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s� �©�\�"f��H |9�½+Ë�:r ������"f �̧��H ì�r��_� Ãº�<Æ\�"f l��:rs� ÷&��H Y>� ��t�

>h¥Æ��̀¦ �è>hô�Ç��. s�p� ·ú��¦ e����H ½+Ë|9�½+Ë, �§|9�½+Ë, 	�|9�½+Ë 1px |9�½+Ë_� l��:r&h����

���íß�ÂÒ'� r�����#�, ���éß����<ÊÃºü< %i��<ÊÃº_� $í
|9�õ� #��Q ��t� \V\�¦ /BNÂÒô�Ç��.

:£¤y�, �<ÊÃº_� >h¥Æ��̀¦ s�6 x�#� e��_�_� |9�½+Ë7á¤\� @/ô�Ç Y�L|9�½+Ë�̀¦ &ñ
_�ô�Ç��. Ãº

�<Æ\�"f ���©� l��:r÷&��H >h¥Æ��Ér ‘°ú ��’, ‘ß¼��’, ‘�����’ 1pxs���. s� ×�æ ‘°ú ��’����H

>h¥Æ��̀¦ �Ð�� %3�x9��>� [O�"î
���H ��s	כ 1lxu��'a>����X< s�\�¦ ì�r½+Éõ� �'aº���#� 1.3

]X�\�"f /BNÂÒ��¦, s�#Q"f í�H"f�'a>�_� l��:r�̀¦ 1.4]X�\�"f /BNÂÒô�Ç��. s��Qô�Ç 1lx

u��'a>�ü< í�H"f�'a>���H ��6£§ �©�\�"f �����Ãº�ÐÂÒ'� &ñ
Ãº, Ä»o�Ãº, z�́Ãº\�¦ ½̈$í
½+É

M:\� �9�Ãº&h���� �̧½̈s���.

1.1. ���TÒ¼ø� ¥o>ñ5Ñ

¿º |9�½+Ë Aü< B�� ��6£§

x ∈ A ⇐⇒ x ∈ B

�̀¦ ëß�7á¤½+É M: A = B�� ô�Ç��. ¢̧ô�Ç, ��6£§

x ∈ A =⇒ x ∈ B

�̀¦ ëß�7á¤½+É M: A ⊂ B�� æ¼�¦, A\�¦ B_� «»(Ûo�·���Ösכ� ÂÒ�Ér��. ëß�{9�

A 6= Bs����"f A ⊂ Bs����, A\�¦ B_� .>	«»(Ûo�·���Ösכ� ÂÒ�Ér��.

1
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¿º |9�½+Ë A,B\� @/�#� Õª Öכ�·�Öכ� A ∪B\�¦

A ∪B = {x : x ∈ A ¢̧��H x ∈ B}

�� &ñ
_�ô�Ç��. s���H

x ∈ A ∪B ⇐⇒ x ∈ A ¢̧��H x ∈ B

�� &ñ
_����H ����s	כ ��ðøÍ��t�s���. ��ðøÍ��t��Ð z��·Öכ� A ∩ B, 	��·Öכ�

A \B\�¦ ��6£§

x ∈ A ∩B ⇐⇒ x ∈ A Õªo��¦ x ∈ B

x ∈ A \B ⇐⇒ x ∈ A Õªo��¦ x /∈ B

õ� °ú s� &ñ
_�ô�Ç��. |9�½+Ë�̀¦ l�Õüt½+É M: s�p� ·ú��¦ e����H |9�½+Ë�̀¦ �©�&ñ
��¦

Õª |9�½+Ë_� "é¶�è[þt ��î�rX< :£¤&ñ
 $í
|9��̀¦ ëß�7á¤���H "é¶�è[þt�̀¦ �̧6£§Ü¼�Ð+�

|9�½+Ë�̀¦ ½̈$í
���H �â
Äº�� ú́§��. s�ü< °ú s� b9	=i�·Öכ� U \�¦ ��&ñ
��¦ e��

��H �â
Äº

Ac = U \A

�� &ñ
_���¦, Ac
\�¦ A_� #l�·���Ösכ� ÂÒ�Ér��. =åQÜ¼�Ð q�#Q e����H |9�½+Ë,

7£¤, ��Áº��� "é¶�è�̧ ��t�t� ·ú§��H |9�½+Ë�̀¦ ∅Ü¼�Ð ³ðr���¦ s�\�¦ ð���·�Ösכ�
�� ÂÒ�Ér��.

s�]j ½+Ë|9�½+Ëõ� �§|9�½+Ë_� $í
|9�[þt

A ∪ ∅ = A, A ∩ ∅ = ∅

A ∪B = B ∪A, A ∩B = B ∩A

A ∪ (B ∪ C) = (A ∪B) ∪ C, A ∩ (B ∩ C) = (A ∩B) ∩ C

A ∪A = A, A ∩A = A

A ⊂ B ⇐⇒ A ∪B = B, A ⊂ B ⇐⇒ A ∩B = A

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C), A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)
(1)
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�̀¦ \P����#� �Ð��. \V�Ð"f A ⊂ B ⇐⇒ A ∩ B = A\�¦ 7£x"î
���H ��Ér	כ

��6£§ ¿º "î
]j
x ∈ A =⇒ x ∈ B

x ∈ A ⇐⇒ x ∈ A Õªo��¦ x ∈ B

�� 1lxu������ 7£x"î
���H ��õ	כ ��ðøÍ��t����X<, �8 s��©� [O�"î
½+É ��¹כ��9 \O�

Ü¼o��� #��������.

0A $í
|9�[þt�Ér ��6£§\� \P������H #�|9�½+Ë_� $í
|9�[þt

∅c = U U c = ∅

A ∪Ac = U, A ∩Ac = ∅

(A ∪B)c = Ac ∩Bc, (A ∩B)c = Ac ∪Bc

(Ac)c = A

A ⊂ B ⇐⇒ Bc ⊂ Ac

(2)

õ� �<Êa� |9�½+Ë ���íß�_� l��:rs���. 1pxd�� (A ∪ B)c = Ac ∩ Bc
\�¦ 7£x"î
�l�

0AK�"f��H ��6£§

x ∈ (A ∪B)c ⇐⇒ [x ∈ A <�Ê�Ér x ∈ B]_� ÂÒ&ñ


⇐⇒ x /∈ A Õªo��¦ x /∈ B

⇐⇒ x ∈ Ac Õªo��¦ x ∈ Bc

⇐⇒ x ∈ Ac ∩Bc

õ� °ú s� ¶ú�(R�Ð��� �)a��.
'Ö<<K 1.1.1. 0A (1)õ� (2)\� ���̧��H 1pxd��õ� "î
]j[þt�̀¦ 7£x"î
�#���.

ëß�{9� {A1, A2} = {Ai : i ∈ {1, 2}}s����

x ∈ A1 ∪A2 ⇐⇒ i = 1 <�Ê�Ér i = 2 \� @/�#� x ∈ Ais���

⇐⇒ x ∈ Ai ��� i ∈ {1, 2}�� �>rF�ô�Ç��

�� $í
wn��<Ê�̀¦ ·ú� Ãº e����. s�\�¦ %i�¿º\� ¿º�¦, |9�½+Ë7á¤ {Ai : i ∈ I}_� Öכ�
�·Öכ�

⋃
i∈I Ai �̀¦ ��6£§

x ∈
⋃
i∈I

Ai ⇐⇒ x ∈ Ai �� $í
wn����H i ∈ I�� �>rF�ô�Ç��
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õ� °ú s� &ñ
_�ô�Ç��. ½+Ë|9�½+Ë
⋃

i∈I Ai �̀¦
⋃
{Ai : i ∈ I}�Ð æ¼l��̧ ô�Ç��. ��

ðøÍ��t��Ð z��·Öכ�
⋂

i∈I Ai �̀¦ ��6£§

x ∈
⋂
i∈I

Ai ⇐⇒ e��_�_� i ∈ I \� @/�#� x ∈ Ai �� $í
wn�ô�Ç��

õ� °ú s� &ñ
_�ô�Ç��. ëß�{9� y�� Ai[þts� ����̂|9�½+Ë U îß�\� [þt#Q e������� ��6£§(⋃
i∈I

Ai

)c

=
⋂
i∈I

Ac
i ,

(⋂
i∈I

Ai

)c

=
⋃
i∈I

Ac
i (3)

s� $í
wn�ô�Ç��. ½̈�̂&h�Ü¼�Ð ¶ú�(R�Ð���, ��6£§

x ∈

(⋃
i∈I

Ai

)c

⇐⇒ x /∈
⋃
i∈I

Ai

⇐⇒ [x ∈ Ai ��� i ∈ I�� �>rF�ô�Ç��]_� ÂÒ&ñ


⇐⇒ e��_�_� i ∈ I \� @/�#� x /∈ Ai s���

⇐⇒ e��_�_� i ∈ I \� @/�#� x ∈ Ac
i s���

⇐⇒ x ∈
⋂
i∈I

Ac
i

õ� °ú s� 7£x"î
½+É Ãº e����. Óüt�:r |9�½+Ë7á¤_� ½+Ë|9�½+Ëõ� �§|9�½+Ë\� �'aô�Ç ì�rC�

ZO�gË:

A ∩

(⋃
i∈I

Ai

)
=
⋃
i∈I

(A ∩Ai), A ∪

(⋂
i∈I

Ai

)
=
⋂
i∈I

(A ∪Ai) (4)

�̧ $í
wn�ô�Ç��.

'Ö<<K 1.1.2. 1pxd�� (3)_� ¿º ���P: 1pxd��õ� (4)\�¦ 7£x"î
�#���.

·ú¡Ü¼�Ð

x ∈ Ai, i ∈ I

ü< °ú s� æ¼���, s���H

e��_�_� i ∈ I \� @/�#� x ∈ Ai s���
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����H >pws���.

|ºM� 1. y�� �ª�Ãº r > 0\� @/�#�

Ar = {x ∈ R : x ≥ r}, r > 0

�� ¿º��� ⋃
r>0

Ar = {x ∈ R : x > 0}

s� �)a��. ¼#�_��©� A = {x ∈ R : x > 0}�� ¿º���, y�� r > 0\� @/�#�

Ar ⊂ As�Ù¼�Ð
⋃

r>0 Ar ⊂ Ae���Ér {©�������. %i�Ü¼�Ð A ⊂
⋃

r>0 Ar �̀¦

7£x"î
ô�Ç����H ��Ér	כ ��6£§

x > 0 =⇒ x ≥ r ��� �ª�Ãº r > 0�� �>rF�ô�Ç��

õ���ðøÍ��t�s���.Õª���X< r = x��¿º��� 0 < r ≤ xs�Ù¼�Ð A ⊂
⋃

r>0 Ar

s�$í
wn��<Ê�̀¦�ú�Ãºe���¦,����"f·¦̀�	כ A =
⋃

r>0 Are���̀¦·ú�Ãºe����.t�

�FK��t���6 xô�Çl� ñ_�>pw�̀¦�Ð��ì�r"î
y��������ª�Ãº����̂_�|9�½+Ë�̀¦ P

��¿º�¦
⋃

r∈P Arü<°ú s�+����t�ëß�,�'aYV�©�
⋃

r>0 Arõ�°ú �Érl� ñ\�¦

��H��. �

|ºM� 2. q�5pwô�Ç \V\�¦ ��� �8 [þt#Q �Ð��. y�� �����Ãº n = 1, 2, . . . \�

@/�#�

An =
{

x ∈ R : x ≥ 1
n

}
, n = 1, 2, . . .

�� ¿º���
∞⋃

n=1

An = {x ∈ R : x > 0}

s� �)a��. #�l�"f�̧
⋃∞

n=1 An�Ér
⋃
{An : n = 1, 2, . . . }õ� ��ðøÍ��t� >pw

Ü¼�Ð æ¼�����. 0Aü< ��ðøÍ��t��Ð
⋃∞

n=1 An ⊂ Ae���Ér {©�������. %i�Ü¼�Ð

A ⊂
⋃∞

n=1 An �̀¦ 7£x"î
ô�Ç����H ��Ér	כ ��6£§

x > 0 =⇒ x ≥ 1
n
��� �����Ãº n = 1, 2, . . .s� �>rF�ô�Ç��
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<�Ê�Ér

y > 0 =⇒ y ≤ n ��� �����Ãº n = 1, 2, . . .s� �>rF�ô�Ç��

ü< ��ðøÍ��t�s���. s� "î
]j��H {©����ô�Ç 1pws� �Ðs�t�ëß� Õªo� çß�éß�ô�Ç ��Ér	כ

��m���.(1) �

ëß�{9� |9�½+Ë7á¤ {Ai : i ∈ I}s� ��6£§ $í
|9�

i, j ∈ I, i 6= j =⇒ Ai ∩Aj = ∅

�̀¦ ëß�7á¤���� "k}¹�Ð��� |9�½+Ë7á¤s��� ��¦, s� M: Õª ½+Ë|9�½+Ë�̀¦
⊔

i∈I Ai�Ð

³ðr�ô�Ç��.

¿º "é¶�è a, b�Ð s�ÀÒ#Q��� |9�½+Ë {a, b}\���H í�H"f�� \O���. 7£¤, {a, b} =

{b, a}s���. ¿º "é¶�è a, b_� )Ö<"k�ç¡ (a, b)\�¦ ��6£§

(a, b) = {{a}, {a, b}}

õ� °ú s� &ñ
_�ô�Ç��.

XNËP� 1.1.1. ¹ÿ�G�B (a, b) = (c, d)T��̂@ a = c D�� b = d�� )ç��·Â6Ò��.

7£x"î
: ���$� a = b��� �â
Äº\�¦ Òqty�����. s� �â
Äº

{{a}} = (a, b) = (c, d) = {{c}, {c, d}}

�ÐÂÒ'� {a} = {c} = {c, d}s�Ù¼�Ð, a = b = c = d�� $í
wn�ô�Ç��. s�]j

a 6= b�� ��&ñ
���. Õª�Q��� {a, b}��H ¿º "é¶�è_� |9�½+Ës�Ù¼�Ð

{c} ∈ {{c}, {c, d}} = {{a}, {a, b}}, {c} 6= {a, b}

e���̀¦ ·ú� Ãº e����. ����"f, {c} = {a} x9� a = c�� $í
wn�ô�Ç��. ��ðøÍ��t��Ð

{a, b} ∈ {{a}, {a, b}} = {{c}, {c, d}}, {a, b} 6= {c}

(1) &ñ
o� 2.3.3 x9� &ñ
o� 2.6.1 �̀¦ �ÃÐ�̧���.
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�ÐÂÒ'� {a, b} = {c, d}�� $í
wn�ô�Ç��. ����"f, b ∈ {c, d}�ÐÂÒ'� b = c <�Ê

�Ér b = ds���. Õª���X<, b = cs���� a = c = bs�Ù¼�Ð a 6= b����H ��&ñ
\�

�̧í�Hs���. ����"f b = d�� $í
wn��<Ê�̀¦ ·ú� Ãº e����. �

¿º |9�½+Ë A,B_� ð��·Öכ� A×B��H

A×B = {(a, b) : a ∈ A, b ∈ B}

�Ð &ñ
_�ô�Ç��. ��6£§ /BNd��[þt

A× (B ∪ C) = (A×B) ∪ (A× C)

A× (B ∩ C) = (A×B) ∩ (A× C)

(A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D)

(5)

�Ér ���Ð 7£x"î
½+É Ãº e����.

'Ö<<K 1.1.3. (5)\� ���̧��H 1pxd��[þt�̀¦ 7£x"î
�#���.

'Ö<<K 1.1.4. |9�½+Ë7á¤ {Ai : i ∈ I}õ� {Bj : j ∈ J}\� @/�#� ��6£§ 1pxd��[þt(⋃
i∈I

Ai

)
∩

(⋃
j∈J

Bj

)
=

⋃
(i,j)∈I×J

(Ai ∩Bj)

(⋂
i∈I

Ai

)
∪

(⋂
j∈J

Bj

)
=

⋂
(i,j)∈I×J

(Ai ∪Bj)

�̀¦ 7£x"î
�#���.

1.2. Áþ�ÊÁ

¿º |9�½+Ë X, Y _� Y�L|9�½+Ë X × Y _� ÂÒì�r|9�½+Ë f ⊂ X × Y �� ��6£§ ¿º

��t� $í
|9�

(�<Ê1) x ∈ X =⇒ (x, y) ∈ f \�¦ ëß�7á¤���H y ∈ Y �� �>rF�ô�Ç��,

(�<Ê2) (x, y1) ∈ f, (x, y2) ∈ f =⇒ y1 = y2
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�̀¦ ëß�7á¤���� s�\�¦ X\�"f Y �Ð ����H �ÈÕ¬£�� ��¦, (x, y) ∈ f {9� M:

f(x) = y <�Ê�Ér f : x 7→ y�� ��H��. s� M:, X\�¦ s� �<ÊÃº_� _�@*9�, Y \�¦ f

_� ð��*9�s��� ��¦, s�\�¦ f : X → Y �Ð ��H��. :£¤y�,

f : x 7→ y : X → Y

��H f : X → Y �� �<ÊÃºs��¦, (x, y) ∈ f ����H _�p��Ð ��H��. Óüt�:r, y��H x

\� _��#� ���&ñ
÷&��H Y _� "é¶�ès���. �<ÊÃº f : X → Y ��H ���%i� X, /BN%i�

Y x9� X×Y ÂÒì�r|9�½+Ë f �Ðs�ÀÒ#Q4Re��Ü¼Ù¼�Ð, ‘�<ÊÃº’����H6 x#Q\�¦��6 x

��9��� s� [j ��t�\�¦ °ú s� ú́�K� ÅÒ#Q�� ô�Ç��. :£¤y�, ¿º �<ÊÃº f : X → Y

ü< g : Z → W �� ‘°ú ��’����H ú́��̀¦ ��9��� Äº��� X = Zü< Y = W ��

$í
wn�K��� ô�Ç��. Óüt�:r, ���%i�õ� /BN%i�s� ì�r"î
½+É M:\���H s�\�¦ Òqt|ÄÌ��¦ ‘�<Ê

Ãº’����H 6 x#Q\�¦ ��6 x�l��̧ ô�Ç��. �â
Äº\� ����"f, ‘���©�’, ‘���8̈�’ 1px_�

6 x#Q\�¦ ��6 x�l��̧ ���HX< �̧¿º �<ÊÃºü< °ú �Ér >pws���. |9�½+Ë X\� @/�

#� {(x1, x2) ∈ X ×X : x1 = x2}�Ð ÅÒ#Q��� �<ÊÃº\�¦ ��Ø�ûB�ÈÕ¬£�� ÂÒØÔ�¦
1X : X → X���¦ ��H��. 7£¤,

1X(x) = x, x ∈ X

s���. ¢̧ô�Ç, A ⊂ X{9� M:, {(a, a) ∈ A ×X : a ∈ A}�Ð ÅÒ#Q��� �<ÊÃº\�¦
�Ô�ÈÕ�ÈÕ¬£�� ��¦, ιA : A ↪→ X�� ��H��. 7£¤,

ιA(a) = a, a ∈ A

s���.

XNËP� 1.2.1. £̈ �ÈÕ¬£ f : X → Y ã# g : X → Y �� ìm¥ª�< �ÈÕ¬£G�B L·x�¢_�u

(Ûo�ÐZÌ	ª�<

f(x) = g(x), x ∈ X

T���.
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7£x"î
: ���$� f = gs����, e��_�_� x ∈ X\� @/�#�

y = f(x) ⇐⇒ (x, y) ∈ f ⇐⇒ (x, y) ∈ g ⇐⇒ y = g(x)

�� $í
wn��Ù¼�Ð f(x) = g(x)e���̀¦ ·ú� Ãº e����. %i�Ü¼�Ð, e��_�_� x ∈ X\�

@/�#� f(x) = g(x)s����,

(x, y) ∈ f ⇐⇒ y = f(x) ⇐⇒ y = g(x) ⇐⇒ (x, y) ∈ g

�� $í
wn��#� f = gs���. �

�<ÊÃº f : X → Y ü< g : Y → Z\�@/�#�Õªכ�Ö)ç��ÈÕ¬£ g ◦f : X → Z

\�¦ ��6£§

(g ◦ f)(x) = g(f(x)), x ∈ X (6)

õ� °ú s� &ñ
_�ô�Ç��. ëß�{9� f ü< g\�¦ y��y�� X × Y ü< Y ×Z_� ÂÒì�r|9�½+ËÜ¼

�Ð s�K�ô�Ç�����

g ◦ f = {(x, z) ∈ X × Z : (x, y) ∈ f, (y, z) ∈ g ��� y ∈ Y �� �>rF�ô�Ç��}
(7)

ü< °ú s� &ñ
_��)a��. [j �<ÊÃº f : X → Y , g : Y → Z, h : Z → W \� @/�

#� ��6£§ 1pxd��

(h ◦ g) ◦ f = h ◦ (g ◦ f) (8)

s�$í
wn��<Ê�Ér���ÐSX�����)a��.�<ÊÃº f : X → Y _����%i� X_�ÂÒì�r|9�½+Ë A

�� ÅÒ#Q&���̀¦ M:, ½+Ë$í
�<ÊÃº f ◦ ιA : A → Y \�¦ f _� <KÂ6Òs��� ���HX<, s�

\�¦ f |A : A → Y �Ð æ¼l��̧ ô�Ç��.

'Ö<<K 1.2.1. ¿º&ñ
_� (6)õ� (7)s�°ú �Ér&ñ
_�e���̀¦�Ð#���. ¢̧ô�Ç, g◦f ⊂ X×Z
�� �<ÊÃºe���̀¦ �Ð#���.

'Ö<<K 1.2.2. 1pxd�� (8) �̀¦ 7£x"î
�#���.

�<ÊÃº f : X → Y �� ��6£§ $í
|9�

x1, x2 ∈ X, f(x1) = f(x2) =⇒ x1 = x2
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�̀¦ ëß�7á¤���� s�\�¦ ·ÿ����ÈÕ¬£���¦ ÂÒ�Ér��. �½Ó1px�<ÊÃº x9� �í�<Ê�<ÊÃº��H éß���

�<ÊÃºs���. ¢̧ô�Ç éß����<ÊÃº f : X → Y _� ���%i� X_� ÂÒì�r|9�½+Ë A�� e���̀¦

M:, f _� ]jô�Ç f |A�Ér {©����y� éß����<ÊÃºs���.

XNËP� 1.2.2. �ÈÕ¬£ f : X → Y ;c 60�#l ���:?ª�< ò6BV�T���.

(��) f ¤�< ·ÿ����ÈÕ¬£T���.

(��) g ◦ f = 1X ¿ì> ¹ÿ�ø¶;�¤�< �ÈÕ¬£ g : Y → X�� +í<<�Â6Ò��.

7£x"î
: ���$� g ◦ f = 1X \�¦ ëß�7á¤���H g�� e��Ü¼���

f(x1) = f(x2) =⇒ x1 = (g ◦ f)(x1) = (g ◦ f)(x2) = x2

s�Ù¼�Ð f �� éß����<ÊÃºs���. Õª %i��̀¦ �Ðs�l� 0A�#�

B = {y ∈ Y : f(x) = y \�¦ ëß�7á¤���H x ∈ X �� �>rF�ô�Ç��}

�� ¿º��. ëß�{9� y ∈ Bs���� f(x) = y\�¦ ëß�7á¤���H x ∈ X�� Ä»{9��>� �>r

F����HX< g(y) = x��&ñ
_���¦, y /∈ Bs���� g(y)��H��ÁºXO�>���&ñ
_�ô�Ç

��. \V\�¦ [þt��� X_� ô�Ç "é¶�è x0 ∈ X\�¦ �¦&ñ
��¦

g(y) =

{
x, y ∈ B, y = f(x),
x0, y /∈ B

�� &ñ
_����� g ◦ f = 1X e��s� ���Ð SX�����)a��. �

�<ÊÃº f : X → Y �� ��6£§ $í
|9�

e��_�_� y ∈ Y \� @/�#� f(x) = y\�¦ ëß�7á¤���H x ∈ X �� �>rF�ô�Ç�� (9)

�̀¦ ëß�7á¤���� s�\�¦ b9	���ÈÕ¬£�� ÂÒ�Ér��. �<ÊÃº f : X → Y �� �����s����"f

1lxr�\� éß���s���� s�\�¦ b9	·ÿ����ÈÕ¬£�� ÂÒ�Ér��. �½Ó1px�<ÊÃº��H Óüt�:r ���éß���

�<ÊÃºs���.

XNËP� 1.2.3. �ÈÕ¬£ f : X → Y ;c 60�#l ���:?ª�< ò6BV�T���.
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(��) f ¤�< b9	���ÈÕ¬£T���.

(��) f ◦ g = 1Y ¿ì> ¹ÿ�ø¶;�¤�< �ÈÕ¬£ g : Y → X�� +í<<�Â6Ò��.

7£x"î
: ���$� f ◦ g = 1Y \�¦ ëß�7á¤���H �<ÊÃº g : Y → X�� �>rF�ô�Ç���¦ ��

&ñ
���. y�� y ∈ Y \� @/�#� x = g(y)�� ¿º��� f(x) = f(g(y)) = ys�

Ù¼�Ð (9)�� $í
wn���¦, ����"f f ��H ������<ÊÃºs���. Õª %i��̀¦ �Ðs�l� 0A�

#� y�� y ∈ Y \� @/�#� Ay = {x ∈ X : f(x) = y}�� ¿º��� Ay��H /BN

|9�½+Ës� ��m���. y�� y ∈ Y \� @/�#� Ay_� "é¶�è\�¦ ��� ×þ��#�
(2) s�\�¦

g(y) ∈ X�� ¿º��� f(g(y)) = ye��s� ��"î
���. �

�<ÊÃº f : X → Y \� @/�#� ��6£§

g ◦ f = 1X , f ◦ g = 1Y

�̀¦ ëß�7á¤���H �<ÊÃº g : Y → X�� �>rF����� s�\�¦ f _� *9��ÈÕ¬£�� ô�Ç��. ëß�

{9� �<ÊÃº f _� %i��<ÊÃº�� �>rF�ô�Ç����� Ä»{9����. z�́]j�Ð, gü< h�� 1lxr�\�

f _� %i��<ÊÃº�����

g = 1X ◦ g = (h ◦ f) ◦ g = h ◦ (f ◦ g) = h ◦ 1Y = h (10)

�� �)a��. �<ÊÃº f : X → Y _� %i��<ÊÃº\�¦ f−1 : Y → X�Ð ³ðr��l��̧ ô�Ç

��. ëß�{9� �<ÊÃº f : X → Y �� %i��<ÊÃº\�¦ ��t���� &ñ
o� 1.2.2ü< &ñ
o� 1.2.3

\� _��#� f ��H ���éß����<ÊÃºs���. %i�Ü¼�Ð, f : X → Y �� ���éß����<ÊÃºs�

��� h ◦ f = 1X ��� h : Y → X ü< f ◦ g = 1Y ��� g : Y → X �� �>rF����H

X<, (10)\� _��#� g = hs��¦ s���H f _� %i��<ÊÃº�� �)a��. ����"f, ��6£§

&ñ
o�\�¦ %3���H��.

XNËP� 1.2.4. �ÈÕ¬£ f : X → Y ;c 60�#l ���:?ª�< ò6BV�T���.

(2) s��Qô�Ç "é¶�è\�¦ ���m�� ×þ����H ��s	כ ��0pxô�Ç�� ���H ë�H]j��H 7á§ �8 ���×�æô�Ç ]X���H�̀¦ ¹כ
ô�Ç��. +'\� s�\�¦ ��0px����¦ ��&ñ
���H ��s	כ ���Ð “���×þ�/BNo�”e���̀¦ C�Äº>� �)a��.
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(��) f ¤�< b9	·ÿ����ÈÕ¬£T���.

(��) f �� *9��ÈÕ¬£¿ì> ��.>	��.

'Ö<<K 1.2.3. ¿º �<ÊÃº f : X → Y ü< g : Y → Z\� @/�#� ��6£§�̀¦ 7£x"î
�
#���.

(��) f ü< g�� éß���s���� g ◦ f �� éß���s���. %i�Ü¼�Ð, g ◦ f �� éß���s���� f �� éß�
��s���.

(��) f ü< g�� �����s���� g ◦ f �� �����s���. %i�Ü¼�Ð, g ◦ f �� �����s���� g�� ���
��s���.

(��) f ü< g�� ���éß���s���� g ◦ f �� ���éß���s��¦, (g ◦ f)−1 = f−1 ◦ g−1s���.

���	̈XNËP� 1.2.5. £̈ �·Öכ� Xã# Y ;c 60�#l ���:?ª�< ò6BV�T���.

(��) ·ÿ����ÈÕ¬£ f : X → Y �� +í<<�Â6Ò��.

(��) b9	���ÈÕ¬£ g : Y → X�� +í<<�Â6Ò��.

'Ö<<K 1.2.4. ��2£§&ñ
o� 1.2.5\�¦ 7£x"î
�#���.

|ºM� 1. y�� �����Ãº n = 0, 1, 2, . . . \� @/�#�

f(2n) = −n, f(2n− 1) = n

s��� &ñ
_����� f ��H �����Ãº ����̂_� |9�½+Ë(3) N\�"f &ñ
Ãº ����̂_� |9�½+Ë Z

�Ð ����H �<ÊÃº�� �)a��. ëß�{9�

g(n) = 2n− 1, g(−n) = 2n, n = 0, 1, 2, . . .

�� &ñ
_����� g��H Z\�"f NÜ¼�Ð ����H �<ÊÃº�� ÷&�¦ f ü< g��H "f�Ð %i��<Ê

Ãº�'a>�s���. �

'Ö<<K 1.2.5. �Ðl� 1\� ���̧��H f(n)s� n���P: &ñ
Ãº�� ÷&�̧2�¤ &ñ
Ãº ����̂\�¦
��\P��#���.

(3) �����Ãº, &ñ
Ãº, Ä»o�Ãº, z�́Ãº\� @/K�"f��H ��6£§ �©�\�"f ��[jy� /BNÂÒô�Ç��. Õª�Q��, #�
�Q ��t� \V\�¦ ×¼��H �â
Äº #Qwn= M:ÂÒ'� ·ú��¦ e����H #��Q ��t� Ãº_� $í
|9�[þt�Ér ����H �	כ

Ü¼�Ð çß�ÅÒô�Ç��. :£¤y�, 0�Ér �����Ãº�Ð 2[/åLô�Ç��. ����"f, N = {0, 1, 2, . . . }s���.
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|ºM� 2. �ª�_� Ä»o�Ãº ����̂_� |9�½+Ë Q+
\�¦ ��6£§

1
1
,

1
2
,
2
1
,

1
3
,
2
2
,
3
1
,

1
4
,
2
3
,

3
2
,
4
1
,

1
5
,
2
4
,
3
3
,
4
2
,
5
1
,

1
6
,
2
5
,
3
4
,

4
3
,
5
2
, . . .

õ� °ú s� Zþt#Q Z�~��. #�l�"f n���P: ���̧��H Ä»o�Ãº\�¦ f(n)s��� ¿º���

f : N → Q+
��H ������<ÊÃº�� �)a��. ëß�{9� ×�æ4�¤K�"f ���̧��H Ä»o�Ãº\�¦ \O�

E��¦
1
1
,
1
2
,

2
1
,
1
3
,
3
1
,
1
4
,
2
3
,
3
2
,
4
1
,
1
5
,
5
1
,
1
6
,
2
5
,
3
4
,
4
3
,
5
2
, . . .

1pxõ� °ú s� Zþt#QZ�~�Ér Êê n���P: ���̧��H Ãº\�¦ g(n)s��� ¿º��� g : N → Q+

�� ¿º��� g��H ���éß���½+ËÃº�� �)a��. �

|ºM� 3. ½̈çß� [0, 1) = {x ∈ R : 0 ≤ x < 1}_� "é¶�è\�¦ z�����ZO�Ü¼�Ð ³ð
�&³�÷& 9�� >�5Åq ���̧��H �¦̀�	כ x�ô�Ç��. �<ÊÃº f : [0, 1)× [0, 1) → [0, 1)\�¦

��6£§

f : (0.a0a1a2 . . . , 0.b0b1b2 . . . ) 7→ 0.a0b0a1b1a2b2 . . .

õ� °ú s� &ñ
_����� éß����<ÊÃºs���. 7£¤, [0, 1)× [0, 1)\� e����H �̧��H &h�[þt�̀¦

½̈çß� [0, 1) îß�\� ‘V,��̀¦’ Ãº e����. Õª�Q��, ÅÒ_�½+É &h�Ü¼�Ð"f 0.090909 . . .

°ú �Ér "é¶�è��H f _� �©�\� [þt#Q��t� ·ú§��H��. Óüt�:r [0, 1) \�"f [0, 1)× [0, 1)

�Ð ����H éß����<ÊÃº��H ~1�>� ëß�[þt Ãº e����. {9�ìøÍ&h�Ü¼�Ð, |9�½+Ë X\�"f Y �Ð

����Héß����<ÊÃºü<|9�½+Ë Y \�"f X�Ð����Héß����<ÊÃº��1lxr�\��>rF�����,

X\�"f Y �Ð ����H ���éß����<ÊÃº�� �>rF�ô�Ç��.(4) �

|ºM� 4. U�́s��� °ú �Ér ���ì�r ��s�\� ���éß����<ÊÃº�� �>rF��<Ê�Ér ��"î
���.

Õª���X<, U�́s��� ��ØÔ�8���̧ e��_�_� ¿º ���ì�r ��s�\� ���éß����<ÊÃº\�¦ &ñ
_�

½+ÉÃºe����.¿º���ì�r ABü< CD\�¦��êøÍy�Z�~�¦ ACü< CD_�����©����s�

ëß�����H &h��̀¦ O�� ¿º��. ���ì�r AB 0A\� e����H &h� P \� @/�#� OP _� ���

�©����s� CDü< ëß�����H &h��̀¦ f(P )�� ¿º��� f : AB → CD��H ���éß����<ÊÃº

�� �)a��. �

(4) &ñ
o� 3.5.2\�¦ �ÃÐ�̧���.
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Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q�
�

�
�

�
�

�
�

�
�
�
�
�
�
�
�
�

'Ö<<K 1.2.6. e��_�_� ¿º ½̈çß� ��s�\���H ���éß����<ÊÃº�� �>rF��<Ê�̀¦ �Ð#���.

|ºM� 5. |9�½+Ë X\�"f Y �Ð ����H �<ÊÃº ����̂_� |9�½+Ë�̀¦ Y X �� æ¼��. ¢̧

ô�Ç, |9�½+Ë X_� ÂÒì�r|9�½+Ë ����̂_� |9�½+Ë�̀¦ P(X)�� æ¼�¦, s�\�¦ X_� '9��·

���Ösכ� ÂÒ�Ér��. e��_�_� A ∈ P(X)\� @/�#� Φ(A) ∈ {0, 1}X
\�¦ ��6£§

Φ(A)(x) =

{
1, x ∈ A,

0, x /∈ A
(11)

õ� °ú s� &ñ
_����. ¢̧ô�Ç, e��_�_� �<ÊÃº f ∈ {0, 1}X \� @/�#� X_� ÂÒì�r

|9�½+Ë Ψ(f) ∈ P(X)\�¦

Ψ(f) = {x ∈ X : f(x) = 1}

�� &ñ
_����. Õª�Q���, e��_�_� f : X → {0, 1}\� @/�#�

Φ(Ψ(f))(x) = 1 ⇐⇒ x ∈ Ψ(f) ⇐⇒ f(x) = 1

s�Ù¼�Ð Φ(Ψ(f)) = f s���. ¢̧ô�Ç, e��_�_� A ∈ P(X)\� @/�#�

x ∈ Ψ(Φ(A)) ⇐⇒ Φ(A)(x) = 1 ⇐⇒ x ∈ A

s�Ù¼�Ð Ψ(Φ(A)) = As���. ����"f, ¿º �<ÊÃº

Φ : P(X) → {0, 1}X , Ψ : {0, 1}X → P(X)

��H "f�Ð �©�@/~½Ó_� %i��<ÊÃºs���. �
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|9�½+Ë P(X)\�¦ X_� '9��·���Ösכ� ÂÒØÔ�¦, s�\�¦ 2X �� æ¼l��̧ ô�Ç��.

¢̧ô�Ç, (11)õ� °ú s� &ñ
_��)a �<ÊÃº\�¦ A_� �m;)ç��ÈÕ¬£�� ÂÒØÔ�¦, s�\�¦ χA��

��H��. 7£¤,

χA(x) =

{
1, x ∈ A,

0, x /∈ A

s���.

'Ö<<K 1.2.7. ��6£§ 1pxd��⋂
i∈I

P(Xi) = P

(⋂
i∈I

Xi

)
,

⋃
i∈I

P(Xi) ⊂ P

(⋃
i∈I

Xi

)
�̀¦ 7£x"î
�#���. ÑütP: d��\�"f ���ÂÒì�r|9�½+Ës� ÷&��H \V\�¦ [þt#Q��.

|ºM� 6. (ñß��ÐØÔ(5)) |9�½+Ë N\�"f ½̈çß� [0, 1]�Ð ����H ������<ÊÃº�� �>rF�

�t� ·ú§6£§�̀¦ �Ðs���. 7£¤, #Q�"� �<ÊÃº f : N → [0, 1] �̧ ������<ÊÃº�� |̈c Ãº

\O�6£§�̀¦ �Ðs��9 ô�Ç��. y�� n = 0, 1, 2, . . . _� �©� f(n)�Ér Áºô�Ç�èÃº�Ð ³ð�&³

|̈c Ãº e��Ü¼Ù¼�Ð s�\�¦ ��6£§õ� °ú s� æ¼��.

f(0) = 0.x00x01x02 . . . x0n . . .
f(1) = 0.x10x11x12 . . . x1n . . .
f(2) = 0.x20x21x22 . . . x2n . . .

. . . . . .
f(n) = 0.xn0xn1xn2 . . . xnn . . .

. . . . . .

y�� �����Ãº n = 0, 1, 2, . . . \� @/�#� Ãº\P� 〈an〉 �̀¦

an =

{
0, xnn 6= 0,

1, xnn = 0,

�Ð&ñ
_�����,�èÃº α = 0.a0a1a2 . . . an . . . ��H f(0), f(1), . . . , f(n), . . . ×�æ

#QÖ¼ �õ��̧	כ ���Ér Ãºs���. ����"f, α ∈ [0, 1]��H #Q�"� �����Ãº n\� @/K�

"f�̧ f(n)s� |̈c Ãº \O��¦, ����"f f ��H ������<ÊÃº�� ��m���. �

(5) Georg Ferdinand Ludwig Philipp Cantor (1845∼1918), 1lq{9� Ãº�<Æ��. Z�\�¦�2; @/
�<Æ\�"f �<Æ0A\�¦ ô�Ç Êê 1869�̧�ÂÒ'� 1905�̧���t� Halle@/�<Æ\�"f �Ö̧1lx�%i���HX<, ëß��̧�
�̀¦ &ñ
���#î
"é¶\�"f �ÐÍÇx��. Õª�� %�6£§ÂÒ'� |9�½+Ë�:r�̀¦ ½̈�©�ô�Ç ��Ér	כ ��m��¦, ���y��/åLÃº\�¦
���½̈���H õ�&ñ
\�"f Áºô�Ç|9�½+Ë�̀¦ ��ÀÒ>� ÷&%3���. Õª_� \O�&h��̀¦ �è>hô�Ç Õþ�Ü¼�Ð [12]��
e����.



16 ]j 1 �©� l��:r >h¥Æ�

'Ö<<K 1.2.8. e��_�_� |9�½+Ë X \� @/�#� X \�"f 2X �Ð ����H ������<ÊÃº�� \O�6£§

�̀¦ �Ð#���.

�<ÊÃº f : X → Y ü< A ⊂ X x9� B ⊂ Y \� @/�#�

f−1(B) = {x ∈ X : f(x) ∈ B}, f(A) = {f(x) ∈ Y : x ∈ A}

�� &ñ
_����. |9�½+Ë f−1(B)\�¦ B_� *9��ç¡s��� ÂÒØÔ�¦, f(A)\�¦ A_� �ç¡

s��� ÂÒ�Ér��. �<ÊÃº f �� �����{9� �¹Ø�æìכ��9r�̧|	��Ér f(X) = Y s���. {9�ìøÍ

&h�Ü¼�Ð

x ∈ A =⇒ f(x) ∈ f(A) ⇐⇒ x ∈ f−1(f(A))

s�Ù¼�Ð

f−1(f(A)) ⊃ A, A ∈ 2X

�� $í
wn�ô�Ç��. ¢̧ô�Ç, y ∈ f(f−1(B))s���� y = f(x)��� x ∈ f−1(B)�� �>r

F����HX<, s���H f(x) ∈ Be���̀¦ >pwô�Ç��. ����"f y = f(x) ∈ Bs��¦, ��

6£§ �'a>�

f(f−1(B)) ⊂ B, B ∈ 2Y

�� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

'Ö<<K 1.2.9. �<ÊÃº f �� éß���{9� �¹Ø�æìכ��9r�̧|	��Ér

f−1(f(A)) = A, A ∈ 2X

e���̀¦ �Ð#���. ¢̧ô�Ç, �<ÊÃº f �� �����{9� �¹Ø�æìכ��9r�̧|	��Ér

f(f−1(B)) = B, B ∈ 2Y

e���̀¦ �Ð#���.

e��_�_� i ∈ I\� @/�#� Bi ⊂ Y {9� M:, ��6£§ 1pxd��

f−1

(⋃
i∈I

Bi

)
=
⋃
i∈I

f−1(Bi), f−1

(⋂
i∈I

Bi

)
=
⋂
i∈I

f−1(Bi) (12)
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s� $í
wn��<Ê�Ér ���Ð SX����÷&��. Õª�Q��, �©�õ� �§|9�½+Ë_� �§8̈�\� @/K�"f��H

�̧d��K��� ô�Ç��. e��_�_� i ∈ I\� @/�#� Ai ⊂ X{9� M:, ��6£§ $í
|9�

f

(⋃
i∈I

Ai

)
=
⋃
i∈I

f(Ai), f

(⋂
i∈I

Ai

)
⊂
⋂
i∈I

f(Ai) (13)

%i�r� ���Ð SX����½+É Ãº e����. Õª�Q��, y ∈ f(A1) ∩ f(A2)��� �â
Äº y =

f(x1) = f(x2)��� x1 ∈ A1õ� x2 ∈ A2\�¦ ¹1Ô�̀¦ Ãº e��Ü¼��, x1 = x2����Ð

�©�s� \O�Ü¼Ù¼�Ð y ∈ f(A1 ∩A2)����H ����:r�̀¦ ?/wn= Ãº \O���.

'Ö<<K 1.2.10. 1pxd�� (12), (13) �̀¦ 7£x"î
�#���. 1pxd��

f

(⋂
i∈I

Ai

)
=
⋂
i∈I

f(Ai)

s� $í
wn�½+É �¹Ø�æìכ��9r�̧|	��̀¦ ¹1Ô����.

t�èß� ]X�\�"f &ñ
_�ô�Ç Y�L|9�½+Ë_� &ñ
_�\�¦ ¶ú�(R�Ð��. Y�L|9�½+Ë X1×X2_�

"é¶�è (x1, x2)\� @/�#�

p[x1, x2] : i 7→ xi : {1, 2} → X1 ∪X2, i = 1, 2

ü< °ú s� �<ÊÃº p[x1, x2]\�¦ &ñ
_����. Õª�Q���

(x1, x2) 7→ p[x1, x2] : X1 ×X2 → (X1 ∪X2){1,2}

��H éß����<ÊÃº�� ÷&�¦, Õª �©��Ér

{f ∈ (X1 ∪X2){1,2} : f(1) ∈ X1, f(2) ∈ X2}

�� �)a��. s�]j, e��_�_� |9�½+Ë7á¤ {Xi : i ∈ I}\� @/ô�Ç ð��·Öכ�
∏

i∈I Xi\�¦

��6£§ ∏
i∈I

Xi =
{

f ∈
(⋃

i∈I Xi

)I : f(i) ∈ Xi, i ∈ I
}

õ� °ú s� &ñ
_�ô�Ç��. y�� i ∈ I\� @/�#� ��6£§ �<ÊÃº

πi : f 7→ f(i) :
∏
i∈I

Xi → Xi
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\�¦ Òqty��½+É Ãº e����HX<, s�\�¦ ��*å�s��� ô�Ç��. e��_�_� i ∈ I\� @/�#�

Xi = Xs����,
∏

i∈I Xi = XI s���.

|ºM� 7. z�́Ãº ����̂_� |9�½+Ë R �̀¦ n>h Y�Lô�Ç Y�L|9�½+Ë�̀¦ Rns��� æ¼��. ëß�

{9� n = {0, 1, 2, . . . , n− 1}s��� ¿º���(6) s���H n\�"f R�Ð ����H �<ÊÃº ���

�̂_� |9�½+Ës���. s� M:, n\�"f R�Ð ����H �<ÊÃº ��î�rX<

i 7→ ai, i = 0, 1, 2, . . . , n− 1

��� �¦̀�	כ (a0, a1, a2, . . . , an−1)s��� ³ðr����� ¼#�o����. �

1.3. �â n�®̧�N�

|9�½+Ë X\� MÎ34��� ÅÒ#Q4R e������H ��Ér	כ Y�L|9�½+Ë X × X_� ÂÒì�r|9�½+Ë

s� ÅÒ#Q4R e������H ��õ	כ ��ðøÍ��t� ú́�s���. �'a>� R ⊂ X ×Xs� ��6£§ $í


|9�[þt

(1lx1) e��_�_� x ∈ X\� @/�#� (x, x) ∈ Rs���,

(1lx2) (x, y) ∈ Rs���� (y, x) ∈ Rs���,

(1lx3) (x, y) ∈ Rs��¦ (y, z) ∈ Rs���� (x, z) ∈ Rs���

�̀¦ ëß�7á¤���� s�\�¦ ò6BV�MÎ34��� ÂÒ�Ér��. 1lxu��'a>� R ⊂ X ×X�� ÅÒ#Q4R

e���̀¦ M:, (x, y) ∈ R �̀¦ x ∼ y�Ð æ¼l��̧ ô�Ç��. Óüt�:r, l� ñ ∼�Ér #��Q ��
t��Ð ��Ë̈#Q jþt Ãº e����. 0A �̧|	�[þt�̀¦ ��r� ô�Ç ��� \P������� ��6£§

x ∈ X =⇒ x ∼ x,

x ∼ y =⇒ y ∼ x,

x ∼ y, y ∼ z =⇒ x ∼ z

õ� °ú s� �)a��.

(6) z�́]j�Ð ��6£§ �©�\�"f �����Ãº n �̀¦ |9�½+Ë {0, 1, 2, . . . , n− 1}�Ð &ñ
_�ô�Ç��.
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|9�½+Ë X\� 1lxu��'a>� ∼�� ÅÒ#Q4R e���̀¦ M: y�� x ∈ X\� @/�#�

[x] = {z ∈ X : z ∼ x}

�� &ñ
_����. Õª�Q���

x ∼ y ⇐⇒ [x] = [y], x � y ⇐⇒ [x] ∩ [y] = ∅ (14)

e���̀¦ ���Ð SX����½+É Ãº e����. ëß�{9� x ∼ ys����, (1lx2) ü< (1lx3) \� _��#�

z ∈ [x] ⇐⇒ z ∼ x ⇐⇒ z ∼ y ⇐⇒ z ∈ [y]

�� �)a��. %i�Ü¼�Ð, [x] = [y]s���� x ∼ xs�Ù¼�Ð x ∈ [x] = [y]�� ÷&�¦, ��

��"f x ∼ ye���̀¦ ·ú� Ãº e����. ¿º���P: $í
|9��̀¦ 7£x"î
���HX<

[x] ∩ [y] 6= ∅ =⇒ [x] = [y]

e���̀¦ �Ðs���� �)a��. ëß�{9� z ∈ [x] ∩ [y]s���� z ∼ x x9� z ∼ y�� $í
wn���¦,

����"f x ∼ ys���. e��_�_� x ∈ X\� @/�#� x ∈ [x]s�Ù¼�Ð, (14)\� _�

�#� |9�½+Ë X��H {[x] : x ∈ X}Ü¼�Ð ì�r½+ÉH�d�̀¦ ·ú� Ãº e����.

{9�ìøÍ&h�Ü¼�Ð, |9�½+Ë X_� ÂÒì�r|9�½+Ë7á¤ {Ai : i ∈ I}�� ��6£§ ¿º $í
|9�

(ì�r1) X =
⋃

i∈I Ais���,

(ì�r2) e��_�_� i, j ∈ I\� @/�#� Ai = Ajs����� Ai ∩Aj = ∅s���

�̀¦ëß�7á¤����,s�\�¦ X_�(Ûoù��s���ô�Ç��.����"f,|9�½+Ë X\�1lxu��'a>� ∼
�� ÅÒ#Qt���� ��1lx&h�Ü¼�Ð X_� ì�r½+És� Òqt�̂��̀¦ ·ú� Ãº e����HX<, s��Qô�Ç ì�r

½+É�̀¦ ·ú¡Ü¼�Ð X/∼Ü¼�Ð ³ðr�ô�Ç��. ëß�{9� y�� |9�½+Ë [x]_� "é¶�è\�¦ ��� ×þ�

�#� rx�� ¿º�¦ I = {rx : x ∈ X}�� ¿º���, {[r] : r ∈ I}��H "f�Ð�è��� |9�
½+Ë7á¤s� ÷&�¦, ����"f X =

⊔
{[r] : r ∈ I}e���̀¦ ·ú� Ãº e����.

|ºM� 1. &ñ
Ãº ����̂_� |9�½+Ë Z\� ��6£§

m ∼ n ⇐⇒ m− n �Ér 2 _� C�Ãºs���
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õ� °ú s��'a>�\�¦&ñ
_�����1lxu��'a>�e���̀¦���ÐSX����½+ÉÃºe����.s�M:, m

s����Ãºs���� [m]�Ér���Ãº����̂_�|9�½+Ës�÷&�¦, ms�f.ËÃºs���� [m]�Érf.Ë

Ãº ����̂_� |9�½+Ës� �)a��. ����"f,

Z/∼ = {[m] : m ∈ Z} = {[m] : m = 0, 1} = {[0], [1]}

�� ÷&�¦, Z = [0] t [1]s� �)a��. Óüt�:r, 0A\�"f 0õ� 1 @/���\� 8õ� 5\�¦ ×þ�

�#� Z = [8] t [5]�� +��̧ ��ðøÍ��t�s���. �

|ºM� 2. |9�½+Ë N× N = {(m,n) : m,n ∈ N}\� ��6£§

(m,n) ∼ (m′, n′) ⇐⇒ m + n′ = n + m′

õ� °ú s� �'a>� ∼\�¦ &ñ
_����� 1lxu��'a>��� �)a��. Äº��� (1lx1)õ� (1lx2)��

$í
wn��<Ê�Ér ��"î
���. ëß�{9� (m,n) ∼ (m′, n′) x9� (m′, n′) ∼ (m′′, n′′)��

$í
wn�����,

m + n′′ = (m + n′) + (m′ + n′′) = (n + m′) + (n′+ m′′) = n + m′′

�� $í
wn���¦, ����"f (m,n) ∼ (m′′, n′′)�� $í
wn�ô�Ç��. s� �â
Äº

N× N/∼ = {[(0, 0)], [(n, 0)], [(0, n)] : n = 1, 2, . . . }

e���̀¦ ���Ð SX����½+É Ãº e����. �

|ºM� 3. |9�½+Ë Z× (Z \ {0})\� ��6£§

(a, b) ∼ (c, d) ⇐⇒ abd2 = cdb2

õ�°ú s��'a>�\�¦&ñ
_�����1lxu��'a>����)a��.s��Ðl�\�"f�̧ (1lx1), (1lx2)

�� $í
wn��<Ê�Ér ��"î
���. ëß�{9� (a, b) ∼ (c, d)ü< (c, d) ∼ (e, f)�� $í
wn�

���� abd2 = cdb2 x9� cdf2 = efd2s���. ëß�{9� c = 0s���� abd2 = 0\�
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"f b, d ∈ Z \ {0}s�Ù¼�Ð a = 0s��¦ ��ðøÍ��t��Ð e = 0s���. ����"f

(a, b) ∼ (e, f)e���̀¦ ·ú� Ãº e����. ëß�{9� c 6= 0s����

(abf2)(cd3) = (abd2)(cdf2) = (cdb2)(efd2) = (efb2)(cd3)

\�"f abf2 = efb2s�Ù¼�Ð (a, b) ∼ (e, f)e���̀¦ ·ú� Ãº e����. �

s�]j, |9�½+Ë X_� ì�r½+É P = {Xi : i ∈ I}�� ÅÒ#Q&���̀¦ M: ��Ë̈�Ð 1lxu�
�'a>�\�¦ ëß�[þt#Q �Ð��. |9�½+Ë X_� ¿º "é¶�è x, y ∈ X�� ��6£§ $í
|9�

x, y ∈ Xi ��� i ∈ I �� �>rF�ô�Ç��

�̀¦ ëß�7á¤½+É M: x ∼ y�� &ñ
_����. Õª�Q��� ∼s� 1lxu��'a>�e���Ér ���Ð SX����
�)a��. z�́]j�Ð, x ∈ Xs���� (ì�r1) \� _��#� x ∈ Xi��� i ∈ I\�¦ ¹1Ô�̀¦ Ãº

e���¦, ����"f x ∼ x�� $í
wn�ô�Ç��. ¿º���P: $í
|9� (1lx2) �� $í
wn��<Ê�Ér &ñ
_�

\� _��#� ��"î
���. =åQÜ¼�Ð (1lx3) s� $í
wn��<Ê�̀¦ �Ðs�l� 0A�#� x ∼ y,

y ∼ z�� ��&ñ
���. Õª�Q��� x, y ∈ Xi��� i ∈ Iü< y, z ∈ Xj��� j ∈ I��

�>rF�ô�Ç��. Õª���X< y ∈ Ai ∩ Ajs�Ù¼�Ð Ai = Ajs��¦, ����"f, x ∼ ys�

��. s�ü< °ú s� ì�r½+É P\� _��#� &ñ
_��)a 1lxu��'a>�\�¦ ∼P �� æ¼l��Ð ô�Ç
��. ��6£§ &ñ
o���H 1lxu��'a>�ü< ì�r½+És� ��z�́�©� °ú �Ér �¦e���̀	כ ú́�K� ï�r��.

XNËP� 1.3.1. �·Öכ� X;c +ä�q�ùÚH ò6BV�MÎ34� ∼;c 60�#l ∼ = ∼(X/∼)T�

)ç��·Â6Ò��. *9�Ä�}¹, ��»q�q� (Ûoù�� P;c 60�#l P = X/∼P �� )ç��·Â6Ò��.

�:;, ��»q�q� x, y ∈ Xã# A ∈ 2X ;c 60�#l

x ∼ y ⇐⇒ x ∼(X/∼) y, A ∈ P ⇐⇒ A ∈ X/∼P

�� )ç��·Â6Ò��.

7£x"î
: ���$� x ∼ ys���� x ∈ [x], y ∈ [x]s��¦ [x] ∈ X/∼s�Ù¼�Ð x ∼(X/∼)

y�� $í
wn�ô�Ç��. %i�Ü¼�Ð, x ∼(X/∼) ys���� x ∈ [z], y ∈ [z]��� [z] ∈ X/∼
s� �>rF�ô�Ç��. Õª�Q��� x ∼ z, y ∼ zs�Ù¼�Ð x ∼ ye���̀¦ ·ú� Ãº e����.
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s�]j¿º���P:"î
]j\�¦�Ðs�l�0A�#� A ∈ P����&ñ
��¦, a ∈ A\�¦×þ�

���. ëß�{9� x ∈ As���� &ñ
_�\� _��#� x ∼P as���. ëß�{9� x ∼P as����

x ∈ B, a ∈ B��� B ∈ P�� �>rF����HX< a ∈ A ∩ Bs�Ù¼�Ð A = Bs��¦,

����"f x ∈ As���. Õª�QÙ¼�Ð

A = {x ∈ X : x ∼P a} ∈ X/∼P

e���̀¦ ·ú� Ãº e����. %i�Ü¼�Ð A ∈ X/∼P s���� &h�]X�ô�Ç a ∈ X\� @/�#�

A = {x ∈ X : x ∼P a}s���. ô�Ç¼#� ì�r½+É P\�"f a ∈ X�� �í�<Ê÷&��H �	כ

�̀¦ B ∈ P�� ���. Õª�Q��� ~½Ó�FK 7£x"î
ô�Ç ��\� _��#� A = Bs��¦, ����

"f A ∈ Pe���̀¦ ·ú� Ãº e����. �

|ºM� 4. f.ËÃº ����̂_� |9�½+Ë�̀¦ O, ���Ãº ����̂_� |9�½+Ë�̀¦ E�� ¿º���

P = {O,E}��H &ñ
Ãº ����̂_� |9�½+Ë Z_� ì�r½+És���. Õª�Q��� 1lxu��'a>� ∼P
_� &ñ
_�\� _��#�

m ∼P n ⇐⇒ m õ� n s� °ú s� ���Ãºs����� °ú s� f.ËÃºs���

⇐⇒ m− n �Ér 2 _� C�Ãºs���

����"f, 1lxu��'a>� ∼P ��H �Ðl� 1\�"f &ñ
_�ô�Ç ��õ	כ ��ðøÍ��t��� �)a��. �

|9�½+Ë X\� 1lxu��'a>� <�Ê�Ér ì�r½+É\� _��#� %3�#Q��� |9�½+Ë X/∼ �̀¦ �Ð:�x
ô6K�·���Ösכ� ÂÒØÔ�¦, ��6£§ �<ÊÃº

q : X → X/∼ : x 7→ [x]

\�¦ ô6K���ç¡s��� ÂÒ�Ér��. ]�����©��Ér Óüt�:r ��������©�s���. �<ÊÃº f : X → Y

�� ��6£§ �̧|	�

x ∼ y =⇒ f(x) = f(y) (15)

�̀¦ ëß�7á¤ô�Ç�� ��&ñ
���. Õª�Q��� Dh�Ðî�r �<ÊÃº

f̃ : X/∼ → Y : [x] 7→ f(x)
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\�¦&ñ
_�½+ÉÃºe����.#�l�"f,s�&ñ
_��� ú̧�&ñ
_�÷&#Qe����Ht�¶ú�(R�Ð����

ô�Ç��.�=������, [x]_��<ÊÃº°ú̀�כ¦&ñ
_��l�0A�#� x\�¦s�6 x�%i���HX< [x]

\�¦ @/³ð���H "é¶�è�� x ü@\��̧ �8 e���̀¦ Ãº e��l� M:ë�Hs���. 7£¤, [x] = [y]

s���� f(x) = f(y)��$í
wn��#������HX<,s�\�¦�Ð�©����H��s	כ �̧|	� (15)

s���. Õª�Q��� {©����y� f̃ ◦ q = f �� $í
wn�ô�Ç��. %i�Ü¼�Ð, f̃ ◦ q = f �� $í
wn�

���H �<ÊÃº f̃ : X/∼ → Y �� �>rF����� �̧|	� (15)�� $í
wn����H ��Ér	כ {©����

���.

X -f
Y

?

X/∼

f̃
q

�
�

�
�

��

XNËP� 1.3.2. �·Öכ� X D�� ò6BV�MÎ34� ∼ã# �ÈÕ¬£ f : X → Y ;c 60�#l ��

�:?ª�< ò6BV�T���.

(��) f̃ ◦ q = f ->	 �ÈÕ¬£ f̃ : X/∼ → XT� ¤G�B�4� +í<<�Â6Ò��.

(��) x ∼ yT��̂@ f(x) = f(y)T���.

'Ö<<K 1.3.1. &ñ
o� 1.3.2\�"f, ëß�{9� f̃ ◦ q = f \�¦ ëß�7á¤���H f̃ �� �>rF�ô�Ç�����
Ä»{9��<Ê�̀¦ �Ð#���. 7£¤, ¿º �<ÊÃº φ, ψ : X/∼ → Y �� φ ◦ q = ψ ◦ qs���� φ = ψe��
�̀¦ �Ð#���.

'Ö<<K 1.3.2. �<ÊÃº f̃ �� �����{9� �¹Ø�æìכ��9r�̧|	��Ér f �� �����e���̀¦ �Ð#���. �<ÊÃº
f̃ �� éß���{9� �¹Ø�æìכ��9r�̧|	��Ér

x ∼ y ⇐⇒ f(x) = f(y)

e���̀¦ �Ð#���.

|ºM� 5. ýa³ðî̈
��� R2_�ô�Ç&h� A = (a1, a2)\�"fØ�¦µ1Ï�#� B = (b1, b2)

��t� ����H �o¶ú�³ð
−−→
AB ����̂_� |9�½+Ë�̀¦ X�� ���. |9�½+Ë X\� 1lxu��'a>�

\�¦ ��6£§
−−→
AB ∼

−−→
CD ⇐⇒ B −A = D − C
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�Ð&ñ
_�����(7)
1lxu��'a>�e���̀¦���ÐSX����½+ÉÃºe����.s�M:,e��_�_�

−−→
AB ∈

X\� @/�#� A + C = B��� C ∈ R2
\�¦ ú̧�Ü¼���

[−−→
AB
]

=
[−−→
OC
]
s���. #�

l�"f Óüt�:r O = (0, 0)s���. ����"f

X/∼ =
{[−−→

OC
]

: C ∈ R2
}

e���̀¦ ·ú� Ãº e����. s� M:, ��6£§ �<ÊÃº

C 7→
[−−→
OC
]

: R2 → X/∼

�Ér ���éß����<ÊÃº�� �)a��. ��r� ú́��#� ýa³ðî̈
��� 0A_� �̧��H  7�'���H ô�Ç &h�

\� _��#� ���&ñ
�)a��. ����"f, R2_� "é¶�è (a1, a2)\�¦  7�'��� ÂÒØÔ��HX<,

s���H "é¶&h�\�"f s� &h���t� ����H �o¶ú�³ð�Ð s�K����H �.���s	כ �

O

C

B

A

���������1

���������1

|ºM� 6. z�́Ãº�̂ R 0A_�  7�'�/BNçß� V ü< Õª ÂÒì�r/BNçß� W �� ÅÒ#Q4R e��

�̀¦ M:

x ∼W y ⇐⇒ x− y ∈ W

�� &ñ
_����� 1lxu��'a>��� �)a��. e��_�_� x ∈ V \� @/�#�

[x] = {y : x− y ∈ W} = {x + z : z ∈ W}

(7) #�l�"f A + B = (a1 + b1, a2 + b2)���X<,
−→
AB ∼

−−→
CD��H A− C = B −D, 7£¤

−→
AB

ü<
−−→
CD_� ~½Ó�¾Óõ� ß¼l��� °ú ����H ú́�s���.
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�� ÷&��HX<, V/∼W \� ��6£§

[x] + [y] = [x + y], a[x] = [ax], x, y ∈ V, a ∈ R

õ� °ú s� ���íß��̀¦ &ñ
_����. s� M:, [x + y]\�¦ &ñ
_��l� 0A�#� x\�¦ s�6 x

�%i�t�ëß� [x]\�¦ @/³ð���H "é¶�è�� xëß� e����H ��s	כ ��m�Ù¼�Ð, s� &ñ
_���

ú̧� &ñ
_�÷&#Q e����H�� ¶ú�(R �Ð���� ô�Ç��. 7£¤,

[x1] = [x2], [y1] = [y2] =⇒ [x1 + y1] = [x2 + y2], [ax1] = [ax2]

e���̀¦ 7£x"î
�#��� ô�Ç��. ���$�, [x1] = [x2], [y1] = [y2]s���� x1 ∼ x2,

y1 ∼ y2s��¦ ����"f x1 − x2, y1 − y2 ∈ W s���. s��ÐÂÒ'�

(x1 + y1)− (x2 + y2) = (x1 − x2) + (y1 − y2) ∈ W,

ax1 − ax2 = a(x1 − x2) ∈ W

e���̀¦ ·ú� Ãº e���¦, ����"f "é¶���H ����:r�̀¦ %3���H��. s�ü< °ú s� Dh�Ðs� &ñ


_��)a ���íß�\� @/�#� V/∼W ��H ��r�  7�'�/BNçß�s� ÷&��HX<, s�\�¦ V/W ��

æ¼�¦ ô6Kð��µÿ�s��� ÂÒ�Ér��. �

'Ö<<K 1.3.3.  7�'�/BNçß� V _� ì�r½+É V/W s� ��r�  7�'�/BNçß�s� H�d�̀¦ �Ð#���. ���

+þA���©� φ : V → Z\� @/�#� φ̃ ◦ q = φ\�¦ ëß�7á¤���H ���+þA���©� φ̃ : V/W → Z
�� �>rF�½+É �¹Ø�æìכ��9r�̧|	�s�

x ∈W =⇒ φ(x) = 0

e���̀¦ �Ð#���.

1.4. 'K�"�

|9�½+Ë X_� �'a>� R ⊂ X ×Xs� ��6£§ �̧|	�

(í�H1) e��_�_� x ∈ X\� @/�#� (x, x) ∈ Rs���,

(í�H2) (x, y) ∈ R, (y, x) ∈ Rs���� x = ys���,

(í�H3) (x, y) ∈ Rs��¦ (y, z) ∈ Rs���� (x, z) ∈ Rs���.
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�̀¦ëß�7á¤����s�\�¦)Ö<"kMÎ34���ô�Ç��.í�H"f�'a>���H�Ð:�x ≤�Ð³ðr����HX<,

s� �â
Äº 0A [j �̧|	��Ér ��6£§

x ∈ X =⇒ x ≤ x,

x ≤ y, y ≤ x =⇒ x = y,

x ≤ y, y ≤ z =⇒ x ≤ z

õ� °ú s� jþt Ãº e����. í�H"f�'a>��� &ñ
_�÷&#Q e����H |9�½+Ë�̀¦ )Ö<"k�·���Ösכ�

ô�Ç��. ëß�{9� x ≤ ys����"f x 6= ys���� x < y�� ��H��.

|ºM� 1. |9�½+Ë X = {a, b, c}\�

R = {(a, a), (b, b), (c, c), (a, b), (a, c)} ⊂ X ×X

\� _��#� �'a>�\�¦ &ñ
_����� í�H"f�'a>��� H�d�̀¦ ���Ð SX����½+É Ãº e����. s�

�â
Äº, "é¶�è a, b, c ��s�\���H ��6£§ ��$Á	 >h_� í�H"f

a ≤ a, b ≤ b, c ≤ c, a ≤ b, a ≤ c

�� e��>� �)a��. �

í�H"f|9�½+Ë�ÉrÕªaË>Ü¼�Ð����?/���¼#�o�ô�Ç�â
Äº�� ú́§��."é¶�è[þt�̀¦&h�Ü¼

�Ð ³ðr���¦, ¿º "é¶�è ��s�\� í�H"f�� &ñ
_�÷&#Q e����H �â
Äº @/6£x���H &h�

�̀¦ ���ì�rÜ¼�Ð e±	÷& 	�H "é¶�è�� �À»Aá¤\� �̧�̧2�¤ ô�Ç��. �Ðl� 1\� e����H í�H"f

|9�½+Ë�̀¦ ÕªaË>Ü¼�Ð ³ðr����� ��6£§õ� °ú ��.

r
r r
Z

Z
Z

Z
Z�

�
�

�
�

b c

a

'Ö<<K 1.4.1. (í�H1)õ� (í�H2)\�¦ ëß�7á¤�t�ëß� (í�H3) �̀¦ ëß�7á¤�t� ·ú§��H �'a>�_�
\V\�¦ [þt#Q��. ��ðøÍ��t��Ð, (í�H2), (í�H3) �̀¦ ëß�7á¤�t�ëß� (í�H1) �̀¦ ëß�7á¤�t� ·ú§��H
\V, Õªo��¦ (í�H3), (í�H1) �̀¦ ëß�7á¤�t�ëß� (í�H2)\�¦ ëß�7á¤�t� ·ú§��H \V\�¦ [þt#Q��.
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í�H"f|9�½+Ë X_� ÂÒì�r|9�½+Ë S ⊂ Xü< ô�Ç "é¶�è a ∈ X\� @/�#� ��6£§

"î
]j

x ∈ S =⇒ x ≤ a

�� $í
wn����� a�� S_� �ç¡4��� ô�Ç��. í�H"f|9�½+Ë_� ÂÒì�r|9�½+Ës� �©�>�\�¦ ��

t���� s� |9�½+Ë�̀¦ a�}¹ ¤4��� ô�Ç��. �©�>� ×�æ\�"f ���©� ����Ér "é¶�è\�¦ L|�Ð

�ç¡4� ¢̧��H �ç¡Â6Òs��� ô�Ç��. �Ð�� ½̈�̂&h�Ü¼�Ð ú́��#�, α ∈ Xü< S ⊂ X

�� ��6£§ ¿º �̧|	�

(��) α��H S_� �©�>�s���, 7£¤, x ∈ S =⇒ x ≤ αs���,

(��) β�� S_� �©�>�s���� α ≤ βs���, 7£¤, �̧��H x ∈ S\� @/�#� x ≤ β

s���� α ≤ βs���

�̀¦ ëß�7á¤���� α\�¦ S_� þj�è�©�>� <�Ê�Ér �©�ô�Çs��� ô�Ç��. ëß�{9� |9�½+Ë S��

�©�ô�Ç�̀¦ ��t���� 0A &ñ
_� (��)Ü¼�ÐÂÒ'� �̧f�� ���µ1Ú\� \O�6£§�̀¦ �FK~½Ó ·ú�

Ãº e���¦, Õª �©�ô�Ç�̀¦ supS�� ��H��.

|ºM� 2. í�H"f|9�½+Ë X_� #Q�"� "é¶�è�� ÂÒì�r|9�½+Ë ∅ ⊂ X_� �©�>����t� ¶ú�

(R�Ð��. "é¶�è a ∈ X�� ∅_� �©�>��� �<Ê�Ér

x ∈ ∅ =⇒ x ≤ a

�� $í
wn�ô�Ç����H ú́����X<, s���H e��_�_� a ∈ X\� @/�#� �½Ó�©� $í
wn�ô�Ç��.

z�́]j�Ð, s� "î
]j\�¦ ÂÒ&ñ
����

x ≤ a �� ����� x ∈ ∅ �� �>rF�ô�Ç��

���X<,s���H x ∈ ∅s�$í
wn�½+ÉÃº��\O�Ü¼Ù¼�Ð{©����y�d�¦�2;"î
]js���.����

"f, e��_�_� "é¶�è��H /BN|9�½+Ë ∅_� �©�>�s���. �

|ºM� 3. z�́Ãº|9�½+Ë\� Äºo��� ú̧� ����H í�H"f\�¦ ÂÒ#�����, |9�½+Ë (0, 1) =

{x ∈ R : 0 < x < 1}_� �©�>� ����̂_� |9�½+Ë�Ér {x ∈ R : x ≥ 1}s��¦,

s� |9�½+Ë_� þj�è "é¶�è��H 1s���. ����"f sup(0, 1) = 1s���. ��ðøÍ��t��Ð
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[0, 1] = {x ∈ R : 0 ≤ x ≤ 1}s��� ¿º���, sup[0, 1] = 1s���. s�ü< °ú 

s�, #QÖ¼ |9�½+Ë_� �©�ô�Ç�Ér Õª |9�½+Ë_� "é¶�è{9� Ãº�̧ e���¦, ÕªXO�t� ·ú§�̀¦ Ãº

�̧ e����. ëß�{9� supA�� A_� "é¶�è�� ÷&���, s���H {©����y� A_� þj@/ "é¶�è

�� �)a��. �

��ðøÍ��t��Ð ��6£§

x ∈ S =⇒ x ≥ a

s� $í
wn����� a�� S_� �4��� ��¦, í�H"f|9�½+Ë_� ÂÒì�r|9�½+Ës� �>�\�¦ ��

t���� s� |9�½+Ë�̀¦ ��7�}¹ ¤4��� ô�Ç��. ¢̧ô�Ç, α ∈ Xü< S ⊂ X�� ��6£§ ¿º

�̧|	�

(��) α��H S_� �>�s���,

(��) β�� S_� �>�s���� α ≥ βs���

�̀¦ ëß�7á¤���� α\�¦ S_� L|60�4� ¢̧��H �Â6Òs��� ô�Ç��. ëß�{9� |9�½+Ë S��

�ô�Ç�̀¦ ��t���� �̧f�� ���µ1Ú\� \O���HX<, Õª �ô�Ç�̀¦ inf S�� ��H��.

|ºM� 4. |9�½+Ë X_� "4�|9�½+Ë 2X \� �í�<Ê�'a>�\� _�ô�Ç í�H"f\�¦ ÂÒ#����.

7£¤ A ⊂ B{9� M: A ≤ B�Ð &ñ
_������H ú́�s���. s� �'a>��� z�́]j�Ð (í�H1)

ÂÒ'� (í�H3)��t� ëß�7á¤�<Ê�Ér ��"î
���. |9�½+Ë7á¤ A ⊂ 2X �� ÅÒ#Qt����

supA =
⋃
A, inf A =

⋂
A,

s� �)a��. Äº���, e��_�_� A ∈ A\� @/�#� A ≤
⋃
As�Ù¼�Ð

⋃
A��H A_�

�©�>�s���. ëß�{9� S ∈ 2X �� A_� �©�>������, e��_�_� A ∈ A\� @/�#�
A ⊂ Ss�Ù¼�Ð

x ∈
⋃
A =⇒ x ∈ A ��� A ∈ A �� �>rF�ô�Ç�� =⇒ x ∈ S

�� $í
wn�ô�Ç��. ����"f
⋃
A ≤ Ss��¦, supA =

⋃
As���. �

'Ö<<K 1.4.2. 1pxd�� inf A =
⋂
A �̀¦ 7£x"î
�#���.

�Ðl� 4\�"f, X = {1, 2, 3}{9� M: í�H"f|9�½+Ë 2X
��H ��6£§õ� °ú s� ÕªaË>

Ü¼�Ð ����èq Ãº e����.
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|ºM� 5. ýa³ð/BNçß� Rν_� ÂÒì�r|9�½+Ë C ⊂ Rν�� ��6£§ $í
|9�

x, y ∈ C, 0 ≤ t ≤ 1 =⇒ tx + (1− t)y ∈ C

�̀¦ ëß�7á¤���� s�\�¦ [�>ói;�·���Ösכ� ô�Ç��. �̂¦2�¤|9�½+Ë C_� �̂¦2�¤ÂÒì�r|9�½+Ë F

�� ��6£§ $í
|9�

x, y ∈ C, tx + (1− t)y ∈ F ��� t ∈ (0, 1) �� �>rF�ô�Ç�� =⇒ x, y ∈ F

�̀¦ ëß�7á¤���� F \�¦ C_� �̂@s��� ô�Ç��. ô�Ç &h�Ü¼�Ð s�ÀÒ#Q��� ����̀¦ þÙ�U�+8�

s��� ÂÒ�Ér��. �̂¦2�¤|9�½+Ë C_� ��� ����̂_� |9�½+Ë F(C)��H �í�<Ê�'a>�\� _��

#� í�H"f|9�½+Ës� �)a��.

ëß�{9� C�� &ñ
������̂ ABCDs���� F(C)��H "é¶�è W1 >h��� |9�½+Ë X =

{a, b, c, d}\� _�ô�Ç 2X ü< °ú �Ér í�H"f|9�½+Ës���. z�́]j�Ð &ñ
������̂ ABCD

_� ���[þt�Ér =�Gt�&h��̀¦ #Qb�G>� ���×þ��Ö¼��\� ²ú��9 e����. =�Gt�&h��̀¦ ���×þ��

t� ·ú§Ü¼��� ∅, ���\�¦ ���×þ����� ‘=�Gt�&h�’, ¿º >h\�¦ ���×þ����� ‘�̧"fo�’, [j

>h\�¦ ���×þ����� ‘���’, W1 >h\�¦ �̧¿º ���×þ����� ��l� �����s� �)a��. ����"f,

s��Qô�Ç���×þ�õ� X_�ÂÒì�r|9�½+Ë�̀¦ëß�×¼��H���×þ�õ�@/6£xr�v�����)a��.\V\�¦

[þt#Q, �̧"fo� AC ∈ F(C)��H {a, c} ∈ 2X ü< @/6£x�)a��. �

'Ö<<K 1.4.3. �̂¦2�¤|9�½+Ë C_� ���[þt�Ð ÅÒ#Q��� í�H"f|9�½+Ë F(C)_� e��_�_� ÂÒì�r
|9�½+Ë�Ér �©�ô�Çõ� �ô�Ç�̀¦ ��f���̀¦ 7£x"î
�#���.

s�]j, í�H"f|9�½+Ë X_� ¿º "é¶�è x, y ∈ X\� @/�#�

x ∨ y = sup{x, y}, x ∧ y = inf{x, y}
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�� æ¼��. e��_�_� ¿º "é¶�è x, y ∈ X\� @/�#� x∨ y x9� x∧ y�� �>rF�����

X\�¦ #������ ô�Ç��. e��_�_� ÂÒì�r|9�½+Ës� �©�ô�Çõ� �ô�Ç�̀¦ ��t���� s�\�¦ TÖh

R�#������ ÂÒ�Ér��. �©�ô�Ç_� &ñ
_�\�¦ ��r� ô�Ç��� ìøÍ4�¤���� x ∨ y��H ��6£§ ¿º

��t� $í
|9�
x ≤ x ∨ y, y ≤ x ∨ y

x ≤ z, y ≤ z =⇒ x ∨ y ≤ z

\� _��#� ���&ñ
�)a��. {9�ìøÍ&h�Ü¼�Ð, X ×X\�"f X�Ð ����H �<ÊÃº�� ÅÒ#Q

t����s�\�¦ X_�T���Øa:@»ÿ�s���ÂÒ�Ér��.\V\�¦[þt#Q"f�����Ãº_��8�l�ü<

Y�L�l� 1px�Ér �̧¿º s��½Ó���íß�s���. ~½Ó�FK &ñ
_�ô�Ç

(x, y) 7→ x ∨ y, (x, y) 7→ x ∧ y

��H �̧¿º s��½Ó���íß����X<, e��_�_� x, y, z ∈ X\� @/�#� ��6£§ 1pxd��

x ∨ x = x x ∧ x = x

x ∨ y = y ∨ x x ∧ y = y ∧ x

(x ∨ y) ∨ z = x ∨ (y ∨ z) (x ∧ y) ∧ z = x ∧ (y ∧ z)

(x ∨ y) ∧ x = x (x ∧ y) ∨ x = x

(16)

s� $í
wn�ô�Ç��.

%�6£§ ¿º ��t� 1pxd���Ér ��"î
���. ���íß� ∨\� @/ô�Ç ���½+ËZO�gË:�̀¦ �Ðs�l�
0A�#� ��6£§ ÂÒ1pxd��

(x ∨ y) ∨ z ≤ x ∨ (y ∨ z)

�̀¦ ���$� �Ðs���. Äº��� x ≤ x ∨ (y ∨ z) x9� y ≤ y ∨ z ≤ x ∨ (y ∨ z)�Ð ÂÒ

'� x ∨ y ≤ x ∨ (y ∨ z)�� $í
wn�ô�Ç��. ¢̧ô�Ç, z ≤ y ∨ z ≤ x ∨ (y ∨ z)ü< �<Ê

a� Òqty������ 0A ÂÒ1pxd��s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. ìøÍ@/ ÂÒ1pxd��õ� ∧\� �'a
ô�Ç ���½+ËZO�gË:�Ér °ú �Ér ~½ÓZO�Ü¼�Ð 7£x"î
�)a��. ¢̧ô�Ç, 1pxd�� (x ∨ y) ∧ x = x\�¦

�Ðs��9���
x ≤ x, x ≤ x ∨ y

z ≤ x, z ≤ x ∨ y =⇒ z ≤ x
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\�¦ �Ðs���� ÷&��HX<, s���H ��"î
���.

'Ö<<K 1.4.4. (16)\� ���̧��H 1pxd��[þt_� 7£x"î
�̀¦ ��Áºo��#���.

XNËP� 1.4.1. )Ö<"k�·Öכ� Xq� ��»q�q� £̈ 4wH�Ð x, y ∈ X;c 60�#l x ∨ y

D�� x ∧ y�� +í<<���̂@ (16)T� )ç��·Â6Ò��. *9�Ä�}¹, �·Öכ� X;c T���Øa:@»ÿ� ∨
Üï ∧�� +ä�q�E'#e )ç�H�B (16)Ãç> ¹ÿ�ø¶;Â6Ò��z� ��+ä����. T� CI,

x ≤ y ⇐⇒ x ∨ y = y

�� +ä�q���̂@ X¤�< )Ö<"k�·�ÖTכ� E'z�, T� )Ö<"k;c 60�#l #������ ùÚH��.

7£x"î
: 'Í	P: "î
]j��H s�p� 7£x"î
�%i���. ���$�, x ≤ x��H (16)_� 'Í	���P: $í


|9�\�"f ���:r��. ëß�{9� x ≤ y, y ≤ xs���� x ∨ y = ys��¦ y ∨ x = xs���.

Õª���X< s��½Ó���íß� ∨s� �§8̈�ZO�gË:�̀¦ ëß�7á¤�Ù¼�Ð x = ye���̀¦ ·ú� Ãº e����.

ëß�{9� x ≤ y, y ≤ zs����

x ∨ z = x ∨ (y ∨ z) = (x ∨ y) ∨ z = y ∨ z = z

s�Ù¼�Ð x ≤ z�� $í
wn�ô�Ç��. s�]j, sup{x, y} = x ∨ ye���̀¦ �Ðs���. ���$�

x ∨ (x ∨ y) = (x ∨ x) ∨ y = x ∨ y

s�Ù¼�Ð x ≤ x ∨ y�� $í
wn���¦, #�l�\�"f xü< y_� %i�½+É�̀¦ ��Ë̈��� y ≤
y ∨ x = x ∨ ye���̀¦ ·ú� Ãº e����. =åQÜ¼�Ð, x ≤ z, y ≤ zs����

(x ∨ y) ∨ z = x ∨ (y ∨ z) = x ∨ z = z

s��¦, ����"f x ∨ y ≤ zs���. Õª�QÙ¼�Ð sup{x, y} = x ∨ ys� 7£x"î
÷&%3�

��. 1pxd�� inf{x, y} = x ∧ y_� 7£x"î
�Ér ���_þvë�H]j�Ð z��|����. �

'Ö<<K 1.4.5. &ñ
o� 1.4.1_� 7£x"î
\�"f 1pxd�� inf{x, y} = x ∧ y �̀¦ 7£x"î
�#���.


