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Entanglement

 Non-local Nature of Quantum State
 Useful Applications

 Quantum Teleportation
 Dense Coding
 Quantum Cryptography (QKD)
 Etc.

 Quantification and Qualification
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Entanglement of Formation (EoF)

 For bipartite pure state

 Mixed state 

AB
ψ

( ) ( ) ( )( )   f A BE S Sψ ρ ρ= =

( ) tr logS ρ ρ ρ= −( )tr ,A B AB
ρ ψ ψ=

ABρ ( )'d d⊗∈ C CB

( ) ( )minf AB i f i
i

E p Eρ ψ= ∑

min: over all possible pure state decompositions

AB i i iAB
i

pρ ψ ψ=∑

'd d⊗∈C C
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Tangle (Linear entropy)
 Pure state

 Mixed state

AB
ψ 'd d⊗∈C C

AB i i iAB
i

pρ ψ ψ=∑

( ) ( ) ( )22 1 tr A l ASτ ψ ρ ρ= − =

min: over all possible pure state decompositions

( ) ( )
2

minAB i i AB
i

pτ ρ τ ψ 
=  
 

∑

ABρ ( )'d d⊗∈ C CB
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Tangle
 Analytic formula for two-qubit system

 For a two-qubit state        

1 2 3 4( ) max{0,  }:   concurrenceABC ρ λ λ λ λ= − − −

:  the singularvalues of  i AB ABλ ρ ρ

( ) ( )*
AB y y AB y yρ σ σ ρ σ σ= ⊗ ⊗

in decreasing order

[ W. K. Wootters, PRL 80 2245 (1998)]

ABρ ( )2 2⊗∈ C CB
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( ) ( )2  AB ABCτ ρ ρ⇒ =



Multi-party quantum entanglement 
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Monogamy of entanglement (MoE)

 Restricted shareability of multi-party entanglement
 Three-qubit systems:

 Unique characteristic of quantum correlation with no classical 
counterpart:  classical correlations can be shared freely among 
different parties

 Applications in quantum information processing
 Bound on the amount of information to eveasdropper: security proof of 

quantum cryptography
 Characterization of multi-party entanglement

( )1 0 0 1 1
2ABC A B A B C

ψ ϕ= ⊗ + ⊗ ⊗

A

C

B Maximally entangled

No entanglement !
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Characterization of MoE

 Upper bound on a sum of bipartite entanglement measures 
showing that bipartite sharing of entanglement is bounded.
 Three-qubit systems: Coffman-Kundu-Wootters inequality

 Tangle 

A
C

B
A

C

B
A

C

B

≥ +

( )|A BC
ψτ ( )|A Bτ ρ

[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]

( ) ( )24det AAB AB
Cτ ψ ρ ψ= =

( )|A Cτ ρ

( ) ( )min ,AB i i AB
i

pτ ρ τ ψ= ∑ AB i i iAB
i

pρ ψ ψ=∑
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Characterization of MoE

 Upper bound on a sum of bipartite entanglement measures 
showing that bipartite sharing of entanglement is bounded.
 Three-qubit systems: Coffman-Kundu-Wootters inequality

 3-Tangle 

 Genuine three-party entanglement

A
C

B
A

C

B
A

C

B

≥ +

( )|A BC
ψτ ( )|A Bτ ρ

[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]

( ) ( ) ( ) ( )| || | | A B A CA B C A BC
τ ψ τ ψ τ ρ τ ρ= − −

( )|A Cτ ρ
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Characterization of MoE

 Upper bound on a sum of bipartite entanglement measures 
showing that bipartite sharing of entanglement is bounded.
 Three-qubit systems: Coffman-Kundu-Wootters inequality

 Generalization of CKW inequality into multi-qubit systems

A
C

B
A

C

B
A

C

B

≥ +

( )|A BC
ψτ ( )|A Bτ ρ

[V. Coffman, J. Kundu and W. K. Wootters PRA 61. 052306 (2000)]

[T. J. Osborne and F. Verstraete PRL 96. 220503 (2006)]

( ) ( ) ( )1 2 11 2
| || nn

A A A AA A A
τ ψ τ ρ τ ρ≥ + +





( )|A Cτ ρ

11



W-class state
 n-qubit generalized W-class state

 Generalization of W state

 Three-qubit W state:

 Saturation of CKW inequality

1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ + 2

1
with   1

n

i
i

a
=

=∑

( )1 001 010 100
3

W = + +

1 2 1 2 1 3 1| | | |n nA A A A A A A A Aτ τ τ τ= + + +




[JSK and B. C. Sanders, J. Phys. A  41. 495301 (2008)]
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General Monogamy Inequalities

 Squashed entanglement
 For ,ABρ { }ext : | trAB ABE E ABE ABρ ρ ρ ρ= =

( ) ( ) ( ) ( ) ( ) ( ){ }1: inf ; | :
2sq AB AE BE ABE EE I A B E S S S Sρ ρ ρ ρ ρ= = + − −

ABEinf: over all ext ABρ ρ∈

[M. Christandl and A. Winter, J. Math. Phys. 45, p. 829-840 (2004)]

( );I A B ( ); |I A B E



General Monogamy Inequalities

 Squashed entanglement
 For

 Entanglement monotone

 Lower bound of              , upper bound of  

 For

,ABρ { }ext : | trAB ABE E ABE ABρ ρ ρ ρ= =

( ) ( ) ( ) ( ) ( ) ( ){ }1: inf ; | :
2sq AB AE BE ABE EE I A B E S S S Sρ ρ ρ ρ ρ= = + − −

( )f ABE ρ ( )D ABE ρ

,AB AB
ρ ψ ψ= EABE ABEext B ABAρ ρ ρ ψ ψ ρ⇒ = ⊗∈

( ) ( ) ,sq AAB
E Sψ ρ= ( )trA B AB

ρ ψ ψ=



General Monogamy Inequalities

 Squashed entanglement
 For

 Monogamy inequality



,ABρ { }ext : | trAB ABE E ABE ABρ ρ ρ ρ= =

( ) ( ) ( ) ( ) ( ) ( ){ }1: inf ; | :
2sq AB AE BE ABE EE I A B E S S S Sρ ρ ρ ρ ρ= = + − −

( ) ( ) ( ); | ; | ; |I A BC E I A B E I A C BE= +,ABCEρ ( )chain rule

( ) ( ) ( )( )  sq A BC sq AB sq ACS S Sρ ρ ρ+⇒ ≥

( )( )by minimizing  for ; |E I A BC E

[M. Koashi and A. Winter, Phys. Rev. A 69, 022309 (2004)]



General Monogamy Inequalities

 Squashed entanglement
 For

 Monogamy inequality





[M. Koashi and A. Winter, Phys. Rev. A 69, 022309 (2004)]

( ) 0 iff  : separablesq AB ABE ρ ρ=
[F.G.S.L. Brandao, M. Christandl and Jon Yard,  Commun. Math. Phys. 306, 805 (2011)]

,ABρ { }ext : | trAB ABE E ABE ABρ ρ ρ ρ= =

( ) ( ) ( ) ( ) ( ) ( ){ }1: inf ; | :
2sq AB AE BE ABE EE I A B E S S S Sρ ρ ρ ρ ρ= = + − −

( ) ( ) ( ); | ; | ; |I A BC E I A B E I A C BE= +,ABCEρ ( )chain rule

( ) ( ) ( )( )  sq A BC sq AB sq ACS S Sρ ρ ρ+⇒ ≥



Polygamy Inequality

 Dual monogamy inequality
 For three-qubit pure state

( ) ( ) ( )( ) a AB a ABA BC
τ ψ τ ρ τ ρ≤ +

[G. Gour, D. Meyer and B. C. Sanders PRA 72 042329 (2005)]

ABC
ψ ∈ 2 2 2⊗ ⊗ 

( ) tangle of assistance:  a ABτ ρ

( ) ( )maxa AB i i AB
i

pτ ρ τ ψ= ∑
max: over all possible pure state decompositions

AB i i iAB
i

pρ ψ ψ=∑



General Polygamy Inequality

 Entanglement of Assistance

[JSK, PRA 85, 062302 (2012)]

1 2
For any  

nA A Aρ
 ( )1 2 ndd d⊗ ⊗ ⊗∈   

( )1 2( )na A A AE ρ


( ) ( ) ( )1 2 1 3 1 na A A a A A a A AE E Eρ ρ ρ≤ + + +

ABρ ( )'d d⊗∈   ( ) ( )maxa AB i f i
i

E p Eρ ψ= ∑

max: over all possible pure state decompositions

AB i i iAB
i

pρ ψ ψ=∑



Mono-poly inequality

 For any 
1 2 nA A A

ψ


1 2 ndd d⊗ ⊗ ⊗∈  

( ) ( ) ( )
1 2 1 2( ) ( )n n

sq A aA A A A A A
E S Eψ ρ ψ= =

 

( ) ( ) ( )1 2 1 3 1 na A A a A A a A AE E Eρ ρ ρ+≤ + +

( ) ( ) ( ) ( )
1 2 1 3 1 nsq A A sq A A sq A AAE E E S ρρ ρ ρ+ + ≤+



Strong monogamy of entanglement 
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Strong monogamy of entanglement

 CKW-type monogamy inequality

1

n

2

≥ +

( )1 2 3| nE A A A A



3 1

n

2



3 1

n

2



3 + + 1

n

2



3


( )1 2|E A A ( )1 3|E A A ( )1 | nE A A
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Strong monogamy of entanglement

 Stronger (or finer) monogamy inequality ?

1

n

2

≥ +

( )1 2 3| nE A A A A



3 1

n

2



3 1

n

2



3 + + 1

n

2



3


( )1 2|E A A ( )1 3|E A A ( )1 | nE A A

22

+1

n

2



3 1

n

2



3 +

( )1 2 3|E A A A ( )1 3| nE A A A

+ +



n-tangle

 3-Tangle 
 For three-qubit pure state 

 n-tangle
 For n-qubit pure state

 : index vector spans over all (m-1)-ordered subsets of   

( ) ( ) ( ) ( )| || | | A B A CA B C A BC
τ ψ τ ψ τ ρ τ ρ= − −

23

ABC
ψ

1 2 nA A A
ψ



( ) ( ) 11 2 1 2 1 1

/ 21

| | || | | |
2

m mn n j jm m

mn

A A AA A A A A A
m j

τ ψ τ ψ τ ρ
−

−

=

 = −  
 ∑∑



 



( )1 1, ,m m m
mj j j −=





{ }2,3, , n

{ }1 1,1 1 1 1

2

| | | | | |
min ,

m m m mj j j jh hm m
A A A h h A A Ap h

p
ψ

τ ρ τ ψ
− −

    =          
∑




1

1 1
m mj jm

A A A h h h
h

pρ ψ ψ
−

=∑




n-tangle

 3-Tangle 
 For three-qubit pure state 

 n-tangle
 For three-qubit pure state

 : index vector spans over all (m-1)-ordered subsets of   

( ) ( ) ( ) ( )| || | | A B A CA B C A BC
τ ψ τ ψ τ ρ τ ρ= − −

24

ABC
ψ

1 2 nA A A
ψ



( ) ( ) 11 2 1 2 1 1

/ 21

| | || | | |
2

m mn n j jm m

mn

A A AA A A A A A
m j

τ ψ τ ψ τ ρ
−

−

=

 = −  
 ∑∑



 



( )1 1, ,m m m
mj j j −=





{ }2,3, , n

{ }1 1,1 1 1 1

2

| | | | | |
min ,

m m m mj j j jh hm m
A A A h h A A Ap h

p
ψ

τ ρ τ ψ
− −

    =          
∑




1

1 1
m mj jm

A A A h h h
h

pρ ψ ψ
−

=∑


{ }

( )
{ } ( )

1 1,1 1 1 1

,

2

| | | | | |

2

| |

For =2

min

             min  two- tangle:    

m m m mj j j jh hm m

h h

A A A h h A A Ap h

A B h h A Bp h

n

p

p

ψ

ψ

τ ρ τ ψ

τ ρ τ ψ

− −

    =          

 
⇒ =  

 

∑

∑







n-tangle

 4-tangle
 For four-qubit pure state





25

ABCD
ψ

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

3/ 2 3/ 2 3/ 2

| | | | | || | | |

| | |                                          

A B C A B D A C DA B C D A BCD

A B A C A D

τ ψ τ ψ τ ρ τ ρ τ ρ

τ ρ τ ρ τ ρ

= − − −

− − −

trABC D ABCD
ρ ψ ψ=

( )
{ } ( )

,

2

| | | |
min ,

h h
A B C h h A B Cp h

p
ψ

τ ρ τ ψ 
=  
 

∑ ABC h h hABC
h

pρ ψ ψ=∑

( ) ( ) ( ) ( )| || | |h A B A CA B C A BC
τ ψ τ ψ τ ρ τ ρ= − −



Strong monogamy conjecture

 4-tangle
 Assuming non-negativity of 4-tangle



26

( )| | |
0     

A B C D
τ ψ ≥ ⇔

( ) ( ) ( ) ( )
( ) ( ) ( )

3/ 2 3/ 2 3/ 2

| | | | ||

| | |

|

                                          +

A B C A BA BCD

A B A

D C

A

A

C

D

D

τ ψ

τ ρ τ ρ

ρ ρ

τ

τ τ ρ τ

ρ

+

+ +

+≥

( ) ( ) ( )| | |A B A C A Dτ ρ τ ρ τ ρ≥ + +

A

B C

D
[B. Regula, et. al., PRL 113 110501 (2014)]



Strong monogamy conjecture

 n-tangle

 Assuming non-negativity of n-tangle

 Strong monogamy inequality of multi-qubit entanglement

27

( ) ( ) 11 2 1 2 1 1

/ 21

| | || | | |
2

m mn n j jm m

mn

A A AA A A A A A
m j

τ ψ τ ψ τ ρ
−

−

=

 = −  
 ∑∑



 



( ) ( )

( )

11

1

1 12 1

/ 21

|||

|

|
2 3

2

|   

                            

j m m

j

jm mn j

mn

A A A
m j

n

A AA A A
j

n

A A
j

τ ψ τ ρ

τ ρ

τ ρ
−

−

==

=

 
 
 

⇒ ≥ +

≥

∑∑∑

∑







[B. Regula, et. al., PRL 113 110501 (2014)]



Strong monogamy conjecture

 Proving strong monogamy conjecture?

 Exponentially many optimization processes w.r.t. n

 Numerical test for 4-qubit systems 
 random 4-qubit pure states

28

( ) ( ) 11 2 1 2 1 1

/ 21

| | || | | |
2

m mn n j jm m

mn

A A AA A A A A A
m j

τ ψ τ ψ τ ρ
−

−

=

 = −  
 ∑∑



 



{ }1 1,1 1 1 1

2

| | | | | |
min ,

m m m mj j j jh hm m
A A A h h A A Ap h

p
ψ

τ ρ τ ψ
− −

    =          
∑





68 10×

[B. Regula, et. al., PRL 113 110501 (2014)]



Saturation of multi-qubit
strong monogamy inequality 
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Saturation of CKW inequality
 n-qubit generalized W-class state

 Saturation of CKW inequality

 Good candidate of possible counterexample for strong monogamy 
inequality

1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ +

2

1
with   1

n

i
i

a
=

=∑

( ) ( ) ( ) ( )1 2 1 3 11 2
| | || nn

A A A A A AA A A
Wτ τ ρ τ ρ τ ρ= + + +





30

[JSK and B. C. Sanders, J. Phys. A  41. 495301 (2008)]



W-class state and 
strong monogamy inequality  

 Strong monogamy conjecture

 W-class state

 Strong monogamy conjecture for W-class states 

for W-class states 
31

( ) ( ) 1
1

11 2 1

/ 21

| | |
3

||
2

m mj jm m
jn

n

A AA A A

mn

A A A
m jj

τ ψ τ ρ τ ρ
−

−

==

≥  
 


+

∑∑ ∑






( ) ( ) ( ) ( )1 2 1 11 2
| | ||

2
n jn

n

A A A A A AA A A
j

Wτ τ ρ τ ρ τ ρ
=

= + + =∑




1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ +

1
1 1

/ 21

| | |
3

 0 
m mj jm m

mn

A A A
m j

τ ρ
−

−

=

  =
 

⇔ ∑∑






W-class state and 
strong monogamy inequality  

 Strong monogamy conjecture

 W-class state

 Strong monogamy conjecture for W-class states 

for W-class states 
32

( ) ( ) 1
1

11 2 1

/ 21

| | |
3

||
2

m mj jm m
jn

n

A AA A A

mn

A A A
m jj

τ ψ τ ρ τ ρ
−

−

==

≥  
 


+

∑∑ ∑






( ) ( ) ( ) ( )1 2 1 11 2
| | ||

2
n jn

n

A A A A A AA A A
j

Wτ τ ρ τ ρ τ ρ
=

= + + =∑




1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ +

1
1 1

/ 21

| | |
3

 0 
m mj jm m

mn

A A A
m j

τ ρ
−

−

=

  =
 

⇔ ∑∑




( )
1

1 1

1 -1

| | |

Lemma

                  

for all the index vectors , ,  with 3 -1

                                               for generalized W-class states 
              

0

   

  
m mj jm

m m m
m

A A A

j j j m n

τ ρ
−

  = 
 

= … ≤ ≤





                  
                                              [JSK, PRA 90, 062306 (2014)]



W-class state and 
strong monogamy inequality  

 Saturation of strong monogamy inequality
 For any generalized W-class state

 Moreover, the saturation strong monogamy inequality is also true for

33

( ) ( )1 11 2 1 1

/ 21

| | | ||
2 3

j m mn j jm m

mn n

A A A A AA A A
j m j

Wτ τ ρ τ ρ
−

−

= =

 +  
 

=∑ ∑∑






1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ +

1... 1 200...0 10...0 01...0 00...1
nA A n| a b b bψ 〉 = + + + ⋅⋅⋅+

[JSK, PRA 90, 062306 (2014)]



Negativity and SM inequality 
in higher-dimensional systems
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Counterexamples in higher dimension

 Multi-qubit SM inequality

 Counterexamples 

35

( ) ( )1 11 2 1 1

/ 21

| | | ||
2 3

 
j m mn j jm m

mn n

A A A A AA A A
j m j

τ ψ τ ρ τ ρ
−

−

= =

 ≥ +  
 ∑ ∑∑







-qubit systemsn

( ) ( ) ( )| ||
  A B A CA BC

τ ψ τ ρ τ ρ⇒ ≥ + 3-qubit systems

( )1 012 021 120 102 201 210
6ABC

ψ = − + − + − 3 3 3⊗ ⊗ 
[Y. Ou, PRA 75. 034305 (2007)]

( ) ( )2 1010 101 200 211
6 6ABC

ψ = + + + 3 2 2⊗ ⊗ 
[JSK and B. C. Sanders, J. Phys. A  41. 495301 (2008)]



Counterexamples in higher dimension

 Multi-qubit SM inequality

 Counterexamples 

36

( ) ( )1 11 2 1 1

/ 21

| | | ||
2 3

 
j m mn j jm m

mn n

A A A A AA A A
j m j

τ ψ τ ρ τ ρ
−

−

= =

 ≥ +  
 ∑ ∑∑







-qubit systemsn

( ) ( ) ( )| ||
  A B A CA BC

τ ψ τ ρ τ ρ⇒ ≥ + 3-qubit systems

( )1 012 021 120 102 201 210
6ABC

ψ = − + − + − 3 3 3⊗ ⊗ 
[Y. Ou, PRA 75. 034305 (2007)]

( ) ( )2 1010 101 200 211
6 6ABC

ψ = + + + 3 2 2⊗ ⊗ 
[JSK and B. C. Sanders, J. Phys. A  41. 495301 (2008)]

( ) ( ) ( )| ||

  of SM inequality in terms of tanviolation gle 
A B A CA BC

τ ψ τ ρ τ ρ+<
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Square of convex-roof extended negativity
(SCREN)

 Negativity

 Bipartite pure state with Schmidt decomposition

 For bipartite pure state with Schmidt-rank 2
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two-tangle:



Square of convex-roof extended negativity
(SCREN)

 Negativity vs. Tangle

 For bipartite pure state with Schmidt-rank 2

 For two-qubit state 
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Square of convex-roof extended negativity
(SCREN)

 For n-qudit pure state

 n-SCREN

 Mixed state
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[JSK PRA 92 042307 (2015)]



n-SCREN vs. n-tangle

 For n-qubit states

 n-qubit SM inequality 
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n-SCREN vs. n-tangle

 Saturation of SCREN SM inequality
 For multi-qubit generalized W-class state

 Moreover, the saturation SCREN SM inequality is also true for
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[JSK PRA 92 042307 (2015)]



n-SCREN vs. n-tangle

 Counterexamples of tangle SM inequality

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( )1 012 021 120 102 201 210
6ABC

ψ = − + − + − 3 3 3⊗ ⊗ 

( ) ( )2 1010 101 200 211
6 6ABC

ψ = + + + 3 2 2⊗ ⊗ 

( ) ( ) ( )| ||

Validity  of SCREN SM inequality
SC SC A B SC A CA BC

ψ ρ ρ≥ +

⇒

N N N



Beyond multi-qubit systems

 Multi-qudit generalized W-class states

 For d=2 

 Saturation of SM inequality
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 -qubit generalized W-class staten

[JSK and B. C. Sanders, J. Phys. A  41. 495301 (2008)]

1... 1 210...0 01...0 00...1
nA A n|W a a a〉 = + + ⋅⋅⋅ +
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[JSK PRA 92 042307 (2015)]



Beyond multi-qubit systems

 Partially coherent superposition of              with vacuum



44
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Beyond multi-qubit systems

 Partially coherent superposition of              with vacuum

 In terms of decoherence
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Beyond multi-qubit systems

 Partially coherent superposition of              with vacuum

 Saturation of SCREN inequalities
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[JSK  in preparation]



Summary
 Monogamy of multi-party quantum entanglement

 Mathematical characterization: CKW-type inequality
 Squashed entanglement
 General polygamy inequality

 Strong monogamy conjecture in multi-qudit systems
 Non-negativity of n-tangle : strong monogamy inequality
 SCREN SM inequality for qudits
 Saturation of SCREN SM monogamy inequality

 Future works
 Analytic proof of strong monogamy inequality ?
 SM inequality of entanglement and other correlations
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