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Recall Relative Entropy

® : My — My Quantum channel , i.e.,
completely positiv , trace preserving (CPT) map

Relative entropy H(p,7v) = Tr (plogp — plog 7)

p,y=20  Trp=Try=1

Basic property: Contracts under action of quantum channel, i.e.,
H[®(p), ®(v)] < H(p,7)

Maximal contraction — measure of noisiness of channel ¢

o H[®(p), d(7)]
1) = )

Many other quantities contract — compare contraction properties
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Basic Notation for Operators on My

® denote adjoint wrt Hilbert-Schmidt inner prod (P, Q) = Tr P*Q

~

e, Tr[®(P)]*Q =TrP*d(Q)
Density matrices D={P € My: P>0,TrP =1}
Tangent space {A=My:A=A* TrA=0}

Def. Left and Right mult are linear operators on My
Lp(X) = PX and Ro(X) = XQ
a) Lp and RQ commute LP[RQ(X)] = PXQ = RQ[LP(X)]

b) P=P* = Lp, Rp self-adjoint wrt H-S inner prod
c) P,Q >0 pos def = Lp, Rp pos def, e.g Tr X*PX >0

d) P,Q>0 = (Lp)il =Lp-1, (RQ)il = RQ—I
e) f(Lp) = Lf(p), etc. |Og RQ = RIogQ when @ >0
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Generalized Relative Entropy

Petz (1986) defined “quasi-entropy”
a.k.a. "generalized realtive entropy”, “f-divergence”

G={g:(0,00)—~R ‘ operator convex, g(1) =0}
Hg(K, P, Q) = Tr/QK" g(LpRy") (KV/Q)
Thm: Hg(K, P, Q) jointly convex in P, Q
Thm:  Hg[K,®(P),®(Q)] < Hg(®(K), P, Q)

gx)eg e g(x)=xg(xedg g=g
HE(Ka Pa Q) = Hg(K*an P)
g(x) = xlog x Hg(l,P, Q) = Tr P (log P — log Q)
g(x) = —logx ;Ig(l, P,Q) =Tr Q(log Q@ — log P)
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Recover WYD Entropy

&t(x)

ge(x) = xge(x71)

J(K,P,Q) =

Jl(K7P7Q) =
J(K,P,Q) =

1 t
{t(l—ﬂ(xx) AL (0.2
x log x t=

1 t
{M(l_x) SNEETIER)
—log x t=20

TrvV/QK* g (LpRG)(KVQ)  te[-1,2]

1
Tr K*PK — Tr K*P'KQ' ™"
t(1— t)( g g Q)

Tr KK*Plog P — Tr K*PK log Q
TrK*K Qlog @ — Tr KQK™ log P

Recover both WYD entropy with linear term and H(P, Q), K =/
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Riemannian metrics or Fisher information

Henceforth consider only K =/ and write Hg(P, Q)

62
~ 9adb
for Tr A= Tr B =0 in LHS, get pos quad form which is RHS with

Hg(P + aA, P + bB, ) = TrAQE(B) = (A, Q5(B))

a=b=0

P(X) = Rp'r(LpRp") X = Lp'r(RpLp!)

K = {x:(0,00) > (0,00) | k op convex , x(x~!) = xr(x)}

with k(x) = g(x)(t(igfl) = ‘%Siyf‘)f;(z) eK relate Hgy and Mj
(A, QE(B)) = ME(A, B) is Riemmanian metric
Qp non-commutative multiplication by P71

(A, Q%(A)) quantum analogue of Fisher information
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RelEnt

WY

max

x log x

41— V)

x—1/2
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40x — V)

N|—=

X" =X

K(x) Q,(X)

Ifi( fo p+uIXp4}uI du
TVE e )
x—1/2 p=1/2X p1/2

5 a(Xe Tt TX)

i r+r, (X)
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Summarize

G={g:(0,00) —» R ’ operator convex, g(1) = 0}
Gsym = {g : (0,00) = R ’ op convex, g(1) =0, xg(x!) = g(x)}
g€G=8(x)=xg(x") € G = gym = g(x) +&(x) € Goym

There is a 1-1 correspondence between

2) sym rel entropy Hy,,..(P, Q) = Hgn(Q.P),  Eoym € Goym

b) op convex g € Ggym with g”(1) =2

c) op convex & : (0,00) > (0, 00) with k(x™ 1) = xr(x), k(1) = 1

d) monotone Riemannian metrics

Any g € G gives mono metric with x(x) = g(x)(jfgigyl) = é’(ri(yfl(;(z)
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Geodesic distance

Define geodesic distance for each k € K

1
D.(P.Q) = inf /0 () € (1)t

where £(t) smooth path in D with £(0) = P, (1) = Q

Remark: Restriction to Tr&(t) = 1 here typically gives larger
distance than geodesic with £(t) path over all pos matrices.

Trace distance ||P — Q|1 = Tr |P — Q| contracts under CPT maps
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Contraction Theorems

All of above decrease under quantum channels, i.e.,

for any CPT map ® and for all P,Q € D and TrA=0
Thm: He[0(P), ®(Q)] < Hg(P,Q) Vgeg
Thm: Trd(A)Q o(P) CD(A) <TrAQE(A) Veek
Thm: D.[®(P),®(Q)] < Du(P,Q) Vkek
Thm: [&(P)— &(Q)lls < [IP— Qlli  Only need @ pos

(x) = ECRE) = e op conv and w(x 1) = xi(x)
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Definition of Contraction Coefficients

RelEnt _ U Hg[®(P), (Q)]
ne( ) = T (P Q)
: (®(A) QQ(P)‘D(A»
Riem _ u u
MO = sy e T AGh(A))
7,,H(QD)geod = sup DH[CD('D)v(D(Q)]

p£@ep  Dx(P,Q)

|0(P) — &(Q)|lx
piaen  1P—Qlh

(@)

Remark Classical: 78°°d(d) = piiem(d) = pRelEnt(p) < 5 Tr(¢)
Def. Hg(p, q) for any g : (0,00) — R convex with g(1) = 0.

Only one Fisher information.
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General Results

Recall K(x) = X)(irxigfl) — é(’sly:n)S;)

Thm: nﬁ(q))geod — nﬁ(q))Riem < nRelEnt(q)) < nRelEnt(q)) <1

— /8sym

D, A
= follows from Hiai-Petz “\n})(p,,O-FE) (A, Q5(A)
€ €

other proofs straightforward

Thm: n?‘em(dD) > /0T (P)

Conj:  npiem(o) <™ (®) V& False in general
Thm: nEiem(Cb) < nTr(CD) for k(x)= x~1/2
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Integral Representations

o OO(X_l)z
800 = (W0~ +elx =12+ [ T E e
2 —1 1
Hg(p;7) = cTr(p—7)"y +/ I ) -y L+ R, (p—7) duls)
tra 1 \1+s !
,"i(x):/0 <x+s+sx+1> 5 dm(s), /Odm(s)zl

1 1
Lp + sRp * Rp +sLp

TrAQ'f;(A):/OOOTrA< >A1;Sdm(s)

= Often suffices to prove bounds for TrAL TR, (A)
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Reformulation of 7, (®)R™ as eigenvalue problem

Use HS inner product (X, Y) = Tr X*Y and ® denote adjoint
Eigenvalue problem do Q4(py © O(X) = ANQE(X)

(X, ®0Q5p 0 ®(X) < (X, QB(X)) = A<1

X =P= (%)) evec to largest e-val 1

- (9(4) 3, 9(A)
By max-min principle  \2(®, P) = ng\zo (AQH (A)>
(®(A) Q25 pyP(A))
Riem = su = su su
(@) = pep A(®.P) pepmace  (AQ p(A))

Remark:  (Q%)~! Non-Comm. mult by P BUT # Qf_,
@) =) ek & Uk(x ) ek
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Eigenvalue (cont.)

Equiv. Prob [(25)™ o ®0 Q5

JO(X) = Ao(®, P)X
Recall T positivity and trace preserving implies ||T(Y)|]1 < ||Y]l1
Apply T = () 0 ® 0 Q5 ) get Aa(®, P)IIXl1 < [|9(X)[lx

N (®) = sup Ao(®, P) < ()
PeD

But T’ is positive ¥V &, V P only for x(x) = x~/2 = 1/r(x?)
k(x) = x~Y/2 important in mixing times of Markov chains

Thm: 1751?};(4)) < 77Tr(d>) )

Conj:  nRiem(d) < n™(d)  False for CQ qubit channel
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Aside on partial order for k € K and CP of Q%

Def: k1 < ko if k1(e?)/r2(e") has positive Fourier transform

Equiv cond: matrix with els '212(();{,//);\1) is pos semi-def
J

Positive and C.P. equiv for Qf because
LPREI(X) is Schur product xj )\j)\;1><jk in e-vec basis

Thm: a) Q5 is C.P. & k(x) < x~ /2
b) (Q’f;)_l is C.P. & x 12 5 k(x)

TE = (Q5) 1o do Qg(P) positive ¥V ®, P only for s(x) = x~1/2

Hiai, Kosaki, Petz & Ruskai:
analyze partial order for many families using these conds
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9

Figure: Diagram of families in KC parameterized to increase in < order
with the lower ball for Kt and the upper K. The red curve describes
the Heinz family k! (0,1) and kI (3, 1); the blue curve the binomial
family kB, (—1,1); the green curve the power difference family kFD
(—2,1). The left brown curve kVYP with t € [1,2] and the right dotted

JTWYD ; 4 log x
brown curve the dual &, . Note crossings at /AP and 5
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Special Results for log

Qp(A) = A d
p(4) /0 Prul" Prul

() H(X) = /1 PEXPY~tdt
0

Follows from dtPtXPl * = P'log (LpRp )Pl_t

Thm: anem(q)) _ U?S:;E]Ent(q)) < n?elEnt(q)) _ n?elEnt(q))
()= BX R = 1n(x) = X2
K(x) = k(x) =1/k(x =
x—1 x log x

Gsym(Xx) = (x —1)logx  g(x) =xlogx  g(x) = —logx
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Qubit channels

Bloch sphere representation p = 1 [/ + w-o] = %[I + >, WkO'k]

linear TP map ¢ : [/ + w'a] =40, (T + awi)ok
1 0 0 O

rep in Pauli basis moer 000 (100
P ™ 0 a 0| \7 T

T3 0 0 (0%}

e Unital 7=0 positivity preserving iff |ay| <1V k

CP cond (a1 & a2)? < (14 a3)? but not needed

e non-unital CQ ¢ : [I + w-a] — | 4+ aoy + Twzos

CP and positivity conditions coincide a?+72<1
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Unital qubit results

M@ = (@) = () — (o)
ITI% = maxa?  Vrg
< 0™(@) = [Tl = maxioy

Same as classical case.

Proofs convert action of ® to linear op T on R3

and exploits fact that for 'y, pos lin op on Rj3

Ty, 71T T*y, My T*
sup YT ™Yy (T, T T'y)

- P
yceR3 <Y7 rw:lY> yER3 <Y7 rTwy>
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Non-unital CQ Qubit Results

[CD N +w-o]— I +awoy + 703

nll;{siern(q)) — —1 5 ;
—S
1-— <m> T

12+s<x}rs+ L ), 0 < s <1 extreme points of K

/{s(X) 1+sx
= pliem depends non-trivially on &

Thm: drange of s, «a, 7 such that second inequality is strict in

ngRselEnt(q)a,T) > néilffi(%x) > ngem(%,r)
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Non-unital CQ Qubit Example (cont.)

¢Z[/+W~J]!—>I+CM01—|-TW3J3 a?+72<1

"7Tr ((D) = G,
2
lem «
ngax ((D) = 1— 7-2’
14++v1—72
Riem Riem 2
Ty (®) =naivsead®) 2 0" g
2
iem o
77)}?—1/2(‘19) > Vi
' a2
My /1) (®) > 7 log 117,
202
Riem Riem
mwy (®) = 774/?1+f) (®) = 1r Vi 2
TRm(@) = ol
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Implications of CQ Results

Recall C.P. condition o2 + 72 < 1

Consistent: \/f‘% < nR(‘e;n_rm(CD) <nT(P) =a

Conj: (Ruskai) niiem(d) < nTr(0) Vkek False
2

a>1-72 = 1725(‘11((1)):1372 > a=n"(d)

Conj: (Kastoryano-Temme) nliem(¢) < plitiem (P)Vkek

K(x)=x"1/2

False For o + 72 = 1, first ineq is tight so
. 2
7751?%((1’) 2 \/% = ?7Rie1r/r§(¢’) = \/% =a

2
. i o
7751?/2((1)) =a<l= nﬁaim(q)) = 1_ 72
i 1+v1—72
Riem _ 2 Rlem
T (®) = a < J(1+a) = a? T < ylien(o)
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Remark on WYD relative entropy

Harvo (P, Q) = t(l t) (TYP TePiQT t) - t(11_t) (1_ﬁPtQ1_t)

1—Tro(P)io(Q)
RelEnt _

H [K o(P), CD(Q)]
Question: Does contract depend on K in sup
P.Q  Hg(®(K),P,Q)

Tr K*&(P)K — Tr K*[®(P)]EK[P(Q)]* ¢
p;elcjaszm(K)*m( K) — Tr &(K)*Ptd(K)QL-t

\F/{\?\l(%l(tt)(q) K)=

Ex: tensor prod ®(pag) = Tre pag = pa, O(Ka) = Ka @ I
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