to a neighborhood of 0 in Ng,/x = TX/T(Gx).

We omit the proof since it is quite technical.

In particular, if Gz is closed, a neighborhood of Gz is biholomorphic to G x¢g, W.
For many moduli problems, the normal space Ng,,x can be described by “defor-
mation theory” and the slice theorem gives us a local description of the quotient:
Given any good quotient ¢ : X — Y and a point y € Y, there is a unique closed
orbit Gz in ¢~1(y). (Homework 49.) Find the normal space N to Gz by defor-
mation theory. Then there is a neighborhood of y in Y which is biholomorphic to
N//G,.

17l e. an etale morphism is a flat morphism with Qx,y = 0. Intuitively, this means that f is
an (unramified) covering map.
18This implies that f is étale.
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B. Descent lemma.

Nezxt, we think about the descending problem: Given a good quotient ¢ : X — Y
and a vector bundle E over X, when can we descend E to 'Y ? In other words, can
we find a vector bundle F' on'Y such that ¢*F = E?

Suppose ¢ : X — Y is a good quotient by a reductive group G. If F is a vector
bundle over Y, then its pull-back ¢*(F') is a vector bundle on X which is equipped
with an action of G by g(z,v) = (gz,v) for x € X, v € Fy(,).

Let E be a G-vector bundle of rank r over X .

Definition: We say a G-vector bundle £ on X descends to Y if it is equivariantly
isomorphic to the pull-back ¢*(F') of a vector bundle F on Y.

Lemma: E descends to Y iff for each point y € Y there is a neighborhood U of
y and an equivariant isomorphism

Elg-y = ¢ (U) x C"

of vector bundles where G acts trivially on C".

Proof: (=) Suppose E = ¢*F. Take a neighborhood of y on which F' is trivial.

(<) We can find a covering {U;} of Y such that there is an equivariant isomor-
phism f; : E|y-1,) — ¢~ '(U;) x C". Consider the isomorphism g;; = f; o it
¢ HU;NU;) x C" — ¢~ (U;NU;) x C". This is represented by a matrix of regular
functions on ¢! (U; N U;) which must be G-invariant since the action of G on C"
is trivial. As ¢ is a good quotient, the entries of the matrix are regular functions
on U; NU;. Thus by gluing trivial bundles using these transition matrices, we get
a vector bundle F'. It is now obvious that ¢*F = E.

We are now ready to prove the “descent lemma” due to Kempf.

Theorem: Let E be a G-vector bundle over X. Then E descends to Y iff for
each point x € X with closed orbit, the stabilizer G, acts trivially on the fiber FE,.

Proof: (=) Obvious.

(<) Let € X such that Gz is closed in X. By the above lemma, it suffices to
find an open neighborhood U of ¢(x) and an equivariant isomorphism

S ¢_1(U) x C" — E|¢*1(U)~
This is the same as finding r G-invariant sections
S; L qu*l(U) — E|¢*1(U)

that generate E|y-1(yy.

Let uy, -+ ,u, be a basis of E,. By the assumption, we have r sections o; :
Ocz — E|gaz, given by g — gu; as Gx = G/G,. Of course, these sections are
invariant and generate F|g,. So the question is whether for some U we can extend
the sections o; € H(Gx, E|g,)Y to sections s; € HY (¢~ (U), E|y-1(rr))¢ which
generate E|y-1(yy.

Let V' be an open affine neighborhood of ¢(z). Because ¢ is a good quotient,
¢~ 1(V) is affine open containing Gz as a closed subset. Consider the restriction
map

H(¢~1(V), E) — H°(Gz, E)

which must be surjective. Hence, we can find sections s, € H%(¢p~*(V), E) that
extends o;. The problems are (1) s; may not be invariant and (2) they may not
generate F|y-1(y).

19This means that there is an action of G on E such that p: E — X is equivariant.
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We deal with the first problem. Consider the action of G on H°(¢~1(V), E). We
claim there is a homomorphism

R:H°(¢~'(V),E) — H(¢~*(V), E)®

which is functorial with respect to restrictions. Suppose we proved the claim. Then,
let s/ = R(s}) € H(¢~*(V), E)¥. Since o, is G-invariant, s/|g, = o; by functori-
ality. So the first problem has been cleared.

[To prove the claim, it suffices to prove that H°(¢~*(V), E) is a union of finite di-
mensional invariant subspaces.?? Certainly it is sufficient to show that for each s €
H°(¢~*(V), E) there is an invariant finite dimensional subspace which contains s.

Choose an open affine dense subset Vo of ¢~*(V) on which E is trivial. Then we have
an injection H°(¢~(V), E) — H°(Vp, E). Consider the morphism

GXVOHE|VO%V0><CT

defined by

(9,v0) — gs(g™ o).
This gives ri'g:; to r regular functions f; : G x Vo — C. But O(G x V) 2 O(G) ® O(Wo).
Write fi = &; ® vi; with §; € O(Vo), vi; € O(G). Then Gsly, is contained in the
subspace of H®(Vy, E) =2 O(V,)" generated by &;;. Since G is contained in the intersection
of this subspace with H°(¢~'(V), E), we proved the claim.]

Now the second problem. Let W be the invariant closed subset of ¢~1 (V') where
s do not generate E. The closed subsets W and Gz are disjoint invariant and thus
(W) n{e(x)} =0. Put U =V — ¢(W) and s; = s} |s-1(). Then s; generate E.
So we are done.

20For each finite dimensional representation V of a reductive group G, we have a homomorphism
V — V& since completely reducible.
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Chapter 3. Hilbert-Mumford Criterion.

81. A criterion for stability.

Let X C P™ be a projective variety acted on linearly by a reductive group G via
a homomorphism G — GL(n+1). Recall that a point z € X is semi-stable iff there
is a nonconstant invariant homogeneous polynomial f such that f(z) # 0. Also, a
point « € X is stable iff dim Gz = dim G and there is a nonconstant homogeneous
polynomial f such that f(z) # 0 and Gz is closed in X**.

The problem is that the conditions are difficult to check! The Hilbert-Mumford
criterion gives us a numerical method to determine stable points.

Let us first consider the simplest case: G = C*.
When C* acts linearly on C"*!, we can find a basis of C"*! such that G acts by

t- (Io, e ,fEn) = (t”’xo, e ,tr"xn)
where g <71 < --- <7, is an increasing sequence of integers.21
Lemma: (a) A point (g : -+ : x,) € X is semistable iff
min{r; | z; # 0} <0 < max{r; |z; # 0}.
(b) A point (zg : ---: x,) € X is stable iff

min{r; | z; # 0} < 0 < max{r; |z; # 0}.

Proof: (a) An invariant polynomial f is a linear combination of monomials of

the form z("0z7"" - - - 2" where
(1) romo +rimy + -+« + rpymy, = 0.
If f(zo, - ,2n) # 0, at least one of the monomials does not vanish at the point.

Choose a nonvanishing monomial in f. Suppose r; > 0 whenever x; # 0. In order
to satisfy the equation (1), we should have m; = 0 whenever x; # 0. But then the
monomial vanishes at the point, contradicting our assumption. Hence there exists
i such that z; # 0 and r; < 0. Similarly by reversing the inequalities we see that
there exists j such that x; # 0 and r; > 0.

Conversely, if we have r; < 0 for some x; # 0 and r; > 0 for some x; # 0, then we
can find a pair integers (m;, m;) # (0,0) such that r;m; +r;m; = 0. Thus z:"z;nj
is a nonconstant invariant monomial which does not vanish at (zq,- -, ).

(b) The condition dim Gz = dim G = 1 is equivalent to saying that r; for x; # 0
are not all identical. The closure of the orbit minus the orbit consists of two points

o limy gt(xg: - :xpn) = (yo: - :yn) where y; = x; for r; = min{r; |z; #
0} and y; = 0 for r; # min{r; | z; # 0}
o limy oo t(xo: - xn) = (yy: - :y,) where y, = x; for r; = max{r; |z; #

0} and y; = 0 for r; # max{r; |z; # 0}.
The orbit Gz is closed in X** iff the two points are not semistable iff ry # 0 and
rn # 0.

21The coaction of GL(n + 1) ® O(C™t1) = Clzo,- - , 2n] is given by 2z; — P tij ® zj and the
coaction of C* is given by z; —  A*(t;;) ® z; where XA : C* — GL(n + 1) is the linear action.
Since the grading is preserved by the action, the subspace V of linear polynomials is an invariant
subspace and we get a Z grading V = ®V; where C* acts on V; with weight . (See the section on
algebraic group action.) Choose a basis from each V; and we get a basis fo,- -, fn for V. We can
find g € GL(n + 1) such that z; — f;. Then with this new basis, the action of C* is diagonalized.
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So in the case G = C* we have an explicit numerical criterion for (semi)stability.
Let us now think about the general case where G is any reductive group. For this
purpose we make the following definitions.

Definition: (a) A 1-parameter subgroup (1-PS) of G is a non-trivial homomor-
phism A\ : C* — G.

(b) Let € X and X be a 1-PS of G. Let rg < --- < r, be the weights of the
action of C* by A : C* — G — GL(n+1). We define p(x, \) = —min{r; | z; # 0}.

There is another way of defining this: If we let y = lim;_,o ¢ - z, then y is a fixed
point by the 1-PS. Hence C* acts on the fiber Ox(1)|, of the ample line bundle.
Then the weight of this action is exactly —pu(z, \).??

If a point € X is semistable, there is a G-invariant nonconstant homogeneous
polynomial f which does not vanish at x. Since f is G-invariant, f is invariant with
respect to the action of any 1-PS. Hence, x is semistable with respect to the 1-PS.
Let X3° be the set of semistable points with respect to a 1-PS A. Then we have
X?% C N\ X3? for any 1-PS A. The above lemma tells us

(2) x € X% = p(x,\) >0 for any 1-PS A.

Suppose z € X*® and p(x,\) = 0 for some 1-PS A. Let y = (yo : -+ : yn) =
lim;_,o t-x where y; = z; if r; = 0 and y; = 0if r; # 0. Then y is in GzNX** = Gz.23
But since the 1-PS X acts trivially on y, the stabilizer of y in G is not finite, and
thus y cannot be stable. Hence z is not stable. Therefore we have

(3) z € X° = pu(xz,\) >0 for any 1-PS \.

The Hilbert-Mumford criterion says the converses to (2) and (3) are also true!

Theorem: Let G be a reductive group acting linearly on a projective variety
X C P*. Then
z € X% < p(x,A\) >0 for any 1-PS A
x € X° < p(x,\) > 0 for any 1-PS A
We skip the proof since (i) it is quite technical (will takes several lectures to
complete) (ii) we don’t have to know the proof to apply the theorem.

22This definition makes sense for any proper G-variety with a linearization with respect to an
ample line bundle. The Hilbert-Mumford criterion holds in this more general situation.

23The point (40, -+ ,yn) € C*F1 is the limit lim¢—ot- (20, - ,2,) in C*+1. If a nonconstant
invariant homogeneous polynomial does not vanish at (zo,---,%n), then it does not vanish at
(Yo, ,yn). Therefore, y = (yo : -+ : yn) € P™ is semistable with respect to the action of G.



35
t47)e 57 16%

In the previous lecture, we learned about the Hilbert-Mumford criterion. We begin
this lecture with the “reduction to torus” technique which simplifies the Hilbert-
Mumford criterion considerably.

The following facts are well-known for a reductive group G.

e The image of any 1-PS is contained in a maximal torus of G

e Fix a maximal torus 7. Then any maximal torus of G is conjugate to 7.

On the other hand, it is easy to prove the followng (Exercise!).
e 1 is (semi)stable iff gz is (semi)stable for g € G.
o u(z,A) = plg~ 'z, g7 Ag). 2
So we have
x € X* < pu(x,\) >0 for any 1-PS X\ of G

< u(z, g7t Ag) > 0 for any 1-PS A of T and g € G
< u(ge,\) >0 for any 1-PS A of T and g € G

Similarly, x € X* < p(gx,A) > 0 for any 1-PS A of T and g € G. Hence, to
determine (semi)stability, it suffices to consider only the 1-PS of a maximal torus
T. In particular, if G = SL(m) it suffices to consider the 1-PS of the form

A(t) = diag(t™, - ,t™™)
where > r; = 0.

Let us now see some examples where we can apply the Hilbert-Mumford criterion
explicitly. The following two examples serve as the test cases!

24For the latter, choose a basis vg, - - - , v, of C"*1 such that A(t) = diag(t™,--- ,t"™). Then
61110, .-+ ,g Yoy, is a basis of C"t! fgg which g~ \g is diagonalized as diag(t™,--- ,t™). If z =
x;v; = (z0,- -+ ,@pn) then g7z = 2;(¢7'v;) = (%0, -+ ,2n). Now everything is completely

identical except for the bases.
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§2. Binary forms.

Our first example is the binary forms. Let G = SL(2). Let V,, be the irreducible
representation of G with dim V,, = n.

Here is a way to describe the irreducible representation. The natural action of
G on C? induces an action of G on the polynomial ring C[z1, 22] by (g f)(21, 22) =
f(97 (21, 22)). Since the action is linear, it preserves the grading. The subspace of
degree n homogeneous polynomials is the irreducible representation Vi, 4.

We consider the action of G on P"* = PV,,; 1. A 1-PS of the maximal torus of G
is of the form A.(t) = diag(t",¢t™") and any 1-PS of G is conjugate to A, for some
integer 7, i.e. 3g € G such that g='\g = \,..

Let f = Y a;2! "2, Then A\.(t) - f = 32727720 Hence u(f,\,) =
r(n — 2i) where ¢ = min{j | a; # 0}. So, pu(f, A\r) < 0iff i > n/2 iff a; = 0 whenever
i <n/2iff (1:0) is a zero of f with multiplicity > n/2.

A binary form f € P" is unstable iff u(f, A\) < 0 for some 1-PS X iff u(g=1- f, \) <
0 for some g € G and r € Z iff g- (1:0) is a zero of f with multiplicity > n/2 iff f
has a zero in P! of multiplicity > n/2. By switching < and <, we see that f € P" is
not stable iff f has a zero in P! of multiplicity > n/2. So, we proved the following.

Proposition: A binary form of degree n is stable (semistable) iff no point of
P! occurs as a point of multiplicity > n/2 ( > n/2). In particular, if n is odd,
semistable points are all stable and the orbit space (P™)/G is a projective variety.

§3. Ordered points in P!.

A closely related example is about ordered point in P!. Let G = SL(2). The
natural action of G on C? gives us an action of G on P'. Let X = (P1)V and
consider the diagonal action of G on X.?°

We consider the Segre embedding of X into a projective space. Namely, the
embedding is given by the ample bundle L = O(1) K --- K O(1). For z = (g :
x1) € PY p(x,\,) is 7 if x1 # 0 and is —r if 2; = 0. For 2\) = (l’éj) : x(lj)),
j=1,2,---, N, the coordinates of the N-tuple (z("), ... (")) with respect to the
Segre embedding are given by xgll)xg) e xgy) fori; = 0,1. The weight of the action

Sj) is r and that on J:gj) is —r. Thus,

(@, @), An) = (N = 29)r

of \, on x

where ¢ = #{j | x(lj) = 0}. Hence, p < 0 iff ¢ > N/2 iff more than half of the points
are (1:0). Also, p <0 iff ¢ > N/2 iff at least half of the points are (1 :0). To get
X*®% or X*® we have to get rid of the G-orbits of the above points. Therefore, we get

e The complement of X*° consists of N-tuples (x(l), e ,m(N)) which contains
a point more than N/2 times.
e The complement of X consists of N-tuples (:::(1)7 ceey :v(N)) which contains

a point at least N/2 times.

In particular, semistable points are automatically stable when N is odd.

25This is related to the previous problem since P = (Pl)”/Sn where S, is the symmetric
group of n letters.
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Proposition:
[(P1)N]* = {no points of P! occurs as a component of z > N/2 times}

[(PY)N]** = {no points of P! occurs as a component of z > N/2 times}

In particular, if N is odd, the orbit space [(P!)N]*/SL(2) has a structure of a
projective variety.
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84. Sequences of linear subspaces.

The Hilbert-Mumford criterion says
X% ={x e X |p(gx,\) > 0 for any 1-PS X of T" and any g € G}.

Let G, 4 be the Grassmannian of g-dimensional subspaces of P", i.e. g+1-dimensional
subspaces of C"*I.

For a ¢ + 1-dimensional subspace L € G, 4, choose a basis (o0, %1, ,Zjn),
J = 0,1,---,q. The Pliicker coordinates are the maximal minors p;, ... ;, of the
(¢ + 1) x (n+ 1) matrix (z;;) and they give us an embedding of G, , into PV,
N = (n+1) o 1'26

q+1

The group G = SL(n + 1) acts naturally on Gy, 4 by (z;;)A for A € GL(n + 1)
and it is an elementary exercise that the maximal minors of (z;;)A is a linear
combination of the maximal minors of (z;;). This implies that the action of SL(n+
1) on Gy, 4 is linear with respect to the Pliicker embedding.

Let X = (G,,,4)™ which parametrizes sequences of linear subspaces. The group
SL(n + 1) acts on X diagonally and the Pliicker embedding composed with the
Segre map X — (PV)™ — PM gives us a linearization.

To find the (semi)stable points, we compute u(x, A) for a 1-PS X of the maximal
torus of diagonal matrices in SL(n + 1), i.e. A(t) = diag(t™,--- ,t™), > r; =0,
ro>r1 > >rp. Let o = (L1, -, L) € (Gp,q)™. Then we know

w(z, A) = Z w(Li, A).

Let 0 C Vo C --- C V,, = C""! be the filtration defined V; = Span{eg,---,e;}
where eg, e1, -+ , e, is the basis of C**! which diagonalizes the action of . Let
L € G, 4 be a ¢ + 1-dimensional subspace of Crtl. Then Iy < 1) < -+ < vy
such that dim(V,, N L) = j + 1 and dim(V,,_; N L) = j. Choose a vector from
Vyj NnNL— Vyj_l N L. Then the subspace L has a basis which are the rows of the
matrix

aoo Q0w 0 0
aio a1y, 0 0
aqo aq”q 0 0

such that a;,; # 0. Then the Pliicker coordinate with minimal weight is py., ...,
with minimal weight r,, +r,, +--- + ry,- Hence,

BLY) ==Xy = = Sry(dim(V; 0 L) — dim(V;; 0.1))
= —rn(g+ 1)+ 3520 (rj41 — ) dim(V; N L)
For x = (Ly,--+ ,Ly) € X, we have

p(e ) = 3 (L) = —mra(g 4 1)+ 303 — 7y) dim(V 1 L)
i=1 i j=0

26 A different choice of basis results in the matrix C(zj;) for some C' € GL(g+ 1). The Pliicker
coordinates are just multiplied by det(C).
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This is a linear function of r = (rg, - -+ ,7,,) and the region in Q"*! for Y 7; = 0 and
ro > 11 > -+ > 1y is a convex polyhedral cone?” whose points are positive linear
combinations of the extreme cases

T'():"':Tp:n_pa Tp+1:...:T7L:—(p+1)

forp=0,1,--- ,n — 1. Therefore, u(x, ) > 0 for any r iff

m(g+1)(p+1)— (n+1)> dimL;NV, >0
i=1
forp=20,1,---n — 1. Hence p(gz,A) > 0 for any r and any g € G is the same as

m(g+1)dimV = (n+1)) dimL; NV >0
i=1

for any proper subspace V of C"t1.

Theorem: A sequence (Li,---, L,,) of ¢ + 1-dimensional subspace of C"*! is
semistable iff for any proper subspace V of C*t!

(n+1)Y_ dim(L; V) <m(g+1)dimV.
i=1
We get stability if we replace < by <.

Corollary: Let Hp, be the Grassmannian of r-dimensional quotients of C?, i.e.
H,, = Gr(p—r,p). Apoint y = (Q1, -+ ,Qm) € (Hp,)™ is semistable iff for any
proper subspace V' of CP,

1

u r
V) mdim V ;dlmvl p 0

where V; is the image of V in @Q;. We get stability if we replace > by >.

Here are some examples.

Example: (1) n = 1,q = 0. This is just the example of m ordered points in P*.
The above theorem says, a point (z1,---,2;,) € X is semistable iff 24{i : z; =
p} < m for any p € P" iff no more than m/2 points may coincide. This coincides
with our previous result.

(2) n = 2,q = 0 (ordered points in P?). By the theorem above, a sequence
(z1,- -+ ,&y) is semistable iff

e for any point p € P2, #{i|x; = p} <m/3
e for any line L in P2, #{i|x; € L} < 2m/3.
We get stability by simply replacing < by <.

(3) n = 3,qg = 1 (lines in P3). Consider the inequality in the theorem for
(Lla e aLm)

o If dimV =1, we get the condition

#{ilp € Li} <m/2

for any point p € P3, i.e. no more than m/2 lines intersect at one point.
o If dimV = 2, we get the condition

2H{i| Ly = L} + #{i| Li # LLN L #0} <m

for any line L in P?, i.e. no more than m/2 lines coincide and no more than
m — 2t lines intersect a line L; which is repeated ¢ times.

2"When n = 2, it is the region given by y <z, x > —2y, z = —x — y.
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o If dimV = 3, we get the condition
2#{i|Li CW}+#{i|L; € W} < 3m/2

for any plane W in P3, i.e. no more than m/2 lines are coplanar.
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Chapter 4. Vector bundles over a curve

81. Coherent sheaves over a curve.

Let X be a nonsingular irreducible projective curve of genus g. Let F be a vector
bundle over X of rank r and degree d.2® The topological type of a vector bundle
over X is completely determined by rank and degree, i.e. if two vector bundles Fj
and F, have the same degree and rank, then 3 continuous bijective bundle map
Fy, — F5 over X.

Let F be a coherent sheaf over X. Then the i-th cohomology group H! (X, F) =
H(F) is the cohomology of the chain complex

0—I%X) = ITY(X) = I*(X) - ---

where 0 — F — I® — I' — I? — ... is an injective resolution of F. In particular,
HY(X,F) = F(X). Let h'(F) = dim H (F) and x(F) = h°(F) — h*(F).

If0—F — F — F"” — 0 is a short exact sequence of sheaves on X, then we
have the long exact sequence?”

0— HYF) — H(F) - H*(F") - H'(F') - H'(F) - H'(F") - 0

Hence, we see that x(F) = x(F')+x(F"), i.e. the Euler characteristic y is additive.

For a vector bundle F' of rank r and degree d, the Riemann-Roch theorem says
X(F)=d—r(g—1). Let H be an ample line bundle with deg H = h > 0.3° Then
the degree of F(m) := F @ H®™ is d + rhm since det(F(m)) = det(F) @ HO™™,
Hence, the Hilbert polynomial

X(F(m))=d+rhm—r(g—1)=rhm+d—r(g—1).

If F is not a vector bundle, we have to be a bit careful about the concepts —
rank and degree. The tensor product F(m) = F ® Ox(1)®™ makes sense and so
does the Hilbert polynomial x(F(m)) which we know must be of the form a + bm
because dim X = 1. For a coherent sheaf F, we define rank(F) = b/h =: r and
deg(F) = x(F) +r(g — 1). Another way to define rank(F) is as follows: Let T'(F)
be the torsion subsheaf of F.3! Then we have a short exact sequence 0 — T'(F) —
F — F/T(F) — 0 and the quotient F/T(F) is torsion-free. Since X is smooth,
a torsion-free sheaf is locally free. The rank of F is the rank of the vector bundle
F/T(F). We leave it as an exercise to check that the two definitions are equivalent.

In our case, the Serre duality is easy to describe. The cotangent bundle over
X is a line bundle K of degree 2g — 2.3> We call K the canonical line bun-
dle and the sheaf of its sections is called the canonical sheaf. The obvious pair-
ing H(F) ® H°(Hom(F,K)) — H'(K) = C is non-degenerate, i.e. H!(F) &
H°(Hom(F, K))* for any coherent sheaf F on X.

A short exact sequence of coherent sheaves 0 — G — & — F — 0 is called
an extension of F by G. Two extensions of F by G are isomorphic if there is an

28deg(F) = deg(det(F)). The degree of a line bundle L is the number of zeros minus the
number of poles of a meromorphic section of L. Or simply, deg(F) is the first Chern class of F.

29VVarm-up Homework 5.

3071 is easy to see that a line bundle L over X is ample iff deg L > 0, because H (L™ (—z—1y))
HO(Hom(L™(—x —y), K))* =0 for mdeg(L) — 2 > 2g — 2.

31This is supported over finitely many points.

32By definition, dim H!(X,0) = g = dim H%(X, K). Also, res : H(X,K) = C. Hence by
Riemann-Roch, deg K = 2g — 2.
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isomorphism of short exact sequences

0 g E F 0
idl fl idl
0 g & F 0

Let Ext(F,G) be the set of isomorphism classes of extensions of F by G.

On the other hand, Ext'(F,G) is define as the first cohomology of the complex
Hom(F,I') where 0 — G — I' — --. is an injective resolution.

Lemma: Ext(F,G) & Extl(f,g).

Proof: From an extension 0 — G — & — F — 0, we get the long exact sequence
0 — Hom(F,G) — Hom(F,E) — Hom(F,F) — Ext'(F,G) — ---. The image of
1in Hom(F,F) in Ext'(F,G) is the associated element of the extension.

Conversely, given an element w € Ext!(F,G), find a representative w € Hom/(F, I').
Let £ = Ker[(w,d) : FOI? — I')]. The kernel of the composition & — F®I1° — F
is precisely G and thus we get an extension 0 - G — & — F — 0.

We leave it as an exercise to verify that this association is the inverse of the
previous one.

Lemma: There is a short exact sequence
0 — H'(Hom(F,G)) — Ext'(F,G) — H*(Ext'(F,G)) — - .
In particular, if F is locally free, we have an isomorphism
Ext'(F,G) = H'(Hom(F,G)).

Proof: This follows from a spectral sequence associated to the double complex
C?(U,Hom(F, I?)) used to define the Ext group. (There are two ways to compute.)
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X is always a smooth projective curve of genus g.

Subsheaves are closely related to subbundles.

Proposition: Let F' be a vector bundle over X and F be the sheaf of its sections.
For any subsheaf G of F, 3! subbundle H of F' with sheaf of sections H such that
H/G is a torsion sheaf, i.e. supported on a finite set. In particular, rank(H) =
rank(G) and deg(H) > deg(G).

Proof: Let T be the torsion subsheaf of 7/G. Then Q = (F/G)/T is torsion-free
and hence locally free. The homomorphism F — Q is surjective by construction.
The kernel of this homomorphism must be a subbundle H which contains G and
H/G = T is a torsion sheaf.

Conversely, if H is a subbundle of F' such that H/G is torsion, then the image
of H in F/G is torsion and thus contained in 7. Hence, H lies in the kernel I of
the homomorphism F — Q. Since ‘H and K are both subbundles of the same rank
with H C K, they must be equal.

The last statement is obvious.

One way of giving a subsheaf is by giving a subspace V of H(F) through the
homomorphism X x V — X x HY(F) — F. The subbundle we found above for
the subsheaf generated by V' is called the subbundle generically generated by V. In
particular, any nonzero section s of a vector bundle F' gives us a line subbundle.
Since F' ® H™ has a nonzero section for m >> 0 and H ample, FF ® H™ has a
subbundle of rank 1 and so does F.

Corollary: Every vector bundle over X has a subbundle of rank 1.

Our goal is to construct the moduli space of vector bundles of degree d and rank
r over a smooth projective curve X of genus g. We first consider the case g = 0,
ie. X =P.L

We know the tautological line bundle

U={(z,v)|vea} cP xC?

over P! is of degree —1. Let O(1) be the dual bundle of U. Then deg(O(1)) = 1.
Lemma: Any line bundle L over P! of degree d is isomorphic to O(d). In partic-
ular, we have Pic(P!) = Z.
Proof: Let M = L ® O(—d). Then M is of degree 0. By Riemann-Roch,
RO(M) > hO(M)—h'(M) = 1. Let s be a nonzero section of M. Since deg(M) = 0,
s is nowhere vanishing. Therefore, M = O.

We can now prove a theorem of Grothendieck.
Theorem: Any vector bundle F over P! is a direct sum of line bundles, i.e.

F=0(a;) ®0(az) ® -+ ® O(a,)

for an increasing sequence of integers a; > as > -+ > a,.

Proof: Let a; = max{i | H*(F ® O(—i)) # 0}.3% By definition, there is a section
s of F®O(—ay) but there is no section of F ® O(—ay —1). We use induction on the
rank r of F. When r = 1, there is nothing to prove. We know there is a subbundle

334, exists since F ® O(—1i) has no nonzero section for large ¢ by Serre’s theorem.
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of FF® O(—ay) of rank 1 generically generated by s but this subbundle must the
trivial line bundle O0.3* Hence we get a short exact sequence of vector bundles

0—0(a1)) > F—F —0

where F’ is a vector bundle of rank r — 1. By induction hypothesis, F/ = O(az) ®
-+ @ O(a,) for some integers ay > -+ > a,. From the exactness of 0 = H°(F ®
O(—a; — 1)) — H(F' ® O(—a; — 1)) — H*(O(-1)) = 0, we deduce that H*(F’ ®
O(—ay — 1)) = 0 and thus a; > as.

We have Ext'(F',0(a1)) = H*(Hom(F’',O(a1))) = 0 and hence the above ex-
tension splits. So we complete the proof of the theorem.

340therwise its degree is > 1 and we get a contradiction to the maximality of ay.
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§2. Semistable bundles.

We will construct the moduli space of vector bundles as the good quotient of a
projective variety. The (semi)stability we introduced in the previous chapter will
give us the notion of (semi)stable bundles.

For any vector bundle F, the slope of F' is u(F') = deg(F)/rank(F).

Definition: A vector bundle F' over X is (semi)stable iff for any nonzero proper
subbundle G of F, u(G) < (<)u(F) iff for any nonzero proper quotient bundle @

of ', u(F) < (S)pu(Q).

We have the following basic facts.

Lemma: (1) Every line bundle is stable.

(2) If F is (semi)stable, then F' ® L is (semi)stable for any line bundle L.

(3) If Fy, Fy are stable with u(Fy) = u(Fy), then every nonzero homomorphism
h: Fy — F5 is an isomorphism.

(4) If F is (semi)stable, then so is F™*.

Proof: (1) clear. (2) For any subbundle G of F® L, G® L~! is a subbundle of F.
Since deg GR L~ = deg(G) —rank(G) deg(L), u(GR L) = u(G)—deg(L) < u(F).
Thus pu(G) < u(F ® L).

(3) Let u = u(Fy) = u(Fy). Suppose ker(h) # 0 or im(h) # F». Let Gy be
the subbundle of F; generically generated by ker(h) and Gy be the subbundle of
F, generically generated by im(h). From the short exact sequence 0 — ker(h) —
Fi1 — im(h) — 0, we see that deg(F1) < deg(G1) + deg(G2) and rank(Fy) =
rank(G1) + rank(Gs). By stability, we have u(G1) < p and pu(Gs2) < p. Thus

1(F) < p. Contradiction.

(4) Let @ be a quotient bundle of F*. Then Q* is a subbundle of F' and thus

w(Q*) < pw(F). Hence u(Q) > p(F*). Therefore, F'* is stable.

Corollary: Every stable bundle is simple, i.e. Hom(F,F)=C-1.
Proof: Let F be a stable bundle and h : F' — F be a homomorphism. Choose

an eigenvalue A of h; : F, — F,. Then h — A -1 is not an isomorphism and thus
h—XA-1=0,ie. h=A-1.
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We intend to construct a family of vector bundles over X with local universal
property whose equivalence classes are orbits with respect to an action of a reductive

group.

Lemma: Let F be a semistable bundle over X of rank r and degree d > r(2g—1).
Then F is generated by its sections and H!(F) = 0.

Proof: Suppose H'(F) # 0. Then by Serre duality, H*(Hom(F, K)) = Hom(F, K) #
0. Let h : FF — K be a nonzero homomorphism. Let G be the subbundle generically
generated by ker(h). Then deg(G) > degker(h) > deg(F) —deg(K) =d —2g + 2
and rank(G) = r — 1. Since F is semistable, d/r > (d —2g + 2)/(r — 1) and
hence d < r(2g — 2). Therefore, if d > r(2g — 2), then H'(F) = 0. Similarly,
if d > r(2g — 1), H'(m,F) = 0 where m, is the ideal sheaf of regular functions
vanishing at x.

From the short exact sequence 0 — m,F — F — F, — 0, we get an exact
sequence HY(F) — HY(F,) — H'(m,F). The bundle F is generated by its sections
if H(m,F) = 0.

Corollary: A semistable bundle F is a quotient of FE := O(—m)®X where y =
HO(F(m)) for m >> 0.

Proof: For sufficiently large m, we have deg F'(m) > r(2¢g — 1) and thus a surjec-
tion OX — F(m) since F(m) is generated by its sections. Tensoring O(—m) gives
us the desired result.

Fix a very ample line bundle Ox(1) over X and a polynomial P of degree 1.
The Hilbert scheme parametrizes all quotients of E with the Hilbert polynomial P.
Consider the functor Hilb : (Var) — (Sets) defined by

Hilb(S) = {coherent quotient sheaves G of ¢5(E) where g : S x X — X
such that G is flat over S and the Hilbert polynomial of G(s)
for any s € S is P}.

For any morphism f : S — S and a quotient G of ¢5E, the pull-back of G is the
inverse image (f x 1x)*G. This makes Hilb a contravariant functor and thus we
have a moduli problem.

Theorem (Grothendieck): The moduli functor Hilb is represented by a projective
variety Hilb? (E).3

Lemma: There is an integer v such that for any quotient G = E/F with Hilbert
polynomial P and for any integer k > 0, we have

(1) HNX,F(v+k)) =0
(2) the obvious map H(X,Ox(k)) ® H*(X,F(v)) — H°(X,F(v + k)) is sur-
jective.

3514 is often called the “Quot scheme”.
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Proof: We have a finite morphism f : X — P! such that f*Op (1) = Ox(1).3¢
Since the direct image f.F is torsion-free,” f, F is torsion-free and thus locally free.
By a theorem of Grothendieck we proved in the previous lecture,

JoF = @r,200(5)".

Since f,F' is a subsheaf of f,E which must be also a direct sum of line bundles,
the set {j |r; # 0} is bounded above. On the other hand, since f is finite, we have
H*(X, F(i)) = H*(P', f.F(i)) by Leray spectral sequence.®® Hence, the degree of
f+F is just x(F) — rank(f,F) and hence > jr; is fixed. This means that the set
{j|rj # 0} is also bounded below. Hence there are only finitely elements.

For (1), just note that

HY(X, F(v+ k) = H' (P, fo(F(v + k) = H' (P!, (f.F)(v + k)) =0
for large enough v + k.3 For (2), observe that HO(X, F(v)) = HY(P!, f.F(v)) and

HY(X,F(v+k)) = H°(P', f.F(v + k)). The homomorphism in (2) together with
the natural homomorphism H® (P!, Op: (k)) — H®(X, Ox (k)) gives us the map

HOP', 0(k)) @ H(P', O()) — HO(P',O(v + k)
which is just the product of degree k homogeneous polynomial with degree v ho-

mogeneous polynomial. This is obviously surjective and thus the homomorphism
in (2) is also surjective.

Proof of the theorem (Sketch): Let v be a sufficiently large integer such that
HY(X,E(i)) = 0 for i > v and v satisfies the conditions of the above lemma. Then
for any quotient E/F = G, the short exact sequence 0 — F(v) — E(v) — G(v) — 0
gives us a short exact sequence 0 — HO(F(v)) — H°(E(v)) — H°(G(v)) — 0 since
HY(F(v)) = 0. Let Grass”® (H°(E(v))) be the Grassmannian of subspaces of
codimension P(v) = dim H°(G(v)). Then given a quotient E/F = G, the subspace
HO(F(v)) of H(E(v)) gives us a point in Grass” ) (H(E(v))), called the Hilbert
point. Given a family F — S x X of subsheaves, the direct image p,F(v), where
p: S x X — S is the projection, is a subbundle of H°(E(v)) x S. Thus we
get a morphism S — Grass” ") (H°(E(v))) and hence a natural transformation
® : Hilb — Grass” ") (HO(E(v))).

Conversely, the Hilbert point determines the quotient G = E/F: Since F(v) is
generated by its sections,*® F(v) is the image of the composition

HY(F(v)) x X — HY(E(v)) x X — E(v)
and F is the image of H*(F(v)) ® O(-v) — E.

The Hilbert scheme is a closed subvariety of Grass” ™ (H°(E(v))).*! The univer-
sal subbundle U — Grass” ") (H°(E(v))) of the trivial bundle H*(E(v)) x X gives

36The very ample line bundle Ox (1) gives rise to an embedding X < P™. Project X to Pn—1
from a point = ¢ X UP™~1. Project the image of X to P*~2 from a point not in P*~2. Continue
this way till we get a morphism X — P,

37The natural homomorphism Op1 — f«Ox is injective. Since fiF is a locally free fiOx-
module, f«FE is torsion-free.

38HP (P, RIf.F) = HPT9(X, F). Note RIf.F =0 for ¢ > 0 since f is finite.

39For the second isomorphism we used the projection formula fu(F @ f*O(v 4+ k)) = fu F ®
O(v + k).

OH(X, F(v) @ ms) = 0 from the exact sequence 0 — F(v —1) — F(v) ® ma — T — 0 where
T is a torsion sheaf.

4The second condition of the above lemma determines the closed subvariety. Namely,
Hilb? (E) is the locus of subspaces T' satisfying dim HO(E(m))/TH%(X,O(m — v) = P(m) if
m > v.
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us a homomorphism UROx (=) — Ogass?e) (o5 () B E. The image of this ho-
momorphism, restricted to the closed subvariety Hilb” (E)x X, is the universal fam-
ily F — Hilb? (E)x X of subsheaves. The quotient U = OgrassP®) (Ho(E@w)) ¥ E/F
is the universal quotient sheaf.

Let P(m) =d+rmh —r(g—1) and E = O(—v)®P where p = P(v). Let R be
the subset of Hilb” (E) whose points ¢ satisfy the following
o U, is locally free
e the canonical map E(v) = OP — U,(v) induces an isomorphism H°(OP) —
HO Uy (v))-
The group G = PGL(p) acts on E = O(—v)®P in the obvious fashion and hence on
the Hilbert scheme Hilb” (E). The open subvariety R is G-invariant.

Theorem:

(1) The restriction U|rxx is a vector bundle
(2) The family U|gxx has the local universal property for families of bundles
of rank r and degree d
(3) Uy, = U, iff ¢1 and ¢ lie in the same orbit of the action of PGL(p) on R
(4) For q € R, the stabilizer of ¢ in G is isomorphic to Aut(U,)/C* - 1.
Proof (Sketch): (1) obvious. (2) Given a family, we can find a neighborhood of
a point where the family is obtained as the quotient of E.
(3), (4) If U,, = U,,, we get an isomorphism H°(OP) = H°(U,,) = H°(U,,) =
H°(OP) and thus an element of G. The converse is easy.
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Let X be a smooth algebraic curve of genus g. We want to classify the vector
bundles over X of rank r and degree d. The following observation of the last lecture
provides the starting point of doing this:

Lemma Any semistable bundle F' of rank r and degree d is a quotient of a fixed
trivial bundle E = O% wherep=d —r(g—1) > 0. O

Note that the degree and rank are fixed if we fix the Hilbert polynomial P(m) =
(d+rhm) —r(g—1) = p+rhm, and conversely. (Here, h = degOx(1)). Next step
is to construct the Quot scheme which ”bounds” the set of isomorphism classes of
semistable bundles with Hilbert polynomial P. By Grothendieck’s theorem, there is
a projective variety Hilb" (E) inside a big Grassmannian, whose points correspond
to the coherent quotient sheaves G = E/F with Hilbert polynomial P. Also, there
is a universal quotient sheaf U over Hilb”(E) x X such that Uy = Ulgyxx =G
for each ¢ = [G = E/F] € Hilb"(E). This variety Hilb" (E) represents the moduli
functor Hilb:

® : Hilb — Mor( — , Hilb" (E)).

Let R be the subset of Hilb” (E) whose points ¢ satisfy

(1) U, is locally free and
(ii) the quotient map E — U, induces an isomorphism H°(FE) = HO(U,).
Note that any semistable quotient bundle E/F of rank r and degree d > 0 satisfies
these two conditions. Since these are open conditions, R is an open subset and the
restriction U|gx x is a vector bundle*2. The family U|rx x has the local universal
property for families of bundles of rank r and degree d satisfying condition (ii).

Now we want to identify the isomorphic vector bundles. From the action of
G = PGL(p) on E, we have an induced action on Hilb" (E) given by

g-(EJ/F)=E/(g-F) for g € G.

It is clear that R is invariant under G-action. The followings are easily checked:
Lemma
(1) For q1,92 € R, Uy, and U,, are isomorphic if and only if ¢; and ¢ lie in the
same orbit.
(2) For q € R, the stabilizer G, is isomorphic to Aut(Uy)/{ }.
Proof.
(1) If Uy, = U,,, we get isomorphism HO(E) = H(U,,) = H°(U,,) = H°(E) and
thus an element g € G. The converse is obvious.
(2) In the same way, any ¢ € Aut(U,)/{ [} must come from a unique element
g € G. Hence, the homomorphism

Stabilizer of ¢ in G — Aut(Uy)/{ [}

is bijective. [

In view of this lemma, we need to construct a quotient of R by G. In next
section, we relate this problem to the one considered in Lecture 17 (sequences of
linear subspaces).

Remark. There is also a direct approach: One can show that the (semi)stable
bundles corresponds to the (semi)stable points ¢ € Hilb”(E) under G-action.
Knowing this, one can construct the quotients (Hilb? (E))**//G and (Hilb" (E))®/G.
In some sense this is more natural but requires detailed study of (semi)stability of
coherent sheaves.

84. Construction of Quotients.

Let R*(R*®) be the subset of R consisting of those ¢ for which U, is (semi)stable.

4214 is flat over Hilb" (E).
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Fix any € X and define a map 7, : R — Gr"(E) by
Tz(‘]) = (uq)xv

where Gr"(E) is the Grassmannian of r-dimension quotient spaces in E = O%..
This 7, is a PGL(p)-morphism. Indeed, for any [F = E/K] € R and g € PGL(p),

(g [F)) = (B/(9- K)o = g (BE/K)s = g 72([F]).
Similarly, for any sequence x1,xs, -+ ,x N of points in X, the map
7:R— (Gr"(E)N =Z

given by
7(q) = (Uyg)ars Ug)zss -+ s Ug)zy)

is a PGL(p)-morphism.

Lemma There is a sequence of points of X for which the corresponding morphism
T7: R — Z is injective.

Proof. First note that if ¢1 # ¢o, then U,, and U,, are distinct as a quotient
bundle of E. Hence there is point € X at which U, and U,, have distinct fibers.
This shows that by adding points x € X, we can make 7 to separate any two distinct
points q1,q2 € R.

Now let D be the closed subvariety of R given by the inverse image of the diagonal
Ay of Z x Z under the morphism 7 x 7 : R X R — Z x Z. Consider a family of
such D for arbitrary choice of the sequence x1, x5, -,z N for arbitrary N. Note
that any D in this family contains the diagonal Ar C R x R. By the Noetherian
property, this family has a minimal element Dy. Above argument shows that D
coincides with Ag, which means that the corresponding 7 is injective. O

Moreover, we can require this injective morphism 7 : R — Z to satisfy the
following additional properties:

Theorem (Theorem 5.6 in the book) For any fixed r, there is an integer dy such
that for all d > dy, there exists a sequence of points of X for which the corresponding
morphism 7 : R — Z satisfies the followings.

(1) 7 is an immersion, i.e., R is isomorphic to 7(R),
(2) RSS = T*l(Zss)’

(3) R*=7"1(2"),

(4) 7 : R®*® — Z*® is proper.

Proof. Postponed to §6. [

Note that by (2), R** is open in R and hence it is a quasi-projective variety.
By (1), we identify R*® with its image in Z°°. Under the PGL(p)-action on the
Zariski closure of R®*°, R°® and R’ coincide with the set of semistable and stable
points of R respectively.*®> So there is a good quotient M (r,d) = R**//G which
is a projective variety. Also there is an open subset M*(r,d) of M (r,d) which is a
geometric quotient R*/G.

Theorem There exists a coarse moduli space M*(r, d) for stable bundles of rank
r and degree d over X. Also it has a natural compactification to a projective variety
M(r,d).

Proof. If we take d > dy > r(2g—1), R*(R**) has the local universal property for
(semi)stable bundles of rank r and degree d. Hence the geometric quotient M*(r, d)
is a coarse moduli space (cf: Proposition 2.13 in the book).

In general, by tensoring Ox (m) with m > 0, we can argue in the same way for
arbitrary degree d. In particular, M*(r,d) = M*(r,d + rmh) for any m. O

Note that two points in R*® collapse to the same point in M(r,d) if and only if
the closures of their orbits meet in R**. What does a point of M (r,d) stand for in
terms of bundles? To answer this, we need the following notion.

43For a closed invariant subvariety Y of X, Y** = X**NY and Y®* = X°NY.
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Definition (Jordan-Hdlder filtration)
For any semistable bundle F, there is a sequence of subbundles

O=FhCcHkhCchkhcCc---CF,=F

such that for each i, F;/F;_4 is stable and p(F;/F;—1) = pu(F).
Moreover the bundle

k
gT(F) = @Fl/Fl—l
i=1

is determined by F up to isomorphism.

This filtration is obtained by the Jordan-Hélder theorem for the category C(u)
of semistable vector bundles of fixed slope . Now we have

Theorem Two semistable bundles F' and F’ determine the same point of M (r, d)
if and only if gr(F) = gr(F’). Hence M(r,d) parameterizes the ”S-equivalent”
classes of semistable bundles of rank r and degree d.

Proof.
(«=) It suffices to show that F' and gr(F) collapses to the same point of M (r,d). In
particular it suffices to argue this for F' and Fy @ F/F; where F} is a subbundle of
F of slope p = p(F). For the family Ext!(F/F;, F}), we have a map®!

Ext'(F/Fy, F) — M(r,d).

Consider the restriction of this map on the straight line F; passing through the
origin (= Fy @ F/F) and F in Ext'(F/Fy, Fy). Since Fy, = F for t # 0, this
map must be constant. Note that the scalar multiplication by A on Ext!(F/Fy, Fy)
corresponds to the extension

0—F —FX2F/F —0.

(=) To prove that two non-isomorphic polystable bundles (direct sums of sta-
ble bundles of the same slope) define distinct points, it suffices to show that any
polystable bundle F has a closed orbit. In the closure O(F), take F,, which has a
closed orbit. Above argument shows that F,, must be polystable. Now from the
existence of a sequence of orbit points of F' converging to F, it is easily seen that
F=F % 0O

Remarks.
(1) One can show that M(r,d) is normal and irreducible, and that M#(r,d) is
smooth.
(2) If M*(r,d) # 0, then

dim M (r,d) = dim M*(r,d) = r*(g — 1) + 1.

Also, M*(r,d) = 0 if either (¢ =0 and r > 2) or (g = 1 and (r,d) # 1). Otherwise,
Ms(r,d) # 0.
(3) When r and d are coprime, M (r,d) = M?*(r, d) and the moduli space is a smooth
projective variety.

85. Existence of a fine moduli space.
The goal of this section is to prove the following

Theorem If r and d are coprime, then there is a bundle V' over M*(r,d) x X
which gives a fine moduli space for stable bundles of rank r and degree d over X
(with respect to the equivalence relation on families).

We start from

44From the local universal property of M (r,d), the map is defined at least on a neighborhood
of the origin of Ext!(F/Fy, Fy).

45For F = EBFiTi with each F; stable, dim Hom(F;, Foo) > 7;. This implies that Fo has at
least r; copies of F; as its direct summands.
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Lemma Let T be a smooth variety. Let F be a vector bundle over T' x X such
that Fy is stable bundle over {t} x X for each ¢t € T. For another vector bundle F’
over T' x X,

E,2F, forallteTif andonly if F=2 E® (pr)*L

for some line bundle L over T" and the projection map pr : T'x X — T. (In this
case, E and F are called to be equivalent).
Proof.
(«) Clear since ((pr)*L); is trivial over X for each t € T.
(=) Since E; is stable for each t € T, we have
(i) each nonzero homomorphism E; — F; is an isomorphism and
(ii) H°(Hom(Ey, Fy)) = C (stable = simple).
Hence L := (Pr).(Hom(E, F)) is a line bundle over T' with fiber
Ly = H*(Hom(Ey, Fy)) at t € T*S. From this we get a homomorphism*7
¢: E® (pr)*L — F defined by

¢ : By @ H'(Hom(Ey, F})) — F,

which should be an isomorphism by (i) again. O

In view of this lemma, we get

Corollary If there exists a bundle V over M?*(r,d) x X such that, for all
q € M*(r,d), V; is the stable bundle corresponding to ¢, then M?*(r,d) is a fine
moduli space for the stable bundles of rank r and degree d over X with respect to
the equivalence relation on families (cf: Proposition 1.8 in the book).

Now recall the construction of M?*(r,d). For p = dim E, GL(p) acts on U —
Hilb? (E) x X, which restricts to U’ := U|gsxx — R* x X. Here, the matrices
{AI} in GL(p) acts trivially on R® and the moduli space M?*(r,d) is obtained by
the geometric quotient R*//PGL(p).

Hence the natural approach to get a bundle V' in the above corollary is to try for
something like &’'//PGL(p). But the matrix AI acts as scalar multiplication by A
on Uy, hence PGL(p) does not act on U’. Our strategy is to construct a line bundle
L over R® such that
(a) the action of GL(p) on R? lifts to an action on L ;

(b) Al acts on L by a scalar multiplication by A.

Once such L obtained, we put & := U’ @ (prs)*L~t. Now A acts on u trivially
and we get a PGL(p)-vector bundle U over R® x X. Note that U is equivalent
to U’. Hence by taking the geometric quotient, we get the wanted vector bundle
V =U//PGL(p) over (R* x X)//PGL(p) = M*(r,d) x X.

The last step can be justified by the decent lemma due to Kempf (lecture 14). To
apply the descent lemma, we need to show that for each point ¢ € R?, the stabilizer
PGL(p), acts trivially on ,. But as was seen before, PGL(p), = Aut(U,)/\,
which is trivial since L?q is stable.

Finally we prove

Lemma If (r,d) = 1, then there exists a line bundle L over R*® satisfying the
above properties (a) and (b).

Proof. Fix a line bundle J over X with degree 1 and consider the bundle

E, =U & (Px)*J"

46Generally for a vector bundle F over T'x X, F is flat over T iff x(F}) is constant. In addition
if hO(F;) (and h'(F})) remains constant, then p.F is locally free of rank h0(F}).

474 is obtained by the composition map

EQ® (pr)*L = EQ® (pr)*(pr)«Hom(E,F) - E® Hom(E,F) — F.
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over R® x X of degree d 4+ rm. For sufficiently large m, we have
H'((Ep)q) = H' (Ug® J™) =0
for all ¢ € R®. Hence
ho((Em)q) = X((Em)q) = deg((Em)q) +7(1 = g) =d+r(m—g+1).
Thus (prs)«Em corresponds to a vector bundle, say F,,,, over R® of rank d+r(m —
g+ 1). The GL(p)-action on U’ — R* x X induces the GL(p)-action on F,, — R?,
where AI acts by scalar multiplication by A as before. Note that AI acts by scalar

multiplication by A?t7(m=9+1) on the determinant line bundle detF,,.
Since (r,d) = 1, we have
(d+r(m—g+1),d+r(m+1-g+1))=1
so there exists integers a and b such that
a(d+rim—g+1) + b(d+r(m+1—-g+1)) = 1.
Now the line bundle
L = (detF,,)* @ (detFp,41)°
has the required properties (a) and (b). O
Remark. It is known that there is no fine moduli space if (r,d) # 1 ([Ramanan]).
86. Proof of Theorem 5.6
First we prove the following:
Proposition Let F' be a vector bundle over X generically generated by its global
sections.
(1) Let A be the number of distinct points x of X at which H°(F) does not generate
F,. Then X\ < deg(F).
(2) h9(F) < degF + rkF.
Proof. 1In case F is a line bundle, we have an exact sequence

0-0x >F—T—0,
where T is a torsion sheaf. Thus
A < # of points of SuppT < h®(T) = degT = degF.

Also,
RO(F) < h°(Ox) + hO(T) = 1 + degF.

In general, choose a global section s of F' and argue for F'/L inductively, where L
is the trivial line bundle defined by s. [

Now we prove Theorem 5.6.
Proof of Theorem 5.6 (1). Omitted. To prove this, it is necessary to study the
differential properties of R.
Proof of Theorem 5.6 (2) and (3). We need several steps to prove these. First
we show
Lemma There is dy such that, for d > d;, every semistable bundle F of rank r
and degree d satisfies the followings:
(1) Any subbundle G of F with slope u(G) = d/r is also generated by global sections
and H'(G) = 0.
(2) For any subbundle G of F with u(G) < d/r, if it is generically generated by
global sections, then
hO(G) _ hO(F)
kG rkE
Proof. (1) Suppose d > r(2g — 1). For ' = rankG and d' = degG, note that
d = (r'/r)d > r'(2g—1). Now since G is semistable, the wanted result follows from
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what we proved in Lecture 20.
(2) Recall the Riemann-Roch formula: h® — h! =d —r(g —1). If H'(G) = 0, then

h(]G hOF
75,):#/+1—9<M+1—g: 5

~

and we are done.

Now suppose H'(G) # 0. By Serre duality, we have a map h : G — Kx for
the canonical line bundle Kx. The subbundle generically generated by Ker(h) has
rank " =7/ — 1 and degree d”,

d" > deg(Ker(h)) = degG — deg(Im(h)) > degG — degK = d' — (29 — 2).

From the semistability of F, we get*8

r(d = (29 -2)) < (' = 1)d.

From the above proposition, we know h°(G) < d’ + ' and to prove (2), it suffices
to show

d/r+1<d/r+1—g
From above inequality, this is true if
d>r(2g—2)+r(r—1)g. O
Now consider the map

7(q) = (Ug)zys Ug)zas -+ s Ug)an)-

For any subspace V of H°(O%), we let V; denote the image of V' in (Ug).,. Recall
that 7(¢) is a (semi)stable point if and only if for every nonzero proper subspace V
of HO(O%) = HO(U,),

N
1 . T
p(V) = E dlmij];>0(2 0).

N dimV 4
7j=1

To show (2) and (3) of Theorem 5.6, we claim:

(A) g € R*®* = p(V) > 0 for all V, hence 7(R**) C Z**,

(B) g € R* = p(V) >0 for all V, hence 7(R*) C Z*,

(C) g € R**\R*® = p(V) =0 for some V, hence 7(R**\R®) C Z*°\Z".
(D) T(R\R**) C Z\Z**.

For (C), if ¢ € R**\R®, then there is a proper subbundle G of U, such that
w(G) = d/r. By (1) of the above lemma, H'(G) = 0 and H°(G) generate G. Hence

pHG) = s
B rkG r
 deg(G) +rkG(1 — g) 5
o T T
T od+r(l-g) p
= 0.

For (D), let ¢ € R\R®*. Choose a subbundle G of U, of smallest possible rank
such that p(G) > d/r, which is obviously stable. The same argument as above

4811 case 1’ = 1, it can be seen that G is an invertible sheaf generically generate Kx and so
d’ < 2g — 2 and the inequality is still valid.
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shows
kG r
HO = = _T
B rkG T
© deg(G)+TkG(1—g) p
r
> - =
d+r(l—g) »p
= 0.

For (A) and (B), suppose ¢ € R*S and let V' be any nonzero proper subspace of
H°U,). We write G for the subbundle of U, generically generated by V, and so
V c H°(G). We put

rkG r
o(V)= dmV  p

If u(G) =d/r, it follows from the above formula that

a(V) = p(H(G)) =0,

equality occurring if and only if V = H°(G)*. In particular, when V = H°(G),
(A) and (B) holds vacuously. So we can suppose that V' # H°(G), and therefore
a(V) > 0.

On the other hand, if u(G) < d/r, then by (2) of the above lemma,

rkG r _r r
o(V)y> 2 I T Ty
V2w@ 57
So in any case (V) > 0 and hence (since p dim V -o(V) is an integer) o(V) > 1/p?.
Now
1

N
a(V)—p(V)= NIy ;(rkG —dimVj}).

If V generates the fibers of G at all x;, then p(V) = o(V) > 0 as required. In
general, let A be the number of points of X for which V' does not generate G,.
Then

A-rkG A
oV)=r(V) S ¥ amv S N
hence Np(V) > No(V) — X > N/p? — \.
Therefore, p(V) > 0 if N > Ap?. By (1) of the above Proposition, we have
A < degG and degG < (rkG/r)d < d. So it suffices to choose N > dp?. [J

Proof of (4) of Theorem 5.6. Put Q = Hilb” (E). First we show
Lemma There are integers da, Na(d) such that whenever d > ds and N > N(d),
there is a closed set ® in () x Z containing the graph of 7 and

dN(Q x Z°°) = graph of T|gss.
Note that 7 : R*® — Z*% has a factorization

Res C Q % 788 proj Zss)

R?*® — graph of 7

the first being an isomorphism. By the above lemma, the graph of 7|gss is closed in
Q x Z*%, and since @ is projective, the last projection is proper. The result follows
at once. [

Sketch of proof of the lemma. A detailed proof is given in the book. First we
construct a closed set ® in ) X Z such that

®N (R x Z)= graph of 7.

49Since G is semistable, we always have % > h%k(g) = %.
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To do this, we need to think an open subset
Qz ={q € Q : U, is locally free at x}
for © € X and extend the morphism 7 to 7, : @, — Gr"(E). First define

@, = (graph of 74]g,) | J (Q\Qx) x Gr"(E))

and then put ® = ﬂ;yzl ... It is easily seen that ® N (R x Z) coincides with the
graph of 7.
Next step is to show that if we take sufficiently large do, No(d), then

®N(Q x Z°°) = graph of 7

as stated in the lemma. Inclusion (D) is already proven in above (A). Also, For
q € R\R**, 7(q) is unstable by above (D).

The most difficult thing is to show that if (¢,y) € ® with ¢ € Q\R, then y is
unstable. Here, U, may not be locally free and the isomorphism H°(O%.) = H(U,)
is not always guaranteed. The proof in the book provides a way how to take care
this problem. [J

Rss,
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Let X be a smooth algebraic curve of genus g, M = Mx(r,d) the moduli space

of semistable vector bundles over X of rank r and degree d. Our aim is to prove
the following:

N

Main Theorem If E is a stable vector bundle over X, then M is smooth at [E]
and TjpM = Ext'(E, E) = H(X, End(E)). O

As a corollary, we can see that if M® is not empty, then
dim M = W' (X, End(E)) = —x(End(E)) + h*(End(E)) = r*(g — 1) + 1.

We start from considering the scheme-theoretic conditions for the smoothness
(reference: Le Potier, Chapter 8). Let Y be a variety and a € Y. By definition, Y
is smooth at @ if dim(7,Y) = dim Oyq.

e Tangent space

Let T denote the tangent space T,,Y = (m/m?)* for the maximal ideal m in Oy,.
A non-reduced scheme D = Spec(Cl[e]/(?)) supported at one point is called the
dual number. It is easy to check that

T,Y = (m/m?)* = Mory,(D,Y).
Also note that
T,Y = (m/mz)* = Spec(Sym(m/mQ)) = Spec(@iZOSymi(m/m2)).

e Tangent cone

Let C' = CY denote the tangent cone Spec(€D,~,m’/m**1) of Y with vertex o.
Roughly speaking, it is cut out by the minimal degree terms of the polynomials
in the ideal of Y, while the tangent space T is cut out by the linear terms. The
corresponding maximal ideal at o is given by @,,,m‘/m‘*t.

For example, Let Y be the plane curve cut out by y? — 2% = 0. Then T,Y = C?,
while the tangent cone C'Y" at the origin is the double line (y? = 0).

Since Sym‘(m/m?) — (m?/m*1) for each i, Sym(m/m?) - @, (m*/m*1) and
soC CT.

Lemma dim,Y = dim,C

Proof.  Consider the map n +— dimc(R/m"), where R = Oy,. For n > 0,
this is a polynomial map, called the Hilbert-Samuel polynomial, whose degree is
dim R = dim, Y (Hartshorne, V, Ex. 3.4). In the same way, dim, C is equal to the
degree of the polynomial map

n— dimc(@(mi/mi“)/@(mi/miﬂ))
i>0 i>n
but this coincides with the map

n—1
n — dimc (@D (m'/m™*!)) = dim(R/m"). O
i=0
Proposition Y is smooth at a if and only if C' =T
Proof. By the above lemma, dim, Y = dim T if and only if dim, C' = dim T'. Since

C is a closed subset of the irreducible variety T, the equality holds if and only if
c=T.0
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To catch the ”very local” behavior, we consider the following notion correspond-
ing to the Taylor expansions in analysis.

Definition =~ The k-th infinitesimal neighborhood of @ in Y is defined by Y, =
Spec(Oy,q/mF ).

Theorem Y is smooth at a if and only if for any surjection A — A of Artinian
local rings over C, any morphism SpecA — Y supported at a lifts to SpecA.

(An Artinian local ring is a Noetherian local ring with unique prime ideal m such
that m* = 0 for some n. A typical example of Artinian local ring is: C[ty, %2, - - ,t4]o/n¥,
n its maximal ideal. Reference: Atiyah and Macdonald, Chapter 8.)

Proof. The details can be found in, e.g., Le Potier, pp.123-125. Here we just prove
the following what we need later: Let T}, denote the k-th infinitesimal neighborhood
of the tangent space T' = T,Y at the origin. If the natural embedding 7} = Y; — Y
lifts to T, — Y, then Y is smooth at a.

First notice that 7}, = Spec(C[ty,--- ,ta]o/n**1), where d = dim, Y. By the
assumption, we have a map T — Y. Taking the tangent cones, we have C(T}) =
T,, — CY < T. Thus obtained map T}, — T is given by the surjection Clty, - - - ,tq] —
Clt1,- -+ ,talo/nFT1, which implies that Ty, — T is an embedding. Hence we see that
T, — C = CY is also an embedding for each k£ > 1.

From this, we get

dim Op ,/n* ™! = dim O, , < dim O¢ /2",

where n denotes the maximal ideal of O¢,. Since both sides correspond to the
values evaluated at (k 4+ 1) of the Hilbert-Samuel polynomial maps of (T,0) and
(C, 0) respectively, we conclude that dim7T < dim C. This shows that T = C and
thus Y is smooth at a. O
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)3k 57 - 247
Z o4 Ay
Now we prove the Main Theorem. The moduli space M is given by the GIT
quotient ¢ : R** — M = R**//PGL(p). For q € R® lying over a stable bundle
[E], the stabilizer group Stab(q) = Aut(E)/A is trivial. Hence by Luna’s slice
theorem, there is a locally closed subvarlety S of R*®| passing through ¢, such that
¢|ls : S — M is étale. This implies that Og Q= (’)M (g) (Hartshorne, III Ex. 10.4).

O:

Claim 1: For any Artinian local ring A,
Mor,(SpecA, S) = Morg)(SpecA, M).

Proof. 'We use the completion of local rings (reference: Atiyah and Macdonald,
Chap.10). Note that since A is an Artinian local ring, A = A.

SpecA — (S,q) & 0Osq— A & @S,q — A=A
= @JVI,[E] — A & OM,[E] — A
& SpecA — (M, [E]). O

Definition A deformation of E with base SpecA is a coherent sheaf £ over SpecAx X,
flat over SpecA, whose central fiber at Spec(A/m) x X is isomorphic to E.

In other words, £ is a coherent sheaf of (Ox ®c A)-modules, flat over A, such that
E/m& = E. (By Nakayama’s lemma, £ is locally free). We let Def?(SpecA) denote
the set of isomorphism classes of deformations of E with base SpecA.

Claim 2: Def*(SpecA) = Mor(g)(SpecA, M).

Proof.  From above Claim 1, SpecA — (M, [E]) < SpecA — (S, q), where S C R.
From the existence of the universal bundle on R, we see that Mor,(SpecA, S) =
DefE(SpecA). O

Claim 3: M is smooth at [E] if and only if for any surjection A — A of Artinian
local rings, any deformation of E over SpecA lifts to that over SpecA, i.e.,

DefE(SpecA) — Deff(SpecA).

Proof. By Claim 2, we may prove instead that M is smooth at [E] iff Morg (Specfl7 M) —
Mor g (SpecA, M). But this is just the smoothness criterion we have already
proven. [J

Claim 4: Suppose that E is a stable bundle. Then the above deformation lifting
property holds.

Proof. Recall that in the proof of the smoothness criterion, it was enough to
consider the embedding Ty — T}, which amounts to considering the surjection
Clt1, -+ stalo/n**1 — C[t1,--- ,ta)o/n%. This map can be decomposed into a se-
quence of maps of the followmg type: A — A = A/I where [ is 1-dimensional,
I =C-v. Also for the maximal ideals m and @ of A and A respectively, we have
vector space decompositions A = C-1®m® C-v and @ = m @ C - v, where
v? =vm=0.

Now choose a basis p1, to, -+ , i, of m. Then pq, pa, - -+, fin, ¥ give a basis of m.
We denote the multiplications in A and A by - and * respectively. They are related
as follows:



60

O asa) * (Y ajus) = (O aw) - (D atma) + Z bijaia;v,

where > bijaiag is a symmetric bilinear form.
For a given deformation £ of E over SpecA, we can find an open cover {U,}
of X such that Fl|y, is a free Ox (U, )-module and ¢, : €|y, = E|y, @c A a free
(Ox ®c A)-module. (Nakayama’s lemma)
On Uy = Uy NUg, Dag = P 0 1/151 is an endomorphism of El|y,, ®c A, which
is a Cech 1-cocycle. Put D.g =1+ Z?:l Déﬁm. The cocycle condition is given
by

(Ig + Z Dighi) - (I + Z Dy i) = (Ip + Z D3 pi)-
i=1 i=1 i=1
If an extension £ with base SpecA exists, then

Da,@ =1Ig+ ZDgﬂMi + Gaﬁl/,
i=1
where Gop € H°(Uag, End(E)). The cocycle condition is given by Dugs * Dg, =
D,~. From the above cocycle condition for D,g, this holds iff

Y biDisDh, = —Gag — Gpy — Gra = —0{Glag}.
,J
We conclude that there is an extension € with base SpecA iff the 2-cocycle in the
left-hand side is a coboundary of some 1-cycle {—Gqg}.
Since dim X = 1, H?(X, End(E)) = 0 and so any 2-cocycle is a coboundary.
This completes the proof that M is smooth at [E]. O

Now we turn to the tangent space description of M. As already indicated, Tjg) =
Morg) (D, M) for the dual number D = Spec(Cle]/(e?)). By Claim 2, this coincides
with Def¥(D). As we have seen in the above proof, a deformation of E with
base D yields a 1-cocycle {D,g}. Since the trivial deformation corresponds to the
coboundaries, we have injection Def¥(D) — H'(X, EndE). Again the vanishing
H?(X, EndE) = 0 shows that there is no obstruction for the deformation, proving
that

TipM = H (X, EndE) = Ext' (E, E).
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(1)

Let P1 and P2 be two moduli problems with the sets of objects A; and As
respectively. We can define the product moduli problem Pr by considering
the product of the sets of objects A1 x Ay and by letting Fp,.(S) = Fp1(S) x
Fpa2(S) where F,.(S) denotes the set of isomorphism classes of the families
parametrized by S for the moduli problem *. Show that if My and M, are
the coarse moduli spaces for P1 and P2 respectively, then M; x M> is the
coarse moduli space for Pr.

Prove the “reduction in stages” principle: Let G be an algebraic group
acting on a variety X. Let H be a normal subgroup of G and K = G/H.
Suppose the categorical quotients Y = X//H and Z = Y//K exist. Prove
that Z is the categorial quotient of X by G.

Let C* act on C* = C? x C? by

Aty ta) = (Mp, Mo, A, A7 1y).

(a) Find the quotient C*//C*.

(b) Find the quotient P(C*)//C*.

Let ¢ : X** — X//G be a good quotient of a variety X. Show that in each
fiber of ¢ there is a unique closed orbit.

Prove the “quantization commutes with reduction” principle: Suppose X
is a projective variety with very ample line bundle Ox (1) which is acted on
linearly by a reductive group G. Let Y be the good quotient of X*® by G
and Oy (1) be the induced ample line bundle. Then

HO(Y,0y (k) = H*(X,0x (k)

for sufficiently large k.

Suppose a reductive group G acts on varieties X and Y linearly (with respect
to the line bundles Ly, Lo respectively). Consider the diagonal linear action
of G on X x Y (with respect to priL; ® priLs). Show that for each one
parameter subgroup A of G we have

p(2,9), A) = (@, A) + p(y, A)-
Let X be a variety with a linear action of a reductive group G. The action
of G on L induces a linear action of G on L" for any integer r. Prove that
for any integer r > 1, a point € X is (semi)stable with respect to L iff
is (semi)stable with respect to L".
Let G be a reductive group acting on varieties X and Y and let ¢ : X — Y
be a finite equivariant morphism. Suppose a good quotient Y//G exists.
Prove that a good quotient X//G of X by G exists and the induced mor-
phism X//G — Y//G is finite.
Let U,W be finite dimensional vector spaces. Let Grassp(U @ W) be
the Grassmannian of P dimensional subspaces of the vector space U @ W.
Consider the SL(U) action on Grassp(U ® W) induced from the natural
SL(U) action on U. Prove that a point L € Grassp(U ® W) is semistable
with respect to the Pliicker embedding iff

(dim L)(dim U") — (dim U)(dim U’ @ W N L) > 0

for any proper nonzero subspace U’ of U. Prove that we get stability if we
replace < by <.
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(10) Let Z, W be projective varieties and ¢ : Z — W be a projective morphism
with relatively ample bundle Oz(1) over Z. Suppose a reductive group G
acts on Z, W linearly with respect to ample line bundles Oz(1), Ow (1)
respectively. Suppose ¢ is a G-equivariant morphism. Now consider the
line bundle L = ¢*(Ow(a)) ® Oz(1) and the induced action of G on L.
Prove that for sufficiently large a we have
(a) 671 (W) C 2°
(b) 6(7°%) C W
where the (semi)stability for points in Z (resp. W) is with respect to L
(resp. Ow (1)).
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Comments and Hints

See chapter 1, section 2.

See chapter 2, section 4.

See chapter 3, section 3 for (a), chapter 3, section 4 for (b).

See chapter 3, section 3.

See chapter 3, section 4. Also, see II 2.5, Ex. 5.14 in Hartshorne’s book.
See chapter 4, section 2.

See chapter 3, section 5.

See chapter 3, section 4. This problem is from the paper, “On the moduli
of vector bundles on an algebraic surface” by D. Gieseker, Annals of Math,
1977, pages 45—60.

See chapter 4, section 2. This problem is from the paper, “Moduli of rep-
resentations of the fundamental group of a smooth projective variety”, by
C. Simpson, Publ. THES, 1994, pages 47-129.

See chapter 4. This is from the paper “Quotient spaces modulo reductive
algebraic groups”, by C. Seshadri, Annals of Math, vol. 95, 1972, pages
511-556.



