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i Entanglement

= Non-local Nature of Quantum State

= Useful Applications
= Quantum Teleportation
= Dense Coding

= Quantum Cryptography (QKD)
= Etc.

= Quantification and Qualification



i Entanglement of Formation (EoF)

= For bipartite pure state |v),, € C* ® C*

E (“//>) =S(px) (: S(ps ))

pa=t5(|w) (¥]), S(p)=-trplogp
= Mixed state P eB(Cd®<Cd')
E, (IOAB): minz P.E; (‘l/jl>)

min: over all possible pure state decompositions

Pas :iz Y ‘l//i>AB <Wi‘



i Tangle (Linear entropy)

= Pure state |v),, €eC'®C¥

T(‘l//>) = 2(l—trp,§) =S,(pa)

= Mixed state P, eB((Cd ®<Cd')

(o) min o) |

min: over all possible pure state decompositions

P :Zi: P; ‘Wi>AB <‘//i ‘



Tangle

= Analytic formula for two-qubit system
= For a two-qubit state Ppg € B(C2 @CZ)

15AB — (Gy ®Gy)p;B (Gy ®Gy)
A © the singularvalues of p,;p,; in decreasing order

C(ps)=max{0, 4, -4, -4,—A,}: concurrence

— T(pAB ) =C (IOAB )2

[ W. K. Wootters, PRL 80 2245 (1998)]



!'_ Multi-party quantum entanglement



Monogamy of entanglement (MoE)

= Restricted shareability of multi-party entanglement
= Three-qubit systems: |y}, =—(19), 5[0}, +[1), ©[1), ) @le),

/ Maximally entangled
s
No entanglement !

= Unique characteristic of quantum correlation with no classical
counterpart: classical correlations can be shared freely among

different parties

= Applications in quantum information processing
= Bound on the amount of information to eveasdropper: security proof of
guantum cryptography
= Characterization of multi-party entanglement



Characterization of MoE

Upper bound on a sum of bipartite entanglement measures
showing that bipartite sharing of entanglement is bounded.
= Three-qubit systems: Coffman-Kundu-Wootters inequality
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(19 e (Pue) 7(Puc)

[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]
= Tangle

7(|w). ) =4det p, =C*(|y),,)

T(pAB):minZi: pif(‘wi>AB)’ Phg :Zpi‘Wi>AB (wi |



Characterization of MoE

Upper bound on a sum of bipartite entanglement measures
showing that bipartite sharing of entanglement is bounded.
= Three-qubit systems: Coffman-Kundu-Wootters inequality
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[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]
= 3-Tangle

(1) ume ) = 7 (¥ )uee ) =7 (Pe) =7 (2

Genuine three-party entanglement
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Characterization of MoE

Upper bound on a sum of bipartite entanglement measures
showing that bipartite sharing of entanglement is bounded.
= Three-qubit systems: Coffman-Kundu-Wootters inequality
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[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]
Generalization of CKW inequality into multi-qubit systems

T(‘WMAQ--A)ZT(pAlIAz)J“"'“LT(pM%)

[T. J. Osborne and F. Verstraete PRL 96. 220503 (2006)] 11



W-class state

= N-qubit generalized W-class state

W), » =a10..0)+8,|01..0)++a,|00..1) with >af -1

= Generalization of W state
1

J3
= Saturation of CKW inequality

= Three-qubit W state: ‘W> (‘ 001> — ‘ 010> + ‘100>)

Talpg s, = Tagn, TTaa T T Tan

[JSK and B. C. Sanders, J. Phys. A 41. 495301 (2008)]
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iGeneraI Monogamy Inequalities

= Squashed entanglement

s For Pas: EXUpyg = {pABE | e Page = IOAB}
1.
Esq (pAB):ZEInf{I (A; B E):: S(pAE)"'S(pBE)_S(pABE)_S(pE)}

Inf: over all p,ze €extp,,

[M. Christandl and A. Winter, J. Math. Phys. 45, p. 829-840 (2004)]
A B

| (A;B) | (A;B|E)



i General Monogamy Inequalities

= Squashed entanglement

s For Pas: EXUpyg = {pABE | e Page = pAB}
1.
Esq (pAB):ZEInf{I (A; B E)::S(pAE)+S(pBE)_S(pABE)_S(pE)}

= Entanglement monotone

= Lower bound of E, (p,s ). upper bound of Eg (p,;)

= FOr ppg = ‘W>AB <W" Pase € EXU0pg = Ppge = “//>AB <W‘®IOE

E (‘l//>AB ) =S(pn): Pa=1 (‘l//>AB <WD



i General Monogamy Inequalities

= Squashed entanglement
= For Pasr Xt0pg = { Page | e Page = Phg |
Ea(Pae) =10 {1 (A BIE)=S (pue) +S (Puc)~S (P )~ (00 )}
= Monogamy inequality
= Puscer | (A;BC|E)=1(AB|E)+1(A;C|BE) (chainrule)
= Sy (Pacy ) 2 Seq (P2s )+ Seq (Pac)

(by minimizing E for I (A;BC | E))

[M. Koashi and A. Winter, Phys. Rev. A 69, 022309 (2004)]



General Monogamy Inequalities

= Squashed entanglement

s For Pas: EXUpyg = {pABE | e Page = IOAB}
1.
Esq (pAB):ZEInf{I (A; B E):: S(pAE)+S(pBE)_S(pABE)_S(pE)}

= Monogamy inequality
= Pmcer I(A;BC|E)=1(AB|E)+1(A;C|BE) (chainrule)

— Ssq (pA(BC) ) 2 Ssq (pAB ) + Ssq (pAC )
[M. Koashi and A. Winter, Phys. Rev. A 69, 022309 (2004)]

» E, (pu)=0iff p,, :separable
[F.G.S.L. Brandao, M. Christandl and Jon Yard, Commun. Math. Phys. 306, 805 (2011)]



Polygamy Inequality

= Dual monogamy inequality
= For three-qubit pure state ‘w>ABC cC*RC*RC?

T(|W>A(BC)) <7, (Pas) +7a(Pas)

[G. Gour, D. Meyer and B. C. Sanders PRA 72 042329 (2005)]

7,(pas )¢ tangle of assistance

Ta (pAB ) = maxz piT(‘Wi>AB)
max: over all possible pure state decompositions

Pas :Z Pi ‘l//i>AB <Wi‘



iGeneraI Polygamy Inequality

= Entanglement of Assistance

Pas EB((Cd ®Cdl) Ea(pAB):maXZi: PiE; (‘l/j'»

max: over all possible pure state decompositions

Pas :Z P; |Wi>AB <‘//i|

Forany p,, A EB(@dl R C: @...@@dn)

E, ('OAi(Az-"/’h)) <E, (pAlAz )+ E, ('OAiAs )+”'+ E, (pAlAn )

[JSK, PRA 85, 062302 (2012)]



il\/lono-poly iInequality

= Forany |[¢),, , €C*®C%® -®C"

B (190 ) =5 (P4) = Ea([#) 0ty )

E, (pALAz )+ Eq, (pAiAs)+'”+ Eq, (pM)S S(pa)

< Ea(pAlAz)Jr E. (pA&AS)+---+ Ea(,oAlAh)



!'_ Strong monogamy of entanglement
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i Strong monogamy of entanglement

=« CKW-type monogamy inequality

21



i Strong monogamy of entanglement

= Stronger (or finer) monogamy inequality ?
,,'/@\\ @ @
@-® 2 @+®/@+---+@\g
@/ ® @

E(AIAA..A) E(AIA) E(A]A) E(AIA)

- —
N
N
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'
——————
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n-tangle

3-Tangle

= For three-qubit pure state “//>ABC

(| W>A|B|c ) (|‘/’>A|Bc ) (pA|B ) - T(pAic )

n-tangle

= For n-qubit pure state ‘w>A&A2 A

T(‘WMAZ""'A‘):T(‘WMA?A) Z;Zmlr(pMA L AA jmlz

m

[ Tm:(Jl .....

T(pAﬂAjlmL..lAjm j |:{

jnT_l) . index vector spans over all (m-1)-ordered subsets of

min Z P,

P, "//h

{2,3.....n}

2
\/T(‘Wh>AAjm...Ajm j] , pAiAjlm...Ajm_l = Zh: Pr ‘l//h><lﬂh‘
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n-tangle

3-Tangle

= For three-qubit pure state “//>ABC

(| W>A|B|c ) (|‘/’>A|Bc ) (pA|B ) - T(pAic )

n-tangle
= Forn=2

2 P

T(pAlIAj{nl...lAjml) {{{P.‘,ﬂ th\/r(‘z//h>MA iy ﬂ
- i Ibsets of
= (pAlB) Lmln th T(‘WQNB)} : two-tangle{z’3 ’’’’ )

T(pAﬂAjlmL.JAjmj hmm Z o

\'//h

\/T(‘Wh>AAjm...Ajm j‘ , pAiAjlm...Ajm_l = Zh: Pr ‘l//h><lﬂh‘

24



i n-tangle

= 4-tangle
= For four-qubit pure state “//>ABCD

(‘W>AIBICID) (‘l//>A|BCD) (IOA|B|C )3/2 —T(,OA|B|D )3/2 —T(pAlClD )3/2

('OAIB)_ T(pAlc ) _T('OAID)

- Parsc =y ‘l/j>ABCD <l//‘

(pree) | 10 S o) | Prsc = 2 P11 ) 0
2([Wi)wse )= 7 (¥ wec ) =7 (2 ) =7 £ac)

25



i Strong monogamy conjecture

= 4-tangle
= Assuming non-negativity of 4-tangle

- T(‘W>A|B|C|D)ZO At

3/2 3/2 3/2

+ T(/)A|B|D ) T (/’A|C|D )

+7(oue )+ 7(Pac )+ 7 (Pao)

T(‘ '//>A|BCD ) = z-('OAIBIC )

> r(pA|B)+T(,0A|c)+T(pA|D)

2 g :+a+55+%9+%+é%

[B. Regula, et. al., PRL 113 110501 (2014)]

B
A
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Strong monogamy conjecture

= n-tangle

(‘V’>A1|A2| w) (\w}MAZ Aﬁ) ;ZZ;T(/?MAJFL,JAJUm/Z

= Assuming non-negativity of n-tangle

= T(‘W>A_L|A2...A1)Zizr(pA1|A) sz(pm A jmlz

j= m=3 j"

>

T(”MAj )

j=2

= Strong monogamy inequality of multi-qubit entanglement

[B. Regula, et. al., PRL 113 110501 (2014)]
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Strong monogamy conjecture

Proving strong monogamy conjecture?

LTI I (N 2 0 P

m=2 j"

2
T(pﬂlAjlml...lAjm j {{m’ﬂ 2 ph\/7£|'//h>A1Ajm...|Ajm ﬂ !

= Exponentially many optimization processes w.r.t. n

Numerical test for 4-qubit systems
= 8x10° random 4-qubit pure states

[B. Regula, et. al., PRL 113 110501 (2014)]
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Saturation of multi-qubit
!'_ strong monogamy inequality
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Saturation of CKW inequality

= N-qubit generalized W-class state

IW), . =2]10..0)+a,[01..0)+---+a,[00...1) with ;\aile

= Saturation of CKW inequality

T(‘W>A1|A2...An ) = T(/’MAZ )+T(pA1IAs)+°°'+T(pA1IA1)
[JSK and B. C. Sanders, J. Phys. A 41. 495301 (2008)]
= Good candidate of possible counterexample for strong monogamy

inequality

30



W-class state and

strong monogamy inequality

= Strong monogamy conjecture

n n—-1 m/2
(‘W>A_l|A2 An) Z ('OALIA )+Z?);T(pp’ip‘]ml-~A]m )
j= m=3 ] 1 m-1

s W-class state

n

T(‘W>A1|A2 An) (PMAZ)JF”'JFT(/’M%):ZT(/’MAJ-)

j=2

W), . =210..0)+a,|01...0)+---+a,|00...1)

= Strong monogamy conjecture for W-class states

m/2
= ZZr(pM "y ) =0 for W-class states

m31
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W-class state and
i strong monogamy inequality

= Strong monogamy conjecture

Lemma
T(IOAiAjlm |...|Ajm_1 ) =0

for all the index vectors J™ = ( j;",..., j, ) with 3<m<n-1

for generalized W-class states

[JSK, PRA 90, 062306 (2014)]

n-1

m/2
& ZZr(p,ﬂA_mlmAm ) =0 for W-class states

m=3 "
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W-class state and
strong monogamy inequality

Saturation of strong monogamy inequality

= For any generalized W-class state
W), .o =a]10..0)+a,|01...0)+---+a,|00...1)
n

T(‘W I ) i ZT('OA"AJ' )+ ni 2 T(PMA,-lm 1A jmlz

j=2 m=3 "

= Moreover, the saturation strong monogamy inequality is also true for

W), =2[00..0)+1,[10..0)+b,|0L...0)+ -+, [00...1)

[JSK, PRA 90, 062306 (2014)]
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Negativity and SM inequality
!'_ In higher-dimensional systems
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Counterexamples in higher dimension

Multi-qubit SM inequality
n n-1 m/2
T(|V’>A&|A2...Aq)zzf(pmm)J’zzf(f%mml...m.m ) n-qubit systems
j=2 m=3 jm ] Jm-1
— z'(|l//>A|BC)Zr(pA|B)+z'(pA|C) 3-qubit systems

Counterexamples
V) ae = %(|012>—|021>+|120>—|102>+|2o1>—| 210>) CCPRCRC
[Y. Ou, PRA 75. 034305 (2007)]
) :£(|010>+|101>)+i(|200>+|211>) C*RC?®(C?
ABC \/6 \/g

[JSK and B. C. Sanders, J. Phys. A 41. 495301 (2008)]
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Counterexamples in higher dimension

Multi-qubit SM inequality
n n-1 m/2
T(|V’>A&|A2...Aq)zzf(pmm)J’zzf(f%mml...m.m ) n-qubit systems
j=2 m=3 jm ] Jm-1
— T(|w>A|BC)Zr(pA|B)+T(,0A|C) 3-qubit systems

Counterexamples
V) o =iE(|012>—|021>+|120>—|102>+|201>—|210>) CCPRCRC
T(‘W>A|BC)< T(IOAlB)+T(IOA|C) 134305 (2007)]

A

V) rec == violation of SM inequality in terms of tangle 9 C?

[JSK and B. C. Sanders, J. Phys. A 41. 495301 (2008)]
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Square of convex-roof extended negativity
(SCREN)

= Negativity

= Bipartite pure state with Schmidt decomposition ‘l//>AB = Z\/Z‘WAB

() s) =190 )

=2 A4, I": Partial transposition

i<j

-1 | - |, : Trace norm,
1

= For bipartite pure state with Schmidt-rank 2

W) pe = \/Z‘eo f0>AB +\/Z‘el 1:1>AB

Negativity: (W(‘WNB))Z =44

two-tangle: r(\ W>A|B) = 2(1—trpf\) = 42,4
37



(SCREN)

| Square of convex-roof extended negativity

= Negativity vs. Tangle

= For bipartite pure state with Schmidt-rank 2
2
|W>AB = \/Z‘eo f0>AB + \/Z‘el f1>AB (W(‘W>A|B )) - 4/1011: T(‘W>A|B)

= For two-qubit state Pp = Z P; ‘l//i>AB <Wi ‘

= {minz piW(|l//>A|B)T =W (Pue) 2-SCREN

38



Square of convex-roof extended negativity
(SCREN)

= For n-qudit pure state |v),, , <C'®C'® - ®C*
- Nn-SCREN

N1 m/2
Hse (‘l)”>A1|A2|...|An ) =W (‘W>A1|A2---An )_ ;;%C (pAilAi{"l"'lAinle

i :(jl’“ ..... janl): index vector spans over all (m-1)-subsets of {1,2, ... ,n}

= Mixed state

2
N o (pAilAjlml...lAjrrnnj {gpm th\/ sC (‘l/jh> Aph-IA j} :

pAlAjm...Ajm = Z Py ‘Wh><‘//h ‘

! m-1 h [JSK PRA 92 042307 (2015)]
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i n-SCREN vs. n-tangle

= For n-qubit states |y),, , eC°®--®C”

Hse (‘l//>A&|A2| w) (‘W>A&|A2| w)
= Nn-qubit SM inequality

T(|V/>A1IA2~-Aq) Z;T(pﬂl*\) ;Z:

j 3

m/2
ZT('OMAij.JA.m )
im il Ima

n n-1 m/2
& Hge (|‘//>,A&|A2m,3\n ) z JZ:;,‘%/;C (pmAj )"' Zngsjc (PA1|AJ_{"|...|AJ_”T1)

m=3 j"



n-SCREN vs. n-tangle

Saturation of SCREN SM inequality

= For multi-qubit generalized W-class state

W), .o =a]10..0)+a,|01...0)+---+a,|00...1)

N n-1 m/2
N s (‘W>ALIA2~A1 ) = Zzlgygc (/0A1|Aj )"‘ ZZW;C (IOMAJmL.JAJm j
J: 1 m-1

m=3 jm

= Moreover, the saturation SCREN SM inequality is also true for

W), =2[00..0)+1,[10..0)+b,|0L...0)+ -+, [00...1)

[JSK PRA 92 042307 (2015)]
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n-SCREN vs. n-tangle

s  Counterexamples of tangle SM inequality

=) = f(|012> |021) +[120) - [102) +|201) - | 210)) CCCs
) = Y2((020) +]202)) + - (200)+ | 21.3) CRC R C
ABC \/— \/6

H s (‘ W>A|BC ) >N s (pA|B ) +H s (pA|C )
= Validity of SCREN SM inequality

42



Beyond multi-qubit systems

Multi-qudit generalized W-class states

d-1 o 2
\Wd%m% _ i:1(a1i\io...0>+a2i\0i...0>+...+ani\00...i>) with 33 Jay =1

[JSK and B. C. Sanders, J. Phys. A 41. 495301 (2008)]
= Ford=2

W), . =210..0)+4a,|01..0)+---+a,|00...1)

n-qubit generalized W-class state
Saturation of SM inequality

n n-1 m/2
N s (‘W>A1|A2..A1 ) - Z;%c (/’AuAj )+ 22K (pAﬁAij.JAjm j
j= 1 m-1

m=3 "

[JSK PRA 92 042307 (2015)]
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Beyond multi-qubit systems

Partially coherent superposition of \Wd> s WIth vacuum

PR =pWwe),  (Wl+(1-p)|0..0), , (0.0

+ Py (W°), , (0..0]+[0.0), , || for0<p,2<1

A=l ppn = \/E Wnd>+4/1— P ‘0>®n (coherent superposition )

+ (1— p) ‘ O>®n <O ‘®n (incoherent superposition)

WANIA

n

A=0: Pa.aA=0Dh

44



Beyond multi-qubit systems

Partially coherent superposition of \Wd> s WIth vacuum

PR =pWwe),  (Wl+(1-p)|0..0), , (0.0

+ Py (W°), , (0..0]+[0.0), , || for0<p,2<1

In terms of decoherence
A >+J1—p‘0>®n
Pk = Mlw)vl) = Bolw){w|E" +E )y |E +Elw)(w|E,

where Eo:x/zl, EI:\/—(I—\ ><0\) and E, —‘/7‘ >< ‘

For |y), . =

pihi o resulting state from a coherent state |y) by the decoherence process A.
45



Beyond multi-qubit systems

Partially coherent superposition of \Wd> s WIth vacuum

PR =pWwe),  (Wl+(1-p)|0..0), , (0.0

+ Py (W°), , (0..0]+[0.0), , || for0<p,2<1

Saturation of SCREN inequalities

e (P 4) = L5 (oan)

2
Hse (/’/(Aﬁéfw ) = L min>}zh: Ph \/91/;0 (‘Wh>A&|A2|._,|An )} =0

ph,"//h

IOAiAjm...Ajm_1 = ; ph ‘l//h > <l//h ‘ [JSK in preparation]

1
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i Summary

= Monogamy of multi-party quantum entanglement
= Mathematical characterization: CKW-type inequality
= Squashed entanglement
= General polygamy inequality
= Strong monogamy conjecture in multi-qudit systems
= Non-negativity of n-tangle : strong monogamy inequality
= SCREN SM inequality for qudits
= Saturation of SCREN SM monogamy inequality

= Future works
= Analytic proof of strong monogamy inequality ?
= SM inequality of entanglement and other correlations
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