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s� �©�\�"f��H Äºo��� #Qwn= M:ÂÒ'� ��6 x
�~�� Ãº_� �8
�l�, Y�L
�l�, í�H"f 1px�̀¦

�̂>�&h�Ü¼�Ð /BNÂÒô�Ç��. ���$� 0 = ∅, 1 = {0}, 2 = {0, 1} 1pxÜ¼�Ð �����Ãº\�¦ &ñ
_�

��¦, �����Ãº ��s�_� �8
�l� x9� Y�L
�l�\�¦ &ñ
_�ô�Ç��. s��Qô�Ç &ñ
_�\� {9�y��
�#�

�§8̈�ZO�gË:,���½+ËZO�gË:,C�ì�rZO�gË:1px�̀¦7£x"î
ô�Ç��.�����Ãº_�í�H"fü<�'aº��
�#����©�

×�æ¹כô�Ç $í
|9��Ér e��_�_� �����Ãº|9�½+Ë�Ér þj�è°ú̀�כ¦ ���������H �,>���X	כ Óüt�:r �����Ãº

_�&ñ
_�\�{9�y��
�#�s�\�¦7£x"î
ô�Ç��.&ñ
Ãº\�¦¿º�����Ãº_�	�s��Ðs�K�
�l�0A
�

#�, �����Ãº_� í�H"f�©�[þt\� &h�]X�ô�Ç 1lxu��'a>�\�¦ ÂÒ#��<ÊÜ¼�Ð+� &ñ
Ãº|9�½+Ë�̀¦ ëß���H

��. ��ðøÍ��t��Ð &ñ
Ãº_� í�H"f�©�[þt\� &h�]X�ô�Ç 1lxu��'a>�\�¦ ÂÒ#�
�#� Ä»o�Ãº|9�½+Ë

�̀¦ ëß�×¼��HX<, Ä»o�Ãº\�"f��H ��y��5px]j�� ��Ä»�Ð0>�����. Ä»o�Ãº�̂��H ���©� ����Ér

í�H"f�̂s���. s� �©�\�"f��H Ä»o�Ãº�ÐÂÒ'� z�́Ãº\�¦ ½̈$í

���H ¿º ��t� ~½ÓZO��̀¦ �è>h


���HX<, 
�����H X<X<���àÔ�� �¦îß�ô�Ç ]X�éß��̀¦ s�6 x
���H �,¦��s	כ ¢̧ ���Ér 
�����H

ñß��ÐØÔ���¦îß�ô�Ç�ïr�Ãº\P��̀¦s�6 x
���H�s���.s�¿º��t�~½ÓZO��Ér	כ 1872�̧�°ú �Ér

K�\� y��y�� µ1Ï³ð÷&%3���. s� ¿º��t� ~½ÓZO��Ér ��z�́�©� °ú �Ér ���õ�\�¦ ��4R�̧��HX<, ��

t�}�� ]X�\�"f e��_�_� ¢-aq�í�H"f�̂��H �½Ó�©� °ú 6£§�̀¦ �Ð�����.

2.1. ��¥o>ÊÁ

|9�½+Ë A\� @/
�#� Dh�Ðî�r |9�½+Ë A+
\�¦ ��6£§

A+ = A ∪ {A}
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Ü¼�Ð &ñ
_�ô�Ç��. \V\�¦ [þt#Q"f, /BN|9�½+ËÂÒ'� Ø�¦µ1Ï
�#� 0 = ∅s��� ¿º�¦,

1 = 0+, 2 = 1+, 3 = 2+, . . . 1pxÜ¼�Ð &ñ
_�
���� ��6£§

0 = ∅

1 = 0+ = 0 ∪ {0} = ∅ ∪ {0} = {0}

2 = 1+ = 1 ∪ {1} = {0} ∪ {1} = {0, 1}

3 = 2+ = 2 ∪ {2} = {0, 1} ∪ {2} = {0, 1, 2}

. . .

(1)

õ� °ú s� �)a��. ��6£§ ¿º ��t� $í
|9�

∅ ∈ A, A ∈ A =⇒ A+ ∈ A (2)

�̀¦ ��t���H |9�½+Ë A[þt ����̂_� �§|9�½+Ë�̀¦ Ns��� æ¼�¦, s� |9�½+Ë_� "é¶�è[þt

�̀¦ ��a:@¬£�� ÂÒ�Ér��. |9�½+Ë Ns� $í
|9� (2)\�¦ ��t���H ��Ér	כ ���Ð SX�����)a

��. ����"f ��6£§ &ñ
o�_� (��), (��)�� $í
wn�
��¦, (1)õ� °ú s� &ñ
_��)a |9�

½+Ë 0, 1, 2, 3, . . . ��H �����Ãºs���. ¢̧ô�Ç, n+ = n∪{n}�Ér /BN|9�½+Ës� ��m�Ù¼
�Ð ��6£§ &ñ
o�_� (��) �̧ {©����
���. ��6£§ &ñ
o�\� \P����)a ��$Á	 ��t� $í
|9�

�Ér Dq��{¡(1)
ð��P�4��� Ô�¦o�î�r��.

XNËP� 2.1.1. �·
Öכ� Nª�< ���:? )ç�H�B¾ç>Ãç> ¹ÿ�ø¶;Â6Ò��.

(��) 0 ∈ N.

(��) n ∈ N =⇒ n+ ∈ N.

(��) ��»q�q� n ∈ N;c 60
�#l n+ 6= 0T���.

(��) ��a:@¬£¾ç>q� �·
Öכ� X ⊂ N�� ���:? £̈ )ç�H�B

0 ∈ X, n ∈ X =⇒ n+ ∈ X (3)

Ãç> ¹ÿ�ø¶;
��̂@ X = NT���.

(1) Giuseppe Peano (1958∼1932), s�»1Ïo��� Ãº�<Æ��. Turin\�"f /BNÂÒ
��¦ �Ö̧1lx
�
%i���.



2.1. �����Ãº 35

(��) ¹ÿ�G�B m,n ∈ N;c 60
�#l m+ = n+T��̂@ m = nT���.

ëß�{9� X ⊂ N�� $í
|9� (2)\�¦ ��t���� {©����y� X = Ns� ÷&��HX<, s�\�¦

��r� ��H ��s	כ (��)s���. s���H ¬£�ÈÑ+8� Zô�m�(«
�̀¦ ��6 x½+É Ãº e����H ��H��s�

��. ëß�{9� �����Ãº n ∈ N\� �'aô�Ç "î
]j P (n)s� e���̀¦ M:, P (n)s� $í
wn�
�

��H �����Ãº n ∈ N[þt_� |9�½+Ë�̀¦ X�� ¿º��. ëß�{9� P (0)s� $í
wn��<Ê�̀¦ ·ú��¦,

P (n) =⇒ P (n+) �̀¦ �Ðs���� X�� $í
|9� (3) �̀¦ ëß�7á¤ô�Ç����H ú́�s� �)a��. ��

��"f X = N���X<, s���H e��_�_� �����Ãº n ∈ N\� @/
�#� P (n)s� $í
wn�

ô�Ç����H >pws���.

s�]j, &ñ
o� 2.1.1_� (��)\�¦ 7£x"î
K� �Ð��. Äº���,

n ∈ n+ = m+ = m ∪ {m}

s�Ù¼�Ð n ∈ ms����� n = ms���. ��ðøÍ��t� ~½ÓZO�Ü¼�Ð m ∈ ns�����

n = ms���. ����"f, ��6£§

n ∈ N, x ∈ n =⇒ x ⊂ n (4)

�̀¦ 7£x"î

���� n ⊂ mõ� m ⊂ ns� $í
wn�
�#� 7£x"î
s� =åQèß���. s�]j (4)\�¦

7£x"î

�l� 0A
�#�

X = {n ∈ N : x ∈ n =⇒ x ⊂ n}

s��� ¿º��. ���$� 0 ∈ Xe���Ér ì�r"î

���. 7£¤, x ∈ ∅ =⇒ x ⊂ ∅�Ér �̀��Ér
"î
]js���. s�]j Ãº�<Æ&h� )
±ú�ZO��̀¦ ��6 x
�l� 0A
�#� n ∈ X�� ��&ñ

���.

ëß�{9� x ∈ n+ = n ∪ {n}s���� x ∈ ns����� x = ns���. ëß�{9� x = ns�

��� x = n ⊂ n+s��¦, x ∈ ns���� )
±ú�ZO� ��&ñ
\� _�
�#� x ⊂ ns�Ù¼�Ð

x ⊂ n ⊂ n+�� $í
wn�ô�Ç��. ����"f X = Ns��¦ (4)�� 7£x"î
÷&%3���.

��6£§ &ñ
o���H |9�½+Ë X_� "é¶�è γ(0), γ(1), γ(2), . . . �� :£¤&ñ
 &h��od���̀¦

ëß�7á¤
��̧2�¤ )
±ú�&h�Ü¼�Ð &ñ
_�½+É Ãº e��6£§�̀¦ ú́�K� ÅÒ��HX<, �����Ãº_� ���íß�

�̀¦ &ñ
_�
���H X<\� ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��.
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XNËP� 2.1.2. �·
Öכ� Xq� Â6Ò 4wH�Ð a ∈ XÜï �ÈÕ¬£ f : X → X;c 60
�#l,

���:? )ç�H�B

(��) γ(0) = a,

(��) ��»q�q� n ∈ N;c 60
�#l γ(n+) = f(γ(n))T� )ç��·
Â6Ò��

Ãç> ¹ÿ�ø¶;
�¤�< �ÈÕ¬£ γ : N → X�� ­¤G�B
�4� +í<<�Â6Ò��.

7£x"î
: ���$�, (��)ü< (��)\�¦ 1lxr�\� ëß�7á¤
���H �<ÊÃº γ1õ� γ2�� e�����¦

��&ñ

��¦,

X = {n ∈ N : γ1(n) = γ2(n)}

s��� ¿º��. ���$� (��)\� _�
�#� 0 ∈ Xs���. ëß�{9� n ∈ Xs����

γ1(n+) = f(γ1(n)) = f(γ2(n)) = γ2(n+)

s�Ù¼�Ð n+ ∈ Xs���. ����"f, Ãº�<Æ&h� )
±ú�ZO�\� _�
�#� X = Ns��¦, e��

_�_� n ∈ N\� @/
�#� γ1(n) = γ2(n)e���̀¦ ·ú� Ãº e����.

s�]j, �>rF�$í
�̀¦ �Ðs�l� 0A
�#� ��6£§ $í
|9�

(0, a) ∈ A, (n, x) ∈ A =⇒ (n+, f(x)) ∈ A (5)

�̀¦ ëß�7á¤
���H A ⊂ N ×X ����̂_� |9�½+Ë�̀¦ A�� ¿º��� N ×X ∈ As�Ù¼�Ð
A��H q�#Q e��t� ·ú§��. s�]j, γ =

⋂
A�� ¿º��. ëß�{9� γ ⊂ N×X�� �<ÊÃº

s���� ��6£§
γ(n) = x =⇒ (n, x) ∈ γ

=⇒ (n+, f(x)) ∈ γ

=⇒ γ(n+) = f(x) = f(γ(n))

s� $í
wn�
�Ù¼�Ð, γ ⊂ N×X�� �<ÊÃºe���̀¦ �Ðs���� 7£x"î
s� =åQèß���.

s�\�¦ 0A
�#� ��r�

X = {n ∈ N : (n, x) ∈ γ \�¦ ëß�7á¤
���H x ∈ X �� Ä»{9�
�>� �>rF�ô�Ç��}
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�� ¿º�¦ )
±ú�ZO��̀¦ ��6 xô�Ç��. ëß�{9� 0 /∈ X ����� (0, b) ∈ γ, b 6= a���

b ∈ X�� �>rF�ô�Ç��. Õª���X< b 6= as�Ù¼�Ð, &ñ
o� 2.1.1 (��)\� _�
�#�

γ \ {(0, b)} ⊂ N×X %i�r� $í
|9� (5)\�¦ ëß�7á¤ô�Ç��. s���H γ =
⋂
A\� �̧í�H

s���. ����"f, 0 ∈ X s���. s�]j n ∈ X s�t�ëß� n+ /∈ X �� ��&ñ

���. Õª

�Q��� (n+, f(x)) ∈ γs�Ù¼�Ð (n+, y) ∈ γ, y 6= f(x)��� y ∈ X�� �>rF�ô�Ç

��. s����\��̧ %i�r� γ \ {(n+, y)} ∈ Ae���̀¦ �Ðs���� n ∈ X =⇒ n+ ∈ X
�� 7£x"î
÷&�¦, ����"f �̧��H 7£x"î
s� =åQèß���.

Äº��� n+ 6= 0s�Ù¼�Ð (0, a) ∈ γ \ {(n+, y)}s���. s�]j (m, z) ∈ γ \
{(n+, y)}����&ñ

���.ëß�{9� m = ns���� z = xs��¦ ¢̧ô�Ç y 6= f(x)s�Ù¼

�Ð (m+, f(z)) = (n+, f(x)) ∈ γ\{(n+, y)}e���̀¦·ú�Ãºe����.ëß�{9�m 6= n

s���� &ñ
o� 2.1.1 (��)\� _�
�#� m+ 6= n+s��¦, ����"f (m+, f(z)) ∈
γ \ {(n+, y)}s���. �

&ñ
o� 2.1.2\�¦ &h�6 x
����, y�� �����Ãº m ∈ N\� @/
�#�

γm(0) = m, n ∈ N =⇒ γm(n+) = [γm(n)]+

\�¦ ëß�7á¤
���H �<ÊÃº γm : N → Ns� Ä»{9�
�>� �>rF��<Ê�̀¦ ·ú� Ãº e����. s�]j,

¿º �����Ãº_� �G
�M�\�¦

m + n = γm(n), m, n ∈ N

s��� &ñ
_�
����

m + 0 = m, m + n+ = (m + n)+, m, n ∈ N

s�$í
wn�ô�Ç��.���½+ËZO�gË:,�§8̈�ZO�gË:,�½Ó1px"é¶\��'aô�Ç�
þt�̀¦7£x"î]	כ
�l�·ú¡"f

n+ = 1 + n, n ∈ N

e���̀¦ ���$� �Ðs���. ���$� 0+ = 1 = 1+0s���. s� 1pxd��s� �����Ãº n\� @/


�#�$í
wn�ô�Ç����&ñ

���� (n+)+ = (1+n)+ = 1+n+s�$í
wn�
�Ù¼�Ð,Ãº
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�<Æ&h� )
±ú�ZO��̀¦ &h�6 x½+É Ãº e����. Y�L
�l�\�¦ &ñ
_�
���H �̧�	כ &ñ
o� 2.1.2\�¦

s�6 xô�Ç��. ���$�, y�� �����Ãº m ∈ N\� @/
�#�

δm(0) = 0, n ∈ N =⇒ δm(n+) = δm(n) + m

s� $í
wn�
���H �<ÊÃº δm : N → N �̀¦ ú̧��Ér Êê\�,

mn = δm(n), m, n ∈ N

s��� &ñ
_�ô�Ç��. Õª�Q���

m0 = 0, mn+ = mn + m, m, n ∈ N

s� $í
wn�ô�Ç��.

XNËP� 2.1.3. ��»q�q� m,n, k ∈ N;c 60
�#l ���:?T� )ç��·
Â6Ò��.

(��) 0 + n = n, (m + n) + k = m + (n + k) D�� m + n = n + mT���.

(��) 0n = 0, 1n = n, (mn)k = m(nk) D�� mn = nmT���.

(��) m(n + k) = mn + mk D�� (n + k)m = nm + kmT���.

�̧��H 7£x"î
�Ér )
±ú�ZO��̀¦ ��6 xô�Ç��. ���$� 0 + 0 = 0�Ér s�p� ·ú��¦ e���¦,

0 + n = ns���� 0 + n+ = (0 + n)+ = n+s�Ù¼�Ð, (��)_� 'Í	P: "î
]j��

7£x"î
�)a��. ÑütP: "î
]j��H m,n �̀¦ �¦&ñ

��¦ k\� �'aô�Ç )
±ú�ZO��̀¦ ��6 x
����

�)a��. [jP: "î
]j %i�r� m �̀¦ �¦&ñ

��¦ n\� �'aô�Ç )
±ú�ZO��̀¦ ��6 x
���� �)a

��. "î
]j (��), (��) %i�r� Ãº�<Æ&h� )
±ú�ZO��̀¦ ��6 x
�#� 7£x"î
ô�Ç��.

'Ö<<K 2.1.1. &ñ
o� 2.1.3 �̀¦ 7£x"î

�#���.

'Ö<<K 2.1.2. &ñ
o� 2.1.2\�¦ s�6 x
�#� mn
�̀¦ &ñ
_�
��¦, ��6£§ ���íß� ZO�gË:[þt

mn+k = mnmk, (mn)k = mknk (mn)k = mnk

�̀¦ 7£x"î

�#���.
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s�]j |9�½+Ë N\� í�H"f\�¦ &ñ
_�
��¦ s� ]X��̀¦ ë�Bl��Ð ô�Ç��. ¿º �����Ãº

m,n ∈ N\� @/
�#�

m ≤ n ⇐⇒ m ∈ n <�Ê�Ér m = n

s��� &ñ
_�ô�Ç��. ���$� m ≤ me���Ér {©����
���. ¢̧ô�Ç m ≤ nõ� n ≤ ms�

1lxr�\�$í
wn�ô�Ç����&ñ

���.ëß�{9� m 6= ns���� m ∈ nõ� n ∈ ms��¦, (4)

\� _�
�#� m ⊂ n, n ⊂ ms� $í
wn�Ù¼�Ð m = ns� �)a��. s�]j, m ≤ n,

n ≤ k�� ��&ñ

���. Õª�Q��� ��6£§

m ∈ n, n ∈ k m ∈ n, n = k m = n, n ∈ k m = n, n = k

W1 ��t� �â
Äº�� Òqt|����. %�6£§ [j �â
Äº\���H m ∈ k�� $í
wn�
��¦, �� Qt�

�â
Äº\���H m = k�� $í
wn�
�Ù¼�Ð m ≤ ke���̀¦ ·ú� Ãº e����. ����"f, ≤��H
í�H"f�'a>��� �)a��. ��6£§ &ñ
o���H �����Ãº|9�½+Ë\� &ñ
_��)a í�H"f�'a>�_� Ùþ�d��

&h���� $í
|9�s���. ¿º �����Ãº m,n ∈ Ns� m ≤ ns����"f m 6= n {9� M:,

m < ns��� ��H��. ����"f, m < n ⇐⇒ m ∈ ns���. :£¤y�, m ∈ m+s�Ù¼

�Ð m < m+s���.

XNËP� 2.1.4. R�#e ���U� óm¬ª�< ��a:@¬£¾ç>q� �·
>�Öªכ� L|�Ð 4wH�Ð¿ì> ��.>	��.

7£x"î
: q�#Q e��t� ·ú§�Ér �����Ãº[þt_� |9�½+Ë A ⊂ N�� þj�è "é¶�è\�¦ ��t�t�

·ú§��H���¦ ��&ñ

��¦,

X = {n ∈ N : m ∈ A =⇒ n ≤ m}

s���¿º��.ëß�{9� k ∈ X∩As���� k��H A_�þj�è"é¶�è��÷&Ù¼�ÐX∩A = ∅
s�#Q�� ô�Ç��. s�]j )
±ú�ZO��̀¦ s�6 x
�#� X = Ne���̀¦ �Ðs���� A = ∅s� ÷&
#Q"f �̧í�H�̀¦ %3���H��.

s�\�¦ 0A
�#� ���$� 0 ∈ X, 7£¤ e��_�_� m ∈ N\� @/
�#� 0 ≤ me���̀¦

�Ðs���HX<, s� ¢̧ô�Ç )
±ú�ZO��̀¦ ��6 xô�Ç��. ���$� 0 ≤ 0�Ér ��"î

���. ëß�{9�
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0 ≤ ms����, m ∈ m+\�"f m ≤ m+s�Ù¼�Ð 0 ≤ m+
\�¦ %3���H��. ��6£§Ü¼

�Ð n ∈ X =⇒ n+ ∈ X �̀¦ �Ðs�l� 0A
�#� n ∈ X\�¦ ��&ñ

���. 7£¤,

m ∈ A =⇒ n ≤ m

�̀¦ ��&ñ

���. ëß�{9� n ∈ As���� n�Ér A_� þj�è "é¶�ès��¦, s���H ��&ñ
\�

#Q�FMèß���. ����"f n /∈ As��¦, ��6£§

m ∈ A =⇒ n < m

s� $í
wn�ô�Ç��. s�]j ��6£§

n < m =⇒ n+ ≤ m (6)

�̀¦ �Ðs���� �̧��H 7£x"î
s� =åQèß���. s� %i�r� n �̀¦ �¦&ñ

��¦ m\� @/ô�Ç )
±ú�

ZO��̀¦ ��6 x
�l� 0A
�#�

Y = {m ∈ N : n < m =⇒ n+ ≤ m}

s��� ¿º��. ���$� n < 0s���� n ∈ ∅���X< s��Qô�Ç "é¶�è ns� \O�Ü¼Ù¼�Ð

0 ∈ Y e���Ér ��"î

���. s�]j, m ∈ Y �� ��&ñ

���. ëß�{9� n < m+s����

n ∈ m+ = m ∪ {m}s��¦, ����"f n ∈ ms����� n = ms���. ���$�

n ∈ ms���� n < ms�Ù¼�Ð )
±ú�ZO� ��&ñ
\� _�
�#� n+ ≤ m < m+s�

�¦, n = ms���� n+ = m+s�Ù¼�Ð, #QÖ¼ �â
Äº�� n+ ≤ m+s���. ����"f,

n < m+ =⇒ n+ ≤ m+�� $í
wn�
��¦ m+ ∈ Y e���̀¦ ·ú� Ãº e����. �

'Ö<<K 2.1.3. m ≤ n ⇐⇒ m+ ≤ n+
e���̀¦ �Ð#���.

¿º �����Ãº m,n ∈ N\� @/
�#� {m,n} ⊂ N��H þj�è "é¶�è\�¦ ��t���H

X<, þj�è "é¶�è�� ms���� m ≤ ns��¦, þj�è "é¶�è�� ns���� n ≤ ms���.

���	̈XNËP� 2.1.5. ��»q�q� £̈ ��a:@¬£ m,n ∈ N;c 60
�#l m ≤ n ý�nª�<

n ≤ mT� )ç��·
Â6Ò��.
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��6£§ $í
|9�

n ∈ N =⇒ n = 0 <�Ê�Ér n = m+
��� m ∈ N s� �>rF�ô�Ç�� (7)

�Ér ��2£§&ñ
o� 2.1.6õ� &ñ
o� 2.1.7_� 7£x"î
õ�&ñ
\�"f Ä»6 x
�>� æ¼�����.

'Ö<<K 2.1.4. )
±ú�ZO��̀¦ s�6 x
�#� "î
]j (7) �̀¦ 7£x"î

�#���.

���	̈XNËP� 2.1.6. a�}¹ ­¤4�T� f R�#e ���U� óm¬ª�< ��a:@¬£¾ç>q� �·
Öכ� A ⊂
N¤�< L|60 4wH�Ð¿ì> ��.>	��.

7£x"î
: |9�½+Ë A_� �©�>� ����̂_� |9�½+Ë�̀¦ B�� ¿º���, ��&ñ
\� _�
�#� B 6= ∅
s��¦ &ñ
o� 2.1.4\� _�
�#� þj�è "é¶�è k ∈ N\�¦ �������. e��_�_� n ∈ A

\� @/
�#� n ≤ ks�Ù¼�Ð k ∈ Ae���̀¦ �Ðs���� k�� A_� þj@/ "é¶�èe��s�

7£x"î
�)a��. s�]j, k /∈ As��� ��&ñ

���. Õª�Q���, n ∈ A �̀¦ 
��� ú̧���¤�̀¦

M: k > n ≥ 0s��¦, ����"f (7)\� _�
�#� k = s+s���. ëß�{9� s /∈ Bs����

s < t��� t ∈ A�� �>rF�
��¦, s+ ≤ t ≤ k = s+s�Ù¼�Ð k = t ∈ A�� ÷&#Q

"f �̧í�Hs���. ����"f s ∈ B���X<, s < ks�Ù¼�Ð s���H k�� B_� þj�è "é¶

�è����H X<\� �̧í�Hs���. Õª�QÙ¼�Ð, k ∈ Ae���̀¦ ·ú� Ãº e����. �

��6£§ &ñ
o���H &ñ
Ãº\�¦ &ñ
_�
���H X<\� ×�æ¹כô�Ç %i�½+É�̀¦ 
���HX<, 	�H Ãº\�

"f ����Ér Ãº\�¦ õü� Ãº e��6£§�̀¦ ú́�K� ï�r��.

XNËP� 2.1.7. ¹ÿ�G�B n = m + kT��̂@ n ≥ mT���. *9�Ä�}¹, £̈ ��a:@¬£

m,n ∈ N;c 60
�#l n ≥ mT��̂@, n = m + kÃç> ¹ÿ�ø¶;
�¤�< ��a:@¬£ k ∈ N

T� ­¤G�B
�4� +í<<�Â6Ò��.

&ñ
o�_� Ä»{9�$í
�̀¦ "î
SX�
�>� æ¼��� ��6£§

m + k = m + ` =⇒ k = ` (8)

õ� °ú s� �)a��.
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7£x"î
: 'Í	P: "î
]j��H m + k ≥ m �̀¦ �Ðs���� ÷&��HX<, k\� �'aô�Ç )
±ú�ZO�

�̀¦ ��6 xô�Ç��. ���$�, k = 0s���� {©����
��¦, m + k ≥ ms��� ��&ñ

����,

m + k+ = (m + k)+ > m + k ≥ ms� �)a��.

ÑütP: "î
]j_� �>rF�$í
�̀¦ �Ðs�l� 0A
�#�

X = {` ∈ N : m + ` ≥ n}

�� ¿º���, n ∈ Xs�Ù¼�Ð X 6= ∅s���. ����"f, &ñ
o� 2.1.4\� _�
�#� X��H

þj�è "é¶�è k ∈ X\�¦ ��t���HX<, n = m + ke���̀¦ 7£x"î

���� �)a��. s�\�¦ 0A


�#� m + k > n�� ��&ñ

���. ëß�{9� k = 0s���� m > ns� ��&ñ
\� #Q�FM

��Ù¼�Ð k 6= 0s��¦, (7)\� _�
�#� k = s+ (éß�, s ∈ N)Ü¼�Ð jþt Ãº e����.

Õª�Q��� (m + s)+ = m + s+ = m + k > n\�"f m + s ≥ ns��¦, ����

"f s ∈ X���X< s < s+ = ks�Ù¼�Ð k�� X_� þj�è "é¶�è����H X<\� �̧í�H

s���.

s�]j (8) �̀¦ �Ðs���� 7£x"î
s� =åQ����HX<, k\� �'aô�Ç )
±ú�ZO��̀¦ ��6 xô�Ç��.

���$�

m + 0 = m + ` =⇒ 0 = `

�̀¦ �Ðs���. ëß�{9� m = m + `���X< ` 6= 0s���� ` = s+s��¦,

m = m + ` = m + s+ = (m + s)+ ≥ m+ > m

s�÷&#Q"f �̧í�Hs���.s�]j (8)s�$í
wn�ô�Ç���¦��&ñ

��¦ m+k+ = m+ `

s��� 
���. ëß�{9� ` = 0s���� ~½Ó�FK 7£x"î
ô�Ç ��\� _�
�#� k+ = 0s�Ù¼�Ð,

` 6= 0s��¦ ` = t+s���. Õª�Q���

(m + k)+ = m + k+ = m + ` = m + t+ = (m + t)+

\�"fm+k = m+t\�¦%3��¦,)
±ú�ZO���&ñ
\�_�
�#� k = tx9� k+ = t+ = `

�̀¦ %3���H��. �

'Ö<<K 2.1.5. m + k ≤ m + ` ⇐⇒ k ≤ `\�¦ 7£x"î

�#���.



2.2. &ñ
Ãº 43

2.2. Ça�ÊÁ

�����Ãº m,n ∈ Ns� n ≤ ms���� &ñ
o� 2.1.7 \� _�
�#� m = n + k���

�����Ãº k ∈ Ns� Ä»{9�
�>� �>rF�
���HX<, s��Qô�Ç k\�¦ m − nÜ¼�Ð æ¼��.

s�]j, m < n��� �â
Äº\��̧ m− ns� >pw�̀¦ ��t�>��FK Ãº_� #3�0A\�¦ V,�y��9

�¦ ô�Ç��. s��Qô�Ç ³ð�&³ m− n�Ér ¿º �����Ãº m,n_� í�H"f\� _��>r
�Ù¼�Ð,

m − n @/���\� í�H"f�©� (m,n) �̀¦ Òqty��
�÷& m ≥ ns�êøÍ ]jô�Ç�̀¦ \O�E��¦

|9�½+Ë

N× N = {(m,n) : m,n ∈ N}

\�"f r����
�l��Ð 
���. |9�½+Ë N× N\� ��6£§

(m,n) ∼ (m′, n′) ⇐⇒ m + n′ = n + m′

õ� °ú s� �'a>�\�¦ &ñ
_�
����, ∼�Ér 1.3]X�_� �Ðl� 2\�"f �Ð��H ��ü< °ú s�

N× N_� 1lxu��'a>�s��¦

m ≥ k, n ≥ k =⇒ (m,n) ∼ (m− k, n− k) (9)

�� $í
wn��<Ê�̀¦ �FK~½Ó ·ú� Ãº e����.

'Ö<<K 2.2.1. "î
]j (9)�� $í
wn��<Ê�̀¦ �Ð#���.

s�]j (m,n) ∈ N× N �̀¦ "é¶�è�Ð ��t���H N× N_� 1lxu�ÀÓ [(m,n)] �̀¦

çß�éß�y� [m,n]Ü¼�Ð ³ðr�ô�Ç��. |9�½+Ë N×N/∼ �̀¦ Z�� æ¼�¦ Z_� "é¶�è\�¦

+ä�¬£�� ÂÒ�Ér��. 0A_� �'a>� (9)\�¦ &h�6 x
����, |9�½+Ë Z_� �̧��H "é¶�è\�¦ &h�

{©�ô�Ç �����Ãº n = 1, 2, . . . \� @/
�#� ��6£§

[n, 0], [0, 0], [0, n] (10)

×�æ_� 
����Ð ³ð�&³½+É Ãº e��6£§�̀¦ ~1�>� ·ú� Ãº e����. s�]j |9�½+Ë Z\� ��6£§

[m,n] ≥ [k, `] ⇐⇒ m + ` ≥ n + k (11)
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õ� °ú s� �'a>�\�¦ &ñ
_�
���. ëß�{9� (m,n) ∼ (m′, n′)s��¦ (k, `) ∼ (k′, `′)

s���� &ñ
o� 2.1.7\� _�
�#�

m + ` ≥ n + k ⇐⇒ m′ + `′ ≥ n′ + k′

e���̀¦ ·ú� Ãº e����. ����"f, &ñ
_� (11)s� ú̧� &ñ
_�÷&#Q e���¦ s���H í�H"f�'a

>��� �)a��.

'Ö<<K 2.2.2. e��_�_� &ñ
Ãº��H (10)\� \P����)a �	כ ×�æ\� 
���e���̀¦ �Ð#���. ¢̧ô�Ç,
&ñ
_� (11)s� ú̧� &ñ
_��)a í�H"f�'a>�e���̀¦ �Ð#���.

XNËP� 2.2.1. +ä�¬£�·
Öכ� Z;c 60
�#l ���:?T� )ç��·
Â6Ò��.

(��) ��»q�q� 4wH�Ð a, b ∈ Z;c 60
�#l a ≥ bT����� b ≥ aT���.

(��) R�#e���U�óm¬ª�< Zq�«»(Ûo�·
Öכ� S��a�}¹­¤4�T��̂@ S¤�<L|604wH�Ð

¿ì> ��.>	��. ��¾6Ò��U�}¹, R�#e ���U� óm¬ª�< Zq� «»(Ûo�·
Öכ� S�� ��7�

}¹ ­¤4�T��̂@ S¤�< L|�Ð4wH�Ð¿ì> ��.>	��.

7£x"î
: ëß�{9� m ≥ ns����

[m, 0] ≥ [n, 0] ≥ [0, 0] ≥ [0, n] ≥ [0,m]

s� $í
wn�
�Ù¼�Ð (��)�� 7£x"î
�)a��.

s�]j, (��)\�¦ 7£x"î

�l� 0A
�#� |9�½+Ë A�� 0A�Ð Ä»>��� ��&ñ

��¦, �̧

��H &ñ
Ãº\�¦ (10)\� e����H +þAI��Ð ³ðr�
�#�

B = {k ∈ N : [k, 0] ∈ A}

�� ¿º��. ëß�{9� B 6= ∅s���� B�� 0A�Ð Ä»>�s�Ù¼�Ð ��2£§&ñ
o� 2.1.6\� _�


�#� þj@/ "é¶�è n �̀¦ ��t���HX<, [n, 0]s� A_� þj@/ "é¶�èe���̀¦ ���Ð SX����

½+É Ãº e����. ëß�{9� B = ∅s���� A_� �̧��H "é¶�è[þt�Ér [0, k]_� g1J�Ð ³ðr��)a

��. s� M:, C = {k ∈ N : [0, k] ∈ A}_� þj�è "é¶�è\�¦ ms��� ¿º��� [0,m]

s� A_�þj@/"é¶�èe���̀¦·ú�Ãºe����.|9�½+Ë A����A��ÐÄ»>�����â
Äº�̧ ��

ðøÍ��t�s���. �
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'Ö<<K 2.2.3. &ñ
o� 2.2.1_� 7£x"î
�̀¦ ��Áºo�
�#���.

s�]j, &ñ
Ãº ��s�_� �8
�l�\�¦ ��6£§

[m,n] + [k, `] = [m + k, n + `] (12)

õ� °ú s� &ñ
_�
���. Õª�Q��� s� ���íß�s� ú̧� &ñ
_�÷&#Q e���¦ �§8̈�ZO�gË:õ� ���

½+ËZO�gË:�̀¦ ëß�7á¤ô�Ç��. :£¤y� Z_� "é¶�è [0, 0]�Ér �½Ó1px"é¶_� %i�½+É�̀¦ ô�Ç��. ¢̧

ô�Ç, &ñ
Ãº [n, m]s� [m,n]_� %i�"é¶s� H�d�̀¦ ·ú� Ãº e����.

'Ö<<K 2.2.4. |9�½+Ë Z\� &ñ
_��)a ���íß� (12)�� ú̧� &ñ
_�÷&#Q e���¦, 2.3]X�\� ��
�̧��H (�̂1), (�̂2), (�̂3), (�̂4)�� $í
wn��<Ê�̀¦ �Ð#���.

s�]j &ñ
Ãº_� Y�L
�l�\�¦ &ñ
_�
���. |9�½+Ë N×N_� "é¶�è [m,n]õ� [k, `]

\� @/
�#�

[m,n] · [k, `] = [mk + n`,m` + nk] (13)

s��� &ñ
_�
����, �8
�l�_� �â
Äºü< ��ðøÍ��t��Ð ]j@/�Ð &ñ
_�÷&#Q e���¦ ���

½+ËZO�gË:õ� �§8̈�ZO�gË:s� ëß�7á¤H�d�̀¦ ·ú� Ãº e����. :£¤y�, [1, 0]�Ér Y�L
�l�_� �½Ó

1px"é¶s���.

'Ö<<K 2.2.5. ���íß� (13)s� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ð#���. ¢̧ô�Ç, |9�½+Ë Z\� &ñ

_��)a ���íß� (12)ü< (13)\� @/
�#� 2.3]X�\� ���̧��H (�̂5), (�̂6), (�̂8), (�̂9)��
$í
wn��<Ê�̀¦ �Ð#���.

'Ö<<K 2.2.6. ëß�{9� [m, n]·[k, `] = [0, 0]s���� [m, n] = [0, 0]s����� [k, `] = [0, 0]
s� $í
wn��<Ê�̀¦ �Ð#���.

'Ö<<K 2.2.7. &ñ
Ãº |9�½+Ë Z\� Y�L
�l�\� �'aô�Ç %i�"é¶s� �>rF�
�t� ·ú§6£§�̀¦ �Ð#���.

'Ö<<K 2.2.8. ëß�{9� P = {[n, 0] ∈ Z : n ∈ N, n 6= 0}s��� ¿º��� 2.3]X�\� ���̧
��H (í�H1)s� $í
wn��<Ê�̀¦ �Ð#���.

�<ÊÃº f : N → Z\�¦

f : n 7→ [n, 0] (14)
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�Ð &ñ
_�
���� f : N → Z�� éß����<ÊÃºs��¦ y�� �����Ãº m,n ∈ N\� @/
�

#� ��6£§

f(m + n) = f(n) + f(m)

f(mn) = f(m)f(n)

m ≥ n ⇐⇒ f(m) ≥ f(n)

s� $í
wn�
�Ù¼�Ð, �8
�l�, Y�L
�l� x9� í�H"f\� �'aô�Ç ô�Ç N�Ér Z_� ÂÒì�r|9�½+Ë

Ü¼�Ð Òqty��½+É Ãº e����. s�]jÂÒ'�, (10)\� _�
�#� ³ðr�÷&��H &ñ
Ãº\�¦ y��y��

n, 0, −nÜ¼�Ð æ¼l��Ð ô�Ç��.

2.3. ËÂh�ÊÁ

s�]j, &ñ
Ãº ����̂_� |9�½+Ë Z �̀¦ ��y��5px]j�� ��Ä»\�v>� ÷&�̧2�¤ 
��9�¦ 
�

��HX<, Õª ���\� ��y��5px]j_� _�p�\�¦ ì�r"î

�>� |9��¦ �Å�#Q����H ��s	כ ¼#�o�


���. |9�½+Ë F \� ¿º s��½Ó���íß�

(x, y) 7→ x + y, (x, y) 7→ x · y

s� ÅÒ#Q4R"f ��6£§\� \P���ô�Ç $í
|9� (�̂1)∼ (�̂9)\�¦ ëß�7á¤
���� s�\�¦ =i��

�¦ ô�Ç��. ·ú¡Ü¼�Ð x · y��H Õªzª� xy�Ð æ¼l��̧ ô�Ç��.

(�̂1) e��_�_� a, b, c ∈ F \� @/
�#� a + (b + c) = (a + b) + cs���.

(�̂2) ��6£§ $í
|9�

e��_�_� a ∈ F \� @/
�#� a + e = e + a = a

�̀¦ ëß�7á¤
���H "é¶�è e ∈ F �� �>rF�ô�Ç��.

0A $í
|9��̀¦ ëß�7á¤
���H "é¶�è e′ ∈ F �� ¢̧ 
��� e������� e = e + e′ = e′s�

��. ����"f s��Qô�Ç $í
|9��̀¦ ëß�7á¤
���H "é¶�è��H 
���µ1Ú\� \O���HX<, s�\�¦ ·ú¡

Ü¼�Ð 0s��� æ¼�¦ �8
�l�_� ��Ø�ûB4wHs��� ô�Ç��.
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(�̂3) y�� a ∈ F \� @/
�#� ��6£§ $í
|9�

a + x = x + a = 0

�̀¦ ëß�7á¤
���H "é¶�è x ∈ F �� e����.

ëß�{9� 0A $í
|9��̀¦ ��t���H "é¶�è y ∈ F �� ¢̧ 
��� e�������

x = x + 0 = x + (a + y) = (x + a) + y = 0 + y = y

�� ÷&#Q"f s� $í
|9��̀¦ ��t���H "é¶�Ér Ä»{9�
���. "é¶�è a ∈ F \� _�
�#� ���

&ñ
÷&��Hs�"é¶�è\�¦ −a��æ¼�¦,s�\�¦�8
�l�\��'aô�Ç a_�*9�4wHs���ô�Ç��.

¢̧ô�Ç b + (−a)��H çß�éß�y� b− a�Ð ��H��.

(�̂4) e��_�_� a, b ∈ F \� @/
�#� a + b = b + as���.

(�̂5) e��_�_� a, b, c ∈ F \� @/
�#� a(bc) = (ab)cs���.

(�̂6) ��6£§ $í
|9�

e��_�_� a ∈ F \� @/
�#� a · 1 = 1 · a = a

�̀¦ ëß�7á¤
���H 0 ����� "é¶�è 1 ∈ F s� �>rF�ô�Ç��.

(�̂7) y�� a ∈ F \ {0}\� @/
�#� ��6£§ $í
|9� ax = xa = 1 �̀¦ ëß�7á¤
���H "é¶

�è x ∈ F �� �>rF�ô�Ç��.

Óüt�:r (�̂6)_� "é¶�è 1 �̧ Ä»{9�
� 9, s� :£¤&ñ
 "é¶�è\�¦ 1�Ð æ¼�¦ Y�L
�l�_�

��Ø�ûB4wHs��� ô�Ç��. (�̂7)_� "é¶�è x �̧ (�̂3)_� �â
Äºü< ��ðøÍ��t��Ð a\�

_�
�#� ���&ñ
÷&��HX<, s�\�¦ a−1
<�Ê�Ér

1
a
s��� æ¼�¦ Y�L
�l�\� �'aô�Ç a_� *9�

4wHs��� ô�Ç��.

(�̂8) e��_�_� a, b ∈ F \� @/
�#� ab = bas���.

(�̂9) e��_�_� a, b, c ∈ F \� @/
�#� a(b + c) = ab + acs���.

0A \P���ô�Ç $í
|9� ��î�rX< (�̂1)ÂÒ'� (�̂4)��t���H �8
�l�\� �'aô�Ç $í


|9�[þts��¦, (�̂5)ÂÒ'� (�̂8)��t���H Y�L
�l�\� �'aô�Ç $í
|9�[þte���̀¦ ·ú� Ãº e��
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��. /BNo� (�̂9)��H Óüt�:r �8
�l�ü< Y�L
�l��� #Qb�G>� �'aº��÷&#Q e����H�� 
�

��H &h��̀¦ �����·p��. #Q�"� |9�½+Ës� �̂�� �<Ê�Ér çß�éß�y� ú́�
�#� �8
�l�ü< Y�L


�l��� &ñ
_�÷&�¦ ��y��5px]j�� ��Ä»\�v����H >pws���.

|ºM� 1. &ñ
Ãº ����̂_� |9�½+Ë Z\� ��6£§

a ∼n b ⇐⇒ a− b ��H n _� C�Ãºs���

õ� °ú s� &ñ
_�
���� s���H 1lxu��'a>��� �)a��. #�l�"f, n = 2, 3, 4, . . . s���.

]��|9�½+Ë Z/∼n �̀¦ Zn = {[0], [1], . . . , [n− 1]}s��� æ¼�¦, ��6£§

[i] + [j] = [i + j], [i][j] = [ij]

õ� °ú s� ���íß��̀¦ &ñ
_�ô�Ç��. \V[þt [þt#Q, Z5\�"f��H

[1] + [3] = [4], [3] + [4] = [7] = [2], [2][4] = [8] = [3]

õ� °ú s� �)a��. s� ���íß��Ér (�̂7) �̀¦ ]jü@ô�Ç �̧��H �̂_� $í
|9�[þt�̀¦ ëß�7á¤ô�Ç

��. s� ���íß�s� ���]j (�̂7) �̀¦ ëß�7á¤
���Ht� y���� ��4R �Ðl� ��êøÍ��. �

'Ö<<K 2.3.1. �Ðl� 1 \� ���̧��H �'a>��� 1lxu��'a>�e���̀¦ �Ðs��¦, ¿º ��t� ���íß�
s� ú̧� &ñ
_�÷&#Q e��Ü¼ 9, (�̂7) �̀¦ ]jü@ô�Ç �̧��H �̂_� $í
|9�[þt�̀¦ ëß�7á¤�<Ê�̀¦ �Ð#���.
s� ���íß�s� (�̂7) �̀¦ ëß�7á¤½+É n_� �¹Ø�æìכ��9r�̧|	��̀¦ ¹1Ô����.

s�]j �̂ 0A\� í�H"f\�¦ Òqty��
��9 
���HX<, s�\�¦ [O�"î

�l� 0A
�#� ��6£§

õ� °ú s� �ª�Ãº����H >h¥Æ��̀¦ �̧{9�ô�Ç��. �̂ F _� ÂÒì�r|9�½+Ë S\� @/
�#� |9�

½+Ë −S\�¦

−S = {−a : a ∈ S}

�Ð &ñ
_�
���.

�̂ F \� q�#Q e��t� ·ú§�Ér ÂÒì�r|9�½+Ë P �� �>rF�
�#� ��6£§

(í�H1) a, b ∈ P =⇒ a + b, ab ∈ P ,

(í�H2) F = P ∪ {0} ∪ (−P ),

(í�H3) |9�½+Ë P , {0} x9� −P ��H "f�Ð�ès���
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õ� °ú �Ér $í
|9��̀¦ ��t���� s�\�¦ )Ö<"k=i�� 
��¦ P _� "é¶�è\�¦ �è¡¬£�� ô�Ç��.

í�H"f�̂ F _� ¿º "é¶�è a, b ∈ F \� @/
�#�, a− b ∈ P s���� a�� b�Ð�� Ç�

���¦ ú́�
��¦ s�\�¦ a > b ¢̧ ��H b < a�Ð ��H��. y�� &ñ
Ãº a, b, c ∈ Z\� @/


�#� (�̂1) – (�̂6)õ� (�̂8) – (�̂9)�� $í
wn�
��¦, 0 �̀¦ ]jü@ô�Ç �����Ãº ���

�̂_� |9�½+Ë�̀¦ PZ ⊆ Z�� ¿º��� (í�H1) – (í�H3)s� $í
wn�ô�Ç��.

'Ö<<K 2.3.2. Ä»ô�Ç|9�½+Ë(2)
�Ér í�H"f�̂�� |̈c Ãº \O�6£§�̀¦ �Ð#���.

'Ö<<K 2.3.3. í�H"f�̂\� &ñ
_��)a �ª�Ãº |9�½+Ë P �ÐÂÒ'� ��6£§

a ≤ b ⇐⇒ b− a ∈ P <�Ê�Ér a = b (15)

õ� °ú s� &ñ
_�
����, s���H í�H"f�'a>��� H�d�̀¦ �Ð#���.

'Ö<<K 2.3.4. í�H"f�̂ F _� e��_�_� "é¶�è a, b, c ∈ F \� @/
�#� ��6£§�̀¦ �Ð#���.

(��) a ≥ b, a ≤ b =⇒ a = b.
(��) a ≤ b, b ≤ c =⇒ a ≤ c.
(��) a + b < a + c ⇐⇒ b < c.
(��) a > 0, b < c =⇒ ab < ac.
(��) a < 0, b < c =⇒ ab > ac.
(��) a2 ≥ 0, :£¤y� 1 > 0.

(��) 0 < a < b =⇒ 0 <
1

b
<

1

a
.

(��) a, b > 0s���� a2 < b2 ⇐⇒ a < b.

í�H"f�̂ F _� "é¶�è a ∈ F _� �}B60ìḿ |a|\�¦ ��6£§

|a| =

{
a, a ≥ 0,

−a, a < 0.

õ� °ú s� &ñ
_�ô�Ç��. s���H �ïr�Ãº\P��̀¦ s�6 x
�#� z�́Ãº\�¦ ½̈$í
½+É M:\� ×�æ

¹ô�Çכ %i�½+É�̀¦ ô�Ç��.

XNËP� 2.3.1. )Ö<"k=i F q� ��»q�q� 4wH�Ð a, b, c ∈ F ;c 60
�#l ���:?T� )ç�

�·
Â6Ò��.

(2) |9�½+Ë X ü< &h�]X�ô�Ç �����Ãº n = {0, 1, 2, . . . , n− 1} ��s�\� ���éß����<ÊÃº�� e��Ü¼��� X
\�¦Ä»ô�Ç|9�½+Ës���ô�Ç��.Ä»ô�Ç|9�½+Ëõ�Áºô�Ç|9�½+Ë\�@/K�"f��H 3.4]X�\�"f��[jy���ê�r��.



50 ]j 2 �©� Ãº_� �̂>�

(��) |a| ≥ 0T���. �¡Â6Ò, |a| = 0 ⇐⇒ a = 0.

(��) |ab| = |a| |b|.
(��) b ≥ 0T��̂@ |a| ≤ b ⇐⇒ −b ≤ a ≤ b.

(��) ||a| − |b|| ≤ |a± b| ≤ |a|+ |b|.
(��) |a− c| ≤ |a− b|+ |b− c|.

7£x"î
: (��), (��) x9� (��)��H ��0pxô�Ç �̧��H �â
Äº\�¦ ���Ð���Ð ��4R 4�§Ü¼�Ð

+� ~1�>� µ1ß�n= Ãº e����. s�]j, (��)_� :£¤Ãºô�Ç �â
Äº�Ð"f −|a| ≤ a ≤ |a|e��
�̀¦ ·ú� Ãº e���¦ b�� −b\� @/
�#��̧ ��ðøÍ��t�s�Ù¼�Ð

−(|a|+ |b|) ≤ a± b ≤ |a|+ |b|

\�¦ %3��¦, (��)\�¦ ��r� &h�6 x
����

|a± b| ≤ |a|+ |b| (16)

e���̀¦ ·ú� Ãº e����. ÂÒ1pxd�� ||a| − |b|| ≤ |a± b|��H ~½Ó�FK 7£x"î
ô�Ç (16)Ü¼�ÐÂÒ

'� ~1�>� Ä»�̧÷&�¦, (��)��H (��)\�"f ���Ð ���:r��. �

'Ö<<K 2.3.5. &ñ
o� 2.3.1_� (��), (��), (��) x9� (��)_� 'Í	P: ÂÒ1pxd���̀¦ 7£x"î

�
#���.

s�]j, (�̂7)��t� $í
wn�
��̧2�¤ ‘Ãº’_� #3�0A\�¦ V,�y��¦�� 
���HX<, s���H

NSl�\�¦ 
�l� 0A
�#� �����Ãº\�¦ &ñ
Ãº�Ð SX��©�
���H õ�&ñ
õ� q�5pw
���. |9�½+Ë

Z× (Z \ {0})\� ��6£§

(a, b) ∼ (c, d) ⇐⇒ ad = cb (17)

õ� °ú s� �'a>�\�¦ &ñ
_�
����, s���H Z× (Z \ {0})_� 1lxu��'a>��� �)a��. |9�½+Ë

Z × (Z \ {0})/∼ �̀¦ Q�� æ¼�¦, Q_� y�� "é¶�è\�¦ ­¤P�¬£�� ÂÒ�Ér��. #�l�

"f�̧, y�� Ä»o�Ãº\�¦ ����?/��H 1lxu�ÀÓ [(a, b)]\�¦ Õªzª� [a, b]�Ð ��H��. s�]j,

�8
�l�ü< Y�L
�l�\�¦

[a, b] + [c, d] = [ad + cb, bd], [a, b] · [c, d] = [ac, bd] (18)
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�� &ñ
_�ô�Ç��. ëß�{9� y�� a ∈ Z\� @/
�#� a∗ = [a, 1]s��� æ¼��� 0∗õ� 1∗�Ér

y��y�� �8
�l�ü< Y�L
�l�\� @/ô�Ç �½Ó1px"é¶s� �)a��.

'Ö<<K 2.3.6. �'a>� (17)s� 1lxu��'a>�e���̀¦ �Ð#���. &ñ
_� (18)s� ú̧� &ñ
_�÷&#Q
e��6£§�̀¦ �Ð#���. Ä»o�Ãº ����̂_� |9�½+Ë Q�� �̂e���̀¦ �Ð#���.

|9�½+Ë PZ�� (í�H2), (í�H3) �̀¦ ëß�7á¤
�Ù¼�Ð, |9�½+Ë Z × (Z \ {0})_� �̧��H
"é¶�è��H

{0}× (Z \ {0}), PZ ×PZ, PZ × (−PZ), (−PZ)×PZ, (−PZ)× (−PZ)

�Ð ì�r½+É�)a��. Õª���X<, e��_�_� (a, b) ∈ Z × (Z \ {0})\� @/
�#� (a, b) ∼
(−a,−b)s�Ù¼�Ð, e��_�_� Ä»o�Ãº��H ��6£§ [j |9�½+Ë

{0} × PZ, PZ × PZ, (−PZ)× PZ

\� 5Åq
���H "é¶�è[þt�̀¦ @/³ð"é¶Ü¼�Ð 
���H 1lxu�ÀÓ\� _�
�#� ���&ñ
�)a��. s�]j

PQ = {[a, b] : (a, b) ∈ PZ × PZ}

�� &ñ
_�
����, (í�H2), (í�H3) �̀¦ ëß�7á¤ô�Ç��. ¢̧ô�Ç, PZ�� (í�H1) �̀¦ ëß�7á¤
�Ù¼

�Ð, &ñ
_� (18)\� _�
�#� {©����y� PQ �̧ (í�H1) �̀¦ ëß�7á¤ô�Ç��. ����"f, Q��H

í�H"f�̂e���̀¦ ·ú� Ãº e���¦, (15)\� _�
�#� í�H"f�'a>��� ÅÒ#Q�����.

'Ö<<K 2.3.7. e��_�_� [a, b], [c, d] ∈ Q\� @/
�#�

[a, b] ≥ [c, d] ⇐⇒ abd2 ≥ cdb2

s� $í
wn��<Ê�̀¦ �Ð#���.

�<ÊÃº a 7→ a∗ = [a, 1] : Z → Q�� éß����<ÊÃºe���Ér ��"î

���. ¢̧ô�Ç, ��

6£§ $í
|9�[þt

(a + b)∗ = a∗ + b∗

(ab)∗ = a∗b∗

a ≥ b ⇐⇒ a∗ ≥ b∗

s� $í
wn�
�Ù¼�Ð, �8
�l�, Y�L
�l� x9� í�H"f\� �'aô�Ç ô�Ç Z�Ér Q_� ÂÒì�r|9�½+Ë

Ü¼�Ð Òqty��½+É Ãº e����. s�]jÂÒ'�, Ä»o�Ãº [a, b]\�¦ Õªzª�
a

b
�� ��H��.
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e��_�_� í�H"f�̂ F ��H �8
�l�ü< Y�L
�l�\� �'aô�Ç �½Ó1px"é¶ 0õ� 1 �̀¦ �����

��. &ñ
o� 2.1.2\�¦ &h�6 x
���� ��6£§ $í
|9�

γ(0) = 0

γ(n + 1) = γ(n+) = γ(n) + 1, n ∈ N

�̀¦ ëß�7á¤
���H �<ÊÃº γ : N → F �� Ä»{9�
�>� �>rF�ô�Ç��. #�l�"f ýa���_� �8


�l���H N\�"f &ñ
_��)a �8
�l�s��¦, Äº���_� �8
�l���H í�H"f�̂ F _� �8
�

l�s���.:£¤y�,Äº���_� 0õ� 1�Érí�H"f�̂ F _��8
�l�ü<Y�L
�l�\��'aô�Ç�½Ó

1px"é¶s���. s�]j,

γ(n + m) = γ(n) + γ(m), γ(nm) = γ(n)γ(m), m, n ∈ N (19)

s� $í
wn��<Ê�̀¦ �Ðs���. ���$� m = 0s���� {©����
���. ëß�{9� m ∈ N\� @/
�

#� $í
wn�ô�Ç�����

γ(n + m+) = γ((n + m)+) = γ(n + m) + 1

= γ(n) + γ(m) + 1 = γ(n) + γ(m+)

s�Ù¼�Ð, e��_�_� m,n ∈ N\� @/
�#� (19)_� 'Í	P: d��s� $í
wn�ô�Ç��. ÑütP:

d�� %i�r� m = 0s���� {©����
��¦, )
±ú�ZO� ��&ñ
\� _�
�#�

γ(nm+) = γ(nm + n) = γ(nm) + γ(n)

= γ(n)γ(m) + γ(n) = γ(n)[γ(m) + 1] = γ(n)γ(m+)

�� ÷&#Q 7£x"î
�)a��. ¢̧ô�Ç, e��_�_� í�H"f�̂\�"f 0 < 1s�Ù¼�Ð 1 ∈ PF s���.

ëß�{9� γ(n) ∈ PF s���� γ(n+) = γ(n) + 1 ∈ PF �� ÷&#Q ��6£§

γ(n) ∈ PF , n = 1, 2, . . . (20)

s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. =åQÜ¼�Ð γ : N → F �� éß����<ÊÃºe���̀¦ �Ðs���.

s�\�¦ 0A
�#� n > m, γ(n) = γ(m)s��� ��&ñ

���. Õª�Q��� n = m + k���

k ∈ N \ {0}\�¦ ú̧��̀¦ Ãº e���¦,

γ(k) = [γ(m) + γ(k)]− γ(m) = γ(m + k)− γ(m) = γ(n)− γ(m) = 0
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���X<, s���H (20)\� �̧í�Hs���. ����"f, γ : N → F ��H (19)ü< (20) �̀¦ ëß�

7á¤
���H éß����<ÊÃºs���.

s�]j, N ⊂ Z ⊂ Qe���̀¦ %i�¿º\� ¿º�¦, �<ÊÃº γ : N → F _� &ñ
_�%i��̀¦ Q

\� SX��©�
���. ���$�, �<ÊÃº γ : Z → F \�¦

γ(n) = γ(n), γ(−n) = −γ(n), n ∈ N

s���&ñ
_�ô�Ç��.¿º�<ÊÃº γ : N → F ü< γ : Z → F ��HÕª�<ÊÃº°úכs� N0A\�

"f{9�u�
�Ù¼�Ð,°ú �Érl� ñ\�¦��6 xK��̧Áº~½Ó
���.��ðøÍ��t��Ð γ : Q → F

\�¦ ��6£§

γ
(a

b

)
=

γ(a)
γ(b)

, (a, b) ∈ Z× (Z \ {0})

õ� °ú s� &ñ
_�ô�Ç��. s�XO�>� &ñ
_��)a �<ÊÃº γ : Q → F �� ]X� &ñ
_�÷&#Q e��

�¦, (19)ü< (20) �̀¦ ëß�7á¤
���H éß����<ÊÃº�� H�d�Ér y���� ¶ú�(R �Ðl� ��êøÍ��.

XNËP� 2.3.2. ��»q�q� )Ö<"k=i F ;c 60
�#l ���:? )ç�H�B

(��) ��»q�q� r, s ∈ Q;c 60
�#l

γ(r + s) = γ(r) + γ(s), γ(rs) = γ(r)γ(s)

�� )ç��·
Â6Ò��,

(��) γ(PQ) = γ(Q) ∩ PF T���

Ãç> ¹ÿ�ø¶;
�¤�< ·ÿ����ÈÕ¬£ γ : Q → F �� ­¤G�B
�4� +í<<�Â6Ò��.

'Ö<<K 2.3.8. &ñ
o� 2.3.2_� 7£x"î
�̀¦ ��Áºo�
�#���. ¢̧ô�Ç F _� Y�L
�l�\� �'aô�Ç
�½Ó1px"é¶�̀¦ 1F s��� ¿º���, e��_�_� r ∈ Q\� @/
�#� γ(r) = r · 1F e���̀¦ �Ð#���.

&ñ
o� 2.3.2��H e��_�_� í�H"f�̂ F �� Ä»o�Ãº�̂ Q\�¦ �í�<Ê½+É ÷�r ��m���

¿º í�H"f�̂_� ���íß�õ� í�H"f\�¦ ½̈Z>�½+É ��¹כ��9 \O�6£§�̀¦ ú́�K� ï�r��. ·ú¡Ü¼�Ð

í�H"f�̂ F \� @/
�#� �7H_�
���H �â
Äº Õª îß�\� Ä»o�Ãº�̂�� e����H �,Ü¼�Ð	כ

7£¤, Q ⊂ F ��� �Ü¼�Ð	כ çß�ÅÒô�Ç��.
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XNËP� 2.3.3. )Ö<"k=i F ;c 60
�#l ���:?ª�< ò6BV�T���.

(��) x > 0T��̂@ x >
1
n
->	 ��a:@¬£ n = 1, 2, . . . T� +í<<�Â6Ò��.

(��) y > 0T��̂@ y < n->	 ��a:@¬£ n = 1, 2, . . . T� +í<<�Â6Ò��.

(��) �·
Öכ� N (⊂ F )ª�< a�}¹ ­¤4��� ��N���.

(��) ��»q�q� x, y > 0;c 60
�#l y < nx¿ì> ¹ÿ�ø¶;
�¤�< ��a:@¬£ n ∈ NT�

+í<<�Â6Ò��.

í�H"f�̂ F ��0A"î
]j_�1lxu� �̧|	�[þt�̀¦ëß�7á¤
������À�W�8K62Ã�(3)
)ç�

H�B�̀¦ ëß�7á¤ô�Ç���¦ ú́�ô�Ç��.

'Ö<<K 2.3.9. &ñ
o� 2.3.3 �̀¦ 7£x"î

�#���.

XNËP� 2.3.4. ­¤P�¬£=i¤�< ��À�W�8K62Ã� )ç�H�BÃç> ¹ÿ�ø¶;Â6Ò��.

7£x"î
: ëß�{9� m,n ∈ PZs����
n

m
< 2ns���. �

2.4. PLPLí�>çÃâ�
í5�ø� ��
ÊÁ

s�]j, Ä»o�Ãº�ÐÂÒ'� z�́Ãº\�¦ ½̈$í

�#� �Ð��. Ä»o�Ãº[þt_� |9�½+Ë α ⊂ Q

�� ��6£§ $í
|9�[þt

(]X�1) α 6= ∅, α 6= Qs���,

(]X�2) ëß�{9� p ∈ α, q ∈ Q, q < ps���� q ∈ αs���,

(]X�3) ëß�{9� p ∈ αs���� p < r��� r ∈ α�� �>rF�ô�Ç��

�̀¦ ëß�7á¤
����, s�\�¦ 62620>	È�(4)
�}B·ÿ� <�Ê�Ér Õªzª� �}B·ÿ�s��� ô�Ç��. X<X<���

àÔ]X�éß� ����̂_� |9�½+Ë�̀¦ Rs��� æ¼�¦, s� |9�½+Ë_� "é¶�è, 7£¤ X<X<���àÔ]X�éß�

(3) Archimedes (287∼212 B.C.). ��ØÔv�BjX<Û¼ $í
|9��̀¦ ëß�7á¤
�t� ·ú§��H í�H"f�̂_� \V\�¦
·ú��¦ z�·�Ér s���H �ÃÐ�¦ë�H��³ [27], 2.5]X�_� ���_þvë�H]j 8∼10��� <�Ê�Ér [15], 1�©��̀¦ �ÃÐ�̧

���.

(4) Julius Wihelm Richard Dedekind (1831∼1916), 1lq{9� Ãº�<Æ��. Göttingen\�"f �<Æ
0A\�¦ ~ÃÎ�Ér Êê, 2[o�y� x9� 1lq{9� ×�æÂÒ_� Braunschweig1px\�"f �Ö̧1lx
�%i���.
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�̀¦ F�B¬£�� ÂÒ�Ér��. e��_�_� r ∈ Q\� @/
�#�

r∗ = {p ∈ Q : p < r}

�Ér ]X�éß�s���.

'Ö<<K 2.4.1. e��_�_� r ∈ Q\� @/
�#� r∗�� ]X�éß�e���̀¦ �Ð#���.

|ºM� 1. |9�½+Ë

α = {p ∈ Q : p ≤ 0} ∪ {p ∈ Q : 0 < p, p2 < 2}

�Ér ]X�éß�s���. Äº��� 0 ∈ α, 2 /∈ αe���Ér ���Ð SX����½+É Ãº e����. ��6£§Ü¼�Ð

q < p ∈ α{9� M:, q ≤ 0s���� {©����y� q ∈ αs��¦, 0 < q < ps��¦ p2 < 2

s���� q2 < 2e���̀¦���ÐSX����½+ÉÃºe��Ü¼Ù¼�Ð q ∈ αs���.s�]j (]X�3) �̀¦�Ð

s�l� 0A
�#� p ∈ α\�¦ ×þ�
���. ëß�{9� p ≤ 0s���� p < 1 ∈ αs�Ù¼�Ð 0 < p,

p2 < 2�� ��&ñ

��¦, &ñ
o� 2.3.4\�¦ &h�6 x
�#�
1
n

(2p + 1) < 2 − p2
��� ��

���Ãº n �̀¦ ú̧���. Õª�Q���(
p +

1
n

)2

≤ p2 +
2
n

p +
1
n

< 2

�� ÷&#Q"f p +
1
n
∈ αs��¦, α��H ]X�éß�e���̀¦ ·ú� Ãº e����.

s�]j, #Q�"� r ∈ Q\� @/
�"f�̧ α 6= r∗e���̀¦ �Ðs���. s�\�¦ 0A
�#�

α = r∗��� Ä»o�Ãº r ∈ Q�� e�����¦ ��&ñ

���. ëß�{9� r2 < 2s���� 0A\�"f

¶ú�(R�:r ��ü< °ú s�

(
r +

1
n

)2

< 2��� �����Ãº n ∈ M �̀¦ ú̧��̀¦ Ãº e����. Õª

�Q��� r+
1
n
∈ αs�t�ëß� r+

1
n

/∈ r∗s�#Q"f �̧í�Hs���.s����\���H r2 > 2��

��&ñ

���. Õª�Q��� ��ðøÍ��t� ~½ÓZO�Ü¼�Ð
(

r − 1
m

)2

> 2��� �����Ãº m ∈ N

�̀¦ ú̧��̀¦ Ãº e����. Õª�Q��� r− 1
m

/∈ αs�t�ëß� r− 1
m
∈ r∗�� ÷&#Q"f ��r�

�̧í�Hs���. ����"f r2 = 2���X<, s��Qô�Ç Ä»o�Ãº�� �>rF�
�t� ·ú§��H����H �	כ

�̀¦ ·ú��¦ e����. �
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'Ö<<K 2.4.2. �ª�_� Ä»o�Ãº r ∈ PQ�� r2 > 2s����

(
r − 1

m

)2

> 2��� �����Ãº

m ∈ Ns� �>rF��<Ê�̀¦ �Ð#���.

]X�éß� α\� @/
�#� αc = Q \ α�� ¿º���, ��6£§

p ∈ α, q ∈ αc =⇒ p < q, r ∈ αc, r < s =⇒ s ∈ αc

s� $í
wn�ô�Ç��. ����"f, ¿º |9�½+Ë α, αc
��H Q\�¦ Ãºf����� 0A_� &h�[þt�Ð Òqty��


���� ‘¢,aAá¤’õ� ‘�̧�ÉrAá¤’Ü¼�Ð ì�r½+Éô�Ç��. s� M:, ¢,aAá¤ |9�½+Ë�Ér (]X�3)\� _�


�#� þj@/°ú̀�כ¦ ��t�t� ·ú§��H �Ü¼�Ð	כ çß�ÅÒô�Ç��.

s�]j, ¿º ]X�éß� α, β\� @/
�#�

α ≤ β ⇐⇒ α ⊂ β

Ü¼�Ð&ñ
_�
����í�H"f�'a>�\�¦%3���H��.Óüt�:r,#�l�"f�̧ α ≤ βs����"f α 6= β

s���� α < β�� ��H��. ëß�{9� α ⊂ βs� ��m����, p /∈ β��� p ∈ α�� �>rF�ô�Ç

��. ëß�{9� q ∈ βs���� p /∈ β�ÐÂÒ'� q < pe���̀¦ ·ú� Ãº e���¦, ����"f q ∈ α

s���. 7£¤, α ⊂ βs� ��m���� β ⊂ α�� ÷&Ù¼�Ð, ¿º ]X�éß� α, β�� ÅÒ#Qt����

α ≤ β <�Ê�Ér α ≥ β�� $í
wn��<Ê�̀¦ ·ú� Ãº e����. ����"f, ��6£§ "î
]j�� 7£x"î


÷&%3���.

XNËP� 2.4.1. ��»q�q� F�B¬£ α, β ∈ R;c 60
�#l ���:?

α > β, α = β, α < β

ï̂B Â6Ò 'å�<K�� )ç��·

�z�, �¡Â6Ò £̈ 'å�<K�� ò6BS�;c )ç��·

�U� óm¬¤�<��.

·ú¡Ü¼�Ð,

PR = {α ∈ R : α > 0∗}

s��� é�H��. &ñ
o� 2.4.1�Ér (í�H2)x9� (í�H3)s� $í
wn��<Ê�̀¦ ú́�K� ï�r��.
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XNËP� 2.4.2. R�#e ���U� óm¬ª�< �·
Öכ� A ⊂ R�� a�}¹ ­¤4�T��̂@ A¤�< �ç¡Â6Ò

Ãç> ��.>	��.

7£x"î
: q�#Q e��t� ·ú§�Ér |9�½+Ë A ⊂ R�� 0A�Ð Ä»>�{9� M:, α =
⋃
{β ∈ A}

�� A_� �©�ô�Çe���̀¦ �Ðs��9 ô�Ç��. ���$�, α ⊂ Q�� ]X�éß�e���̀¦ �Ðs���. Äº���,

β ∈ A\�¦ 
��� ú̧�Ü¼��� α ⊃ β 6= ∅s��¦, A_� �©�>� γ ∈ R �̀¦ 
��� ú̧�Ü¼

��� α ⊂ γ ( Qs���. ëß�{9� p ∈ αs���� p ∈ β��� β ∈ A�� �>rF�ô�Ç��. ëß�{9�

q < ps���� q ∈ β ⊂ αs�Ù¼�Ð (]X�2)�� 7£x"î
�)a��. ëß�{9� p < q��� q ∈ β\�¦

ú̧�Ü¼��� q ∈ αs�Ù¼�Ð (]X�3)%i�r� 7£x"î
÷&�¦, ����"f α ∈ Rs���.

s�]j α�� A_� �©�>�e���Ér ��"î

���. ëß�{9� δ < αs���� δ ( αs�Ù¼�Ð

r ∈ α \ δ\�¦ ú̧��̀¦ Ãº e����HX<, r ∈ α�ÐÂÒ'� r ∈ β��� β ∈ A�� �>rF�ô�Ç��.

Õª�Q��� r ∈ βs��¦ r /∈ δs�Ù¼�Ð β � δs��¦, &ñ
o� 2.4.1\� _�
�#� δ < β

�� $í
wn�ô�Ç��. Õª���X< β ∈ As�Ù¼�Ð, s���H δ�� A_� �©�ô�Çs� ��_���̀¦ >pwô�Ç

��. ����"f δ�� A_� �©�ô�Çs���� δ ≥ αs�#Q�� 
��¦, s���H α�� A_� þj�è

�©�>�e���̀¦ ú́�K� ï�r��. �

s�]j, í�H"f|9�½+Ë R\� ���íß��̀¦ &ñ
_�½+É 	�YVs���. ���$� α, β ∈ R\� @/


�#�

α + β = {s + t ∈ Q : s ∈ α, t ∈ β} (21)

s��� &ñ
_�ô�Ç��. ���$�, α + β ∈ Re���̀¦ �Ðs���HX<, α + β 6= ∅e���Ér ��"î

�
��. ëß�{9� u /∈ α, v /∈ βs���� e��_�_� s ∈ α, t ∈ β\� @/
�#� u + v > s + t

���X<, s���H e��_�_� r ∈ α + β\� @/
�#� u + v > rêøÍ ú́�s���. ����"f

u+v /∈ α+βs��¦, α+β ( Qs���.s�]j, (]X�2)ü< (]X�3) �̀¦�Ðs�l�0A
�

#� p ∈ α+β��
���.Õª�Q��� p = s+t (éß�, s ∈ α, t ∈ β)s���.ëß�{9� q < p

s���� q− t < s, s ∈ α\�"f q− t ∈ α��$í
wn�
��¦, q = (q− t)+ t ∈ α+β

s�Ù¼�Ð (]X�2)�� 7£x"î
�)a��. ëß�{9� s < r��� r ∈ α �̀¦ ú̧�Ü¼��� p < r + ts�

�¦, r + t ∈ α + βs�Ù¼�Ð (]X�3)s� 7£x"î
÷&%3���.

'Ö<<K 2.4.3. ���íß� (21)\� @/
�#� ���½+ËZO�gË: (�̂1)õ� �§8̈�ZO�gË: (�̂4)�� $í
wn�
�<Ê�̀¦ �Ð#���.



58 ]j 2 �©� Ãº_� �̂>�

s�]j, 0∗ ∈ R�� �8
�l�\� �'aô�Ç �½Ó1px"é¶s� H�d�̀¦ �Ðs���. s�\�¦ 0A
�

#� e��_�_� α ∈ R\� @/
�#� α + 0∗ = αe���̀¦ �Ðs���� �)a��. ���$� r ∈ α,

s ∈ 0∗s���� r + s < rs�Ù¼�Ð r + s ∈ αs��¦, ����"f α + 0∗ ⊂ αe���̀¦

·ú� Ãº e����. ëß�{9� p ∈ αs���� p < r��� r ∈ α\�¦ ×þ�½+É Ãº e����. Õª�Q���

p− r ∈ 0∗s�Ù¼�Ð p = r + (p− r) ∈ α + 0∗s� ÷&#Q, α ⊂ α + 0∗e���̀¦ ·ú�

Ãº e����.

ëß�{9� α > 0∗s���� p ∈ α \ 0∗ �̀¦ ×þ�½+É Ãº e����. s���H 0 ≤ p, p ∈ α\�¦

>pw
�Ù¼�Ð 0 ∈ αe���̀¦ ·ú� Ãº e����. %i�Ü¼�Ð, 0 ∈ αs���� p < 0 =⇒ p ∈ α

���X<, s���H 0∗ < αe���̀¦ >pwô�Ç��. ����"f, ��6£§

0∗ < α ⇐⇒ 0 ∈ α

�̀¦ %3���H��. s��ÐÂÒ'�, (í�H1)_� 'Í	P:"î
]j��H ���Ð ���:r��.

ô�Ç¼#�, �8
�l�\� �'aô�Ç %i�"é¶s� e��6£§�̀¦ �Ðs�l� 0A
�#�, y�� α ∈ R\� @/


�#�

β = {p ∈ Q : r > p, −r /∈ α ��� r ∈ Q s� �>rF�ô�Ç��}

�� ¿º�¦, β ∈ Rõ� α + β = 0∗e���̀¦ �Ðs���. ���$� s ∈ Q \ α\�¦ ×þ�
��¦

p < −s��� p ∈ Q\�¦ ×þ�
���� p ∈ βs���. ¢̧ô�Ç, q ∈ α\�¦ ×þ�
����

r > −q =⇒ −r < q =⇒ −r ∈ α

s�Ù¼�Ð −q /∈ βs���. s�]j, p ∈ β�� 
��¦ r > p, −r /∈ α��� r ∈ Q\�¦ ú̧�

��. ëß�{9� q < ps���� r > q, −r /∈ αs�Ù¼�Ð q ∈ βs���. ëß�{9� s =
p + r

2
�� ¿º��� r > s, −r /∈ αs�Ù¼�Ð s ∈ βs��¦, p < ss�Ù¼�Ð β�� ]X�éß�e��s�

7£x"î
÷&%3���.

ëß�{9� q ∈ α, p ∈ βs���� r > p, −r /∈ α��� r ∈ Q\�¦ ú̧��̀¦ Ãº e����.

Õª�Q��� q ∈ α,−r /∈ α�ÐÂÒ'� q < −r �̀¦ %3���H��. ����"f, −(q + p) =

(r − p) + (−r − q) > 0s��¦ q + p < 0 �̀¦ %3�#Q"f, α + β ⊂ 0∗e��s� 7£x"î


÷&%3���. =åQÜ¼�Ð 0∗ ⊂ α + βe���̀¦ �Ðs���. s�\�¦ 0A
�#� s ∈ 0∗\� @/
�#�
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t =
−s

2
> 0s��� 
��¦

A = {n ∈ Z : nt ∈ α}

�� ¿º��. ëß�{9� A�� 0A�Ð Ä»>��� ��m��� ��&ñ

���. Õª�Q��� &ñ
o� 2.3.4

\�¦ &h�6 x
�#� e��_�_� q ∈ Q\� @/
�#� q < mt��� m ∈ N �̀¦ ú̧��̀¦ Ãº e��

��. Õª���X< m�Ér A_� �©�>��� ��m�Ù¼�Ð m < n��� n ∈ A�� �>rF�ô�Ç��.

���²DG, q < nts��¦, nt ∈ αs�Ù¼�Ð q ∈ αs��¦, ����"f α = Q�� ÷&#Q

"f �̧í�Hs���. Õª�QÙ¼�Ð A��H 0A�Ð Ä»>�s� 9, &ñ
o� 2.1.4\� _�
�#� þj

@/ "é¶�è n0 ∈ A\�¦ �������. 7£¤, n0t ∈ αs��¦ (n0 + 1)t /∈ αs���. s�]j

r = s−n0t = −(n0+2)t��¿º��.Õª�Q��� −(n0+1)t > rõ� (n0+1)t /∈ α

�ÐÂÒ'� r ∈ βe���̀¦ ·ú�>� �)a��. ����"f, s = n0t + r ∈ α + βs���. ���²DG,

α + β = 0∗e��s� 7£x"î
÷&%3�Ü¼Ù¼�Ð β��H α_� %i�"é¶s��¦, ·ú¡Ü¼�Ð��H −α�Ð

æ¼l��Ð ô�Ç��.

s�]j, z�́Ãº_� Y�L
�l�\�¦ &ñ
_�
���HX<, ���$� �ª�Ãº α, β ∈ PR\� @/
�#�

&ñ
_�
���. e��_�_� α, β ∈ PR\� @/
�#�

αβ = {p ∈ Q : p ≤ rs ��� r ∈ α ∩ PQ, s ∈ β ∩ PQ �� �>rF�ô�Ç��}

�Ð &ñ
_�ô�Ç��.

'Ö<<K 2.4.4. e��_�_� α, β ∈ PR\� @/
�#�

αβ = 0∗ ∪ {rs : 0 ≤ r ∈ α, 0 ≤ s ∈ β}

e���̀¦ �Ð#���.

���$� αβ�� ]X�éß�e���̀¦ �Ðs���. Äº��� 0 ∈ α, 0 ∈ βs�Ù¼�Ð 0 ∈ αβs�

��. ¢̧ô�Ç, u /∈ α, v /∈ βs���� uv /∈ αβs���. z�́]j�Ð e��_�_� s ∈ α, t ∈ β

\� @/
�#� s < u, t < vs�Ù¼�Ð st < uvs��¦, ����"f (]X�1)s� 7£x"î
�)a��.

(]X�2)ü< (]X�3) ¢̧ô�Ç &ñ
_�\� _�
�#� ��"î

���. ����"f αβ ∈ Rs��¦, :£¤

y� (í�H1)_� ÑütP: "î
]j�� 7£x"î
÷&%3���. s�]j, y�� α, β ∈ R\� @/
�#� ��6£§
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αβ =


0∗, α = 0∗ <�Ê�Ér β = 0∗

−(−α)β, α ∈ −PR, β ∈ PR

−α(−β), α ∈ PR, β ∈ −PR

(−α)(−β), α ∈ −PR, β ∈ −PR

õ� °ú s� &ñ
_�ô�Ç��.

'Ö<<K 2.4.5. |9�½+Ë R\�&ñ
_��)a�8
�l�ü<Y�L
�l�\�@/
�#� (�̂5), (�̂8), (�̂9)
�� $í
wn��<Ê�̀¦ �Ð#���. [�̧¹¡§ú́�: ���$� PR_� "é¶�è[þt\� @/
�#� 7£x"î
ô�Ç��.]

'Ö<<K 2.4.6. y�� z�́Ãº α ∈ R\� @/
�#� α1∗ = 1∗α = αe���̀¦ �Ð#���. ¢̧ô�Ç,
0∗ < 1∗e���̀¦ �Ð#���.

s�]j, Y�L
�l�\� �'aô�Ç %i�"é¶_� �>rF�\�¦ �Ðs���� Rs� í�H"f�̂e���̀¦ 7£x"î



���H õ�&ñ
s� �̧¿º =åQèß���. y�� α ∈ PR\� @/
�#�

γ = 0∗ ∪ {0} ∪ {q ∈ PQ : r > q,
1
r

/∈ α ��� r ∈ PQ s� �>rF�ô�Ç��} (22)

�� &ñ
_�ô�Ç��.

'Ö<<K 2.4.7. (22)\�"f &ñ
_��)a γ�� ]X�éß�e���̀¦ �Ðs��¦, αγ = 1∗e���̀¦ �Ð#���.

s�]j, y�� α ∈ −PR\� @/
�#�

α

(
− 1
−α

)
= −α

(
1
−α

)
= (−α)

(
1
−α

)
= 1

s�Ù¼�Ð, α 6= 0��� α ∈ R��H Y�L
�l�\� �'aô�Ç %i�"é¶�̀¦ �������.

����:r&h�Ü¼�Ð, s� ]X�\�"f ½̈$í
ô�Ç |9�½+Ë R�Ér &ñ
o� 2.4.2\�¦ ëß�7á¤
���H í�H

"f�̂e���̀¦ 7£x"î

�%i���. ��t�}��Ü¼�Ð, e��_�_� r, s ∈ Q\� @/
�#� ��6£§ $í


|9�[þt

r = s ⇐⇒ r∗ = s∗

(r + s)∗ = r∗ + s∗

(rs)∗ = r∗s∗

r ∈ PQ ⇐⇒ r∗ ∈ PR

(23)

s� $í
wn��<Ê�̀¦ �Ðs���HX<, s���H

r 7→ r∗ : Q → R
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s� ���íß�õ� í�H"f\�¦ �Ð�>r
���H éß����<ÊÃºe���̀¦ ú́�ô�Ç��.

2.5. �ók�ÊÁá~
ø� ��
ÊÁ

�����Ãº|9�½+Ë N\�"f |9�½+Ë X�Ð ����H �<ÊÃº x : N → X\�¦ X_� ¬£�~xs�

�� ÂÒ�Ér��. í�H"f�̂ F _� Ãº\P� x : N → F ü< a ∈ F �� ÅÒ#Q4R e���̀¦ M:,

e��_�_� e ∈ PF \� @/
�#� ��6£§ $í
|9�

i ≥ N =⇒ |x(i)− a| < e

�̀¦ ëß�7á¤
���H �����Ãº N ∈ Ns� �>rF�
����, x�� a ∈ F �Ð ¬£&9�ô�Ç���¦ ú́�

ô�Ç��. ¢̧ô�Ç, e��_�_� e ∈ PF \� @/
�#� ��6£§ $í
|9�

i, j ≥ N =⇒ |x(i)− x(j)| < e

�̀¦ ëß�7á¤
���H �����Ãº N s� �>rF�
����, x\�¦ �ØS�(5)¬£�~xs��� ÂÒ�Ér��. :£¤

y�, Ä»o�Ãº_� �ïr�Ãº\P��̀¦ M�(è<�~xs��� ÂÒ�Ér��. e��_�_� Ä»o�Ãº r ∈ Q\�

@/
�#�

r∗(i) = r, i ∈ N

s��� &ñ
_�
���� r∗��H {©����y� l��:r\P�s���. =åQÜ¼�Ð, í�H"f�̂ F _� Ãº\P� x

\� @/
�#� ��6£§ $í
|9�

|x(i)| ≤ M, i ∈ N

�̀¦ ëß�7á¤
���H M ∈ F �� e��Ü¼���, s���H ­¤4�¬£�~xs��� ô�Ç��.

'Ö<<K 2.5.1. í�H"f�̂ F _� Ãº\P� x : N → F �� Ä»>�{9� �¹Ø�æìכ��9r�̧|	��Ér |9�½+Ë
{x(i) ∈ X : i ∈ N}s� 0A�Ð Ä»>�s��¦ 1lxr�\� ��A��Ð Ä»>�e���̀¦ �Ð#���.

(5) Augustin Louis Cauchy (1789∼1857), áÔ|½ÓÛ¼ Ãº�<Æ��. "é¶A�, �Ð3lq/BN�<Æ�̀¦ ���/BN
�

�9 
�%i�Ü¼��, École Polytechnique_� ��e�¦��Û¼ 1pxs� �Ý¶
�#� Ãº�<Æ�̀¦ 
�>� ÷&%3���.
1816�̧�ÂÒ'� École Polytechnique_� �§Ãº�Ð e��Ü¼���"f Ãºú́§�Ér �7Hë�Hõ� $�����̀¦ z�����
Ü¼��, 1830�̧� +À:"î
 s�Êê &ñ
u�&h���� s�Ä»(M�g{©���)�Ð k%z�� ��l��̧ Ùþ¡���� 1848�̧� 4�¤
)

�%i���. Õª\� �'aô�Ç ���l��Ð [9]1pxs� e����.
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XNËP� 2.5.1. )Ö<"k=i F q� ¬£�~x x : N → F �� ¬£&9�
��̂@ �ØS�¬£�~xT���.

�¡Â6Ò ��»q�q� �ØS�¬£�~xª�< ­¤4�T���.

7£x"î
: x : N → F �� a ∈ F �Ð Ãº§4�
��¦,

i ≥ N =⇒ |x(i)− a| < e

2

��� �����Ãº N �̀¦ ú̧���. Õª�Q���, e��_�_� i, j ≥ N \� @/
�#�

|x(i)− x(j)| ≤ |x(i)− a|+ |x(j)− a| < e

2
+

e

2
= e

�� ÷&#Q, x��H �ïr�Ãº\P�s���. s�]j x�� �ïr�Ãº\P�s��� ��&ñ

��¦,

i, j ≥ N =⇒ |x(i)− x(j)| < 1

��� �����Ãº N ∈ N �̀¦ ú̧���. Õª�Q���, e��_�_� �����Ãº i ≥ N \� @/
�#�

|x(i)− x(N)| < 1s�Ù¼�Ð, |x(i)| ≤ |x(N)|+ 1e���̀¦ ·ú� Ãº e����. s�]j,

M = sup{|x(0)|, |x(1)|, . . . , |x(N − 1)|, |x(N)|+ 1}

s��� ¿º���, e��_�_� i ∈ N\� @/
�#� |x(i)| ≤ M s���. �

¿º l��:r\P� α, β : N → Q�� ÅÒ#Q4R e�����¦ 
���. e��_�_� Ä»o�Ãº

e > 0\� @/
�#�

i ≥ N =⇒ |α(i)− β(i)| < e

s� $í
wn�
���H �����Ãº N �̀¦ ú̧��̀¦ Ãº e���̀¦ M:, α ∼ β�� &ñ
_�
���. ���$�

α ∼ α x9� α ∼ β =⇒ β ∼ αe���Ér {©����
���. ëß�{9� α ∼ β, β ∼ γs����

i ≥ N1 =⇒ |α(i)− β(i)| < e

2
, i ≥ N2 =⇒ |β(i)− γ(i)| < e

2

��� �����Ãº N1, N2\�¦ ú̧��̀¦ Ãº e����. ����"f N = sup{N1, N2}�� ¿º���,

e��_�_� i ≥ N \� @/
�#�

|α(i)− γ(i)| ≤ |α(i)− β(i)|+ |β(i)− γ(i)| < e

2
+

e

2
= e
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s�Ù¼�Ð α ∼ γe���̀¦ ·ú� Ãº e����. ����"f, ~½Ó�FK &ñ
_�ô�Ç �'a>� ∼��H l��:r\P�
����̂_� |9�½+Ë F_� 1lxu��'a>��� �)a��. s�]j, F/∼ �̀¦ R�Ð ³ðr�
��¦, s�

]��|9�½+Ë_� "é¶�è[þt�̀¦ z�́Ãº�� ÂÒ�Ér��.

¿º z�́Ãº [α], [β] ∈ R\� @/
�#�, ��6£§ $í
|9�

i ≥ N =⇒ α(i)− β(i) > d

�̀¦ ëß�7á¤
���H Ä»o�Ãº d > 0ü< �����Ãº N s� e���̀¦ M:,

[α] > [β] (24)

s��� &ñ
_�
���.

'Ö<<K 2.5.2. &ñ
_� (24)�� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ð#���.

XNËP� 2.5.2. ��»q�q� F�B¬£ [α], [β] ∈ R;c 60
�#l ���:?

[α] > [β], [α] = [β], [α] < [β]

ï̂B Â6Ò 'å�<K�� )ç��·

�z�, �¡Â6Ò £̈ 'å�<K�� ò6BS�;c )ç��·

�U� óm¬¤�<��.

7£x"î
: e��_�_� Ä»o�Ãº e > 0\� @/
�#� ��6£§ $í
|9�

i ≥ Ne =⇒ |α(i)− α(Ne)| < e, |β(i)− β(Ne)| < e

s� $í
wn�
���H þj�è �����Ãº Ne\�¦ ú̧���. s� �����Ãº Ne��H Óüt�:r Ä»o�Ãº

e > 0\� _�
�#� ÅÒ#Q�����. Õª�Q��� y�� i ≥ Ne\� @/
�#�

α(Ne)− β(Ne)− 2e < α(i)− β(i) < α(Ne)− β(Ne) + 2e (25)

�� $í
wn�ô�Ç��. s�]j,

de = α(Ne)− β(Ne)− 2e, d′e = α(Ne)− β(Ne) + 2e

�� ¿º��.



64 ]j 2 �©� Ãº_� �̂>�

Äº���, &h�{©�ô�Ç Ä»o�Ãº e > 0\� @/
�#� de > 0��� �â
Äº\�

i ≥ Ne =⇒ α(i)− β(i) > de

s� ÷&Ù¼�Ð [α] > [β]s���. ¢̧ô�Ç, &h�{©�ô�Ç Ä»o�Ãº e > 0\� @/
�#� d′e < 0

s����

i ≥ Ne =⇒ β(i)− α(i) > −d′e

s�Ù¼�Ð [β] > [α]�� �)a��. s�]j, 0A_� ¿º ��t� �â
Äº�� $í
wn�
�t� ·ú§��H��

�¦ ��&ñ

���. Õª�Q��� e��_�_� Ä»o�Ãº e > 0\� @/
�#� de ≤ 0, d′e ≥ 0s�

�)a��. ����"f

α(Ne)− β(Ne) ≤ 2e, β(Ne)− α(Ne) ≤ 2e

s�Ù¼�Ð, (25)\� _�
�#�

i ≥ Ne =⇒ |α(i)− β(i)| ≤ |α(Ne)− β(Ne)|+ 2e ≤ 4e < 5e

e���̀¦ ·ú� Ãº e����. ����"f, α ∼ βs� ÷&#Q [α] = [β]s���. �

'Ö<<K 2.5.3. &ñ
o� 2.5.2\�"f [j ��t� �â
Äº ×�æ ¿º ��t��� 1lxr�\� $í
wn�½+É Ãº
\O�6£§�̀¦ �Ð#���.

s�]j, ¿º z�́Ãº [α], [β]\� @/
�#�

[α] + [β] = [α + β] (26)

�� &ñ
_�
���. #�l�"f α + β��H i 7→ α(i) + β(i)�Ð &ñ
_�÷&��H Ä»o�Ãº\P�s�

��. Äº��� α + β�� l��:r\P�e���̀¦ �Ðs���. s�\�¦ 0A
�#�

i, j ≥ N1 =⇒ |α(i)− α(j)| < e

2
,

i, j ≥ N2 =⇒ |β(i)− β(j)| < e

2
��� �����Ãº N1, N2 ∈ N\�¦ ú̧��¦, N = sup{N1, N2}�� ¿º��. Õª�Q��� e��_�

_� i, j ≥ N \� @/
�#�

|(α + β)(i)− (α + β)(j)| = |[α(i)− α(j)] + [(β(i)− β(j)]|

<
e

2
+

e

2
= e
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�� ÷&#Q α + β��H l��:r\P�s���.

'Ö<<K 2.5.4. &ñ
_� (26)s� ú̧� &ñ
_�÷&#Q e���¦, ���½+ËZO�gË:õ� �§8̈�ZO�gË:�̀¦ ëß�7á¤
�<Ê�̀¦ �Ð#���. ¢̧ô�Ç, 0∗s� s� ���íß�\� �'aô�Ç �½Ó1px"é¶e���̀¦ �Ð#���. l��:r\P� α ∈ R\�
@/
�#� (−α)(i) = −α(i)�Ð &ñ
_��)a Ä»o�Ãº\P� −α�� l��:r\P�s��¦ α_� �8
�l�
\� �'aô�Ç %i�"é¶e���̀¦ �Ð#���.

s�]j z�́Ãº_� Y�L
�l�\�¦ &ñ
_�
�l� 0A
�#�, ¿º Ä»o�Ãº\P� α, β : N → Q

\� @/
�#�

αβ : i 7→ α(i)β(i)

�� &ñ
_�
���. s�\�¦ 0A
�#� α, β�� l��:r\P�s���� αβ �̧ l��:r\P�e���̀¦ �Ðs�

��. Äº���, &ñ
o� 2.5.1\� _�
�#� ��6£§ $í
|9�

|α(i)| ≤ M1, |β(i)| ≤ M2, i ∈ N

�̀¦ ëß�7á¤
���H M1,M2 ∈ Q\�¦ ú̧��¦, M = sup{M1,M2}�� 
���. ¢̧ô�Ç,

i, j ≥ N1 =⇒ |α(i)− α(j)| < e

2M
,

i, j ≥ N2 =⇒ |β(i)− β(j)| < e

2M

�̀¦ ëß�7á¤
���H �����Ãº N1, N2\�¦ ú̧��¦, N = sup{N1, N2}�� 
���. Õª�Q

���, e��_�_� i, j ≥ N \� @/
�#�

|α(i)β(i)− α(j)β(j)| ≤ |α(i)β(i)− α(i)β(j)|+ |α(i)β(j)− α(j)β(j)|

= |α(i)||β(i)− β(j)|+ |β(j)||α(i)− α(j)|

< M
e

2M
+ M

e

2M
= e

�� ÷&#Q, αβ�� l��:r\P�e��s� 7£x"î
�)a��. s�]j, α, β ∈ R\� @/
�#�

[α][β] = [αβ] (27)

�Ð &ñ
_�ô�Ç��.

'Ö<<K 2.5.5. &ñ
_� (27)s� ú̧� &ñ
_�÷&#Q e��Ü¼ 9, ���½+ËZO�gË:, �§8̈�ZO�gË:, C�ì�rZO�
gË:�̀¦ ëß�7á¤�<Ê�̀¦ �Ð#���. ¢̧ô�Ç, 1∗s� s� ���íß�\� �'aô�Ç �½Ó1px"é¶e���̀¦ �Ð#���.
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s�]j, Rs� �̂e���̀¦ �Ðs�l� 0A
�#� Y�L
�l�\� �'aô�Ç %i�"é¶_� �>rF�$í
�̀¦

7£x"î
½+É 	�YVs���. ëß�{9� [α] 6= 0∗s���� &ñ
o� 2.5.2\� _�
�#� [α] > 0∗s�

���� [α] < 0∗s� $í
wn�ô�Ç��. ����"f, &h�{©�ô�Ç Ä»o�Ãº d > 0ü< �����Ãº N1

\� @/
�#�

i ≥ N1 =⇒ α(i) > d s����� i ≥ N1 =⇒ α(i) < −d

e���̀¦ ·ú� Ãº e����. ����"f, l��:r\P�_� Ä»ô�Ç>h �½Ó�̀¦ ��Ë̈#Q�̧ Õª 1lxu�ÀÓ��H

���
�t� ·ú§Ü¼Ù¼�Ð, e��_�_� i ∈ N\� @/
�#� α(i) 6= 0s��� ��&ñ
K��̧ Áº~½Ó


���. s�]j,

β : i 7→ 1
α(i)

: N → Q

ü<°ú s�Ä»o�Ãº\P��̀¦&ñ
_�ô�Ç��.s�]j β��l��:r\P�e���̀¦�Ðs���� [α][β] = 1∗

e���Ér ��"î

���. ���$�

i ≥ N2 =⇒ |α(i)− α(j)| < d2e

�� $í
wn�
���H �����Ãº N2\�¦ ú̧��¦, N = sup{N1, N2}�� 
���. Õª�Q���, e��

_�_� i ≥ N1\� @/
�#� |α(i)| > ds�Ù¼�Ð, e��_�_� i, j ≥ N \� @/
�#�

|β(i)− β(j)| =
∣∣∣∣ 1
α(i)

− 1
α(j)

∣∣∣∣
=

1
|α(i)α(j)|

|α(i)− α(j)| < 1
d2

d2e = e

�� ÷&#Q β�� l��:r\P�e���̀¦ ·ú� Ãº e����.

=åQÜ¼�Ð,

PR = {[α] ∈ R : [α] > 0∗}

s��� ¿º��� í�H"f/BNo� (í�H1) – (í�H3)s� �̧¿º $í
wn�ô�Ç��. ����"f, z�́Ãº�̂ R

�Ér í�H"f�̂�� �)a��.

'Ö<<K 2.5.6. ëß�{9� α�� l��:r\P�s���� |α| : i 7→ |α(i)|�Ð &ñ
_��)a Ä»o�Ãº\P� |α|
�̧ l��:r\P�e���̀¦ �Ð#���. ¢̧ô�Ç, z�́Ãº [α] ∈ R_� ]X�@/°úכ |[α]|�Ér l��:r\P� |α|\� _�

�#� ÅÒ#Qf���̀¦ �Ð#���.



2.5. �ïr�Ãº\P�õ� z�́Ãº 67

XNËP� 2.5.3. £̈ F�B¬£ [α], [β]�� [α] > [β]T��̂@ [α] > r∗ > [β]¿ì> ¹ÿ�ø¶;
�

¤�< ­¤P�¬£ r ∈ Q�� +í<<�Â6Ò��.

7£x"î
: Äº���, ��6£§ �'a>�

i ≥ N1 =⇒ α(i)− β(i) > d

�� $í
wn�
��̧2�¤ �����Ãº N1õ� Ä»o�Ãº d > 0\�¦ ú̧���. ¢̧ô�Ç ��6£§ $í
|9�

i, j ≥ N2 =⇒ |α(i)− α(j)| < 1
4
d, |β(i)− β(j)| < 1

4
d

s� $í
wn�
���H �����Ãº N2\�¦ ú̧��Ér Êê\�, N = sup{N1, N2}�� ¿º��. ëß�{9�

i ≥ N s����

α(i)−
(

α(N)− 1
2
d

)
=

1
2
d + (α(i)− α(N)) >

1
4
d

s�Ù¼�Ð, [α] >

(
α(N)− 1

2
d

)∗

\�¦ %3���H��. ¢̧ô�Ç i ≥ N \� @/
�#�

(
α(N)− 1

2
d

)
− β(i) = (α(N)− β(N)) + (β(N)− β(i))− 1

2
d

> d− 1
4
d− 1

2
d =

1
4
d

s�Ù¼�Ð,
(

α(N)− 1
2
d

)∗

> [β]\�¦ %3���H��. ����"f, α(N)− 1
2
d ∈ Q�� "é¶


���H Ä»o�Ãºe���̀¦ ·ú� Ãº e����. �

�<ÊÃº i : N → Ns� e��_�_� k = 0, 1, 2, . . . \� @/
�#� i(k) < i(k + 1)

s��� 
���. s� �<ÊÃºü< Ãº\P� x : i 7→ x(i)_� ½+Ë$í
 x ◦ i : k 7→ x(i(k))\�¦ x

_� «»(Ûo¬£�~xs��� ô�Ç��. í�H"f�̂ F _� Ãº\P� x�� a ∈ F �Ð Ãº§4�
����, x_�

�̧��H ÂÒì�rÃº\P�s� a�Ð Ãº§4��<Ê�Ér ��"î

���.

y¢�ÔÛXNËP� 2.5.4. )Ö<"k=i F q� �ØS�¬£�~x xq� Â6Ò «»(Ûo¬£�~x x ◦ i�� +8�

a ∈ F }¹ ¬£&9�
��̂@ x|¡ a ∈ F }¹ ¬£&9�Â6Ò��.
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7£x"î
: e��_�_� e ∈ PF �� ÅÒ#Q&���̀¦ M:, ���$� ��6£§ $í
|9�

i, j ≥ N =⇒ |x(i)− x(j)| < e

2

s� $í
wn�
���H �����Ãº N �̀¦ ú̧��¦

k ≥ K =⇒ |x(i(k))− a| < e

2
, i(K) ≥ N

s� $í
wn�÷&�̧2�¤ �����Ãº K\�¦ ú̧���. s�]j i ≥ i(K)s����

|x(i)− a| ≤ |x(i)− x(i(K))|+ |x(i(K))− a| < e

2
+

e

2
= e

s� ÷&#Q"f x��H a�Ð Ãº§4�ô�Ç��. �

XNËP� 2.5.5. ~�� n = 1, 2, . . . ;c 60
�#l [αn]T� F�B¬£T�z�, n 7→ [αn]T�

Rq� �ØS�¬£�~xT��� 
���. ½��_�̂@ T� ¬£�~xª�< R ¼ÿ�;c"k ¬£&9�Â6Ò��.

7£x"î
: Äº��� ��6£§ �̧|	�

[αn] 6= [αn+1], n = 1, 2, . . . (28)

s�$í
wn�ô�Ç���¦��&ñ

���.Õª�Q���&ñ
o� 2.5.3\�_�
�#� [αn]õ� [αn+1]��

s�\� Ä»o�Ãº r(n) ∈ Q\�¦ ú̧��̀¦ Ãº e���¦, ��6£§ $í
|9�

|[αn]− r(n)∗| < |[αn]− [αn+1]| , n = 1, 2, . . .

s� $í
wn�ô�Ç��. ����"f, e��_�_� z�́Ãº [ε] > 0s� ÅÒ#Qt���� ��6£§ $í
|9�

n ≥ N =⇒ |[αn]− r(n)∗| < 1
3
[ε] (29)

s� $í
wn�
���H �����Ãº N �̀¦ ú̧��̀¦ Ãº e����. ô�Ç¼#� 0 < [ε]s�Ù¼�Ð, &h�{©�ô�Ç ��

���Ãº I0õ� Ä»o�Ãº d > 0\� @/
�#� ��6£§

i ≥ I0 =⇒ 1
3
ε(i) > d (30)



2.6. ¢-aq�í�H"f�̂ 69

s� $í
wn�ô�Ç��. Õª���X< Ä»o�Ãº\P� n 7→ r(n)s� l��:r\P�s� �)a����H �¦̀�	כ ��

�Ð SX����½+É Ãº e��Ü¼Ù¼�Ð, ��6£§ $í
|9�

i, j ≥ M =⇒ |r(i)− r(j)| < d (31)

s� $í
wn�
��̧2�¤ �����Ãº M �̀¦ ú̧��̀¦ Ãº e����. s�]j (29)\� _�
����, y�� ��

���Ãº n ≥ N \� @/
�#� ��6£§ $í
|9�

i ≥ I(n) =⇒ |αn(i)− r(n)| < 1
3
ε(i) (32)

s� $í
wn�
���H �����Ãº I(n) �̀¦ ú̧��̀¦ Ãº e����. s�]j n ≥ sup{N,M}��� ��
���Ãº n �̀¦ ú̧�Ü¼���, y�� i ≥ sup{I0, I(n),M}\� @/
�#� (30), (31), (32)\�¦

&h�6 x
�#�

|αn(i)− r(i)| ≤ |αn(i)− r(n)|+ |r(n)− r(i)|

<
1
3
ε(i) + d <

1
3
ε(i) +

1
3
ε(i) =

2
3
ε(i)

e���̀¦ ·ú� Ãº e����. ����"f y�� n ≥ sup{N,M}\� @/
�#�

|[αn]− [r]| ≤ 2
3
[ε] < [ε]

s��¦, Ãº\P� 〈[αn]〉�Ér z�́Ãº [r]�Ð Ãº§4�ô�Ç��.

ëß�{9� Ø�æì�ry� 	�H �����Ãº\� @/
�#� [αn]s� {9�&ñ
ô�Ç °úכs���� 7£x"î
½+É �	כ

s� \O���. ÕªXO�t� ·ú§�Ér �â
Äº\� $í
|9� (28)s� $í
wn�
��̧2�¤ 〈[αn]〉_� ÂÒì�rÃº
\P��̀¦ ú̧��̀¦ Ãº e����HX<, �̧¹¡§&ñ
o� 2.5.4\� _�
�#� s� ÂÒì�rÃº\P�_� �FGô�Çs�

���Ð Ãº\P� n 7→ [αn]_� �FGô�Çs� �)a��. �

'Ö<<K 2.5.7. s� ]X�\�"f &ñ
_�ô�Ç r∗ ∈ R\� @/K�"f�̧ (23)\� \P���ô�Ç $í
|9�[þts�
Õª@/�Ð $í
wn��<Ê�̀¦ �Ð#���.

2.6. µì�j�'K�"�W�

·ú¡\�"f ¿º ��t� ~½ÓZO�Ü¼�Ð z�́Ãº\�¦ ½̈$í

�%i���HX<, s� ]X�\�"f��H s� ¿º

��t� ½̈$í
 ~½ÓZO�_� ���õ��� ��z�́�©� °ú 6£§�̀¦ �Ðs��9 ô�Ç��. í�H"f�̂ F �� ��

6£§ $í
|9�
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(¢-a1) q�#Q e��t� ·ú§�Ér |9�½+Ë A ⊂ F �� 0A�Ð Ä»>�s���� A��H �©�ô�Ç�̀¦ ��

�����

�̀¦��t����s�\�¦TÖhR�)Ö<"k=i��ô�Ç��.&ñ
o� 2.4.2��HX<X<���àÔ]X�éß�Ü¼�Ð&ñ


_��)a z�́Ãº�̂ Rs� ¢-aq�í�H"f�̂e���̀¦ ú́�K� ï�r��. ��6£§ $í
|9�

(¢-a2) q�#Q e��t� ·ú§�Ér |9�½+Ë A ⊂ F �� ��A��Ð Ä»>�s���� A��H 
�ô�Ç�̀¦ ��

�����

s� (¢-a1)õ� 1lxu�e���Ér ���Ð SX����½+É Ãº e����.

'Ö<<K 2.6.1. ¿º "î
]j (¢-a1)õ� (¢-a2)�� 1lxu�e���̀¦ �Ð#���.

&ñ
o� 2.5.5��H �ïr�Ãº\P�\� _�
�#� ëß���H z�́Ãº�̂�� ��6£§ �̧|	�

(¢-a3) e��_�_� �ïr�Ãº\P� x : N → F �� F îß�\�"f Ãº§4�ô�Ç��

�̀¦ëß�7á¤�<Ê�̀¦ ú́�ô�Ç��.s�]X�\�"f��H¢-aq�í�H"f�̂��Ä»{9�
�����H��õ	כ (¢-a1)

õ� (¢-a3)s� 1lxu�e���̀¦ �Ð�����. ���$�, ¢-aq�í�H"f�̂_� çß�éß�ô�Ç $í
|9��̀¦ ¶ú�(R

�Ð��.

XNËP� 2.6.1. TÖhR�)Ö<"k=i F ¤�< ��À�W�8K62Ã� )ç�H�BÃç> ¹ÿ�ø¶;Â6Ò��.

7£x"î
: |9�½+Ë N (⊂ F )s� 0A�Ð Ä»>��� ��&ñ

���. Õª�Q��� (¢-a1)\� _�
�#�

N_� þj�è�©�>� α ∈ F �� �>rF�ô�Ç��. Õª���X< α − 1 < αs�Ù¼�Ð α − 1�Ér

N_� �©�>��� ��m��¦, ����"f ÂÒ1pxd�� α− 1 < n ≤ α �̀¦ ëß�7á¤
���H �����Ãº

n ∈ Ns� �>rF�ô�Ç��. Õª�Q��� n + 1 ∈ Ne��\��̧ Ô�¦½̈
��¦ n + 1 > αs�l�

M:ë�H\� α�� N_� �©�>�����H X< �̧í�Hs���. �

XNËP� 2.6.2. TÖhR�)Ö<"k=i F q� £̈ 4wH�Ð x, y ∈ F �� x < yT��̂@ «»�ûB��̧

x < r < y¿ì> ¹ÿ�ø¶;
�¤�< ­¤P�¬£ r ∈ Q (⊂ F )T� +í<<�Â6Ò��.
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7£x"î
: Äº��� x = 0s���� &ñ
o� 2.6.1õ� &ñ
o� 2.3.3 (��)\�¦ &h�6 x
���� �)a��.

s�]j 0 < x < y�� 
���. ��r� &ñ
o� 2.6.1\� _�
�#� 0 <
1
n

< y − x���

n ∈ Ns� e����. ¿º �ª�Ãº
1
n
∈ F õ� x ∈ F \� @/
�#� &ñ
o� 2.6.1 �̀¦ ��r�

&h�6 x
����

{k ∈ N : k · 1
n

> x} 6= ∅

s���. &ñ
o� 2.1.4\� _�
�#� s� |9�½+Ë�Ér þj�è°ú̀�כ¦ ��t���HX<, s� þj�è°ú̀�כ¦

ms��� ¿º���
m− 1

n
≤ x <

m

n
s��¦, ����"f

x <
m

n
=

m− 1
n

+
1
n
≤ x +

1
n

< y

s�Ù¼�Ð
m

n
s� ���Ð Äºo��� ¹1Ô��H Ä»o�Ãºs���. =åQÜ¼�Ð x < 0{9� M:\���H,

−x < n��� �����Ãº n �̀¦ ���$� ¹1ÔÜ¼��� 0 < x + n < y + ns�Ù¼�Ð ~½Ó�FK 7£x

"î
ô�Ç ��\� _�
�#� x + n < r < y + n��� r ∈ Qs� e���¦, ����"f r − ns�

Äºo��� ¹1Ô��H Ä»o�Ãºs���. �

¢-aq�í�H"f�̂_� Ä»{9�$í
�̀¦ 7£x"î

�l� ·ú¡"f"f, (¢-a3) �̀¦ ��&ñ

��¦ (¢-a1)

�̀¦ 7£x"î
�<ÊÜ¼�Ð+� 2.5]X�\�"f �ïr�Ãº\P��̀¦ s�6 x
�#� ½̈$í
ô�Ç z�́Ãº�̂�� ¢-a

q�í�H"f�̂e���̀¦ �Ðs���. s�\�¦ 0A
�#� í�H"f�̂ F _� q�#Q e��t� ·ú§�Ér ÂÒì�r

|9�½+Ë A ⊂ F �� 0A�Ð Ä»>��� ��&ñ

���. ���$�

I = {(a, b) ∈ F × F : a < b}

�� ¿º�¦, ¿º �<ÊÃº g, h : I → F \�¦ ��6£§

g((a, b)) =

{
a, a+b

2 �� A _� �©�>�s���,
a+b
2 , a+b

2 �� A _� �©�>��� ��m���

h((a, b)) =

{
a+b
2 , a+b

2 �� A _� �©�>�s���,

b, a+b
2 �� A _� �©�>��� ��m���

õ� °ú s� &ñ
_�ô�Ç��. Õª�Q��� ��6£§ $í
|9�

a ≤ g((a, b)) < h((a, b)) ≤ b, h((a, b))− g((a, b)) =
1
2
(b− a)
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s� ���Ð SX�����)a��. ¢̧ô�Ç, a�� A_� �©�>��� ��m��¦ b�� A_� �©�>�s����,

g((a, b))��H A_� �©�>��� ��m��¦ h((a, b))��H A_� �©�>�s���. s�]j, �<ÊÃº

f : I → I\�¦ ��6£§

f : (a, b) 7→ (g((a, b)), h((a, b))) : I → I

õ� °ú s� &ñ
_�
���. ëß�{9� A_� "é¶�è�� ô�Ç >hs���� 7£x"î
½+É ��s	כ \O�Ü¼Ù¼�Ð,

A�� &h�#Q�̧ ¿º >h_� "é¶�è\�¦ ��������¦ ��&ñ

���. Õª�Q��� A_� �©�>���

����� a0 ∈ Aü< A_� �©�>� b0\�¦ ×þ�
���. Õª�Q��� &ñ
o� 2.1.2\�¦ &h�6 x
�#�,

γ(0) = (a0, b0)s��¦, e��_�_� n ∈ N\� @/
�#� γ(n+) = f(γ(n)) �̀¦ ëß�7á¤


���H �<ÊÃº γ : N → I\�¦ ¹1Ô�̀¦ Ãº e����. s�]j ¿º �<ÊÃº π1, π2 : I → F \�¦

��6£§

π1 : (a, b) 7→ a, π2 : (a, b) 7→ b, (a, b) ∈ I

ü< °ú s� &ñ
_�
���. =åQÜ¼�Ð α = π1 ◦ γ, β = π2 ◦ γ�� ¿º���, α, β��H �̧¿º

F _� Ãº\P�s� ÷& 9,

α(n+) = (π1 ◦ γ)(n+) = (π1 ◦ f)(γ(n)) = g(γ(n)) = g(α(n), β(n))

β(n+) = (π2 ◦ γ)(n+) = (π2 ◦ f)(γ(n)) = h(γ(n)) = h(α(n), β(n))

s� �)a��. ·ú¡"f ¶ú�(R�:r g, h_� $í
|9�  ü�ì�r\�, y�� n ∈ N\� @/
�#� ��6£§

(��) α(n)�Ér A_� �©�>��� ��m��¦ β(n)�Ér A_� �©�>�s���,

(��) α(n) ≤ α(n+) < β(n+) ≤ β(n)s���,

(��) β(n+)− α(n+) =
1
2
(β(n)− α(n))s���

s� $í
wn�ô�Ç��. e��_�_� e ∈ PF \� @/
�#� N ≥ 1
e

[β(0) − α(0)]��� �����Ãº

N �̀¦ ú̧�Ü¼��� y�� m > n ≥ N \� @/
�#�

0 ≤ α(m)− α(n) < β(n)− α(n)

=
1
2n

[β(0)− α(0)] ≤ 1
n

[β(0)− α(0)] < e

�� �)a��. ����"f, α : N → F ��H �ïr�Ãº\P�s��¦, ��ðøÍ��t��Ð β �̧ �ïr�Ãº

\P�s���.



2.6. ¢-aq�í�H"f�̂ 73

α(0)
α(1)

β(0)β(1)
β(2)

α(2)

β(3)

α(3)

s�]j ��&ñ
 (¢-a3)\� _�
�#� α, β��H Ãº§4�
���HX<, Õª �FGô�Ç°ú̀�כ¦ y��y��

a, b�� ¿º��. Õª�Q��� $í
|9� (��), (��)\� _�
�#� a = be���̀¦ ~1�>� SX����

½+É Ãº e����. ô�Ç¼#�, (��)\� _�
����, e��_�_� x ∈ Aü< n ∈ N\� @/
�#�

x ≤ β(n)s�Ù¼�Ð x ≤ be���̀¦ ·ú� Ãº e���¦, ����"f b��H A_� �©�>�s���. ��

�Ér ô�Ç¼#�Ü¼�Ð, e > 0s���� a − e < α(n) ≤ a = b��� �����Ãº n �̀¦ ú̧��̀¦ Ãº

e����HX<, α(n)s� A_� �©�>��� ��m�Ù¼�Ð α(n) < y��� y ∈ A\�¦ ú̧��̀¦ Ãº

e����.Õª�Q��� a−e < y��÷&#Q a−e��H A_��©�>�����_���̀¦·ú�Ãºe����.

Õª���X< e��H e��_�_� �ª�Ãºs�Ù¼�Ð a = b��H A_� þj�è�©�>�e��s� 7£x"î
�)a��.

����"f, (¢-a3) �̀¦ ëß�7á¤
���H í�H"f�̂��H ��1lx&h�Ü¼�Ð ¢-aq�í�H"f�̂�� �)a��.

'Ö<<K 2.6.2. (¢-a3) =⇒ (¢-a1)_� 7£x"î
õ�&ñ
\�"f a = be���̀¦ �Ð#���. ¢̧ô�Ç,
x ≤ be���̀¦ �Ð#���.

s�]j, ¢-aq�í�H"f�̂_� Ä»{9�$í
�̀¦ �Ðs��9 
���HX<, ���çß�_� ï�rq��� ¹כ��9


���. í�H"f�̂ F _� ÂÒì�r|9�½+Ë S, T ⊂ F \� @/
�#�

S + T = {s + t ∈ F : s ∈ S, t ∈ T}

�� &ñ
_�ô�Ç��. Õª�Q��� ��6£§ 1pxd��

sup(A + B) = supA + supB (33)

s� $í
wn�ô�Ç��. s�\�¦ �Ðs�l� 0A
�#� supS = α, sup T = β�� ¿º��. Õª�Q

���, e��_�_� s ∈ S, t ∈ T \� @/
�#� s + t ≤ α + βs�Ù¼�Ð α + β��H S + T

_� �©�>�s���. ô�Ç¼#� α + β�� þj�è�©�>�e���̀¦ �Ðs�l� 0AK�"f��H, γ < α + β

s���� γ�� S + T _� �©�>��� ��_���̀¦ �Ð#��� ô�Ç��. 7£¤, γ < α + βs����

γ < s + t��� s ∈ Sü< t ∈ T �� �>rF��<Ê�̀¦ �Ðs���� �)a��. s�\�¦ 0A
�#�
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ε = α + β − γ�� ¿º���
ε

2
> 0s��¦, ����"f α− ε

2
< α���X< α�� S_� þj

�è�©�>�s�Ù¼�Ð α− ε

2
��H S_��©�>�����m���.����"f, α− ε

2
< s��� s ∈ S

�� �>rF�ô�Ç��. ��ðøÍ��t��Ð β − ε

2
< t��� t ∈ T \�¦ ¹1Ô�̀¦ Ãº e����. Õª�Q���

γ = α + β − ε =
(
α− ε

2

)
+

(
β − ε

2

)
< s + t

s�Ù¼�Ð "é¶
���H s ∈ Sü< t ∈ T \�¦ %3���H��.

í�H"f�̂_� ÂÒì�r|9�½+Ë S, T ⊂ PF \� @/
�#� ��ðøÍ��t��Ð

ST = {st ∈ PF : s ∈ S, t ∈ T}

�Ð &ñ
_�ô�Ç��. Õª�Q���, 1pxd�� (33)õ� ��ðøÍ��t��Ð ��6£§ 1pxd��

supST = supS supT, S, T ⊂ PF (34)

s� $í
wn�ô�Ç��.

'Ö<<K 2.6.3. (34)\�¦ 7£x"î

�#���.

��6£§&ñ
o���H¢-aq�í�H"f�̂���:r|9�&h�Ü¼�Ð
���µ1Ú\�\O�6£§�̀¦�Ð#�ï�r��.

��Ë̈#Q ú́�
�#� ¢-aq�í�H"f�̂�� ¿º >h e��Ü¼��� s� ¿º í�H"f�̂ ��s�\���H í�H

"f�̂_� �̧��H ½̈�̧\�¦ Õª@/�Ð �Ð�>r
���H ���©�s� e������H �.���s	כ

XNËP� 2.6.3. ��»q�q� £̈ TÖhR�)Ö<"k=i F ã# G�� ®£#eU��̂@, b9	·ÿ��� �ÈÕ¬£

f : F → G�� +í<<�
�#l ���:? £̈ )ç�H�B

(��) ��»q�q� x, y ∈ F ;c 60
�#l

f(x + y) = f(x) + f(y), f(xy) = f(x)f(y)

T� )ç��·
Â6Ò��,

(��) f(PF ) = PGT���

Ãç> ¹ÿ�ø¶;Â6Ò��
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7£x"î
: ���$� &ñ
o� 2.3.2\�¦ &h�6 x
����, ��6£§ $í
|9�[þt

γ(r + s) = γ(r) + γ(s), γ(rs) = γ(r)γ(s), γ(PQ) = γ(Q) ∩ PF ,

δ(r + s) = δ(r) + δ(s), δ(rs) = δ(r)δ(s), δ(PQ) = δ(Q) ∩ PG

(35)

�̀¦ ëß�7á¤
���H éß����<ÊÃº

γ : Q → F, δ : Q → G

�� �>rF�ô�Ç��. s�]j, y�� x ∈ F \� @/
�#�

Ax = {δ(r) ∈ G : r ∈ Q, γ(r) < x}

�� &ñ
_�
���. &ñ
o� 2.6.1\� _�
�#� F ��H ��ØÔv�BjX<Û¼ $í
|9��̀¦ ëß�7á¤
�

Ù¼�Ð, n · 1F > −x��� n ∈ Ns� e��Ü¼ 9, s���H γ(−n) = (−n) · 1F < x\�¦

>pw
�Ù¼�Ð Ax 6= ∅s���. ��r� ��ØÔv�BjX<Û¼ ZO�gË:\� _�
�#� m · 1F > x

��� m ∈ N �̀¦ ú̧�Ü¼��� δ(m) = m · 1G��H Ax_� �©�>�s���. s�]j G�� ¢-aq�

í�H"f�̂s�Ù¼�Ð Ax��H �©�ô�Ç�̀¦ ��t��¦, s�\�¦ f(x)�� æ¼��� f ��H F \�"f G

�Ð ����H �<ÊÃºs���. 7£¤, ��6£§

f(x) = sup{δ(r) ∈ G : r ∈ Q, γ(r) < x} ∈ G, x ∈ F

õ� °ú s� &ñ
_��)a��. ¿º ¢-aq�í�H"f�̂ F ü< G_� %i�½+É�̀¦ ��Ë̈#Q"f �<ÊÃº

g : G → F �̧ ��6£§

g(y) = sup{γ(r) ∈ F : r ∈ Q, δ(r) < y} ∈ F, y ∈ G

õ� °ú s� &ñ
_�ô�Ç��.

���$�, (35)\� _�
�#�, y�� Ä»o�Ãº r, s ∈ Q\� @/
�#�

r < s ⇐⇒ γ(r) < γ(s) ⇐⇒ δ(r) < δ(s)

�� $í
wn�ô�Ç��. ����"f,

f(γ(s)) = sup{δ(r) ∈ G : r ∈ Q, γ(r) < γ(s)}

= sup{δ(r) ∈ G : r ∈ Q, δ(r) < δ(s)} = δ(s)
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s�Ù¼�Ð

f ◦ γ = δ, g ◦ δ = γ

�� $í
wn��<Ê�̀¦ ·ú� Ãº e����. Óüt�:r g(δ(s)) = γ(s) �̧ ��ðøÍ��t��Ð 7£x"î
�)a��.

Q

G

F

HHH
HHj

���
��*

?

6
γ

δ

f g

s�]j, f(x+y) = f(x)+f(y)e���̀¦�Ðs���HX<,�<ÊÃº f _�&ñ
_�ü< (33)\�

_�
�#� Ax+y = Ax + Aye���̀¦ �Ðs���� �)a��. ���$� δ(r) ∈ Ax, δ(s) ∈ Ay

s���� γ(r) < x, γ(s) < ys�Ù¼�Ð

δ(r) + δ(s) = δ(r + s), γ(r + s) = γ(r) + γ(s) < x + y

�ÐÂÒ'�, δ(r) + δ(s) ∈ Ax+ye���̀¦ ·ú� Ãº e����. %i�Ü¼�Ð δ(t) ∈ Ax+ys����

γ(t) < x + ys���. &ñ
o� 2.6.2\�¦ &h�6 x
�#� γ(t)− y < γ(s) < x��� s ∈ Q

\�¦ ú̧�Ü¼���

γ(s) < x, γ(t− s) = γ(t)− γ(s) < y

�ÐÂÒ'� δ(t) = δ(s) + δ(t − s) ∈ Ax + Ays���. ��ðøÍ��t��Ð f(xy) =

f(x)f(y)e���̀¦ �Ðs�l� 0A
�#� x, y ∈ PF ��� �â
ÄºÂÒ'� Òqty��
���. s� �â


Äº, ��r� &ñ
o� 2.6.2\� _�
�#� Ax ∩PF 6= ∅, Ay ∩PF 6= ∅e���̀¦ ·ú� Ãº e��
Ü¼Ù¼�Ð, (34)\�¦ &h�6 x
���� ÷&��HX<, s� ÂÒì�r_� 7£x"î
�Ér ���_þvë�H]j�Ð z��|��

��. s�]j (��)_� 7£x"î
�̀¦ ��Áºo�
�l� 0A
�#�

x > 0 ⇐⇒ f(x) > 0

e���̀¦ �Ðs���. ���$� x > 0s���� &ñ
o� 2.6.2\� _�
�#� 0 < γ(r) < x���

Ä»o�Ãº r ∈ Qs� �>rF�ô�Ç��. Õª�Q��� δ(r) > 0s��¦ δ(r) ∈ Axs�Ù¼�Ð
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f(x) > 0s���. %i�Ü¼�Ð f(x) > 0s���� 0�Ér |9�½+Ë Ax_� �©�>��� ��m���.

����"f, δ(r) > 0��� δ(r) ∈ Ax�� �>rF�ô�Ç��. Õª�Q��� 0 < γ(r) < x�� ÷&

Ù¼�Ð (��)_� 7£x"î
s� =åQèß���.

s�]j g ◦ f = 1F e���̀¦ �Ðs��9���, f _� &ñ
_�\� _�
�#�

x = sup{γ(r) ∈ F : r ∈ Q, δ(r) < f(x)}, x ∈ F

e���̀¦ �Ð#��� ô�Ç��. s���H ��6£§ ¿º "î
]j

(1) r ∈ Q, δ(r) < f(x)s���� γ(r) ≤ xs���,

(2) z < xs���� z < γ(r), δ(r) < f(x)��� r ∈ Q�� �>rF�ô�Ç��

\�¦ �Ðs���H ��õ	כ ��ðøÍ��t�s���. z�́]j�Ð, (1)�Ér x�� |9�½+Ë

{γ(r) ∈ F : r ∈ Q, δ(r) < f(x)}

�©�>�e���̀¦ ú́�ô�Ç��. ô�Ç¼#�, (2)��H z < xs���� z��H s� |9�½+Ë_� �©�>��� ��_��

�̀¦, 7£¤, x�� þj�è�©�>�e���̀¦ ú́�K� ï�r��.

s�]j, (1) �̀¦ �Ðs���. ëß�{9� δ(r) < f(x)s���� δ(r)�Ér |9�½+Ë

Ax = {δ(s) ∈ G : s ∈ Q, γ(s) < x}

_� �©�>��� ��m�����H >pws�Ù¼�Ð, δ(r) < δ(s), γ(s) < x��� s ∈ Q�� �>rF�

ô�Ç��.Õª�Q���, γ(r) < γ(s)s�Ù¼�Ð γ(r) < x��$í
wn�ô�Ç��. ¢̧ô�Ç, (2)\�¦�Ð

s�l� 0A
�#� z < x�� 
���. Õª�Q��� &ñ
o� 2.6.2\� _�
�#� z < γ(r) < x

���Ä»o�Ãº r ∈ Q���>rF�ô�Ç��.Õª�Q��� δ(r) = f(γ(r)) < f(x)s�Ù¼�Ð (2)

_� 7£x"î
s� =åQèß���. ��ðøÍ��t� ~½ÓZO�Ü¼�Ð f ◦ g = 1G �̧ Óüt�:r $í
wn�
�#� f

��H ���éß����<ÊÃºe���̀¦ ·ú� Ãº e����. �

'Ö<<K 2.6.4. &ñ
o� 2.6.3_�7£x"î
õ�&ñ
\�"f,e��_�_� x, y ∈ F \�@/
�#� f(xy) =
f(x)f(y)�� $í
wn��<Ê�̀¦ �Ð#���.

s�]j, 2.4]X�õ� 2.5]X�\�"f ½̈$í
ô�Ç z�́Ãº�̂�� �̧¿º ¢-aq�í�H"f�̂s��¦,

s�[þt�Ér °ú �Ér í�H"f�̂e���̀¦ ·ú���¤��. s�]j, ��7á¤Ü¼�Ð (¢-a1) =⇒ (¢-a3)_� 7£x
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"î
�̀¦ çß�éß�y� ¶ú�(R�Ð�¦ s� ]X��̀¦ ë�B��H��.(6) ���$� í�H"f�̂ F _� �ïr�Ãº\P�

α : N → F �� ÅÒ#Q&���� 
���. �̧¹¡§&ñ
o� 2.5.4\� _�
�#� Ãº\P� α�� Ãº

§4�
���H ÂÒì�rÃº\P��̀¦ ��f���̀¦ 7£x"î

���� �)a��. |9�½+Ë A = {α(n) : n ∈ N}
s� Ä»ô�Ç|9�½+Ës���� çß�éß�
���. s� |9�½+Ë A�� Áºô�Ç|9�½+Ë��� �â
Äº�� 
��8���̧

&ñ
o� 2.5.1\� _�
�#� A��H 0A�Ð Ä»>�s��¦, 1lxr�\� ��A��Ð Ä»>�s���. |9�

½+Ë A_� 
�>� a0ü< �©�>� b0\�¦ ×þ�
��¦ (¢-a3) =⇒ (¢-a1)_� 7£x"î
 M:ü< q�

5pw
�>� ‘½̈çß�’\�¦ ìøÍÜ¼�Ð >�5Åq ì�r½+ÉK� ������HX<, |9�½+Ë A_� "é¶�è�� Áºô�Ç

>h 5Åq
���H Aá¤�̀¦ >�5Åq
�#� ���×þ�ô�Ç��. Õª�Q��� s� ½̈çß�[þt_� ¢,aAá¤ =åQ&h�[þt

_� |9�½+Ë�Ér 0A�Ð Ä»>�s��¦, ��&ñ
 (¢-a1)\� _�
�#� �©�ô�Ç a\�¦ �������. ¢̧

ô�Ç, s� ½̈çß�[þt_� �̧�ÉrAá¤ =åQ&h�[þt_� |9�½+Ë�Ér ��A��Ð Ä»>�s�Ù¼�Ð (¢-a1)1lx

u���� (¢-a2)\�_�
�#�
�ô�Ç b\�¦�������.Õª�Q��� (¢-a3) =⇒ (¢-a1)_�7£x"î


M:%�!3� a = b�� ÷&�¦, s� "é¶�è_� ��H~½Ó\���H Áºô�Çy� ú́§�Ér A_� "é¶�è[þts�

e��Ü¼Ù¼�Ð A_� "é¶�è[þt�̀¦ >�5Åq ×þ�
�#� Ãº\P��̀¦ ëß�[þt#Q a�Ð Ãº§4�
�>� ½+É

Ãº e����. s� Ãº\P�s� ���Ð Äºo��� "é¶
�~�� "é¶A� α_� Ãº§4�
���H ÂÒì�rÃº\P�

s� �)a��.

(6) �©�[jô�Ç 7£x"î
�Ér �ÃÐ�¦ë�H��³ [3], 2�©��̀¦ �ÃÐ�̧
���.


