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0. Plan

fully separable = fully bi-separable == bi-separable

| |
PPT = PPT mixture

The vertical arrows in the above diagram become equivalences for
X-shaped multi-qubit states.

Necessary conditions will be described by X-parts
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We have the following dual diagram:

fully separable? <« fully bi-separable <«— bi-separable

i 1
PPTY < PPT mixture?

The vertical arrows are again equivalences for X-shaped multi-qubit
witnesses

Necessary conditions will be described by X-parts
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1. Full Separability

In this talk, every state is assumed to be unnormalized.

A multi-partite state p € X)7_; My, is said to be fully separable if it is the
sum of

A®A® @A, A€M,
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For a given subset S < {1,2,--- , n}, the partial transpose T(S) on
&)1 My, is the linear map satisfying

.
(21@2® - ®a) S =b@b® @by, with bj={ " I;i
aj, | .
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© For a given bi-partition S L T of the set {1,2,...,n}, a multi-partite
state p € R);_; Mg, may be considered as in the tensor product
(XQies Ma,) ® (e My,) of two matrix algebras, and is said to be
S-T PPT if it is PPT;

@ A multi-partite state p € X)7_; My, is called PPT if it is S-T PPT for
all bi-partitions S U T = {1,2,--- | n}.

Equivalently, g is S-T PPT if o7(9) is positive, and PPT if o7(5) is
positive for every S < {1,2,--- | n}.
It is obvious that every fully separable state is PPT.
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A multi-qubit state p € Q);_; My, (di = 2) is said to be X-shaped if it has
of the form

a1 21
a2 22

o don—1  Zpn—-1
Q Zznfl b2n71

2> b2

z by

We denote the above by o = X(a, b, z) briefly and the argument of z; by
0;.

It is easy to check that v/a;b; = |z;| and each partial transpose fixes
diagonal entries and permutes anti-diagonal entries.
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Theorem

Let o be a three qubit PPT state whose X-part is given by X(a, b, z).
Suppose that X(a, b, z) is not diagonal and its rank is less than or equal to
six. We have the following:

(i) there exist r > 0 and distinct iy, ip, i3, ia € {1,2,3,4} such that
\ a,-b,- =r= ’Z,‘| and /\/ajbj =Zr= ’ZJ|, i = I'1,I'27 j = i3,i4;
(ii) if o is fully separable, then we have

4 4 .
arbobzas = r*,  biazasbs = r* and |z| =|z,|, 601+04 = 02+03;

(iii) the converse of (ii) holds when o is X-shaped.
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Example

*

* ¥ = ¥ *

*

s}
= % % % % ¥ % =
¥ B ¥ ¥ ¥ ¥ = %
CE R T T S R
¥ ¥ ¥ P = ¥ ¥ %
¥ =X ¥ X ¥ =¥
= % % ¥ ¥ ¥ % =

* ¥ = % %

is not fully separable because it violates angle condition

(91+94=0+0#0+7‘l’=92+93).
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Example

1 = = * * ® % 1
e * * = 1 =
R | * 0 1/2 % =
* % % 1 1/3 % = =
2=l « 1/3 1 ® k%
« % 1/2 o« * 1 x =
* 1 =* * * * 1 =*
1 = = * * % % 1

is not fully separable because it violates modulus condition

(lzs| = 1/2 # 1/3 = |z4]).
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Example

1 = = % % % % 1
* 1 %= % x % 1 =
* % 2\ x x 1 % %
* % % 2 1 % % %
0= * x x 1 1 % % =
x o 1 % % 1/A % =
+ 1 = % x % 1 =
1 % x % x % % 1

If A\ > 2, then ¢ is not fully separable because it violates diagonal condition
(aybpbzag = 2/\ # 1%).

If A <1/2, then g is not fully separable because it violates diagonal
condition

(b13233b4 =2\ } 14).
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Example

If 1/2 < A < 2, then p satisfies all diagonal, modulus, angle conditions,
hence undecidable. If p is X-shaped, that is,

1 1

then, it is fully separable.
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The diagonal, modulus, angle conditions are necessary when the rank of
X-part < 6. We give the necessary condition for general rank.

Theorem

Let o be a three qubit state whose X-part is given by X(a, b,z). If o is
fully separable, then the inequality

44/ ajb; = \f2|zlei0 P 22| P \/§|Z3eie = Z4|

holds for each i = 1,2,3,4 and 0 € R.
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Corollary

Let o be a three qubit state whose X-part is given by X(a, b, z) with
min+/a;b; = (1+¢)r, 0 < e < (=1 ++/2)/2 and z; = rel%. If g is fully
separable, then we have

|(01 4 04) — (62 + 03)| < arcsin(4e(1 + €)).

When ¢ = 0, the above reduces to the angle condition 61 + 04 = 0, + 05.
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2. Dual of Full Separability

Theorem

Suppose that the X-part of a three qubit Hermitian matrix W is X (s, t, u)

and {0, W) = 0 for all three qubit fully separable states . Then, the
inequality

\/(51 + ta|a|?)(sq + t1|a|2)+\/(52 + t3]al?)(s3 + t2|af?)

= |U10_z T 174a| ar |U26£ aF 173a|

holds for each o € C. The converse holds when W is X-shaped.

Kyung Hoon Han (joint work with Seung-HX-parts of multi-qubit states and witnesses
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Example
Let W be an X-shaped Hermitian matrix X(s, t, u) with u; = v/2e% and
01+ 04 = 0y + 03 + w. Then,
(i) if sj,tj, = 16 for some iy, then {p, W) = 0 for all fully separable p;
(il) if /sisatitsa + 4/s2s3t2t3 = 2, then (o, W) > 0 for all fully separable 0|
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fully separable = fully bi-separable = bi-separable

| |
PPT = PPT mixture

fully separable? <« fully bi-separable <« bi-separable

i 1
PPTY < PPT mixture?
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3. Full Bi-Separability and PPT

© For a given bi-partition S L T of the set {1,2,...,n}, a multi-partite
state p € Q);_; Mg, may be considered as in the tensor product
(Ries Ma;) ® (R Mg;) of two matrix algebras, and is said to be
S-T bi-separable if it is separable.

@ A multi-partite state p € (X)7_; My, is called fully bi-separable if it is
in the intersection of S-T bi-separable matrices through all
bi-partitions Su T = {1,2,--- , n}.

Obviously,

fully separable = fully bi-separable = PPT
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Theorem

Suppose that an X-shaped n-qubit state o = X(a, b, z) and a bi-partition

{1,---,n} =S u T aregiven. If 1 ¢ S then the following are equivalent:
(i) o0 is S-T bi-separable;

(i) 0is S-T PPT.

Since we may interchange the roles of S and T in the bi-partition
{1,---,n} =S U T, the assumption 1 ¢ S is actually superfluous.
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Theorem

Suppose that the X-part of a multi-qubit state o is given by X(a, b, z). If
o is PPT, then the inequality

V aibi = |z

holds for every choice of i,j = 1,2,...,2"1.
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Theorem

Let o = X(a, b, z) be an X-shaped n-qubit state. Then the following are
equivalent:

(i) o is fully bi-separable;
(i) ois PPT;
(i) the inequality

Vaib; = |zj]

holds for every choice of i,j = 1,2,...,2" 1.
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Examples of fully bi-separable states which is not fully separable were first
discovered by T, Vértesi and N. Brunner

(Quantum Nonlocality Does Not Imply Entanglement Distillability, Phys. Rev. Lett. 108, (2012)).

Combining the previous results, we get a simple and large family of fully
bi-separable states which is not fully separable.
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Theorem

Let o be a three qubit X-shaped state X(a, b, z) with rank < 6. The
following are equivalent:

(i) ois PPTES;
(ii) o is fully bi-separable but not fully separable;
(i) there exist r > 0 and distinct iy, ip, i3, is € {1,2,3,4} such that

A/ aibj=r = |Z,'|, and q/é)jbj}f} |ZJ|, = ,lp, | =1i3,Iia
and g violates one of conditions

aibybzas > I’4, biasazbs = r*  and ’Z;3| = |Zi4|7 01+04 = 0>+03.
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4. Dual of PPT

Definition
A Hermitian matrix D is said to be decomposable if it is in the convex hull
of the convex cones

n
TS .= {Ae &) Mg, AT() ig positive}
i-1

through subsets S of {1,--- , n}.

The decomposability is dual to PPT.
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Theorem

Suppose that the X-part of W is given by X(s,t,u). If W is
decomposable, then the inequality

2n71 2n71

Dt = D uil
i-1 i—1

holds.

Kyung Hoon Han (joint work with Seung-HX-parts of multi-qubit states and witnesses 2016. 2.18 25 /43



Theorem
For an X-shaped n-qubit Hermitian W = X (s, t, u) with nonnegative
diagonals, the following are equivalent:
(i) W is decomposable;
(ii) (o, W) =0 for every PPT state o,
(i) <o, W) = 0 for every fully bi-separable state p;
(iv) the inequality

2n71 2n71
Z \VSiti = Z |u,-|
i=1 i=1

holds.
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Example

1

is decomposable where - denotes zero.
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fully separable = fully bi-separable == bi-separable

| |
PPT = PPT mixture

fully separable? <« fully bi-separable? <« bi-separable

i 1
PPTY < PPT mixture?
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5. Bi-Separability and PPT Mixture

@ A multi-partite state o is called bi-separable if it is in the convex hull
of 5-T bi-separable states through all bi-partitions
SuT=A{1,---,n}.

@ A multi-partite state ¢ is called a PPT mixture if it is in the convex
hull of S-T PPT states through all bi-partitions S T = {1,--- , n}.

© A state is said to be genuinely entangled if it is not bi-separable.

It is obvious that every bi-separable state is a PPT mixture.
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By Gao and Hong (separability criteria for several classes of n-partite quantum states, Eur. Phys. J. D 61
2011)), and Guhne and Seevinck (separability criteria for genuine multiparticle entanglement, New J.
Phys. 12 (2010)), it was shown that if an arbitrary multi-qubit state o whose
diagonal and anti-diagonal parts are given by X(a, b, z) is bi-separable

then the inequality
2 Vajbj = |zil

J#i
holds for each 1 < i < 2" 1.
By Rafsanjani, Huber, Broadbent and J. H. Eberly (Genuinely multipartite concurrence of

N-qubit X matrices, Phys. Rev. A 86 (2012)), it was shown that this inequality is
equivalent to bi-separability for X-shaped states.

They can be improved.
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Theorem

Let o be a multi-qubit state whose diagonal and anti-diagonal parts are
given by X(a, b,z). If o is a PPT mixture, then the inequality

Z\/? il

J#i

holds for each 1 < i < 2" 1.
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Theorem

For an X-shaped multi-qubit state o = X(a, b, z), the following are
equivalent:

(i) o is bi-separable;
(i) o is a PPT mixture;
(iii) the inequality

holds for each 1 < i < 2" 1.
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6. Genuine Entanglement Witnesses

We call a non-positive (non positive semi-definite) Hermitian matrix W in
&X)7_; My, genuine entanglement witness if

(o, W) :=Tr (oW") =0

for every bi-separable state p.

Non-positivity condition of W guarantees the existence of a state ¢ with
(o, W) < 0, and the above condition tells us that this ¢ must be genuinely
entangled. By duality, any genuine entanglement is detected by a genuine
entanglement witness.
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Theorem

Suppose that the X-part of W is given by X(s,t,u). If {o, W) =0 for
every n qubit bi-separable state o, then the inequality

VSiti +4/Sjtj = |uj| + |u_,'|

holds for every choice of i,j = 1,2,...,2" 1 with i # j.
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Theorem

Suppose that W = X(s, t, u) is an X-shaped multi-qubit Hermitian matrix
with nonnegative diagonals. Then the following are equivalent:

(i) (o, W) =0 for every n qubit bi-separable state p;
(ii) o, W) = 0 for every n qubit PPT mixture p;
(i) the inequality
Vsiti + /sty > |uil + ujl
holds for every choice of i,j = 1,2,...,2" 1 with i # j.
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Corollary

Suppose that W is an X-shaped matrix. Then, W is a genuine
entanglement witness if and only if the inequality

Vsiti /it = |uil + uj]
holds for every choice of i,j = 1,2,...,2"1 with i # j and the inequality

V Sigtip < |Uio|

holds for some iy
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For a given genuine entanglement witness W, we consider the set Gy, of
all genuine entanglement p which are detected by W in the sense of
(o, W) < 0. We say that W is optimal if the set Gy, is maximal.

Kyung Hoon Han (joint work with Seung-HX-parts of multi-qubit states and witnesses 2016. 2.18 37 /43



We say that a vector £ € X), <<, C% is a bi-product vector if there is a
partition S 1 T = [{1,---, n} such that & is a product vector as an
element of (®);es C%) ® (®;cr C¥). For a given genuine entanglement
witness W, we denote by Py, the set of all bi-product vectors £ such that

EWE) = (Jexel, w) =o.

We say that W has the spanning property if the set Py, spans the whole
space ®7_, C%.

By Lewenstein, Kraus, Cirac and Horodecki (optimization of entanglement witness, Phys.
Rev. A 62 (2000)), the spanning property implies the optimality.
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Theorem
Suppose that W = X(s, t,u) is an X-shaped n-qubit genuine
entanglement witness. Then the following are equivalent:
(i) W is an optimal genuine entanglement witness;
(i) W is a genuine entanglement witness with the spanning property;
(iii) there exists ig € {1,--- ,2""1} and positive number r > 0 with the
properties:

Siy = Ly = 0 and |U,'0‘ =r,
\/siti =r and u; = 0 for i # Iy.

2016. 2.18 39 /43
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Example

A typical example of three qubit optimal genuine entanglement witness is
given by
it
52
53
s . . . .
/sy - . N
1/53

—if

1/52
e .

where - denotes zero.
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7. Summary

fully separable = fully bi-separable = bi-separable

| |
PPT = PPT mixture

The vertical arrows in the above diagram become equivalences for
X-shaped multi-qubit states.

Necessary conditions by X-parts
@ fully separable
» aibobzas = r4, biasazb, = r4, |Z,'3| = |Z,'4|,91 + 04 = 0, + 03 for three
qubit states with rank < 6. Multi-index is used to generalize it to
multi-qubit states with rank < 2" — 2.
» 4\/a;ib; = \/2|z1"0 + 2| + \/2|z3€" — z4| for three qubit states.
Multi-index is used to generalize it to multi-qubit states.

@ PPT : /st > |ujl;
© PPT mixture : >, ,;/ajb; > |z.
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We have the following dual diagram:

fully separable? <= fully bi-separable’ <= bi-separable?

) f

PPTH < PPT mixture?

The vertical arrows are again equivalences for X-shaped multi-qubit
witnesses

Necessary conditions by X-parts
O PPT mixture? : \/sit; + /55 = |uj| + |ujl;
n—1 n—1
@ PPTY: Y Vsiti =37 |uil;
© fully separable? :

V(@1 + balaP)(as + bilaf2) 4/ (a2 + balaf?)(as + bolal?)

> 210 + Zaa| + |22 + Z30¥].
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This talk is based on

@ K. H. Han and S.-H, Kye, Various notions of positivity for bi-linear
maps and applications to tri-partite entanglement, J. Math. Phys. 57
(2016), 015205.

[ K. H.Han and S.-H, Kye, Construction of multi-qubit optimal genuine
entanglement witnesses, arXiv:1510.03620.

@ K. H. Han and S--H, Kye, in preparation (the section on the full
separability)
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