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K,.H Hilbert spaces
B(K), B(H) algebras of bounded operators on K, H
B(K)t, B(H)* cones of positive operators on K, H

¢ : B(K) — B(H) bounded linear map

» ¢ is positive if $(B(K)") < B(H)™*
> ¢ is k-positive (k € N) if the map
Mi(B(K)) 3 [Xjj] — [¢p(X;))] € Mi(B(H)) is positive.
> ¢ is completely positive (or CP) if it is k-positive for any k€ N.

> ¢ is decomposableif p(X) = ¢1(X) + P2 (X)Y, X € B(K), where
1, ¢, are CP maps.
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Decomposability of positive maps in low dimensions

Theorem (Stormer and Woronowicz)
Assume one of the following conditions holds:
1. dimK=dimH =2,
2. dimK =2 anddimH =3,
3. dimK =3 and dim H = 2.
Then every positive map ¢ : B(K) — B(H) is decomposable.

Choi gave the first example of nondecomposable positive map
¢ : B(C3) — B(C®)

a ape a3 ap +dass —a2 —a13
¢ a1 dpp 3 = —a2 a2 +aq1 —a23
a3 a4z ass —az —as? azs + ds

Another examples of non-decomposable maps were given by
Woronowicz, Tang, Ha, Osaka, Robertson, Kye and others.
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Extremal positive maps

The set (K, H) of all positive maps ¢ : B(K) — B(H) is a convex
cone.

We say, that a map ¢ is extremal if it generates an extremal ray in
that cone, i.e.

YyeB: o¢-vyeP = weR'e

Examples:
1. Choimap
2. ForA:K— H,

Ady: B(K) 3 X — AXA* € B(H)
Adot: B(K) 3 X — AX'A* € B(H)

A map ¢ is said to be optimal if

Vyed®B: ¢-yeP = yeR'
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Duality

» Let T (H) denote the space of trace class operators on H.
» We consider duality between B(B(K), B(H)) and B(K)& TY(H)
given by
Z,dra= Y Tr(pX)Y/)
l

where Z=3;X;® Y;, X; € B(X), Y; € B(HA).
» Consider dual cone B° c B(K)& T* (H)
PB° = {Z e BK)ST' (H) : (Z,p)q = 0 for all ¢ € P}.
B3° consist of block-positive matrices, i.e.
ZeP°® o (EenZéen)=0, (€K, ne H.

» Amap ¢ € 22 is said to be exposed if there is a block-positive
matrix 7, such that

weP:(Z,p)a=0 =R
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Straszewicz’s theorem

Let K be a convex set. We denote
Ext K — extremal elements of K,
Exp K - exposed elements of K.

Theorem (Straszewicz, 1935)

Ifa set K < R" is closed and convex then cl(Exp K) = Ext K.

Theorem (Lindenstrauss)

Assume that V is a real locally compact topological vector space with
a topology which induced bo some strictly convex norm. IfK c V is
compact and convex then cl(Exp K) = ExtK.

It follows from the above theorems that the problem of the
description of positive maps can be reduced to the problem of
characterization of exposed positive maps.
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Examples

» (MM’2011) For finite dimensional dimensional K and H and
any A: K — H, the maps

Ady: X — AXA*,  Adgot:X— AX'A*

are exposed.
» Choi map is an extremal nonexposed positive map.

» Other examples are due to Crusciniski and Sarbicki, Ha and
Kye, and others..
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Strong spanning property

A positive map ¢ : B(K) — B(H) is said to be irreducible, if
VYeBH): ([¢(X),Y1=0,¥XeB(K) = YeCly

Let
Ny =span{X®neBK)" @ H: $(X)n =0}

Theorem (Chrusninski, Sarbicki)

Assume K and H are finite dimensional. Let ¢ : B(K) — B(H) be a
positive map irreducible on its image. If the subspace Ny < B(K) ® H
satisfies

dim Ny = (dimg)? dimp —rank¢(lIx)

then it is exposed.
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Example of Miller and Olkiewicz

Miller and Olkiewicz ('14) considered the following example of a
bistochastic map.
S: B(C* — B(C?)

=3 0 x11+X2  V2x3

X11 X12 X13
S| X1 X2 X3
V2x31 V2x3 233

X31 X32 X33

) X11 + X22 0 \/szS

Theorem (Miller, Olkiewicz)

S is a bistochastic, exposed and nondecomposable (even atomic)
map.
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Generalization by Rutkowski et al.

Rutkowski, Sarbicki and Chrus$ciriski proposed the following

generalization of the map S:

1
Ad(X) = ;l

Theorem (Rutkowski et al.)

d
> Xij
i=1

0
\/axdﬂ,l

d
> Xij
i=1

0

Ag: BCHY — Bc4th

0

0

d
> Xij

\/axl,d+l

\/axd—l,dﬂ

\/f_ixm 1,d

i=1
\/C_ixd+1,d—1 \/c_ixd,d+1 dxXa1,d+1

A4 is a bistochastic positive, nondecomposable and optimal map.
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Construction

We propose another generalization of the map S.

vV2 0 0
For V = 0 V2 0 |, consider denormalization’
0 0 1
S(X) = VSO V™
[ xz xas X11 + X2 0
S| X1 X2 Xo3 | = 0 X11+ X22
X31 X32 X33 X31 X23

Similarly to S, Sis an exposed, atomic map.
S= Sess + S'diag
X11 0 X13 X22

Sess:X—| 0 x22 x32 |, Sdiag:X—| 0
X31 X23 X33 0

X32
X33

X11

=)
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> transposition
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Construction contd. — structure of Seqg

> identity
X11 X122 X13 X11
Sess 1| X211 Xo2 X3 |—| O
X31 X32 X33 X31
> transposition
X11  X12 X13 X11

Sess 1| X211 X2 Xp3 |—| O
X31 X32 X33 X31

» merging of identity and transposition

X11 X122 X13 X11
Sess 1| X211 X2 Xp3 |—| O
X31 X32 X33 X31

X22
X23

X22
X23

X22
X23

X13
X32
X33

X13
X32
X33

X13
X32
X33
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Let k1, ko €N, k= k; + kp + 1. Every matrix X € B(CK) can be
represented in the block form

X1,1 XLkt | XLk+1 Xl,ki+k, ' XLk
| |
. | . : |
| |
T Xk 0 Mkt o Xkokitky U Xk
| |
xk1+1,1 xk1+1,k1 | xk1+1,k1+1 xk1+1,k1+kg | xk1+1,k
| . | .
I . I
| |
Ktk Mtk k| Ytk kil 0 Xtk kitke | Ytk k
Xk,1 Xk, | Xkky+1 Xik+k, | Xkk
Xi1 1 X121 Xi3
"y T v T~ 7 k k . .
Xo1, X2 Xo3 |, X;€B(CY,CY),1,j=1,23
X31 ' X32 ' X33
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Construction, contd.

X11 X2 X13 x11 0 xi3

Sess:| X211 X2 Xp3 = O Xxpp X322
X31  X32 X33 X31 X23 X33

is generalized to

(pess . B(Ckl+kz+l) . B(Ck1+k2+1)

Xy XX ) [Aunp 0 [ Ks

¢ ,i‘@l{‘zzﬁ‘zg = 01X, 1 Xy
X31 ! X3 | X33 T Tty

| | X311X23‘X33

Xz € BC,Cfy=ch,  Xs;e BCh,C) = (Ch)*

In particular X33 is a scalar. Hence X3, = Xa3.
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Construction contd.

The diagonal part
) X1 X2 X3 X2 0 0
Sdiag:| X1 Xe2 X3 [—| O x11 O
X31 X32 X33 0 0 O
is generalized to
X Xop i Xy | [ Tl o O 10
Pdiag:| X1, Xo2 | Xa3 |— 0 Tr(Xi1)lg, | 0



Construction

Therefore, we get
¢:B(Ck1+kz+1) _ B(Ckl+kz+l)

Xi1 1 Xo2 1 Xa3 Xi1 + Tr(Xo2) g, 0 1 X13



Construction

Therefore, we get

¢:B(Ck1+kz+1) _ B(Ckl+kz+l)

X Xz Xg | [ XutTOGle 01 X
G| X, Xep Xsg f—| 0 | Xp#TXily , X3
Xi1 ' Xop ! Xa3 X31 ] X3s ' X33

Further,



Construction

Therefore, we get

¢:B(Ckl+kz+1) _ B(Ckl+kz+1)

XX X | ((Xn+Trel 0 X
¢:| X, Xop Xgz [—| 0 | Xp T, | X5,

Xi1 ' Xop ! Xa3 X31 ] X34 ' X33
Further,

» replace Cki by some (not necessarily finite dimensional)
Hilbert space K;, i=1,2,



Construction

Therefore, we get

¢:B(Ckl+kz+1) _ B(Ckl+kz+1)

XX X | ((Xn+Trel 0 X
¢:| X, Xop Xgz [—| 0 | Xp T, | X5,

Xi1 ' Xop ! Xa3 X31 ] X34 ' X33
Further,

» replace Cki by some (not necessarily finite dimensional)
Hilbert space K;, i=1,2,

» consider some Hilbert-Shmidt operators A; : K; — H;
(Tr(A;‘Ai) < 00), where K; are some another Hilbert spaces



Construction

Therefore, we get

¢:B(Ckl+k2+1) _ B(Ckl+kz+1)

XX X | ((Xn+Trel 0 X
¢:| X, Xop Xgz [—| 0 | Xp T, | X5,
Xi1 ' Xop ! Xa3 X31 ] X34 ' X33
Further,

» replace Cki by some (not necessarily finite dimensional)
Hilbert space K;, i=1,2,

» consider some Hilbert-Shmidt operators A; : K; — H;
(Tr(A;‘Ai) < 00), where K; are some another Hilbert spaces

» replace identity and transposition parts by
B(Ky) 3 X11 — A1 X11A] € B(H,)

B(K2) 3 Xpp — A2 X3, A5 € B(Ha)
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Finally, we arrive at the following generalization

¢:BKyeKooC)— B(Hie9 H, e ()

Xu 1 Xz 1 Xag |
¢:| Xin | Xop ) Xag | —
X1 ! Xop ! Xa3
AXuA AT A X ADE 0 AXis
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Construction

Finally, we arrive at the following generalization

¢:BKyeKooC)— B(Hie9 H, e ()

Xi 1 Xop 1 Xa3
¢ Xu, Xeo ) Xez |~
X1 ! Xop ! Xa3
AXuA T AXG,A)E 0 AiXis
,,,,,,,, 0 AXA+TIAXNA)DE | AX,
X314} | XA, | X3
where

» A;: K; — H, are Hilbert-Schmidt operators, i =1,2.
» E;isthe projection in B(H;) onto the range of A; for i=1,2.



Properties of ¢

Theorem (MM, Rutkowski)

¢ is a positive map. Moreover, it is exposed in the cone of positive
maps.

Proposition

Assume dim K; < oo, dim H; < co. The map ¢ does not satisfy the
strong spanning property, unless one of the following conditions is
satisfied:

1. K; = H, = {0} andrankA; =dimK;,

2. Ky = Hy = {0} andrankA; = dim K,
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Main idea of the proof

» K=KioeKeoC, H=HieH,oC
» Z={¢,mMeKxH: n¢E&s" )M =0

» By Kye’s characterization of exposed faces, ¢ : B(K) — B(H) is
exposed iff

VyeP: VEMNeZ: yE =0 = yeR .
> (n,pEE*)n) is equal to

IALEL PN Ean2 12 + 1 A2E 1PN Ern 12 + Ky, AvED) P + 12, AsEa)
ifa =0, and
-2 23, = = |2
ja (j|a| B+ @, M) + i, A 5)|
- 2
+”06E1771®A252—aA151®E2172” )

ifa#0.



Sketch of the proof

» Thus (¢,n) € Z iff one of the following conditions holds

a=0, A& =0, Ay =0
a=0, A& #0, Aér =0
a=0, A& =0, Arér #0
a=0, A1 #0, Axér #0
a#0,A1E1 =0, Ayés =0
a#0, AE1 #£0, Axés =0
a#0, Aié1 =0, Aply #0

a#0, A& #0, Asls #£0

and
and
and
and
and

and

and

m L A&y, E2n2 =0

Ein1 =0, 12 LA,

Exm =0, Ezn2=0

=0

(A1¢1,m) = —ap, Bn2 =0
Exmy =0, (A&, m2) = —afp

a
Eny =- . P — 2A1£1,
A&l +ﬁ||A252||
a —_—
Eny = Ao

AL ELIIZ + | Ano |



Sketch of the proof

» Now, assume (n, ¢ ({¢*)n) =0 forall (§,n) € Z.



Sketch of the proof

» Now, assume (n, ¢ ({¢*)n) =0 forall (§,n) € Z.
» One shows that there are sesquilinear vector valued forms

Wi (K@ Kp) x (K @ K2) — B(H, Hy), k,1=1,2

and linear maps Ry, Q. : K; @ K, — Hj for k= 1,2 such that
w(éE*) is equal to

W11(0,¢0) W12(¢0,¢0) @Ry +06Q1§
W21(C0,60) War(lo, &) @Réo+aQed
a(Ri&o)* +@(Qiéo)*  a(Roéo)* +a(Qeép)* Alal?

for any ¢ € K where ¢ = &y + aefor a unique
So=61+&HeKg9 Ky and a e C.



Sketch of the proof

» Now, assume (n, ¢ ({¢*)n) =0 forall (§,n) € Z.
» One shows that there are sesquilinear vector valued forms

Wi (K@ Kp) x (K @ K2) — B(H, Hy), k,1=1,2

and linear maps Ry, Q. : K; @ K, — Hj for k= 1,2 such that
w(éE*) is equal to

W11(0,¢0) W12(¢0,¢0) @Ry +06Q1§
W21(C0,60) War(lo, &) @Réo+aQed
a(Ri&o)* +@(Qiéo)*  a(Roéo)* +a(Qeép)* Alal?

for any ¢ € K where ¢ = &y + aefor a unique
So=61+&HeKg9 Ky and a e C.

» Finally, by a sequence of reasonings using
linearity-antilinearity interplay, one that all ingredients are
multiples by A of respective terms of ¢.



Further properties of maps

» Obviously, ¢ is nondecomposable and even atomic.
> ¢isnot locally completely positive.

» For K; = = Cki (finite dimensional) and A; =id one can
normahze map ¢ to obtain a unital map

1+k (X171 + Tr(Xe2)lk, ) \ 0 \ \/11+_k2X13

7777777777777 4* ‘177777777777‘77177777

X — 0 TR (X5, + Tr(Xi1)lk,) i o

,,,,,,,,,,,,,,,,,, S VAL T
AL TERs

which becomes bistochastic if k; = k».



Further generalizations

» Consider two positive maps ¢;: B(K;) — B(H;), i=1,2.
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Further generalizations

» Consider two positive maps ¢;: B(K;) — B(H;), i=1,2.
» Let Ci, Dy : K — Hy, k=1,2, be linear maps.
» Define merging of the maps ¢; and ¢, by operators Cy, Dy as a

linear map
¢:BKieKyoC)— BHieH,e(C)
which to X assigns
O X) + T Koo Ey 1 0 1GXg+DiX,
,,,,,,, 0 )+ T K)Es | CoXos+ D2X3,
X31Cy + X3 D} | X32C; + X53 D} | X33

where Ey. is support projection of ¢4 ().



Further generalizations

Theorem

If ¢y is 2-positive and ¢, is 2-copositive, then there are operators
Ck, Dy such that merging of g1 and ¢» by Cy, Dy is a positive
nondecomposable map.
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