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s� �©�\�"f��H ��r� |9�½+Ë�:rÜ¼�Ð [�t��ü<"f |9�½+Ë�:r_� Ùþ�d��s��� ½+É Ãº e����H Áº

ô�Ç|9�½+Ë�̀¦ /BNÂÒ���HX<, s� M: x�½+É Ãº \O���H ��s	כ ���×þ�/BNo�s���. Ãº�<Æ\�"f #Q�"�

$í
|9��̀¦ ëß�7á¤���H @/�©�_� �>rF�$í
�̀¦ �7H½+É M:, ìøÍ×¼r� Õª @/�©��̀¦ #Qb�G>� ½̈$í
�

��Ht� µ1ß�n= ¹כ��9 \O�s��̧ �>rF�$í
�̀¦ ÅÒ�©�½+É Ãº e������H ��s	כ ���×þ�/BNo�s���. s� ���

×þ�/BNo���H Áºô�Ç|9�½+Ë�̀¦ ��Ò�¦ M: ÷�r ��m��� Ãº�<Æ_� #��Q ì�r��\�"f �9�ÃºÔ�¦�����ô�Ç

�̧½̈���X<, z�́]j s�6 x|̈c M:\���H #��Q ��t� 1lxu� "î
]j�Ð ����èß���. s� �©�\�"f��H

���$� s��Qô�Ç 1lxu� "î
]j[þt\� #Q�"� ��þts]	כ e����Ht� ·ú��� �:r��. Áºô�Ç|9�½+Ë_� :£¤$í


�Ér ��l������_� ���ÂÒì�r|9�½+Ëõ� Õª ‘>hÃº’�� °ú �̀¦ Ãº e������H &h����X<, s�\�¦ 7£x"î
�

��H X<\� ���×þ�/BNo�\�¦ s�6 xô�Ç��. Äºo��� {9��©�Òqt�Ö̧\�"f ��6 x���H �����Ãº��H ¿º ��

t� l�0px�̀¦ ��t��¦ e����. Õª �����H 'Í	P:, ÑütP:, [jP: 1pxõ� °ú s� í�H"f <�Ê�Ér 0Au�

\�¦ ³ðr��#� ï�r��. ¢̧ ���Ér l�0px�Ér ���, Ñüt, !Ó	 1px >hÃº\�¦ ³ðr��#� ï�r��. Õª

���X< �����Ãº�� ³ðr�½+É Ãº e����H ��Ér	כ Ä»ô�Ç���P: <�Ê�Ér Ä»ô�Ç>h÷�rs���. ����"f, Áº

ô�Ç���P: <�Ê�Ér Áºô�Ç>h\�¦ ³ðr����H ‘Ãº��’\�¦ �̧{9���9 ���HX<, s���s	כ s� �©�\�"f

/BNÂÒ��9��H "fÃºü< l�Ãºs���. Áºô�Ç "fÃºü< Áºô�Ç l�Ãºz�o��̧ �����Ãº%�!3� !lr�̀¦

���HX<, �Ð:�x �����Ãº_� ���íß�õ� ²ú���t�Ù¼�Ð Ä»_��#��� ô�Ç��.

3.1. ¤n>f9cכ�»h�

t�èß� 1.2]X�_� &ñ
o� 1.2.3\�"f (��) =⇒ (��)_� 7£x"î
�̀¦ ��r� ¶ú�(R�Ð

��. Õª Ùþ�d���Ér |9�½+Ë X_� ì�r½+É P�� e���̀¦ M:, y�� A ∈ P_� "é¶�è\�¦ ���
m�� ���×þ�½+É Ãº e����H�� ���H ë�H]js���. ���$� ��6£§ "î
]j
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80 ]j 3 �©� Áºô�Ç|9�½+Ë

(���1) �<ÊÃº f : X → Y �� �����s���� f ◦ g = 1Y \�¦ ëß�7á¤���H �<ÊÃº

g : Y → X�� �>rF�ô�Ç��

\�¦ ��&ñ
��¦, s��ÐÂÒ'� %3��̀¦ Ãº e����H "î
]j�� #Q�"� ������þt]	כ ¶ú�(R�Ðl�

�Ð ���. |9�½+Ë X_� ì�r½+É P�� ÅÒ#Q4R e���̀¦ M:, y�� x ∈ X�� 5Åq���H

A ∈ P�� Ä»{9��>� ���&ñ
÷&��HX< s�\�¦ f(x)�� ¿º��. Õª�Q��� f : X → P
��H ������<ÊÃºs���. s�]j (���1) �̀¦ ��&ñ
���� f ◦ g = 1P \�¦ ëß�7á¤���H �<ÊÃº

g : P → X�� �>rF�ô�Ç��. Õª�Q��� f(g(A)) = As�Ù¼�Ð g(A) ∈ Ae���̀¦ ·ú�

Ãº e����. ����"f, ��6£§ "î
]j

(���2) |9�½+Ë X_� ì�r½+É P\� @/�#�, y�� A ∈ P\� @/�#� g(A) ∈ A\�¦

ëß�7á¤���H �<ÊÃº g : P → X�� �>rF�ô�Ç��

�� $í
wn��>� �)a��. s� "î
]j\�"f g(A)��H X_� "é¶�è ��î�rX< A\� [þt#Q��

��H �¦̀�	כ ��� �¦�Ér �.���s	כ

%i�Ü¼�Ð, (���2)\�¦��&ñ
��¦ (���1) �̀¦7£x"î
�#��Ð��.�<ÊÃº f : X → Y

�� �����s���� P = {f−1({y}) : y ∈ Y }��H X_� ì�r½+És� H�d�̀¦ ~1�>� ·ú� Ãº

e����. ����"f, e��_�_� y ∈ Y \� @/�#� g[f−1({y})] ∈ f−1({y})\�¦ ëß�7á¤
���H �<ÊÃº g : P → X�� �>rF�ô�Ç��. ëß�{9� y�� y ∈ Y \� @/�#� h(y) =

g[f−1({y})]�� &ñ
_����� h : Y → X��H �<ÊÃºs��¦, h(y) ∈ f−1({y})s�
Ù¼�Ð f(h(y)) = y�� $í
wn�ô�Ç��.

ëß�{9� (���2)\�¦ ��&ñ
���� �̧�FK y©�K� �Ðs���H ��6£§ "î
]j

(���3) |9�½+Ë X�� ÅÒ#Qt����, y�� A ∈ 2X \ {∅}\� @/�#� h(A) ∈ A\�¦ ëß�

7á¤���H �<ÊÃº h : 2X \ {∅} → X�� �>rF�ô�Ç��

\�¦ %3��̀¦ Ãº e����. s�\�¦ �Ðs�l� 0A�#�, y�� A ∈ 2X \ {∅}\� @/�#�

Ã = {(A, a) : a ∈ A} ⊂ (2X \ {∅})×X

��¿º��� P = {Ã : A ∈ 2X \{∅}}��H|9�½+Ë Y =
⋃
{Ã : A ∈ 2X \{∅}}_�ì�r

½+És���.z�́]j�Ð, A,B ∈ 2X \{∅}s��¦ (C, c) ∈ Ã∩B̃s���� C = A = Bs�
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Ù¼�Ð Ã = B̃s���. ����"f, e��_�_� A ∈ 2X \ {∅}\� @/�#� g(Ã) ∈ Ã\�¦

ëß�7á¤���H �<ÊÃº g : P → Y �� �>rF�ô�Ç��. s� M:, π2 : (2X \ {∅})×X → X

\�¦ ��%ò
s��� ¿º�¦,

h : A 7→ π2(g(Ã)), A ∈ 2X \ {∅}

�� &ñ
_�����, h : 2X \ {∅} → X�� "é¶���H �<ÊÃºs���. |9�½+Ë X_� ì�r½+É P
��H 2X \{∅}_�ÂÒì�r|9�½+Ës�Ù¼�Ð (���3) �̀¦��&ñ
���� (���2)��H���Ð���:r��.

"î
]j (���3)\� ���/åL�)a ��ü< °ú s�, y�� A ∈ 2X \ {∅}\� @/�#� h(A) ∈ A

\�¦ ëß�7á¤���H �<ÊÃº h : 2X \ {∅} → X\�¦ |9�½+Ë X_� 9̀	ßÌv�ÈÕ¬£�� ��¦ "î


]j (���3) �̀¦ 9̀	ßÌvð��P��� ÂÒ�Ér��.

s�]j���×þ�/BNo�ü<1lxu����"î
]jô�Ç��t�\�¦�8Òqty�����.q�#Qe��t�·ú§

�Ér |9�½+Ë Xü< Y _� Y�L|9�½+Ë X × Y �� q�#Q e��t� ·ú§6£§�Ér ��"î
���. \V\�¦

[þt#Q"f x ∈ Xü< y ∈ Y \�¦ ×þ����� (x, y) ∈ X × Y s���. e��_�_� |9�½+Ë7á¤

{Xi : i ∈ I}_� Y�L|9�½+Ë\� @/K�"f ��6£§ "î
]j

(���4) |9�½+Ë I�� q�#Q e��t� ·ú§�¦, e��_�_� i ∈ I\� @/�#� Xi�� q�#Q e��

t� ·ú§Ü¼���,
∏

i∈I Xi��H q�#Q e��t� ·ú§��

\�¦ Òqty��K� �Ð��. ���$� (���3) �̀¦ ��&ñ
�#� |9�½+Ë X =
⋃

i∈I Xi_� ���×þ��<Ê

Ãº h : 2X \ {∅} → X\�¦ ú̧��¦, g : I → X\�¦ g(i) = h(Xi)�� &ñ
_����.

Õª�Q��� y�� i ∈ I\� @/�#� g(i) = h(Xi) ∈ Xis�Ù¼�Ð g ∈
∏

i∈I Xis��¦,

(���4)�� 7£x"î
�)a��. %i�Ü¼�Ð, (���4)\�¦ ��&ñ
��¦ (���3) �̀¦ 7£x"î
K� �Ð��. ��

&ñ
 (���4)�ÐÂÒ'�
∏
{A : A ∈ 2X \ {∅}}�Ér q�#Q e��t� ·ú§6£§�̀¦ ·ú� Ãº e��Ü¼

Ù¼�Ð h ∈
∏
{A : A ∈ 2X \ {∅}}\�¦ ��� ú̧���. Õª�Q���, y�� A ∈ 2X \ {∅}

\� @/�#� h(A) ∈ As�Ù¼�Ð h��H X_� ���×þ��<ÊÃºs���. ����"f, (���1),

(���2), (���3), (���4)��H �̧¿º �7Ho�&h�Ü¼�Ð 1lxu���� "î
]j[þts���.

���×þ�/BNo���Ãº�<Æ\�"fz�́]j��6 x|̈cM:\���H@/ÂÒì�rí�H"fü<�'aº���)a��.

��6£§ ¿º "î
]j��H í�H"fü< �'aº���#� ���×þ�/BNo�ü< �7Ho�&h�Ü¼�Ð 1lxu���� "î
]j

[þt���X<, Ãº�<Æ_� #��Q ì�r��\�"f ;�¤V,�>� æ¼�����.
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XNËP� 3.1.1. (�í�Ér(1) �̧¹¡§&ñ
o�) )Ö<"k�·Öכ� Xq�~¡¥�<��Âç>T��ç¡4�¿ì>��

U��̂@ X¤�< ���604wH�Ð¿ì> ��.>	��.

XNËP� 3.1.2. (�ÄºÛ¼�̧ØÔáÔ(2)
�FG@/ "é¶gË:) ��»q�q� )Ö<"k�·Öכ� X¤�< ���60

��Âç>Ãç> ��.>	��.

���$� s� &ñ
o�[þt\� ���̧��H 6 x#Q[þt_� &ñ
_�\�¦ ¶ú�(R�Ð��. í�H"f|9�½+Ë X

_� ÂÒì�r|9�½+Ë A�� ��6£§ $í
|9�

a, b ∈ A =⇒ a ≤ b <�Ê�Ér a ≥ b s���

�̀¦ ëß�7á¤���� A\�¦ X_� ��Âç>s��� ô�Ç��.

|ºM� 1. t�èß� 1.4]X�_� �Ðl� 4\� ���̧��H í�H"f|9�½+Ë 2X
\�¦ Òqty��K��Ð��.

ëß�{9� a, b, c ∈ Xs����

{{a}, {a, c}}, {∅, {a}, {a, b}, {a, b, c}, X}

1px�Ér X_� ��_þts��¦, X��H ¿º ��_þt_� �©�>�s���. z�́]j�Ð, í�H"f|9�½+Ë 2X

\�"f X��H �̧��H ÂÒì�r|9�½+Ë_� �©�>�s���. t�èß� 1.4]X�_� �Ðl� 1\�"f ¿º "é¶

�è s��©�Ü¼�Ð ½̈$í
�)a ��_þt�Ér {a, b}ü< {a, c}s��¦, s� ¿º ��_þt�Ér �©�>�\�¦

�������. Õª�Q��, {b, c}��H ��_þts� ��m���. ¢̧ô�Ç {b, c}��H �©�>�\�¦ ��t�t�
·ú§��H��. �

s�]j �FG@/"é¶�è����H >h¥Æ��̀¦ &ñ
_����. í�H"f|9�½+Ë X_� "é¶�è m ∈ X

s� ��6£§ $í
|9�

x ∈ X, x ≥ m =⇒ x = m

(1) Max Zorn (1906∼1993), 1lq{9� I�Òqt_� p�²DG Ãº�<Æ��. Hamburg\�"f /BNÂÒ�%i�Ü¼��
��u�\� _��#� ÆÒ~½Ó÷&#Q p�²DGÜ¼�Ð |	��-çß� Êê, s�	�@/��� s�Êê Indiana\�"f �Ö̧1lx�
%i���.

(2) Felix Hausdorff (1868∼1942), 1lq{9� Ãº�<Æ��. Leipzigü< Z�\�¦�2;\�"f Ãº�<Æõ� ��;ë�H
�<Æ�̀¦ /BNÂÒô�Ç +' ���Ér �9�"î
Ü¼�Ð $�Õüt�Ö̧1lx�̀¦ �l��̧ �%i���. 1902�̧�ÂÒ'� Leipzigü<
Bonn\�"f �Ö̧1lx�%i���HX<, Ä»I���� Ãº6 x�è�Ð ��>� ÷&�� ��7á¤õ� �8Ô�¦#Q Û¼Û¼�Ð 3lqņu
�̀¦ =åS%3���.
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�̀¦ ëß�7á¤½+É M:, m �̀¦ X_� ���604wH�Ð�� ô�Ç��. ��ðøÍ��t��Ð, n ∈ Xs� ��6£§

$í
|9�

x ∈ X, x ≤ n =⇒ x = n

�̀¦ ëß�7á¤���� n �̀¦ X_� ����Ð4wH�Ð�� ô�Ç��. í�H"f|9�½+Ë 2X \�"f X��H �FG@/

"é¶�è���X<, ��z�́ 2X _� �FG@/"é¶�è��H X÷�rs���. t�èß� 1.4]X�_� �Ðl� 1\�"f

bü< c��H �FG@/"é¶�ès���. Õª�Q��, s� �â
Äº X = {a, b, c}��H þj@/"é¶�è\�¦
��t�t�·ú§��H��.�����Ãº|9�½+Ë Ns���&ñ
Ãº|9�½+Ë Z��HÕª���̂����_þt���X<,

�FG@/"é¶�è\�¦ ��t�t� ·ú§��H��.

'Ö<<K 3.1.1. í�H"f|9�½+Ë X _� þj@/"é¶�è��H �FG@/"é¶�è�� H�d�̀¦ �Ð#���. �FG@/"é¶�è
�� ��� ÷�rs�t�ëß� s� "é¶�è�� þj@/"é¶�è�� ����� í�H"f|9�½+Ë_� \V\�¦ [þt#Q��.

í�H"f|9�½+Ë X_� �̧��H ��_þt[þt�̀¦ �̧�Ér |9�½+Ë C(X)��H �í�<Ê�'a>�\� _��

#� ��r� í�H"f|9�½+Ës� �)a��. &ñ
o� 3.1.2��H s� í�H"f|9�½+Ë C(X)�� �FG@/"é¶�è

\�¦��f���̀¦ ú́�ô�Ç��.�:r���&h����7£x"î
\�·ú¡"f"f,¿º&ñ
o����7Ho�&h�Ü¼�Ð1lxu�

e���̀¦�Ð�����.���$�&ñ
o� 3.1.1 �̀¦��&ñ
��¦,í�H"f|9�½+Ë C(X)\�&ñ
o� 3.1.1

�̀¦ &h�6 x��9 ô�Ç��. ëß�{9� C�� C(X)_� ��_þts���� C =
⋃
C ⊂ X��H X_�

��_þts���. s�\�¦ �Ðs�l� 0A�#� a, b ∈ C�� ���. Õª�Q��� a ∈ C1 ∈ Cü<
b ∈ C2 ∈ C��� C1, C2���>rF�ô�Ç��.Õª���X< C����_þts�Ù¼�Ð C1 ⊂ C2 <�Ê

�Ér C2 ⊂ C1s���. ëß�{9� C1 ⊂ C2s���� a, b ∈ C2���X<, C2�� X_� ��_þt

s�Ù¼�Ð a ≤ b <�Ê�Ér b ≤ as���. Óüt�:r C2 ⊂ C1��� �â
Äº\��̧ ��ðøÍ��t��Ð

a ≤ b <�Ê�Ér b ≤ as���. ����"f, C��H X_� ��_þts���, 7£¤ C ∈ C(X)s�

��.s�]j C�� C ⊂ C(X)_��©�>�e���Ér��"î
�Ù¼�Ð,í�H"f|9�½+Ë C(X)��H&ñ


o� 3.1.1_� ��&ñ
�̀¦ ëß�7á¤��¦, C(X)��H �FG@/"é¶�è\�¦ �������. ����"f, &ñ


o� 3.1.1 �̀¦ ��&ñ
���� &ñ
o� 3.1.2�� $í
wn�ô�Ç��.

s�]j, %i�Ü¼�Ð &ñ
o� 3.1.2\�¦ ��&ñ
��¦ &ñ
o� 3.1.1s� $í
wn��<Ê�̀¦ �Ðs�

��. s�\�¦ 0A�#� í�H"f|9�½+Ë X_� �̧��H ��_þts� �©�>�\�¦ ��������¦ ��&ñ
�

��.&ñ
o� 3.1.2\�_��#� X��H�FG@/��_þt C\�¦��t�Ù¼�Ðs���_þt_��©�>�

m ∈ X\�¦ ×þ�½+É Ãº e����HX<, ms� X_� �FG@/"é¶�èe���̀¦ �Ðs���� �)a��. s�\�¦

0A�#� x ∈ Xs��¦, x > ms��� ��&ñ
���. Õª�Q��� x��H C_� e��_�_� "é¶



84 ]j 3 �©� Áºô�Ç|9�½+Ë

�èü<q��§½+ÉÃºe���¦,����"f C∪{x} �̧ ��_þts���.Õª���X< C∪{x} ) C

s�Ù¼�Ð C�� �FG@/��_þts�����H X<\� �̧í�Hs���. ����"f, x > m��� x ∈ X

�Ér �>rF��t� ·ú§Ü¼ 9 ms� X_� �FG@/"é¶�èe���̀¦ ·ú� Ãº e����.

0A\�"f ¶ú�(R�Ð��¤1pws� ��_þt ����̂_� |9�½+Ë C(X)��H ��6£§ �̧¹¡§&ñ
o�_�

¿º �̧|	��̀¦ ëß�7á¤ô�Ç��. ����"f, &ñ
o� 3.1.2��H ��6£§ �̧¹¡§&ñ
o�\�"f ���Ð ��

�̧��HX<, s� �̧¹¡§&ñ
o�_� 7£x"î
 õ�&ñ
\�"f ���×þ�/BNo�\�¦ ��6 xô�Ç��.

y¢�ÔÛXNËP� 3.1.3. )Ö<"k�·Öכ� Xq� «»(Ûo�·;¶Öøכ� X ⊂ 2X �� ���:? )ç�H�B

(��) A ∈ X , B ⊂ AT��̂@ B ∈ X T���,

(��) C�� X q� ��Âç>T��̂@
⋃
C ∈ X T���

Ãç> ¹ÿ�ø¶;��̂@ X ¤�< ���604wH�Ð¿ì> ��.>	��.

7£x"î
: ¿º �̧|	��̀¦ ëß�7á¤���H X \�¦ �¦&ñ
��¦, y�� A ∈ X \� @/�#�

Ã = {x ∈ X : A ∪ {x} ∈ X}, A ∈ X

�� &ñ
_����. Õª�Q���, e��_�_� A ∈ X \� @/�#� A ⊂ Ãs��¦, A�� X _�
�FG@/"é¶�è{9� �¹Ø�æìכ��9r�̧|	��Ér A = Ãs���. |9�½+Ë X_� ���×þ��<ÊÃº h\�¦ ×þ�

��¦, �<ÊÃº g : X → X \�¦ ��6£§

g(A) =

{
A t {h(Ã \A)}, A ( Ã,

A, A = Ã

õ� °ú s� &ñ
_����. Õª�Q��� g(A) = A\�¦ ëß�7á¤���H A ∈ X _� �>rF�$í
�̀¦
µ1ßjËµÜ¼�Ð+� 7£x"î
s� =åQèß���. Óüt�:r g(A) ⊃ A��H �½Ó�©� $í
wn�ô�Ç��.

s�]j, X _� ÂÒì�r|9�½+Ë Y ⊂ X \� �'aô�Ç ��6£§ �̧|	�

∅ ∈ Y, A ∈ Y =⇒ g(A) ∈ Y, C ∈ C(Y) =⇒
⋃
C ∈ Y (1)

�̀¦ Òqty��K� �Ð��. s��Qô�Ç �̧|	��̀¦ ëß�7á¤���H �̧��H X _� ÂÒì�r|9�½+Ë[þt_� �§
|9�½+Ë�̀¦ Y0�� ���. ��&ñ
\� _��#� X �� s� �̧|	��̀¦ ëß�7á¤��¦ ∅ ∈ Y0s�
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Ù¼�Ð, Y0��H q�#Q e��t� ·ú§Ü¼ 9 �̧|	� (1) �̀¦ ëß�7á¤���H þj�è_� |9�½+Ë7á¤s�

÷&��HX<, X _� ��_þte���̀¦ �Ðs��9 ô�Ç��. ëß�{9� Y0�� X _� ��_þte��s� 7£x"î
÷&
���, Y0 ∈ C(Y0)s�Ù¼�Ð A =

⋃
Y0 ∈ Y0s��¦ ��r� g(A) ∈ Y0s�Ù¼�Ð

g(A) ⊂
⋃
Y0 = A

�� ÷&#Q, �̧¹¡§&ñ
o�_� 7£x"î
s� =åQ��>� �)a��.

s�]j C ∈ Y0�� ��6£§ $í
|9�

D ∈ Y0 =⇒ C ⊂ D <�Ê�Ér D ⊂ C

�̀¦ ëß�7á¤½+É M:, C\�¦ q��§��0px "é¶�è�� ÂÒØÔ��. \V\�¦ [þt#Q, ∅�Ér q��§��0px
"é¶�ès���. Äºo�_� 3lq³ð��H ��6£§

C �� q��§��0px "é¶�ès��� =⇒ g(C) �� q��§��0px "é¶�ès��� (2)

�̀¦ 7£x"î
���H �.���s	כ s�\�¦ 7£x"î
��¦ �����, Y0_� �̧��H q��§��0px "é¶�è[þt

_� �̧e�� C0�� �̧|	� (1) �̀¦ ëß�7á¤�>� H�d�̀¦ ·ú�>� �)a��. Õª���X<, Y0��H (1)

�̀¦ ëß�7á¤���H þj�è_� |9�½+Ë7á¤s�%3�Ü¼Ù¼�Ð Y0 = C0, 7£¤ Y0_� �̧��H "é¶�è��H

q��§��0pxe���̀¦ ·ú�>� ÷&�¦, ����"f Y0�� ��_þts�Ù¼�Ð 7£x"î
s� =åQèß���. s�

]jÂÒ'� (2)\�¦ 7£x"î
�l� 0A�#� q��§��0px "é¶�è C ∈ Y0\�¦ �¦&ñ
��¦ ��

6£§ |9�½+Ë7á¤

U = {A ∈ Y0 : A ⊂ C <�Ê�Ér g(C) ⊂ A}

\� @/�#� (1) �̀¦ �Ðs��9 ���HX<, 'Í	P: x9� [jP: �̧|	��Ér ��"î
���.

s�]j ÑütP: �̧|	��̀¦ �Ðs�l� 0A�#�, e��_�_� A ∈ Y0\� @/�#�

A ⊂ C <�Ê�Ér g(C) ⊂ A =⇒ g(A) ⊂ C <�Ê�Ér g(C) ⊂ g(A) (3)

�̀¦ �Ðs���� �)a��. ���$� A = Cs���� g(C) = g(A)s�Ù¼�Ð ÷&%3��¦, g(C) ⊂
A��� �â
Äº\���H g(C) ⊂ A ⊂ g(A)s�Ù¼�Ð ÷&%3���. s�]j A ( C�� ���.

Õª�Q��� C��q��§��0px"é¶�ès�Ù¼�Ð g(A) ⊂ Cs����� C ( g(A)s���.ëß�
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{9� C ( g(A)s���� A ( C ( g(A)s�Ù¼�Ð g(A) \ A��H ¿º >h s��©�_� "é¶

�è\�¦ ��t�>� ÷&��HX<, s���H g_� &ñ
_�\� _��#� Ô�¦��0px���. ����"f, �̧

|	� (3)s� 7£x"î
÷&%3��¦, |9�½+Ë7á¤ U��H �̧|	� (1) �̀¦ ëß�7á¤ô�Ç��.

|9�½+Ë7á¤ Y0��H �̧|	� (1) �̀¦ ëß�7á¤���H þj�è_� |9�½+Ë7á¤���X< U ⊂ Y0s�

Ù¼�Ð U = Y0s���. ����"f, e��_�_� A ∈ Y0\� @/�#� A ⊂ C ⊂ g(C)

s����� g(C) ⊂ As���. ��r� ú́��#� g(C)��H q��§��0px "é¶�ès���. |9�½+Ë

C ∈ Y0�� e��_�_� q��§��0px "é¶�è%i�Ü¼Ù¼�Ð (2)�� 7£x"î
÷&%3��¦, �̧��H 7£x

"î
s� =åQz�¤��. �

'Ö<<K 3.1.2. �̧¹¡§&ñ
o� 3.1.3 �̀¦ s�6 x�#� &ñ
o� 3.1.2\�¦ 7£x"î
�#���.

í�H"f|9�½+Ë X\�"f e��_�_� q�#Q e��t� ·ú§�Ér ÂÒì�r|9�½+Ës� þj�è "é¶�è\�¦

��t���� X\�¦+ä��~x�·.��Qô�Çí�H"f�'a>�\�¦+ä��~x)Ö<"k��ô�Ç��Ös���ô�Ç�¦,sכ�

&ñ
o� 2.1.4��H�����Ãº|9�½+Ë Ns�&ñ
§>=|9�½+Ëe���̀¦ ú́�K�ï�r��.&ñ
§>=|9�½+Ë�Érs�

p� Õª ���̂�Ð"f ��_þts� �)a��.

s�]j ~½Ó�FK 7£x"î
ô�Ç �í�Ér �̧¹¡§&ñ
o�\�¦ &h�6 x�#� e��_�_� |9�½+Ë X\� &ñ


§>=í�H"f\�¦ ÂÒ#�½+É Ãº e��6£§�̀¦ �Ðs��9�¦ ���HX<, �í�Ér �̧¹¡§&ñ
o��� &h�6 x÷&

��H @/³ð&h���� ��YVs���. ���$�, X_� ÂÒì�r|9�½+Ë Aü< G ⊂ A × A�Ð"f A

_� &ñ
§>=í�H"f\�¦ ÂÒ#�K� ÅÒ��H �'a>�[þt_� í�H"f�©� (A,G)[þt�̀¦ Òqty����¦, s�

�Qô�Ç í�H"f�©� ����̂_� |9�½+Ë�̀¦ X �� ¿º��. s�]j, |9�½+Ë X \� í�H"f�'a>�\�¦ ÂÒ
#��l� 0A�#�, (A,G), (B,H) ∈ X �� ��6£§ �̧|	�

A ⊂ B, G ⊂ H, x ∈ A, y ∈ B \A =⇒ (x, y) ∈ H (4)

\�¦ ëß�7á¤½+É M:, (A,G) ≤ (B,H)�� &ñ
_����� í�H"f�'a>��� H�d�̀¦ ���Ð SX�

���½+É Ãº e����. í�H"f|9�½+Ë X \� �í�Ér �̧¹¡§&ñ
o�\�¦ &h�6 x�l� 0A�#� C��
X _� ��_þts��� ��¦

A0 =
⋃
{A ⊂ X : (A,G) ∈ C},

G0 =
⋃
{G ⊂ X ×X : (A,G) ∈ C}
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�� ¿º��. s�]j, (A0, G0) ∈ X e���̀¦ �Ðs��9 ���HX<, ���$� G0�� A0_� í�H

"f�'a>�e���̀¦ �Ðs���.

'Ö<<K 3.1.3. (4)�� X _� í�H"f�'a>�\�¦ &ñ
_��<Ê�̀¦ �Ð#���.

ëß�{9� x ∈ A0s���� x ∈ A��� (A,G) ∈ C�� e����. ����"f, e��_�_�

x ∈ A0\� @/�#� (x, x) ∈ G ⊂ G0s��¦, (í�H1)s� 7£x"î
�)a��. ��6£§Ü¼�Ð

(í�H2)\�¦ �Ðs�l� 0A�#� x, y ∈ A0, (x, y) ∈ G0, (y, x) ∈ G0�� ��&ñ
�

��. Õª�Q��� (x, y) ∈ Gs��¦ (y, x) ∈ H��� (A,G), (B,H) ∈ C�� e����. Õª

���X<, C�� ��_þts�Ù¼�Ð (A,G) ≤ (B,H)s����� (A,G) ≥ (B,H)s���.

#QÖ¼ �â
Äºs�����, (x, y) x9� (y, x)��H �̧¿º G ∪H ⊂ (A ∪ B) × (A ∪ B)

\� 5Åq�>� ÷&��HX<, G ∪H��H A ∪B_� í�H"f�'a>�s���. ����"f, x = ys�

��. =åQÜ¼�Ð, (x, y), (y, z) ∈ G0�� ��&ñ
���. s����\��̧ (x, y) ∈ Gs��¦

(y, z) ∈ H��� (A,G), (B,H) ∈ C�� e����HX<, ~½Ó�FK 7£x"î
ô�Ç �â
Äºü< ��ðøÍ

��t��Ð (x, z) ∈ G0e��s� 7£x"î
�)a��.

s�]j, G0�� A0_�&ñ
§>=í�H"fe���̀¦�Ð#���ô�Ç��.s�\�¦0A�#� ∅ 6= B ⊂
A0�� ���. Õª�Q��� &h�]X�ô�Ç (A,G) ∈ C\� @/�#� B ∩A 6= ∅s���. s�]j

∅ 6= B ∩ A ⊂ As��¦, G�� A_� &ñ
§>=í�H"fs�Ù¼�Ð B ∩ A��H þj�è "é¶�è b

\�¦ �������. 7£¤,

b ∈ B ∩A, a ∈ B ∩A =⇒ (b, a) ∈ G

�� $í
wn�ô�Ç��. s�]j b ∈ B�� B ⊂ A0_� þj�è "é¶�èe���̀¦ �Ðs���. 7£¤,

x ∈ B =⇒ (b, x) ∈ G0

e���̀¦ �Ðs��9 ô�Ç��. s�\�¦ 0A�#� x ∈ B�� ���. ���$� x ∈ As���� x ∈
B ∩ As�Ù¼�Ð (b, x) ∈ G ⊂ G0�� �)a��. s�]j x /∈ A�� ���. Õª�Q��� &h�

]X�ô�Ç (C,K) ∈ C\� @/�#� x ∈ C���X<, x ∈ C \ As�Ù¼�Ð C " As���.

����"f (C,K) � (A,G)���X<, C�� ��_þts�Ù¼�Ð (A,G) ≤ (C,K)�� �)a

��. Õª���X<, b ∈ As��¦ x ∈ C \As�Ù¼�Ð (A,G) ≤ (C,K)_� &ñ
_�\� _�
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�#� (b, x) ∈ K ⊂ G0e���̀¦ ·ú� Ãº e����. s�]j, (A0, G0) ∈ X �� C_� �©�
>�e���̀¦ �Ðs���H õ�&ñ
�Ér ~½Ó�FK 7£x"î
ô�Ç ~½ÓZO�õ� q�5pw�Ù¼�Ð Òqt|ÄÌô�Ç��.

'Ö<<K 3.1.4. (A0, G0) ∈ X �� C_� �©�>�e���̀¦ �Ð#���.

t��FK��t�, í�H"f|9�½+Ë X �� &ñ
o� 3.1.1_� ��&ñ
�̀¦ ëß�7á¤ô�Ç����H �¦̀�	כ �Ð

%i���. ����"f, X ��H �FG@/"é¶�è (D,L) ∈ X \�¦ �������. s�]j, D = Xe���̀¦

�Ðs���. ëß�{9� D ( Xs���� x ∈ X \D\�¦ ú̧��¦,

E = D ∪ {x}, M = L ∪ {(a, x) : a ∈ D} ∪ {(x, x)}

�� ¿º��. Õª�Q��� M �Ér E_� í�H"f�'a>��� ÷&��HX< x��H e��_�_� a ∈ D

�Ð�� 	�H "é¶�ès���. ����"f, (E,M)�Ér &ñ
§>=|9�½+Ës��¦ (E,M) ∈ X ���X<
(E,M) > (D,L)s���. s���H (D,L)s� �FG@/"é¶�è����H X<\� �̧í�Hs���. ���

²DG D = Xs��¦, L�Ér X\� &ñ
_��)a &ñ
§>=í�H"fs���. ����"f, ��6£§ &ñ
o�\�¦

%3���H��.

XNËP� 3.1.4. (�̂ØÔësq�Ð(3)
&ñ
§>=&ñ
o�) ��»q�q� �·>�¤Ö;cכ� +ä��~x)Ö<"k�� +í<

<�Â6Ò��.

s�]j, &ñ
o� 3.1.4\�¦ ��&ñ
���� ���×þ�/BNo�\�¦ ~1�>� %3��̀¦ Ãº e����. z�́]j

�Ð, |9�½+Ë X�� &ñ
§>=|9�½+Ë{9� M:, e��_�_� A ∈ 2X \ {∅}\� @/�#� A_� þj

�è "é¶�è\�¦ h(A)�� ���� h : 2X \ {∅} → X��H ���×þ��<ÊÃºs���. ����"f, ���

×þ�/BNo�, &ñ
o� 3.1.1, &ñ
o� 3.1.2, &ñ
o� 3.1.4�� �̧¿º �7Ho�&h�Ü¼�Ð 1lxu�e��

�̀¦ ·ú� Ãº e����.

3.2. ¤n>f9cכ�»h��+ £� £� 

s� ]X�\�"f��H ���×þ�/BNo�, :£¤y� &ñ
o� 3.1.1s��� &ñ
o� 3.1.2�� Ãº�<Æ_� #�

�Q ì�r��\� #Qb�G>� &h�6 x÷&��Ht� ¶ú�(R�Ð�9 ô�Ç��. ���×þ�/BNo�\�¦ ��6 x���H &ñ


(3) Ernst Friedrich Ferdinand Zermelo (1871∼1953), 1lq{9� Ãº�<Æ��. Z�\�¦�2;\�"f /BNÂÒ
��¦, Göttingenõ� 2[o�y� 1px\�"f �Ö̧1lx�%i���.
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o�[þt�Ér y�� K�{©� ì�r��\�"f B�Äº ×�æ¹כô�Ç %i�½+É�̀¦ ���H �â
Äº�� ú́§��. s��Q

ô�Ç &ñ
o�[þt_� \V\�¦ ¶ú�(R�Ð�¦ ���×þ�/BNo�\�¦ s�6 x�#� #Qb�G>� 7£x"î
÷&��Ht�

¶ú�(R�Ð��H ��s	כ 3lq&h�s�l� M:ë�H\�, &ñ
o�\� ���̧��H 6 x#Q\�¦ �̧¿º &ñ
_���¦

K�{©� &ñ
o�\�¦ =åQ��t� 7£x"î
���H ��Ér	כ x���¦ ���×þ�/BNo��� æ¼s���H ÂÒì�r�̀¦

|9�×�æ&h�Ü¼�Ð ¶ú�(R�Ð�9 ô�Ç��.

 7�'�/BNçß� V _� ÂÒì�r|9�½+Ë B�� ��6£§ ¿º ��t� $í
|9�

(��) v1, v2, . . . , vn ∈ Bü< Û¼ºú��� a1, a2, . . . ans� ��6£§

a1v1 + a2v2 + · · ·+ anvn = 0 (5)

�̀¦ ëß�7á¤���� a1 = a2 = · · · = an = 0s���,

(��) e��_�_� v ∈ V \� @/�#� v = a1v1 + a2v2 + · · · + anvn �̀¦ ëß�7á¤�

��H v1, v2, . . . , vn ∈ Bü< Û¼ºú��� a1, a2, . . . ans� �>rF�ô�Ç��

�̀¦ ëß�7á¤���� B\�¦  7�'�/BNçß� V _� M�$k�� ÂÒ�Ér��.

s�]j &ñ
o� 3.1.1 �̀¦ s�6 x�#� e��_�_�  7�'�/BNçß�\� l�$��� �>rF��<Ê�̀¦

�Ðs���HX<, s���H Ãº�<Æ_� #��Q ì�r��\�"f æ¼s���H ���+þA&h���� ~½ÓZO�s���. ���

$� $í
|9� (��)\�¦ ëß�7á¤���H V _� ÂÒì�r|9�½+Ë ����̂_� |9�½+Ë�̀¦ X �� ���. Äº

��� 0 �����  7�'� ����Ð s�ÀÒ#Q��� |9�½+Ë�Ér (��)\�¦ ëß�7á¤�Ù¼�Ð X ��H q�
#Q e��t� ·ú§��. s� |9�½+Ë�Ér �í�<Ê�'a>�\� _��#� í�H"f|9�½+Ës� ÷&��HX< �̧

��H ��_þts� �©�>�\�¦ ���������H �¦̀�	כ �Ðs���. s�\�¦ 0A�#� X _� ��_þt C
\�¦ ��� ú̧���. s�]j C =

⋃
C�� ��r� X _� "é¶�è�� �)a����H �¦̀�	כ �Ð

s����
⋃
C��H C_� �©�>��� |̈c �.���s	כ ëß�{9� v1, v2, . . . , vn ∈ Cs���� y��

i = 1, 2, . . . \� @/�#� vi ∈ Ci��� Ci ∈ C\�¦ ¹1Ô�̀¦ Ãº e����. Õª���X< C
�� ��_þts�Ù¼�Ð {C1, C2, . . . Cn}_� þj@/ "é¶�è\�¦ ú̧��̀¦ Ãº e����. Õª þj@/

"é¶�è\�¦ C0�� ¿º��� (Óüt�:r, C0��H C1, C2, . . . , Cn ×�æ_� ���s���)y�� vi��H

C0 ∈ C_�"é¶�è���)a��.����"f,Û¼ºú��� a1, a2, . . . ans� (5)\�¦ëß�7á¤����

a1 = a2 = · · · = an = 0s� �)a��. ���²DG, C��H $í
|9� (��)\�¦ ëß�7á¤��¦, í�H

"f|9�½+Ë X �� &ñ
o� 3.1.1_� ��&ñ
�̀¦ ëß�7á¤�<Ê�̀¦ �Ð%i�Ü¼Ù¼�Ð, X \���H �FG@/
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"é¶�è B�� �>rF�ô�Ç��. s�]j, B�� $í
|9� (��)\�¦ ëß�7á¤�<Ê�̀¦ �Ðs���� 7£x"î
s�

=åQèß���.

s�\�¦ 0A�#� B�� $í
|9� (��)\�¦ ëß�7á¤�t� ·ú§��H���¦ ��&ñ
���. Õª�Q

��� (��)\� ���̧��H +þAI��Ð ³ðr�÷&t� ·ú§��H "é¶�è v ∈ V �� �>rF�ô�Ç��. s�]j

Bt{v}��$í
|9� (��)\�¦ëß�7á¤�<Ê�̀¦�Ðs���� B�� X _��FG@/"é¶�è����HX<\�
�̧í�Hs� ÷&#Q 7£x"î
s� =åQèß���. s�]j, Äºo��� 7£x"î
K��� ½+É ?/6 x�̀¦ &ñ
SX��

>� l�Õüt�#� �Ð��. |9�½+Ë B ⊂ V �� e���̀¦ M:, Ä»ô�Ç>h_� v1, v2, . . . , vn ∈ B

ü< Û¼ºú��� a1, a2, . . . an\� @/�#� a1v1 + a2v2 + · · ·+ anvnÜ¼�Ð ³ðr�÷&

��H  7�'� ����̂_� |9�½+Ë�̀¦ spanB�� ³ðr����. $í
|9� (��)��H V = spanB

e���̀¦ ú́���¦ e����. Äºo��� 7£x"î
K��� ���H ?/6 x�̀¦ "fÕüt���� ��6£§

• ëß�{9�  7�'�/BNçß� V _� ÂÒì�r|9�½+Ë B ⊂ V �� $í
|9� (��)\�¦ ëß�7á¤��¦

v /∈ spanBs���� B t {v} �̧ $í
|9� (��)\�¦ ëß�7á¤ô�Ç��

õ� °ú s� �)a��. s� "î
]j��H �í�Ð&h���� ���+þA@/Ãº_� t�d���̀¦ s�6 x���� ���Ð

7£x"î
½+É Ãº e��Ü¼Ù¼�Ð Òqt|ÄÌ��¦, ����:r�̀¦ +� �Ð��.

XNËP� 3.2.1. ��»q�q� Ù�v'_ð��µÿ�;c¤�< M�$k�� +í<<�Â6Ò��.

t��FK��t�_��7H7£x�Ér��6£§õ�°ú s��Ð��éß�í�H�o½+ÉÃºe����.���$�, V _�

"é¶�è v1 �̀¦ ú̧���H��. ëß�{9� span {v1} = V s���� {v1}s� l�$�s�Ù¼�Ð 7£x"î

s� =åQèß���. ëß�{9� span {v1} ( V s���� v2 ∈ V \ span {v1}\�¦ ���×þ�ô�Ç��.

ëß�{9� span {v1, v2} = V s���� {v1, v2}�� l�$�s�Ù¼�Ð %i�r� 7£x"î
s� =åQèß�
��. ëß�{9� span {v1, v2} ( V s���� ��r� v3 ∈ V \ span {v1, v2}\�¦ ú̧���H��.

s��Qô�Ç õ�&ñ
�̀¦ ÷&Û�¦s��#� V = span B�� |̈c M:��t� B_� "é¶�è\�¦ >�5Åq

���×þ����� ÷&��HX<, Ä»ô�Ç ���_� éß�>�\�"f =åQ����H �â
Äº\���H Z>� ë�H]j�� \O�

t�ëß� #QÖ¼ �â
Äº�� Õª ���×þ�s� �>rF�ô�Ç����H ��s	כ ���Ð ���×þ�/BNo��� ú́����H

�.���s	כ Óüt�:r Ä»ô�Ç	�"é¶  7�'�/BNçß�\�"f��H ���×þ�/BNo�\�¦ ��6 x�t� ·ú§�¦ 7£x

"î
�̀¦ ��}9� Ãº e����.
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s�ü< Ä»��ô�Ç �7H7£x ~½ÓZO��Ér #��Q ��t� SX��©�&ñ
o�\�"f �̂¦ Ãº e����. |9�

½+Ë A ⊂ Xü< �<ÊÃº f : A → Y �� ÅÒ#Q4R e���̀¦ M:, f̃ |A = f \�¦ ëß�7á¤���H

f̃ : X → Y \�¦ f _� %u��ç¡s����¦ ô�Ç��. s��Qô�Ç SX��©�s� �>rF����H�� ���H

ë�H]j��H Ãº�<Æ_� �̧��H ì�r��\�"f @/éß�y� ×�æ¹כô�Ç ë�H]js���.

X

f
YA -

∪
ιA

6 f̃Q
Q

Q
Q

Qs

Óüt�:r e��_�_� �<ÊÃº f : A → Y ��H e��_�_� X ⊃ A\� @/�#� SX��©�

�̀¦ �������. \V\�¦ [þt��� y0 ∈ Y \�¦ �¦&ñ
��¦ y�� x ∈ X \ A\� @/�#�

f̃(x) = y0�� &ñ
_����� �)a��. Õª�Q��, ú́§�Ér �â
Äº #Q�"� �̧|	��̀¦ ëß�7á¤���H

SX��©��̀¦ ̈½¹כ�>� �)a��. \V\�¦ [þt#Q, V,W ��  7�'�/BNçß�, V0��H V _� ÂÒì�r

/BNçß�, f : V0 → W �� ���+þA���©�{9� M:, Õª SX��©� f̃ : V → W �̧ ���+þA���©�

e���̀¦ É+½̈½¹כ Ãº e����. s� �â
Äº, ��6£§õ� °ú s� �7Ho�\�¦ ���>h½+É Ãº e����. Äº

��� v1 ∈ V \ V0, w1 ∈ W \�¦ ú̧��¦ V1 = span V0 ∪ {v1}s��� ¿º��. e��_�_�

v ∈ V1�Ér v = v0 + a1v1 (éß�, v0 ∈ V, a1�Ér Û¼ºú���)�Ð ³ðr�÷&Ù¼�Ð

f̃1 : v0 + a1v1 7→ f(v0) + a1w1 : V1 → W

�� &ñ
_����� f̃1�Ér ���+þA���©�s��¦ f̃1|V0 = f s���. ëß�{9� V = V1s���� 7£x

"î
s� =åQèß���. ëß�{9� V1 ( V s���� v2 ∈ V \ V1ü< w2 ∈ W \�¦ ú̧���"f

V2 = spanV1 t {v2}s��� ¿º�¦, °ú �Ér õ�&ñ
�̀¦ ìøÍ4�¤���� f̃2|V1 = f̃1��� ���

+þA���©� f̃2 : V2 → W �̀¦ %3���H��. Óüt�:r V2 = V s���� 7£x"î
s� =åQ���¦, ÕªXO�

t� ·ú§Ü¼��� v3 ∈ V \ V2\�¦ ×þ��#� °ú �Ér ���\O��̀¦ >�5Åq���� "é¶���H ���+þA��

�©� f̃ : V → W \�¦ %3��̀¦ Ãº e����. Óüt�:r s��Qô�Ç ���×þ�s� �>rF�ô�Ç����H ��s	כ

���Ð���×þ�/BNo����X<,���×þ�/BNo�\�¦s�6 xô�Ç�Ð��%3�x9�ô�Ç7£x"î
�Ér&ñ
o� 3.1.4

_� 7£x"î
õ� q�5pwô�Ç õ�&ñ
�̀¦ ��u���H X<, s��Qô�Ç �7H7£x ~½ÓZO��Ér ���×þ�/BNo�\�¦

&h�6 x���H���+þA&h����~½ÓZO�s���.s����\���H&ñ
o� 3.1.2\�¦s�6 x�#���6£§&ñ


o�\�¦ 7£x"î
�#� �Ð��.
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XNËP� 3.2.2. Ù�v'_ð��µÿ� V q�«»(Ûoð��µÿ� V0;c"k+ä�q�ùÚH��»q�q� 9̀	0ïF���ç¡

f : V0 → W ;c 60�#l f̃ |V0 = f ¿ì> ¹ÿ�ø¶;�¤�< 9̀	0ïF���ç¡ f̃ : V → W ��

+í<<�Â6Ò��.

7£x"î
: ���$� í�H"f|9�½+Ë�̀¦ ëß�×¼��HX<, V0\�¦ ¾¡§��H V _� ÂÒì�r/BNçß� Vιü<

f̃ι|V0 = f \�¦ ëß�7á¤���H ���+þA���©� f̃ι : Vι → W _� í�H"f�©� (Vι, f̃ι)\�¦

Òqty�����. s�]j, s��Qô�Ç í�H"f�©� ����̂_� |9�½+Ë X = {(Vι, f̃ι) : ι ∈ I}\�
í�H"f�'a>�\�¦ ÅÒ��HX<, ��6£§ �̧|	�

V1 ⊂ V2, f̃2|V1 = f̃1

�̀¦ ëß�7á¤½+É M:, (V1, f̃1) ≤ (V2, f̃2)�� &ñ
_����. Õª�Q��� í�H"f�'a>��� H�d

�̀¦ ���Ð SX����½+É Ãº e���¦, (V0, f) ∈ X s�Ù¼�Ð X ��H q�#Q e��t� ·ú§��. s�

]j, &ñ
o� 3.1.2\� _��#� �FG@/ ��_þt C = {(Vι, f̃ι) : i ∈ J}�� �>rF��
��HX<, Z =

⋃
{Vι : ι ∈ J}��H  7�'�/BNçß�e���̀¦ ���Ð SX����½+É Ãº e����. ¢̧

ô�Ç, v ∈ Z�� Vι\� [þt#Q����� f̃Z(v) = f̃ι(v)�� &ñ
_��<ÊÜ¼�Ð+� ���+þA���©�

f̃Z : Z → W \�¦ %3���HX<, f̃Z |V0 = f e���Ér ��"î
��¦, f̃Z�� ú̧� &ñ
_�÷&#Q

e��6£§�Ér ~1�>� �Ð{9� Ãº e����. s�]j Z = V e���̀¦ �Ðs���� 7£x"î
s� =åQèß���. s�

\�¦ �Ðs�l� 0A�#�, Z ( V �� ��&ñ
��¦, v ∈ V \Z\�¦ ú̧���. Õª�Q��� ·ú¡\�

"f ô�Ç ~½ÓZO�\� _��#� �<ÊÃº f̃Z : Z → W \�¦ Z1 = span (Z t {v})\� SX��©�
�#� ���+þA���©� f̃Z1 �̀¦ %3���H��. Õª�Q��� (Z1, f̃Z1)�Ér C\� [þt#Q��t� ·ú§Ü¼
Ù¼�Ð C t {(Z1, f̃Z1)}�Ér C�Ð�� 	�H ��_þts� �)a��. s���H C�� �FG@/ ��_þts�
����H X<\� �̧í�Hs��¦, ����"f Z = V �� ÷&#Q 7£x"î
s� =åQèß���. �

#��Q ��t� �<ÊÃº/BNçß��̀¦ q�2�©ô�Ç Áºô�Ç	�"é¶  7�'�/BNçß��̀¦ ��ÀÒl� 0AK�"f

��H Áºô�Ç½+Ë�̀¦ &ñ
_�½+É Ãº e��#Q�� ���HX<, s�\�¦ 0AK�"f��H  7�'� ��s�\� ��

o� <�Ê�Ér �̧6£§s� &ñ
_�÷&#Q e��#Q�� ô�Ç��. s�XO�>� �̧6£§s� ÂÒ#��)a  7�'�/BN

çß��̀¦ �̧6£§/BNçß�s��� ÂÒ�Ér��. s� �â
Äº, �̧6£§/BNçß� ��s�_� _�p�e����H ���+þA

���©��Ér �̧6£§s� Ä»>���� Ä»>����©�s���. 0A &ñ
o�ü< ��ðøÍ��t��Ð 	�"é¶s� �

�� Z�}�Ér /BNçß�Ü¼�Ð �̧6£§s� �Ð�>r÷&��H SX��©�s� ��0px�����H �¦̀�	כ �Ðs���� e��
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_�_�ÂÒì�r/BNçß�\�"f&ñ
_��)aÄ»>����©��̀¦ �̧6£§s��Ð�>r÷&�̧2�¤����̂/BNçß�\�

SX��©�½+É Ãº e����. :£¤y�, Õª /BN%i�s� Û¼ºú������ �â
Äº s���s	כ ��0pxô�ÇX<, s�

\�¦ ú́�K� ÅÒ��H ��s	כ �<ÊÃºK�$3�_� l��:r �̧½̈��� ô�Ç(4)–�����(5)
&ñ
o�s���.

���×þ�/BNo��� s�6 x÷&��H õ�&ñ
s� &ñ
o� 3.2.2_� 7£x"î
õ� °ú Ü¼Ù¼�Ð Õª 7£x"î
�Ér

�t� ·ú§��H��.(6)

XNËP� 3.2.3. {¡�:?ð��µÿ� Xã# ½� «»(Ûoð��µÿ� Y �� ®£#e$p �����. ½��_�̂@ ��»

q�q� ¤4� 9̀	0ïF���ç¡ φ : Y → C;c 60�#l ���:? )ç�H�B

φ̃|Y = φ, ‖φ̃‖ = ‖φ‖

Ãç> ¹ÿ�ø¶;�¤�< ¤4� 9̀	0ïF���ç¡ φ̃ : X → C�� +í<<�Â6Ò��.

s� ü@\��̧, 6�xY�J/BNçß�[þt_� Y�L|9�½+Ë\� Y�L0A�©��̀¦ ÂÒ#����� ��r� 6�xY�J

/BNçß�_��)a����H0A�©�Ãº�<Æ_�w��ï�̧áÔ(7)
&ñ
o�, ��Ä»ç�H_�ÂÒì�rç�Hs���r�

��Ä»ç�Hs��)a����H@/Ãº�<Æ_�/'��s�#Q(8)
&ñ
o� 1px�̧ Õª7£x"î
\�"f���×þ�/BN

o��� ��6 x÷&��H @/³ð&h���� \Vs���.

3.3. Ça�Ý~
���TÒ¼ø� "�ÊÁ

&ñ
§>=|9�½+Ë_�@/³ð&h����\V��HÓüt�:r�����Ãº����̂_�í�H"f|9�½+Ë Ns���.·ú¡

Ü¼�Ð�����Ãº����̂_�|9�½+Ë N �̀¦&ñ
§>=|9�½+ËÜ¼�Ðs�K�½+ÉM:\���H ω����H��.

(4) Hans Hahn (1879∼1934), �̧Û¼àÔo��� Ãº�<Æ��. Strassburgü< Munich\�"f /BNÂÒ�
�¦ q��'p��\�"f �Ö̧1lx�%i���.

(5) Stefan Banach (1892∼1945), e�¦êøÍ×¼ Ãº�<Æ��. &ñ
d��Ü¼�Ð Ãº�<Æ�§¹¢¤�̀¦ ~ÃÎ�Ér �� \O�t�
ëß�, 1922�̧�ÂÒ'� Lwów (Lviv, s�	�@/��� s�Êê Äºß¼��s���\� ¼#�{9�H�d)\�"f �Ö̧1lx�%i�
Ü¼ 9 e�¦êøÍ×¼ Ãº�<Æ�r�©��̀¦ %i�e���%i���. Õª\� �'aô�Ç ���l��Ð [21]s� e����.

(6) �̧6£§/BNçß�õ� Ä»>����©�, Õªo��¦ ô�Ç–����� &ñ
o�\� �'aô�Ç ��[jô�Ç ?/6 x�Ér �ÃÐ�¦ë�H��³ [2],
6�©��̀¦ �ÃÐ�̧���.

(7) Andrĕi Nikolaevich Tikhonov (1906∼1993), �Qr��� Ãº�<Æ��. �̧Û¼ß¼��\�"f �Ö̧1lx
�%i���.

(8) Otto Schreier (1901∼1929), �̧Û¼àÔo��� Ãº�<Æ��. q��'p��\�"f /BNÂÒ��¦ Hamburg
\�"f ���r� �Ö̧1lx��� �X[¹כ�%i���.



94 ]j 3 �©� Áºô�Ç|9�½+Ë

y�� �����Ãº n = {0, 1, . . . , n− 1}�Ér Õª ���̂�Ð"f s�p� &ñ
§>=|9�½+Ës���. l�

�>r_�&ñ
§>=|9�½+Ë[þt�ÐÂÒ'�Dh�Ðî�r&ñ
§>=|9�½+Ë�̀¦ëß�[þt#Q?/��H~½ÓZO�\���H#��Q

��t��� e����.

&ñ
§>=|9�½+Ë Aü< x ∈ A\� @/�#� ��6£§

Sx = {a ∈ A : a < x} (6)

õ� °ú s� &ñ
_��)a |9�½+Ë Sx\�¦ x\� _�ô�Ç A_� �}B½Z@s��� ÂÒ�Ér��. &ñ
§>=|9�½+Ë

_� ]X�¼#��Ér {©����y� &ñ
§>=|9�½+Ës���.

|ºM� 1. e��_�_� n ∈ ω\� @/�#� Sn = ns���. ¢̧ô�Ç, e��_�_� m ∈ n\�

@/�#� Sm = ms���. �

s�]j ¿º &ñ
§>=|9�½+Ë A,B�� "f�Ð�è{9� M:, Õª ½+Ë|9�½+Ë A tB\� í�H"f\�¦

&ñ
_��#� �Ð��. y�� x, y ∈ A tB\� @/�#� ��6£§

x, y ∈ A, x ≤ y <�Ê�Ér x, y ∈ B, x ≤ y <�Ê�Ér x ∈ A, y ∈ B (7)

s� $í
wn�½+É M:, x ≤ y�� &ñ
_����. #�l�"f x, y ∈ A��� �â
Äº x ≤ y�� �<Ê

�Ér Óüt�:r A\�"f &ñ
_��)a í�H"f\�¦ ��ØÔ��H �¦��s	כ x, y ∈ B_� �â
Äº�̧ ��ðøÍ

��t�s���. s�XO�>� A tB\� Dh�Ðs� &ñ
_��)a �'a>��� &ñ
§>=í�H"f�� H�d�Ér ��

"î
���.

'Ö<<K 3.3.1. "f�Ð�è��� &ñ
§>=|9�½+Ë A, B_� ½+Ë|9�½+Ë A t B\� (7)õ� °ú s� í�H"f
\�¦ &ñ
_����� &ñ
§>=í�H"f�� H�d�̀¦ �Ð#���.

|ºM� 2. ô�Ç ��t� ÅÒ_�½+É &h�Ü¼�Ð AtBü< B tA��H |9�½+ËÜ¼�Ð"f��H °ú �Ér

|9�½+Ës�t�ëß� í�H"f|9�½+ËÜ¼�Ð"f��H ��ØÔ��. \V\�¦ [þt#Q"f ω t {x}\�"f��H �±p
+'\� ���̧��H x ∈ {x}�� þj@/ "é¶�ès���. Õª�Q��, {x} t ω\���H þj@/ "é¶

�è�� \O���. z�́]j�Ð {x} t ω��H ωü< ‘°ú �Ér’ í�H"f|9�½+Ës���. �
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rr
rr
0
1
2
3

...

...

ω

rr
rr
x

0
1
2

...

...

{x} t ω

rr
rr
0
1
2
3

...

rx

ω t {x}

í�H"f|9�½+Ë A,B ��s�\� &ñ
_��)a �<ÊÃº f : A → B�� ��6£§ �̧|	�

x, y ∈ A, x ≤ y =⇒ f(x) ≤ f(y)

\�¦ëß�7á¤����,s�\�¦�ûB���ÈÕ¬£��ô�Ç��.ëß�{9���l������ f ü<Õª%i��<ÊÃº f−1

�� �̧¿º 7£x���<ÊÃº��� ���éß����<ÊÃº f : A → B�� �>rF����� Aü< B��H )Ö<

"kò6B0ïFs��� ÂÒØÔ�¦, A u B�� ��H��. \V\�¦ [þt#Q f(x) = 0, f(n) = n + 1

s��� &ñ
_��)a �<ÊÃº f : {x} t ω → ω��H í�H"f1lx+þA�̀¦ &ñ
_��#� ï�r��.

'Ö<<K 3.3.2. ëß�{9� &ñ
§>=|9�½+Ë A, B ��s�\� &ñ
_��)a �<ÊÃº f : A → B�� 7£x���
��H ���éß����<ÊÃºs���� x ≤ y ⇐⇒ f(x) ≤ f(y)s� $í
wn��<Ê�̀¦ �Ð#���.

s�]j í�H"f|9�½+Ë A,B_� Y�L|9�½+Ë A× B\� í�H"f\�¦ &ñ
_��#� �Ð��. ¿º

"é¶�è (a1, b1) ∈ A×Bõ� (a2, b2) ∈ A×B\� @/�#� ��6£§

a1 < a2 <�Ê�Ér a1 = a2, b1 ≤ b2

�� $í
wn�½+É M:, (a1, b1) ≤ (a2, b2)�� &ñ
_����. s�ü<°ú s� A× B\� &ñ
_�

�)a í�H"f\�¦ ��b9	)Ö<"k�� ÂÒ�Ér��. ��ðøÍ��t��Ð ��6£§

b1 < b2 <�Ê�Ér b1 = b2, a1 ≤ a2 (8)

�� $í
wn�½+É M:, (a1, b1) ≤ (a2, b2)�� &ñ
_��)a í�H"f\�¦ ºÿ���b9	)Ö<"k�� ÂÒ�Ér

��. ëß�{9� A,B�� &ñ
§>=|9�½+Ës���� A×B\� &ñ
_��)a �����í�H"f�� ìøÍ�����í�H
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"f��H �̧¿º &ñ
§>=í�H"f�� �)a��. ·ú¡Ü¼�Ð, &ñ
§>=|9�½+Ë_� Y�L|9�½+Ë\���H ìøÍ�����í�H

"f�� ÂÒ#��)a �Ü¼�Ð	כ çß�ÅÒô�Ç��.

|ºM� 3. &ñ
§>=|9�½+Ë_� Y�L�l��̧ �§8̈�s� ÷&t� ·ú§��H��. \V\�¦ [þt#Q"f X =

{x, y} (éß�, x < y){9� M: ω ×X_� í�H"f��H ����Ér ��'ÂÒ	כ ��\P�½+É M: ��6£§

(0, x), (1, x), (2, x), . . . , (0, y), (1, y), (2, y), . . .

õ� °ú s� ÅÒ#Q�����. Õª�Q��, X × ω\�"f��H ��6£§

(x, 0), (y, 0), (x, 1), (y, 1), (x, 2), (y, 2), . . .

õ� °ú s� í�H"f�� ÅÒ#Q�����. ����"f, X × ω u ωs���. �

&ñ
§>=|9�½+Ë�̀¦ÕªaË>Ü¼�Ð����èqM:\���Ht�����̀¦]X�����l�0A�#�	�H"é¶

�è\�¦ 0A\� V,���H @/��� �̧�ÉrAá¤\� V,�l��Ð ô�Ç��. Õªo��¦, "é¶�èü< "é¶�è ��s�

\� í�H"f�� e��6£§�̀¦ ³ðr����H f������̧ _�p��� \O�Ü¼Ù¼�Ð Òqt|ÄÌ�l��Ð ô�Ç��.

r r r r r r . . .ω

r r r r r r . . .X × ω

r r r . . . r r r . . .ω ×X

s�]jÂÒ'� ¿º &ñ
§>=|9�½+Ë�̀¦ q��§��9 ô�Ç��. ����:rÂÒ'� ú́����� ¿º &ñ
§>=

|9�½+Ë�Ér "f�Ð °ú ����, #QÖ¼ ô�Ç Aá¤s� ���Ér Aá¤_� ]X�¼#�s� �)a��. s�\�¦ "î
SX�

�>� l�Õüt���.

XNËP� 3.3.1. £̈ +ä��~x�·Öכ� A,B�� ®£#eU��̂@ ���:?

(��) Aã# B¤�< )Ö<"kò6B0ïFT���,

(��) A¤�< Bq� �}B½Z@Üï )Ö<"kò6B0ïFT���,

(��) B¤�< Aq� �}B½Z@Üï )Ö<"kò6B0ïFT���

ï̂B Â6Ò ��U��� )ç��·Â6Ò��.
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7£x"î
: ���$�, ��6£§

p, q ∈ B, f : Sq → Sp �� 7£x�� éß����<ÊÃº =⇒ q ≤ p (9)

s� $í
wn��<Ê�̀¦ �Ðs���. s�\�¦ 0A�#� f : Sq → Sp�� 7£x�� éß����<ÊÃºs��¦,

p < q�� ��&ñ
���. s� M:,

P = {x ∈ Sq : f(x) < x}

�� &ñ
_����. ëß�{9� P 6= ∅s���� P ��H þj�è "é¶�è m �̀¦ �������. :£¤y�,

f(m) < ms�Ù¼�Ð f(f(m)) < f(m)s� $í
wn���¦, ����"f f(m) ∈ P s�

��.Õª���X< f(m) < ms�Ù¼�Ð,s���H ms� P _�þj�è"é¶�è����HX<\� �̧í�H

s��¦, ����"f P = ∅e���̀¦ ·ú� Ãº e����. :£¤y�, p ∈ Sq \ P s�Ù¼�Ð f(p) ≥ p

s��¦, ����"f f(p) /∈ Sp���X<, s���H f _� &ñ
_�\� _��#� Ô�¦��0px�Ù¼�Ð

(9)�� 7£x"î
÷&%3���. s�\� _��#� ��6£§

p, q ∈ B, Sp u Sq =⇒ p = q (10)

s� $í
wn��<Ê�Ér ��"î
���.

s�]j, &ñ
§>=|9�½+Ë A_� ÂÒì�r|9�½+Ë C\�¦ ��6£§

C = {x ∈ A : Sx u Sp ��� p ∈ B �� �>rF�ô�Ç��}

õ� °ú s� &ñ
_�ô�Ç��. ¢̧ô�Ç Dh�Ðî�r �<ÊÃº φ : C → B\�¦ &ñ
_����HX<, (10)

\� _��#� x ∈ Cs��¦ Sx u Sps���� φ(x) = p�� &ñ
_�½+É Ãº e����. ëß�{9�

φ(x) = φ(y) = ps���� Sx u Sp u Sy���X<, ��r� (10)\� _��#� x = y

s�Ù¼�Ð φ : C → B��H éß����<ÊÃºs���. s�]j,

x, y ∈ C, x ≤ y =⇒ φ(x) ≤ φ(y) (11)

s� $í
wn��<Ê�̀¦ �Ðs���. ëß�{9� f : Sx → Sφ(x), g : Sy → Sφ(y)�� í�H"f1lx+þA

�̀¦ &ñ
_�ô�Ç�� ���. Õª�Q��� x ≤ ys�Ù¼�Ð �í�<Ê�<ÊÃº ι : Sx ↪→ Sy\�¦ Òqty��

½+É Ãº e���¦, ½+Ë$í
�<ÊÃº

g ◦ ι ◦ f−1 : Sφ(x) → Sφ(y)
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��H 7£x�� éß����<ÊÃºs���. ����"f, (9)\� _��#� φ(x) ≤ φ(y)e���̀¦ ·ú� Ãº

e���¦, �<ÊÃº φ : C → φ(C)��H í�H"f1lx+þA�̀¦ &ñ
_�ô�Ç��.

s�]j C = As����� C��H A_� ]X�¼#�e���̀¦ �Ðs���. s�\�¦ 0A�#� ��6£§

x ∈ A, y ∈ C, x < y =⇒ x ∈ C (12)

s�$í
wn��<Ê�̀¦�Ðs���.���$�, y ∈ Cs�Ù¼�Ðí�H"f1lx+þA g : Sy → Sφ(y)\�¦ ú̧�

�̀¦ Ãº e����. ô�Ç¼#� x < ys�Ù¼�Ð Sx ⊂ Sy���X< g(Sx) = Sg(x)e���̀¦ �Ðs�

��. ëß�{9� z ∈ Sys����,

z ∈ Sx ⇐⇒ z < x ⇐⇒ g(z) < g(x) ⇐⇒ g(z) ∈ Sg(x)

s�Ù¼�Ð g|Sx : Sx → Sg(x) %i�r� í�H"f1lx+þA�̀¦ &ñ
_�ô�Ç��. ����"f, x ∈ Ce��

�̀¦ ·ú� Ãº e����.

{9�ìøÍ&h�Ü¼�Ð, &ñ
§>=|9�½+Ë A_� ÂÒì�r|9�½+Ë C ⊂ A�� $í
|9� (12)\�¦ ëß�7á¤

���� ��1lx&h�Ü¼�Ð C = As����� C��H A_� ]X�¼#�s� �)a��. s�\�¦ �Ðs�l�

0A�#� C ( A�� ����, A \ C��H þj�è "é¶�è ` �̀¦ ��t���HX<, s� �â
Äº

C = S`s���. ëß�{9� x ∈ S`s���� x < `s�Ù¼�Ð x ∈ Cs���. �=�� ����, ëß�

{9� x ∈ A \ Cs���� `s� A \ C_� þj�è "é¶�è����H X<\� �̧í�Hs�l� M:ë�Hs�

��. %i�Ü¼�Ð, x ∈ C�� ���. ëß�{9� ` ≤ xs���� (12)\� _��#� ` ∈ C���X<,

s� %i�r� `s� A \ C_� þj�è "é¶�è����H X<\� �̧í�Hs���. ����"f, x ∈ Cs�

��� x < `, 7£¤ x ∈ S`e���̀¦ ·ú� Ãº e����. ����"f, C = As����� C��H A_�

]X�¼#�s���. ��ðøÍ��t��Ð φ(C) = Bs����� φ(C)��H B_� ]X�¼#�s���.

Õª�QÙ¼�Ð, ��6£§ W1 ��t� �â
Äº�� Òqt|����.

(1) C = A, φ(C) = Bs���,

(2) C = A, φ(C)��H B_� ]X�¼#�s���,

(3) C��H A_� ]X�¼#�s��¦, φ(C) = Bs���,

(4) C��H A_� ]X�¼#�s��¦, φ(C)��H B_� ]X�¼#�s���.
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s�p� φ : C → φ(C)�� í�H"f1lx+þA�̀¦ &ñ
_����H �¦̀�	כ �Ð%i�Ü¼Ù¼�Ð, W1���P:

�â
Äº��{9�#Q��t�·ú§6£§�̀¦�Ðs��������̂7£x"î
s�=åQèß���.s�\�¦�Ðs�l�0A�

#� C = Sx, φ(C) = Sp�� ��&ñ
���. Õª�Q��� C u φ(C)s�Ù¼�Ð Sx u Sp

s��¦, s���H x ∈ C = Sxe���̀¦ >pwô�Ç��. 7£¤, x < xe���̀¦ >pw���HX<, s���H �̧

í�Hs���. Õª�QÙ¼�Ð, W1���P: �â
Äº��H {9�#Q±ú� Ãº \O��¦, 7£x"î
s� =åQèß���. �

'Ö<<K 3.3.3. &ñ
§>=|9�½+Ë A_� ÂÒì�r|9�½+Ë C��H A <�Ê�Ér A_� ]X�¼#�õ� í�H"f1lx+þAe��
�̀¦ �Ð#���.

e��_�_� Ä»ô�Ç &ñ
§>=|9�½+Ë X��H �ÃÌ ���_� �����Ãº nõ� í�H"f1lx+þAe��s�

ì�r"î
ô�ÇX<, s� M:, ord (X) = ns��� ��H��. e��_�_� &ñ
§>=|9�½+Ë A\� ��6£§

$í
|9�

A1 u A2 ⇐⇒ ord (A1) = ord (A2) (13)

s� ëß�7á¤��̧2�¤ ord (A)\�¦ @/6£xr�~�́ M: ord (X)\�¦ X_� "k¬£�� ÂÒ�Ér

��.(9) ·ú¡Ü¼�Ð, ord (N) = ω�Ð ³ðr�ô�Ç��.

s�]j, "fÃº[þt ��s�_� ���íß��̀¦ &ñ
_����. ���$� �8�l�\�¦ &ñ
_����HX<,

ord (A) = α, ord (B) = β�� ÷&�̧2�¤ "f�Ð�è��� &ñ
§>=|9�½+Ë A,B\�¦ ú̧���

α + β = ord (A tB)

�Ð &ñ
_�ô�Ç��. #�l�"f, A tB_� &ñ
§>=í�H"f��H (7)\� _��#� ���&ñ
�)a��. ��

��"f, �Ðl� 2\�"f �Ð1pws�

ω + 1 6= 1 + ω = ω

s�Ù¼�Ð, �8�l�\� �'aô�Ç �§8̈�ZO�gË:s� $í
wn��t� ·ú§6£§�̀¦ Ä»¥Æ��#��� ô�Ç��.

Y�L�l���H A×B\� (8)\�"f &ñ
_��)a ìøÍ�����í�H"f\�¦ ÂÒ#�ô�Ç Êê,

αβ = ord (A×B)

(9) "fÃº�� ‘Áº%Á	’����� ���H &ñ
_���H 3.6]X�\�"f ô�Ç��.



100 ]j 3 �©� Áºô�Ç|9�½+Ë

�� &ñ
_�ô�Ç��. ��ðøÍ��t��Ð, �Ðl� 3\�"f �Ð1pws�

ω2 6= 2ω = ω

s�Ù¼�Ð, Y�L�l�\� �'aô�Ç �§8̈�ZO�gË:�̧ $í
wn��t� ·ú§��H��. ëß�{9� g : A → C,

h : B → D�� í�H"f1lx+þA�̀¦ &ñ
_�ô�Ç����� f : A tB → C tD\�¦

f(x) =

{
g(x), x ∈ A,

h(x), x ∈ B
(14)

�� &ñ
_����� f �̧ í�H"f1lx+þA�̀¦ &ñ
_��Ù¼�Ð, a+ b�� ú̧� &ñ
_�÷&#Q e��6£§�̀¦

·ú� Ãº e����. s�XO�>� &ñ
_��)a �<ÊÃº f \�¦ g t h�� ��H��.

'Ö<<K 3.3.4. "fÃº_� Y�L�l��� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ð#���. "fÃº_� �8�l�ü<
Y�L�l�\� �'a�#� ���½+ËZO�gË:s� $í
wn��<Ê�̀¦ �Ð#���.

"fÃº_� ���íß�\� �'aô�Ç C�ì�rZO�gË:�̧ �̧d��K��� ô�Ç��. \V\�¦ [þt#Q"f

(1 + 1)ω = 2ω 6= ω2 = ω + ω = 1ω + 1ω

s���. Õª�Q��, ¢,aAá¤ C�ì�rZO�gË:

α(β + γ) = αβ + αγ (15)

�Ér $í
wn�ô�Ç��.

'Ö<<K 3.3.5. "fÃº\� �'aô�Ç 1pxd�� (15)\�¦ 7£x"î
�#���.

s�]j, "fÃº[þt ��s�\� í�H"f\�¦ &ñ
_���9 ô�Ç��. "fÃº αü< β\� @/�#�

ord (A) = α, ord (B) = β��� &ñ
§>=|9�½+Ë A,B\�¦ ú̧���. ëß�{9� A�� B_� ]X�

¼#�õ� í�H"f1lx+þAs���� α < β�� &ñ
_���¦, α < βs����� α = β��� �â
Äº

α ≤ β�� &ñ
_�ô�Ç��. &ñ
o� 3.3.1�Ér e��_�_� "fÃº α, β\� @/�#�

α < β, α = β, α > β

×�æ ����� ìøÍ×¼r� $í
wn��<Ê�̀¦ ú́�K� ï�r��. Óüt�:r, &ñ
§>=|9�½+Ë_� ]X�¼#�s� ��l�

�����õ� í�H"f1lx+þA{9� Ãº \O�Ü¼Ù¼�Ð 0A [j ��t� ×�æ ¿º ��t��� 1lxr�\� $í
wn�
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½+É Ãº��H \O���. #�l�\�"f ord (A′) = α, ord (B′) = β��� &ñ
§>=|9�½+Ë�̀¦ ú̧���

�̧ í�H"f_� &ñ
_�\���H ����<Ês� \O�6£§�̀¦ ~1�>� SX����½+É Ãº e����.

'Ö<<K 3.3.6. "fÃº[þt ��s�_� í�H"f�� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ð#���.

��6£§ ¿º &ñ
o���H &ñ
§>=|9�½+Ë ω\� �'aô�Ç )±ú�ZO�s� e��_�_� &ñ
§>=|9�½+Ë\�

@/�#� #Qb�G>� SX��©�÷&��Ht� �Ð#�ï�r��.

XNËP� 3.3.2. +ä��~x�·Öכ� Aq� «»(Ûo�·Öכ� B�� ���:? )ç�H�B

x ∈ A, Sx ⊂ B =⇒ x ∈ B

Ãç> ¹ÿ�ø¶;��̂@ B = AT���.

7£x"î
: ëß�{9� A \B�� q�#Q e��t� ·ú§Ü¼��� þj�è "é¶�è a ∈ A \B\�¦ �������.

Õª�Q��� Sa ⊂ Bs��¦ ��&ñ
\� _��#� a ∈ B�� ÷&#Q �̧í�Hs���. �

XNËP� 3.3.3. +ä��~x�·Ö;cכ� MÎ3Â6Ò )ç�H�B P �� ®£#e$p �����. ¹ÿ�G�B ��»q�q� +ä�

�~x�·Öכ� X�� ���:?

ëß�{9� X _� �̧��H ]X�¼#�s� P \�¦ ëß�7á¤���� X �̧ P \�¦ ëß�7á¤ô�Ç��

Ãç> ¹ÿ�ø¶;��̂@, ��»q�q� +ä��~x�·�ÖTכ� )ç�H�B P ¿ì> ¹ÿ�ø¶;Â6Ò��.

7£x"î
: #Q�"� &ñ
§>=|9�½+Ë X�� $í
|9� P \�¦ ëß�7á¤�t� ·ú§��H���¦ ��&ñ
���. Õª

�Q���

Y = {x ∈ X : Sx �� P \�¦ ëß�7á¤�t� ·ú§��H��}

��H q�#Q e��t� ·ú§�¦, ����"f þj�è "é¶�è a ∈ X\�¦ �������. Õª�Q��� Sa_�

�̧��H ]X�¼#��Ér $í
|9� P \�¦ ëß�7á¤���HX<, ��&ñ
\� _��#� Sa �̧ $í
|9� P \�¦ ëß�

7á¤�>� ÷&Ù¼�Ð �̧í�Hs���. �
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3.4. ÈÁø5����TÒ¼ø� ¤n>f9cכ�»h�

s�]jÂÒ'�, ¿º |9�½+Ë Xü< Y ��s�\� ���éß����<ÊÃº�� �>rF����� Xü< Y

�� 60�ûB����¦ ú́���¦, X ≈ Y �� ��H��. ·ú¡\�"f /BNÂÒô�Ç 1.2]X�_� �Ðl� 1

õ� �Ðl� 2��H �����Ãº|9�½+Ë N, &ñ
Ãº|9�½+Ë Z, Ä»o�Ãº|9�½+Ë Q�� �̧¿º @/1px�<Ê

�̀¦ ú́�ô�Ç��. ¢̧ô�Ç, °ú �Ér ]X�_� �Ðl� 4��H ¿º ���ì�r 0A\� e����H &h�[þt_� |9�½+Ë

�Ér���ì�r_�U�́s�\��'a>�\O�s��½Ó�©�@/1px�<Ê�̀¦ ú́�ô�Ç��.ìøÍ���, 1.2]X�_��Ðl�

6�Ér �����Ãº|9�½+Ë Nõ� z�́f����� 0A_� ½̈çß� [0, 1]s� @/1px�t� ·ú§6£§�̀¦ ú́�ô�Ç

��. s��©�\�"f ¶ú�(R�:r |9�½+Ë[þt�Ér �̧¿º ��6£§ $í
|9�

��l������õ� @/1pxô�Ç ���ÂÒì�r|9�½+Ës� �>rF�ô�Ç�� (16)

�̀¦ ëß�7á¤ô�Ç��. \V\�¦ [þt#Q �����Ãº|9�½+Ë N�Ér ���Ãº ����̂_� |9�½+Ëõ� @/1px�

 9, z�́Ãº ����̂_� |9�½+Ë R�Ér ½̈çß� (0, 1)õ� @/1px���. s� ]X�_� 3lq&h��Ér s�

�Qô�Ç $í
|9�s� ‘Áºô�Ç|9�½+Ë’_� :£¤$í
e���̀¦ �Ðs���H �.���s	כ

y¢�ÔÛXNËP� 3.4.1. �·Öכ� X�� )ç�H�B (16)Ãç> ¹ÿ�ø¶;�z� Xã# Y �� 60�ûB�

�̂@, �·Öכ� Y |¡ )ç�H�B (16)Ãç> ¹ÿ�ø¶;Â6Ò��.

7£x"î
: |9�½+Ë X_� ���ÂÒì�r|9�½+Ë A x9� ¿º ���éß����<ÊÃº f : X → Aü< g :

X → Y \�¦ ú̧���. Õª�Q��� g|A : A → g(A) �̧ ���éß����<ÊÃºs��¦, ����"f

(g|A) ◦ f ◦ g−1 : Y → g(A) �̧ ���éß����<ÊÃºs���. ëß�{9� x ∈ X \ As����

g(x) ∈ Y \ g(A)s�Ù¼�Ð g(A)��H Y _� ���ÂÒì�r|9�½+Ës���. ����"f, Y _� ���

ÂÒì�r|9�½+Ë g(A)��H Y ü< @/1px���. �

Y - g(A)

X - A

? ?
(g|A) ◦ f ◦ g−1

g g|A

f
X↪→

Y↪→
?
g
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y¢�ÔÛXNËP� 3.4.2. �·Öכ� X�� )ç�H�B (16)Ãç> ¹ÿ�ø¶;�z� X ⊂ Y T��̂@, �·Öכ�

Y |¡ )ç�H�B (16)Ãç> ¹ÿ�ø¶;Â6Ò��.

7£x"î
: |9�½+Ë X_� ���ÂÒì�r|9�½+Ë Aü< ���éß����<ÊÃº f : X → A\�¦ ú̧��¦, �<Ê

Ãº g : Y → Y \�¦

g(y) =

{
y, y ∈ Y \X,

f(y), y ∈ X

�� &ñ
_����. Õª�Q��� g��H éß����<ÊÃºs��¦ Õª �©�s� A t (Y \X)s���. Õª

���X< A�� X_� ���ÂÒì�r|9�½+Ës�Ù¼�Ð At (Y \X)��H Y = X t (Y \X)_�

���ÂÒì�r|9�½+Ës���. ����"f, Y ��H ���ÂÒì�r|9�½+Ë At (Y \X)ü< @/1px���. �

XNËP� 3.4.3. ��a:@¬£ n = {0, 1, 2, . . . , n − 1}q� «»(Ûo�·Öכ� A�� nÜï 60

�ûB��̂@ A = nT���.

7£x"î
: s�\�¦ 7£x"î
�l� 0A�#� ��6£§ "î
]j(10)

e��_�_� éß����<ÊÃº f : n → n �� �����s���

\�¦ �Ðs���� �)a��. ���$�, n = 0s���� ��"î
���. s�]j, Ãº�<Æ&h� )±ú�ZO��̀¦

s�6 x�l� 0A�#� 0A "î
]j�� �����Ãº n\� @/�#� $í
wn�ô�Ç���¦ ��&ñ
��¦,

f : n+ → n+��éß����<ÊÃº�����.���$��<ÊÃº f \�¦ n+ = nt{n}_�ÂÒì�r
|9�½+Ë n\� ]jô�Ç���� éß����<ÊÃº f |n : n → n+

\�¦ %3���H��. Äº��� f(n) ⊂ n

��� �â
Äº\�¦ Òqty�����. Õª�Q��� )±ú�ZO� ��&ñ
\� _��#� f(n) = ns���. ��

��"f, f({n}) = {n}s��¦ f ��H ������<ÊÃºs���.

s�]j f(n) " n��� �â
Äº\�¦ Òqty�����. Õª�Q��� f(k) /∈ n��� k ∈ ns� �>r

F�ô�Ç��. Õª�Q��� f(k) ∈ n+ \ ns�Ù¼�Ð f(k) = {n}s���. s�]j Dh�Ðî�r �<Ê

Ãº g : n+ → n+
\�¦ ��6£§

g(k) = {n}, g({n}) = k, g(x) = x, x ∈ n \ {k}

(10) s�\�¦ �Ð:�x q�Ñütl� |9� "é¶o��� ���HX<, Ãº�<Æ_� #��Q ì�r��\�"f V,�o� æ¼�����.
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õ�°ú s�&ñ
_����.Õª�Q��� g��H n+ = {{n}}t{k}t(n\{k})\�"f {n}õ� k

\�¦��Ë̈��H�<ÊÃºs�Ù¼�Ð���éß����<ÊÃºs���.s�]j½+Ë$í
�<ÊÃº f ◦g : n+ → n+

\�¦ Òqty������ (f ◦ g)(n) ⊂ ns��¦ (f ◦ g)({n}) = {n}s���. ����"f,

(f ◦ g)|n : n → n\� )±ú�ZO� ��&ñ
�̀¦ &h�6 x���� (f ◦ g)|ns� ���éß����<ÊÃºe��
�̀¦ ·ú� Ãº e����. ����"f, f ◦ g��H ���éß����<ÊÃºs��¦, f = (f ◦ g) ◦ g−1 �̧ ���

éß����<ÊÃºs���. �

0A 7£x"î
\� ���̧��H �<ÊÃº f ◦ g : n+ → n+_� >h¥Æ��̀¦ ÕªaË>Ü¼�Ð Õª�9

�Ð��� ��6£§

k 7→ {n} 7→ f({n}) ∈ n ⊂ n+

n \ {k} ↪→ n \ {k} → n \ f({n}) ⊂ n ⊂ n+

{n} 7→ k 7→ {n} ∈ n+

õ� °ú ��.

|9�½+Ë Xü< @/1pxô�Ç �����Ãº ns� �>rF����� X\�¦ ¤Â6Ò�·���Ösכ� ô�Ç��.

&ñ
o� 3.4.3�Ér #Q�"� �����Ãº n �̧ $í
|9� (16) �̀¦ ëß�7á¤�t� ·ú§6£§�̀¦ ú́�ô�Ç��.

����"f �̧¹¡§&ñ
o� 3.4.1 �̀¦ &h�6 x���� e��_�_� Ä»ô�Ç|9�½+Ë�Ér $í
|9� (16) �̀¦ ëß�

7á¤�t�·ú§��H��.s�]jÕª%i��̀¦7£x"î
��9ô�Ç��.7£¤,Ä»ô�Ç|9�½+Ës���m����$í


|9� (16)s� ëß�7á¤H�d�̀¦ �Ðs��9 ô�Ç��. �̧¹¡§&ñ
o� 3.4.2\�¦ %i�¿º\� ¿º���, s�p�

�����Ãº|9�½+Ë Ns� $í
|9� (16) �̀¦ ëß�7á¤ô�Ç����H �¦̀�	כ ·ú��¦ e��Ü¼Ù¼�Ð, ��6£§�̀¦

7£x"î
���� �)a��.

y¢�ÔÛXNËP� 3.4.4. �·Öכ� X��¤Â6Ò�·Öכ�·�£¬@:ÖT���N��̂@,��aכ� NÜï60�ûB

Â6Ò Xq� «»(Ûo�·�ÖTכ� +í<<�Â6Ò��.

�̧¹¡§&ñ
o� 3.4.4_�7£x"î
�Ér���×þ�/BNo�\�¦��6 x�#�7£x"î
���HX<���r�+'

�Ð p�ÀÒ�¦, s� ]X�_� ����:r�̀¦ &h�#Q �Ð��. ��6£§ &ñ
o�_� 1lxu��̧|	��̀¦ ëß�7á¤�

��H |9�½+Ë�̀¦ ª£Â6Ò�·���Ösכ� ô�Ç��.

XNËP� 3.4.5. �·Öכ� X;c 60�#l ���:?ª�< ò6BV�T���.
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(ª£1) �·Öכ� X�� ¤Â6Ò�·�ÖTכ� ��N���. �:;, ��»q�q� ��a:@¬£ n ∈ N;c 60�

#l X¤�< nÜï 60�ûB�U� óm¬��.

(ª£2) �·Öכ� Xã# 60�ûBÂ6Ò Xq� .>	«»(Ûo�·Öכ� A�� +í<<�Â6Ò��.

s�]j �̧¹¡§&ñ
o� 3.4.4\�¦ 7£x"î
���HX<, ���×þ�/BNo�\�¦ ��6 x�l� 0A�#�

|9�½+Ë X_� ���×þ��<ÊÃº h : 2X \ {∅} → X\�¦ ×þ���¦, X_� �̧��H Ä»ô�Ç ÂÒì�r

|9�½+Ë[þt_� �̧e�� F(X)\� @/�#� &ñ
o� 2.1.2\�¦ &h�6 xô�Ç��. s�]j X��H Ä»

ô�Ç|9�½+Ës� ��m�Ù¼�Ð e��_�_� A ∈ F(X)\� @/�#� X \ A 6= ∅s��¦, ����

"f h(X \A) ∈ Xs���. s�]j, �<ÊÃº F : F(X) → F(X)\�¦ ��6£§

F (A) = A t {h(X \A)}, A ∈ F(X)

õ� °ú s� &ñ
_�ô�Ç��. Õª�Q��� &ñ
o� 2.1.2\� _��#� ��6£§

γ(0) = ∅, γ(n+) = F (γ(n)), n ∈ N

�̀¦ ëß�7á¤���H �<ÊÃº γ : N → F(X)�� �>rF�ô�Ç��. s�]j, e��_�_� n ∈ N\�

@/�#� γ(n)�Ér X_� Ä»ô�ÇÂÒì�r|9�½+Ës�Ù¼�Ð X \ γ(n) 6= ∅s��¦, ����"f

�<ÊÃº δ : N → X\�¦ ��6£§

δ(n) = h(X \ γ(n)), n ∈ N

õ� °ú s� &ñ
_�½+É Ãº e����. s�]j, y�� n ∈ N\� @/�#�

γ(n+) = F (γ(n)) = γ(n) t {h(X \ γ(n))} = γ(n) t {δ(n)}

s�Ù¼�Ð, γ(n+)��H γ(n) ⊂ X\� δ(n)s�����H X_� "é¶�è\�¦ ��� �8 '����

ô�Ç �.���s	כ s�]j δ : N → X�� éß����<ÊÃºe���̀¦ �Ðs�l� 0A�#� n < ms�

�� ¿º��. Õª�Q��� n+ ≤ ms�Ù¼�Ð δ(n) ∈ γ(n+) ⊂ γ(m)���X<

δ(m) = h(X \ γ(m)) ∈ X \ γ(m)

s� ÷&#Q δ(n) 6= δ(m)e���̀¦ ·ú� Ãº e����. ����"f, �<ÊÃº δ : N → X_� �©�

δ(N)�Ér X_� ÂÒì�r|9�½+Ës��¦ Nõ� @/1px���.
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t��FK��t�_� �7H7£x�Ér ��6£§õ� °ú s� ú́��Ð ~1�>� Û�¦#Q"f jþt Ãº e����. ���

$�, e��_�_� "é¶�è x1 ∈ X\�¦ ú̧���H��. Õª�Q��� X_� "é¶�è�� ô�Ç >h�Ð����H

ú́§Ü¼Ù¼�Ð X \ {x1} 6= ∅s��¦, ����"f x2 ∈ X \ {x1}\�¦ ×þ�½+É Ãº e����. ��

r� X = {x1, x2}s���� X�� Ä»ô�Ç|9�½+Ës� ��m�Ù¼�Ð X \ {x1, x2} 6= ∅s�
�¦ x3 ∈ X \ {x1, x2}\�¦ ×þ�½+É Ãº e����. s�]j, )±ú�&h�Ü¼�Ð x1, x2, . . . \�¦

×þ��#� �Ð��. ëß�{9� x1, x2, . . . , xn ∈ X\�¦ ×þ�Ùþ¡�����

X \ {x1, . . . , xn} 6= ∅

s���. �=�� ����, ëß�{9� X \ {x1, . . . , xn} = ∅s���� X = {x1, . . . , xn}�Ér
Ä»ô�Ç|9�½+Ës� ÷&l� M:ë�Hs���. ����"f,

xn+1 ∈ X \ {x1, . . . , xn}

�̀¦ ×þ�½+É Ãº e����. s�ü< °ú �Ér ~½ÓZO�Ü¼�Ð >�5Åq�#� x1, x2, . . . \�¦ ×þ�����

A = {xn : n = 1, 2, . . . }

��H X_� ÂÒì�r|9�½+Ës��¦ Nõ� @/1px���. z�́]j�Ð, "é¶A� 7£x"î
\�"f δ(n)�Ér

X \ γ(n)\�"f ���\�¦ ���×þ�ô�Ç �,>���X	כ s�XO�>� >�5Åq÷&��H ���×þ�s� �>rF�ô�Ç

����H ��s	כ ���Ð ���×þ�/BNo��� ÅÒ�©����H �.���s	כ

Áºô�Ç|9�½+Ë\�"f��HÄ»ô�Ç|9�½+Ëõ����Ér�&³�©�s� ú́§s���������HX<,Õª@/³ð

&h���� \V��

N× N ≈ N (17)

s���. ���$� �����Ãº[þt�̀¦ ��6£§

0 2 5 9 14 · · · → m
1 4 8 13
3 7 12
6 11
10
...
↓
n
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õ� °ú s� Zþt#Q Z�~Ü¼��� (17)e��s� ��"î
���. �Ð�� ½̈�̂&h�Ü¼�Ð æ¼�����, �<Ê

Ãº f : N× N → N �̀¦ ��6£§

f(m,n) = [1 + 2 + · · ·+ n] + [(n + 2) + (n + 3) + · · ·+ (n + m + 1)]

= [1 + 2 + 3 + · · ·+ (m + n)] + m

=
1
2
[(m + n)2 + 3m + n]

õ� °ú s� &ñ
_����� s���H ���éß��� �<ÊÃº�� �)a��. %i��<ÊÃº\�¦ &ñ
_��l� 0A�

#� y�� k ∈ N\� @/�#�

1
2
`(` + 1) ≤ k <

1
2
(` + 1)(` + 2)

��� Ä»{9�ô�Ç �����Ãº ` ∈ N �̀¦ ú̧��¦

g(k) =
(

k − 1
2
`(` + 1), `−

[
k − 1

2
`(` + 1)

])
�� &ñ
_�ô�Ç��.

'Ö<<K 3.4.1. 0A\�"f &ñ
_�ô�Ç �<ÊÃº f : N× N → Nü< g : N → N× Ns� "f�Ð
%i��<ÊÃº�'a>�e���̀¦ �Ð#���.

3.5. e�ÊÁ�+ ¥o>ñ5Ñø� 'K�"�

t�èß� 3.4]X�\�"f e��_�_� Ä»ô�Ç|9�½+Ë X��H �ÃÌ ���_� �����Ãº nõ� @/1px

�<Ê�̀¦ ·ú���¤��. s� M:, card (X) = ns��� ��H��. e��_�_� |9�½+Ë A\� ��6£§

$í
|9�

A1 ≈ A2 ⇐⇒ card (A1) = card (A2) (18)

s� $í
wn���̧2�¤ card (A)\�¦ @/6£xr�~�́ M: card (X)\�¦ X_� M�¬£�� ÂÒ

�Ér��.(11)

(11) l�Ãº�� ‘Áº%Á	’����� ���H &ñ
_���H 3.6]X�\�"f ô�Ç��.
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���$� l�Ãº[þt ��s�_� ���íß��̀¦ &ñ
_����. ���$�, l�Ãº a, b\� @/�#�

card (A) = a, card (B) = bs��¦ "f�Ð�è��� |9�½+Ë A,B\�¦ ú̧��¦

a + b = card (A tB)

�� &ñ
_�ô�Ç��. Äº��� s� ���íß�s� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ðs���. s�\�¦ �Ðs�l�

0A�#�

A ≈ C, B ≈ D =⇒ A tB ≈ C tD

\�¦�Ð#���ô�Ç��.ëß�{9� g : A → C, h : B → D�����éß����<ÊÃº����� (14)\�

_��#�&ñ
_��)a gth : AtB → C tD �̧���éß����<ÊÃºs�Ù¼�Ð, a+ b�� ú̧�

&ñ
_�÷&#Qe��6£§�̀¦·ú�Ãºe����.Õª�Q��� AtB = BtAs�Ù¼�Ð a+b = b+a

s���. ¢̧ô�Ç ½+Ë|9�½+Ë_� ���½+ËZO�gË:Ü¼�ÐÂÒ'� (a + b) + c = a + (b + c)�� $í


wn�ô�Ç��. ¿º l�Ãº a, b_� Y�L�l� ab �̧ card (A) = a, card (B) = b��� |9�

½+Ë A,B\�¦ ú̧��Ér Êê,

ab = card (A×B)

�� &ñ
_�ô�Ç��.

'Ö<<K 3.5.1. l�Ãº_� Y�L�l��� ú̧� &ñ
_�÷&#Q e��6£§�̀¦ �Ð#���. ¢̧ô�Ç, Y�L�l�\�
�'aô�Ç �§8̈�ZO�gË:, ���½+ËZO�gË: x9� C�ì�rZO�gË:s� $í
wn��<Ê�̀¦ �Ð#���.

=åQÜ¼�Ð ¿º l�Ãº a, b\� @/�#� ab
\�¦ &ñ
_����. 0Aü< ��ðøÍ��t��Ð

card (A) = a, card (B) = b��� |9�½+Ë A,B\�¦ ú̧��Ér Êê,

ab = card (AB)

�Ð&ñ
_�ô�Ç��. ú̧�&ñ
_�÷&#Qe��6£§�̀¦�Ðs�l�0A�#� g : A → C, h : B → D

�� ���éß����<ÊÃº�� ���. s�]j, �<ÊÃº f1 : AB → CD x9� f2 : CD → AB
\�¦

��6£§

f1(α) = g ◦ α ◦ h−1, α ∈ AB ,

f2(β) = g−1 ◦ β ◦ h, β ∈ CD
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õ� °ú s� &ñ
_�ô�Ç��. Õª�Q��� f1(f2(β)) = g ◦ (g−1 ◦ β ◦ h) ◦ h−1 = βs���.

��ðøÍ��t��Ð f2(f1(α)) = αs�Ù¼�Ð f1õ� f2��H "f�Ð %i��<ÊÃº�'a>��� ÷&#Q

AB ≈ CDe���̀¦ ·ú� Ãº e����.

s�]j ��6£§\� \P������H /BNd��

ab+c = abac, (ab)c = acbc, (ab)c = abc

[þt�̀¦ 7£x"î
�#� �Ð��. s�\�¦ 0A�#� a = card (A), b = card (B), c =

card (C)��� |9�½+Ë A,B,C (éß�, B ∩ C = ∅)\�¦ ú̧��¦

ABtC ≈ AB ×AC , (A×B)C ≈ AC ×BC , (AB)C ≈ AB×C

\�¦�Ðs���.���$�,'Í	P:d���Ér f 7→ (f |B , f |C)x9� (g, h) 7→ gth��"f�Ð%i�

�<ÊÃº�'a>�s�Ù¼�Ð7£x"î
�)a��.¿º���P:d���̀¦�Ðs�l�0A�#� πA : A×B → A

ü< πB : A×B → B\�¦ y��y�� ��%ò
s��� ����

f 7→ (πA ◦ f, πB ◦ f) : (A×B)C → AC ×BC (19)

��H ���éß����<ÊÃº�� �)a��. ��t�}��Ü¼�Ð, ¿º �<ÊÃº Φ : (AB)C → AB×Cü<

Ψ : AB×C → (AB)C
\�¦ ��6£§

Φ(f)(b, c) = (f(c))(b), [Ψ(g)(c)](b) = g(b, c), b ∈ B, c ∈ C

õ� °ú s� &ñ
_����� "f�Ð %i��<ÊÃº�'a>��� �)a��.

'Ö<<K 3.5.2. (19)\�"f &ñ
_��)a �<ÊÃº_� %i��<ÊÃº\�¦ ¹1Ô����. ¢̧ô�Ç, Φõ� Ψ�� "f
�Ð %i��<ÊÃº�'a>�e���̀¦ �Ð#���.

s�]j, l�Ãº[þt ��s�\� í�H"f\�¦ &ñ
_�½+É 	�YVs���. |9�½+Ë Aü< B ��s�\�

éß����<ÊÃº f : A → B�� �>rF����� A 4 B�� &ñ
_����. ��2£§&ñ
o� 1.2.5

\� _�����, s���H ������<ÊÃº g : B → A�� �>rF�ô�Ç����H ��õ	כ ��ðøÍ��t�s�

��. ���$� e��_�_� |9�½+Ë A\� @/�#� A 4 Ae���Ér {©�������. Õªo��¦, éß�

���<ÊÃº_� ½+Ë$í
s� éß����<ÊÃºs�Ù¼�Ð A 4 B, B 4 Cs���� A 4 Ce���̧ ��

"î
���. e��_�_� |9�½+Ë A,B�� ÅÒ#Q&���̀¦ M:, s� ¿º |9�½+Ë\� &ñ
o� 3.1.4\�¦
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&h�6 x�#� &ñ
§>=í�H"f\�¦ ÂÒ#����. Õª�Q��� &ñ
o� 3.3.1\� _��#� A ≈ B

s�����, ��m���� &h�]X�ô�Ç a ∈ A, b ∈ B\� @/�#� A ≈ Sb ⊂ B <�Ê�Ér

B ≈ Sa ⊂ A�� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

XNËP� 3.5.1. ��»q�q� �·Öכ� A,B;c 60�#l A 4 B ý�nª�< B 4 A�� )ç��·

Â6Ò��.

��6£§ &ñ
o���H l�Ãº_� ���íß�\�"f Ùþ�d��&h���� %i�½+É�̀¦ ô�Ç��.

XNËP� 3.5.2. (Z��Ér/'�����(12)) ¹ÿ�G�B A 4 BT�z� B 4 AT��̂@ A ≈ B

T���.

7£x"î
: ���$� f : A → Bü< g : B → A�� éß����<ÊÃº�� ��¦, y�� C ∈ 2A

\� @/�#�

Γ(C) = A \ g(B \ f(C)) ∈ 2A, C ∈ 2A

�� &ñ
_����. ëß�{9� C ⊂ Ds���� f(C) ⊂ f(D)s�Ù¼�Ð

C ⊂ D =⇒ Γ(C) ⊂ Γ(D) (20)

e���Ér ���Ð SX�����)a��. s�]j,

E =
⋃
{C ∈ 2A : C ⊂ Γ(C)} ∈ 2A

�� ¿º��. Õª�Q��� E = Γ(E)�� $í
wn�ô�Ç��. z�́]j�Ð, a ∈ Es���� a ∈ C ⊂
Γ(C)���X< (20)\� _��#� Γ(C) ⊂ Γ(E)s�Ù¼�Ð a ∈ Γ(E)s���. ����"f,

E ⊂ Γ(E)�� $í
wn���¦ ��r� (20)\� _��#� Γ(E) ⊂ Γ(Γ(E))���X<, |9�

½+Ë E_� &ñ
_�\� _����� Γ(E) ⊂ E\�¦ %3���H��. ����"f, E = Γ(E)���X<,

(12) Felix Bernstein (1878∼1956), 1lq{9� Ãº�<Æ��. Göttingen\�"f /BNÂÒ��¦ �Ö̧1lx�%i�
��HX<, s�	�@/��� ×�æ\���H p�²DG\�"f �Ö̧1lx�%i���.
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s�\�¦ ��r� æ¼��� A \ E = g(B \ f(E))s���. Õª���X< f, g�� �̧¿º éß����<Ê

Ãºs�Ù¼�Ð

A = E t (A \ E) ≈ f(E) t (B \ f(E)) = B

\�¦ %3���H��. �

&ñ
o� 3.5.2��H���Ér~½ÓZO�Ü¼�Ð7£x"î
½+ÉÃº�̧e����HX<,s�\�¦0A�#���6£§

A1 ⊂ B ⊂ A, card (A1) = card (A) =⇒ card (B) = card (A) (21)

�̀¦ ���$� �Ðs���. ���éß����<ÊÃº f : A → A1s� ÅÒ#Qt���� &ñ
o� 2.1.2\�¦ s�

6 x�#�

A0 = A, An+1 = f(An), B0 = B, Bn+1 = f(Bn), n = 0, 1, 2, . . .

�� $í
wn���̧2�¤ |9�½+Ë\P� 〈An〉õ� 〈Bn〉\�¦ ú̧��̀¦ Ãº e����. s� M:, y�� n =

0, 1, 2, . . . \� @/�#� Cn = An \Bn�� &ñ
_���¦, C =
⋃∞

n=0 Cns��� &ñ


_�ô�Ç��. s�]j,

g(x) =

{
f(x), x ∈ C,

x, x ∈ A \ C

�� &ñ
_����� g : A → B�� ���éß����<ÊÃºe���̀¦ ~1�>� ·ú� Ãº e����.

'Ö<<K 3.5.3. "î
]j (21)_� 7£x"î
�̀¦ ��Áºo��#���. ¢̧ô�Ç, (21) �̀¦ s�6 x�#� &ñ

o� 3.5.2\�¦ 7£x"î
�#���.

s�]j ¿º l�Ãº a, b\� @/�#� a = card (A)ü< b = card (B)��� |9�½+Ë

A,B\�¦ ú̧��¦ A 4 Bs���� a ≤ b�� &ñ
_����. s�]j, s� &ñ
_��� ú̧� &ñ
_�

÷&#Q e���¦, í�H"f�'a>��� H�d�Ér ì�r"î
���. l�Ãº[þt_� í�H"f�'a>���H �����Ãº_�

í�H"f�'a>�ü< Ä»��ô�Ç $í
|9��̀¦ �������. \V\�¦ [þt#Q,

a ≤ b ⇐⇒ b = a + c ��� l�Ãº c �� �>rF�ô�Ç��

1pxs� $í
wn�ô�Ç��. ���$� a = card (A), b = card (B)��� |9�½+Ë A,B\�¦ ú̧�

��. ëß�{9� a ≤ bs���� éß����<ÊÃº f : A → B�� �>rF�ô�Ç��. s� M: c =
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card [B \ f(A)]�� ¿º��� b = a + c�� $í
wn�ô�Ç��. %i�Ü¼�Ð c = card (C)���

|9�½+Ë C�� �>rF���¦ f : AtC → B�� ���éß����<ÊÃºs���� f |A : A → B��H

éß����<ÊÃºs��¦, ����"f a ≤ bs���.

'Ö<<K 3.5.4. l�Ãº a, b, c, d\� @/�#� a ≤ cs��¦ b ≤ ds���� ��6£§

a + b ≤ c + d, ab ≤ cd, ab ≤ cd

s� $í
wn��<Ê�̀¦ �Ð#���.

s�]j Áºô�Ç|9�½+Ë[þt_� l�Ãº\� @/�#� ·ú����Ð��. ëß�{9� X�� Áºô�Ç|9�½+Ë

s����, �̧¹¡§&ñ
o� 3.4.4\� _��#� éß����<ÊÃº f : N → X�� �>rF�ô�Ç��. ��

��"f e��_�_� Áºô�Ç|9�½+Ë X\� @/�#� card (N) ≤ card (X)s���. ·ú¡Ü¼�Ð

card (N) �̀¦ ℵ0�� ��H��. s�p� N ≈ Z ≈ Qe���̀¦ ·ú��¦ e��Ü¼Ù¼�Ð

card (N) = card (Z) = card (Q) = ℵ0

s���. Õª�Q��, 1.2]X�_� �Ðl� 6\�"f �Ð1pws� éß����<ÊÃº f : N → R�Ér �>r

F��t�ëß� R\�"f NÜ¼�Ð ����H éß����<ÊÃº��H �>rF��t� ·ú§Ü¼Ù¼�Ð

card (R) 	 ℵ0

s���.Dh�Ðî�rÁºô�Çl�Ãº card (R)�Ér c�Ð³ðl�ô�Ç��.|9�½+Ë X_�l�Ãº�� ℵ0

�Ð�� ������� °ú �̀¦ M:, 7£¤ card (X) ≤ ℵ0{9� M: X\�¦ Ú�º¬£���¤�< |9�½+Ës���

ÂÒØÔ�¦, ÕªXO�t� ·ú§Ü¼��� Ú�º¬£�}"¤�< |9�½+Ës��� ÂÒ�Ér��.

¢̧ ���ÉrÁºô�Çl�Ãº_�\V\�¦[þtl�·ú¡"f,Áºô�Çl�Ãº_�1lq:£¤ô�Ç���íß�ZO�gË:

�̀¦ ·ú��� �Ð��. Äº��� (17)\� _��#�

ℵ0ℵ0 = ℵ0

���X<, s���H Áºô�Ç l�Ãº_� :£¤$í
s���.

XNËP� 3.5.3. ��»q�q� ª£Â6Ò M�¬£ a;c 60�#l aa = aT���.
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7£x"î
: ���$� card (A) = a��� Áºô�Ç|9�½+Ë A\�¦ ú̧�Ü¼���, �̧¹¡§&ñ
o� 3.4.4\�

_��#� D ≈ N��� ÂÒì�r|9�½+Ë D ⊂ A�� �>rF�ô�Ç��. Õª���X< (17)\� _��#�

D ≈ D×D�� ÷&#Q ���éß����<ÊÃº f : D → D×D�� �>rF�ô�Ç��. s�]j, ��

6£§ �̧|	�

D ⊂ B ⊂ A, g|D = f, g : B → B ×B ��H ���éß����<ÊÃº

�̀¦ ëß�7á¤���H í�H"f�©� (B, g)[þt ����̂_� �̧e�� B\�¦ Òqty�����. s�]j,

(B1, g1) ≤ (B2, g2) ⇐⇒ B1 ⊂ B2, g2|B1 = g1

ü< °ú s� &ñ
_�����, B��H s�\� _��#� í�H"f|9�½+Ës� ÷&�¦, &ñ
o� 3.1.1_� ���

]j �̧|	�s� $í
wn��<Ê�̀¦ ���Ð SX����½+É Ãº e����. ����"f, �FG@/ "é¶�è (C, h)��

�>rF�ô�Ç��.s�]j card (C) = c��¿º�¦ c = ae���̀¦�Ðs����7£x"î
s�=åQèß���.

s�\�¦ 0A�#�, c < a�� ��&ñ
��¦, b = card (A \ C)�� ���. Õª�Q���,

c = 0 + c ≤ c + c = 1c + 1c = 2c ≤ cc = c

s�Ù¼�Ð c + c = cs���. ëß�{9� b ≤ cs���� a = b + c ≤ c + c = c�� ��&ñ


\� #Q�FM��Ù¼�Ð, &ñ
o� 3.5.1\� _��#� c < b�� $í
wn�K��� ô�Ç��. ����"f,

C ≈ E��� E ⊂ A \ C�� �>rF�ô�Ç��. s�]j

(C t E)× (C t E) = (C × C) t (C × E) t (E × C) t (E × E)

���X<, �̧�ÉrAá¤\� ���̧��H |9�½+Ë_� l�Ãº��H �̧¿º cs�Ù¼�Ð,

card [(C × E) t (E × C) t (E × E)] = (c + c) + c = c + c = c

s���. ����"f, ���éß����<ÊÃº

k : E → (C × E) t (E × C) t (E × E)

\�¦ ú̧��̀¦ Ãº e����. ô�Ç¼#� ���éß����<ÊÃº h : C → C × Cü< °ú s� Òqty������

h t k : C t E → (C t E)× (C t E)
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�� ���éß����<ÊÃºe���̀¦ ·ú� Ãº e����. Õª�Q��� (C tE, ht k) > (C, h)���X<, s�

��H (C, h)�� �FG@/ "é¶�è����H X<\� �̧í�Hs���. �

'Ö<<K 3.5.5. &ñ
o� 3.5.3_� 7£x"î
õ�&ñ
\� ���̧��H í�H"f|9�½+Ë B�� &ñ
o� 3.1.1_�
���]j �̧|	��̀¦ ëß�7á¤�<Ê�̀¦ �Ð#���.

s� &ñ
o�\�¦ s�6 x�#� #��Q ��t� /BNd���̀¦ %3��̀¦ Ãº e����. \V[þt [þt��� Áº

ô�Ç l�Ãº a, b\� @/�#�

a ≤ b =⇒ a + b = ab = b, ab = 2b

1pxs� $í
wn�ô�Ç��. ���$�, 1 ≤ a\�"f b = 1b ≤ ab ≤ bb = bs�Ù¼�Ð ab = b��

$í
wn����HX<, a ≥ 1s�l�ëß� ���� ��ðøÍ��t�s���. ¢̧ô�Ç,

b = 0 + b ≤ a + b ≤ b + b = 2b ≤ bb = b

s�Ù¼�Ð a + b = b���X< a��H #Q�"� l�Ãº���̧ �©��'a\O���. =åQÜ¼�Ð, a ≤ 2a

s�Ù¼�Ð ab ≤ (2a)b = 2ab = 2bs��¦, 2 ≤ as�Ù¼�Ð 2b ≤ abs���. s� �7H

7£x õ�&ñ
\�"f a ≤ 2a
\�¦ ��6 x�%i���HX<, s���H 1.2]X�_� �Ðl� 5\�¦ &h�6 x�

��� x 7→ {x} : X 7→ 2X
\�¦ ��6 x���� �)a��.

s�]j e��_�_� l�Ãº a\� @/�#�

a � 2a (22)

e���̀¦ �Ðs���. s���H e��_�_� |9�½+Ë X\� @/�#� e��_�_� �<ÊÃº f : X → 2X

��H ������<ÊÃº�� |̈c Ãº \O�����H �,>���X	כ Õª 7£x"î
�Ér 1.2]X�_� �Ðl� 6õ� Õª

7£x"î
s� q�5pw���. �<ÊÃº f : X → 2X \� @/�#�

A = {x ∈ X : x /∈ f(x)}

�� ¿º��. ëß�{9� �<ÊÃº f : X → 2X �� ���������� f(x0) = A��� x0 ∈ X��

�>rF�ô�Ç��. s�]j, x0 ∈ A����� ������� ¶ú�(R�Ð��. ëß�{9� x0 ∈ As���� A_�

&ñ
_�\� _��#� x0 /∈ f(x0)���X<, f(x0) = As�Ù¼�Ð x0 /∈ As���. ¢̧ô�Ç,
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ëß�{9� x0 /∈ As���� ��ðøÍ��t��Ð x0 ∈ f(x0) = As���. #QÖ¼ �â
Äº�� �̧í�H

s�Ù¼�Ð f(x0) = A\�¦ ëß�7á¤���H x0 ∈ X��H �>rF��t� ·ú§6£§�̀¦ ·ú� Ãº e���¦,

����"f #Q�"� �<ÊÃº f : X → 2X �̧ ������<ÊÃº�� |̈c Ãº \O���. ÂÒ1pxd�� (22)

��H >�5Åq �8 	�H l�Ãº\�¦ ¹1Ô�� ��°ú� Ãº e����H ��H���� �)a��.

'Ö<<K 3.5.6. 2ℵ0 = ce���̀¦ �Ð#���.

'Ö<<K 3.5.7. ��6£§ |9�½+Ë[þt_� l�Ãº\�¦ ½̈�#���.

(��) |9�½+Ë N_� Ä»ô�ÇÂÒì�r|9�½+Ë ����̂_� |9�½+Ë
(��) |9�½+Ë N_� Áºô�ÇÂÒì�r|9�½+Ë ����̂_� |9�½+Ë
(��) |9�½+Ë N ��s�\� &ñ
_��)a í�H7£x���<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë N ��s�\� &ñ
_��)a ���éß����<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë N ��s�\� &ñ
_��)a �<ÊÃº ���]j_� |9�½+Ë

'Ö<<K 3.5.8. ��6£§ |9�½+Ë[þt_� l�Ãº\�¦ ½̈�#���.

(��) |9�½+Ë R ��s�\� &ñ
_��)a {9�	��<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë R ��s�\� &ñ
_��)a ���½Ód���<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë R ��s�\� &ñ
_��)a K�$3��<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë R ��s�\� &ñ
_��)a ���5Åq�<ÊÃº ���]j_� |9�½+Ë
(��) |9�½+Ë R ��s�\� &ñ
_��)a �<ÊÃº ���]j_� |9�½+Ë

3.6. "�ÊÁÿ? e�ÊÁ�+ Ça��+

]X�¼#� Sx _� &ñ
_� (6) �̀¦ l�%3����. t�èß� 3.3]X�_� �Ðl� 1\�"f ¶ú�(R�:r ��

ü< °ú s�, y�� �����Ãº m ∈ ω \� @/�#�

Sm = {0, 1, 2, . . . ,m− 1} = m

s� $í
wn�ô�Ç��. s�ü< °ú s� &ñ
§>=|9�½+Ë α�� ��6£§ $í
|9�

ξ ∈ α =⇒ Sξ = ξ (23)

�̀¦ëß�7á¤½+ÉM:,s�\�¦"k¬£��ÂÒ�Ér��.\V\�¦[þt#Q,�����Ãº����̂_�&ñ
§>=|9�½+Ë

ω��H "fÃºs���. Óüt�:r y�� �����Ãº n ∈ ω %i�r� "fÃºs���. ���$�, "fÃº α_�
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"é¶�è��H α_� ÂÒì�r|9�½+Ës���. z�́]j�Ð, β ∈ αs���� β = Sβ ⊂ αs���. &ñ
§>=

|9�½+Ë A\� @/�#�

A+ = A ∪ {A}

\� �����Û¼YU í�H"f�� &ñ
_��)a��. 7£¤ e��_�_� a ∈ A \� @/�#� a ≤ A�Ð &ñ


_�ô�Ç��.

'Ö<<K 3.6.1. "fÃº α\� @/�#� ��6£§�̀¦ 7£x"î
�#���.

(��) α+ �̧ "fÃºs��¦, α+ = α + 1s���.
(��) ëß�{9� β ∈ αs���� βü< Sβ �̧ "fÃºs���.

y¢�ÔÛXNËP� 3.6.1. "k¬£ α, β�� α u β¿ì> ¹ÿ�ø¶;��̂@ α = βT���.

7£x"î
: �<ÊÃº f : α → β �� í�H"f1lx+þA�̀¦ &ñ
_�ô�Ç�� ��¦, e��_�_� ξ ∈ α\�

@/�#� f(ξ) = ξe���̀¦ �Ðs���� �)a��. s�\�¦ 0A�#�

X = {ξ ∈ α : f(ξ) = ξ}

�� ¿º�¦, Sξ ⊂ X \�¦ ��&ñ
���. 7£¤,

η < ξ =⇒ f(η) = η

e���̀¦ ��&ñ
���. ëß�{9� η ∈ ξ = Sξs���� η < ξs��¦ f(η) < f(ξ)���X<,

��&ñ
\� _��#� η = f(η) < f(ξ), 7£¤ η ∈ Sf(ξ) = f(ξ)s���. %i�Ü¼�Ð,

f(η) ∈ f(ξ)s���� f(η) ∈ ξ %i�r� ��ðøÍ��t��Ð 7£x"î
÷&Ù¼�Ð ξ = f(ξ), 7£¤

ξ ∈ X s���. ����"f, &ñ
o� 3.3.2\� _��#� X = αe���̀¦ ·ú� Ãº e����. �

t�èß� 3.3]X�\�"f, "fÃº α�� "fÃº β_� ]X�¼#�õ� í�H"f1lx+þAs���� α < β

�� &ñ
_���¦, α < βs����� α = β��� �â
Äº α ≤ β�� &ñ
_��%i�6£§�̀¦ l�

%3����.

y¢�ÔÛXNËP� 3.6.2. "k¬£ α, β;c 60�#l ���:?

α < β ⇐⇒ α ∈ β ⇐⇒ α ( β

T� )ç��·Â6Ò��.
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7£x"î
: ëß�{9� α < βs���� &h�]X�ô�Ç γ ∈ β\� @/�#� α u Sγs���. Õª���X<,

αü< Sγ�� "fÃºs�Ù¼�Ð �̧¹¡§&ñ
o� 3.6.1\� _��#� α = Sγ = γ ∈ βs���.

ëß�{9� α ∈ βs����,s�p�¶ú�(R�:r��ü<°ú s� α = Sα ( βs���.s�]j, α ( β

�� ��&ñ
���. ëß�{9� &h�]X�ô�Ç γ ∈ α\� @/�#� β u Sγs���� ~½Ó�FK �7H7£xô�Ç

��ü< °ú s� β = Sγ = γ ⊂ α�� ÷&Ù¼�Ð �̧í�Hs���. ����"f, &ñ
o� 3.3.1\�

_��#� α��H β_� ]X�¼#�õ� í�H"f 1lx+þAs��¦, ����"f α < βs���. �

s� ]X�_� 'Í	P: 3lq³ð��H e��_�_� &ñ
§>=|9�½+Ë A\� @/�#� A u α ��� "fÃº

α�� Ä»{9��>� �>rF��<Ê�̀¦ �Ðs���H �.���s	כ

XNËP� 3.6.3. ��»q�q� +ä��~x�·Öכ� A ;c 60�#l A u α->	 "k¬£ α�� ¤G�B�

4� +í<<�Â6Ò��.

7£x"î
: Ä»{9�$í
�Ér �̧¹¡§&ñ
o� 3.6.1\�"f���:r��.���$�e��_�_� a ∈ A\�@/�

#� Sa��H #Q�"� "fÃºü< í�H"f1lx+þAs��� ��&ñ
���. s� "fÃº\�¦ α(a)�� æ¼�¦

S = {α(a) : a ∈ A}

�� ¿º��. ëß�{9� S�� "fÃºs��¦ S u Ae���̀¦ �Ðs���� &ñ
o� 3.3.3\� _��#�

7£x"î
s� =åQèß���. ���$�, α(a) ≤ α(b) ⇐⇒ a ≤ b�� &ñ
_����� S�� &ñ
§>=

|9�½+Ëe���Ér {©�������. ��6£§Ü¼�Ð, e��_�_� b ∈ A\� @/�#�

α(b) ∈ α(a) ⇐⇒ α(b) < α(a) ⇐⇒ α(b) ∈ Sα(a)

s�Ù¼�Ð α(a) = Sα(a)s��¦, S��H"fÃºe���̀¦·ú�Ãºe����.=åQÜ¼�Ð, a 7→ α(a)

�� A\�"f S�Ð ����H í�H"f1lx+þAe���Ér ��"î
���. �

'Ö<<K 3.6.2. $í
|9� (13) �̀¦ 7£x"î
�#���.

s�]j, l�Ãº\�¦ &ñ
_���9 ���HX<, e��_�_� |9�½+Ë�̀¦ &ñ
§>=|9�½+ËÜ¼�Ð çß�ÅÒ

½+É Ãº e��Ü¼Ù¼�Ð "f�Ð @/1pxô�Ç "fÃº[þt ×�æ\�"f #QÖ¼ ���\�¦ l�Ãº�� &ñ
�

��� �̧|	� (18) �̀¦ ëß�7á¤�>� |̈c �.���s	כ s�\�¦ 0A�#� ��6£§�̀¦ ���$� �Ðs���.
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XNËP� 3.6.4. R�#e ���U� óm¬ª�< ��»q�q� "k¬£¾ç>q� �·Öכ� E¤�< L|�Ð4wH�Ð¿ì>

��.>	��.

7£x"î
: |9�½+Ë E_� "é¶�è α\�¦ ú̧���. ëß�{9� e��_�_� β ∈ E\� @/�#� α ≤ β

s���� �8 s��©� 7£x"î
½+É ��s	כ \O���. ëß�{9� ÕªXO�t� ·ú§�����, β < α��� β ∈ E

\�¦ ú̧��̀¦ Ãº e����. Õª�Q��� β ∈ αs�Ù¼�Ð α ∩ E 6= ∅s��¦, s���H &ñ
§>=|9�½+Ë

α_� ÂÒì�r|9�½+Ës�Ù¼�Ð þj�è "é¶�è γ\�¦ �������. s�]j δ ∈ E�� ���. ëß�{9�

α ≤ δ s���� γ < α ≤ δs��¦, ëß�{9� α > δs���� δ ∈ α ∩ Es�Ù¼�Ð γ ≤ δ

s���. #QÖ¼ �â
Äº���̧ γ ≤ δ�� $í
wn���¦, ����"f γ�� E_� þj�è "é¶�ès�

��. �

s�]j, e��_�_� |9�½+Ë X�� ÅÒ#Qt���� Xü< 1lx1pxô�Ç "fÃº ����̂_� |9�½+Ë

{ξ : ξ ≈ X, ξ 4 2X}

�̀¦ Òqty����¦, s� |9�½+Ë_� þj�è "é¶�è\�¦ card (X), 7£¤ X_� M�¬£�� &ñ
_�

ô�Ç��. ����"f, "fÃº α�� &h�]X�ô�Ç |9�½+Ë X\� @/�#� α = card (X)s����

��6£§

β ≤ α, β ≈ α =⇒ β = α (24)

s� $í
wn�ô�Ç��. 7£¤, l�Ãº α��H ��6£§ $í
|9�

α �Ð�� ����Ér "fÃº��H α ü< 1lx1px�t� ·ú§��

�̀¦ ëß�7á¤���HX<, s��Qô�Ç "fÃº\�¦ S����M�¬£�� ÂÒ�Ér��. 7£¤, e��_�_� l�Ãº��H

r����"fÃºs���. %i�Ü¼�Ð, α�� r����"fÃºs���� α = card (α)�� ÷&Ù¼�Ð, e��

_�_� r����"fÃº��H l�Ãºs���.

'Ö<<K 3.6.3. $í
|9� (18)s� $í
wn��<Ê�̀¦ �Ð#���.

'Ö<<K 3.6.4. e��_�_� "fÃº α, β\� @/�#� ��6£§

card (α + β) = card α + card β, card (αβ) = (card α)(card β)

s� $í
wn��<Ê�̀¦ �Ð#���. Óüt�:r, ýa���_� ���íß��Ér "fÃº ���íß�s��¦, Äº���_� ���íß��Ér l�Ãº
_� ���íß�s���.
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'Ö<<K 3.6.5. ëß�{9� card (α) < card (β)s����, 7£¤ α 4 βs���� α < βe���̀¦ �Ð
#���.

s�]j, "fÃº[þt�̀¦ ��\P��#� �Ð��. s�\�¦ 0A�#� ��6£§�̀¦ ���$� �Ð�����.

XNËP� 3.6.5. ��»q�q� "k¬£¾ç>q� �·Öכ� C¤�< L|�Ð�ç¡4� supC¿ì> ��.>	��.

7£x"î
: ���$� &ñ
o� 3.6.4\� _��#� |9�½+Ë

α =
⋃
{ξ : ξ ∈ C}

��H&ñ
§>=|9�½+Ës���. ¢̧ô�Ç ξ ∈ α_�]X�¼#��̀¦ αîß�\�"f2[��� ξ �����îß�\�"f

2[��� ��ðøÍ��t�s�Ù¼�Ð α��H "fÃºs���. s�]j α = supCe���̀¦ �Ðs���.

Äº���, e��_�_� ξ ∈ C\� @/�#� ξ ∈ αs�Ù¼�Ð ξ ≤ αs���. ëß�{9� β�� ¢̧��

�Ér C_� �©�>�s���� e��_�_� ξ ∈ C\� @/�#� ξ ⊂ βs��¦, ����"f α ⊂ β,

7£¤ α ≤ βs���. �

���$�, �����Ãº

0, 1, 2, 3, . . .

��H "fÃºs���. s�[þt�̀¦ ¤Â6Ò "k¬£�� ÂÒØÔ�¦, ÕªXO�t� ·ú§�Ér "fÃº[þt�̀¦ �Ô¤

Â6Ò "k¬£�� ÂÒ�Ér��. �íÄ»ô�Ç "fÃº ×�æ þj�è_� "fÃº��H ωs���. :£¤y�, ω��H

ω = α+��� "fÃº α\�¦ ��t�t� ·ú§��HX<, s��Qô�Ç "fÃº\�¦ ���Â6Ò "k¬£�� ÂÒ�Ér

��. e��_�_� "fÃº α, β\� @/�#� αβ
\�¦ &ñ
_����HX<, β�� �FGô�Ç"fÃºs����

αβ = sup{αγ : γ < β}

�� &ñ
_�ô�Ç��. ëß�{9� β = γ + 1 s���� Óüt�:r αβ = αγα�Ð &ñ
_�ô�Ç��. �íÄ»ô�Ç

"fÃº[þt�Ér ��6£§õ� °ú s� \P���½+É Ãº e����;

ω, ω + 1, ω + 2, . . . , ω2, ω2 + 1, ω2 + 2, . . . , ω3, ω3 + 1, . . .

s�ü< °ú �Ér ~½ÓZO�Ü¼�Ð

ω, ω2, ω3, ω4, . . . , ω2
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\�¦ %3���H��. s�\�¦ >�5Åq����

ω2 + 1, ω2 + 2, . . . , ω2 + ω, ω2 + ω + 1, ω2 + ω + 2, . . . , ω2 + ω2,

ω2 + ω2 + 1, . . . , ω2 + ω3, . . . , ω2 + ω4, . . . , ω22, . . . , ω3, . . . , ω4, . . . ,

ωω, . . . , ω(ωω), . . . , ω(ω(ωω)), . . . , ε0, ε0 + 1, ε0 + 2, . . . , ε0 + ω, . . . ,

ε0 + ω2, . . . , ε0 + ω2, . . . , ε0 + ωω, . . . , ε02, . . . , ε0ω, ε0ω
ω, . . . , ε2

0 . . .

ü< °ú s� >�5Åq�)a��.

'Ö<<K 3.6.6. 0A\� \P���ô�Ç "fÃº[þts� Nõ� @/1pxô�Çt� ¶ú�(R�Ð����.

'Ö<<K 3.6.7. e��_�_� l�Ãº, 7£¤ r����"fÃº��H �FGô�Ç "fÃºe���̀¦ �Ð#���. ¢̧ô�Ç, Õª
%i��Ér $í
wn��t� ·ú§6£§�̀¦ �Ð#���.

s�]j

ℵ1 = min{ξ : ℵ0 < card (ξ) ≤ 2ℵ0}

�� &ñ
_����. Õª�Q��� ℵ1�Ér l�Ãº�� ÷&�¦, ��6£§

ℵ1 > ℵ0, ξ ∈ ℵ1 =⇒ card (Sξ) = ℵ0

s� $í
wn�ô�Ç��. s� $í
|9��Ér Ãº�<Æ_� #��Q ì�r��\�"f ìøÍYV\�¦ ëß�×¼��H X<\� ;�¤

V,�>� æ¼�����. Ä»"î
ô�Ç a:@ö¶;=i ����B�Ér ℵ1 = 2ℵ0����� ���H �¦̀�	כ ¶ns��H �	כ

s���.

'Ö<<K 3.6.8. ℵ1 = sup{ξ : ξ ≈ ℵ0}e���̀¦ �Ð#���.

&ñ
o� 2.1.2\�¦ ��6 x����, e��_�_� �����Ãº n = 1, 2, . . . \� @/�#�

ℵn = min{ξ : ℵn−1 < card (ξ) ≤ 2ℵn−1}

s��� &ñ
_�½+É Ãº e����. ¢̧ô�Ç,

ℵω = sup{ℵn : n < ω}

�� &ñ
_����� Dh�Ðî�r l�Ãº\�¦ >�5Åq %3�#Q ��°ú� Ãº e����. &ñ
o� 2.1.2\�¦ "f

Ãº[þt\� @/�#� SX��©����� e��_�_� "fÃº α\� @/�#� l�Ãº ℵα\�¦ >�5Åq &ñ
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_�½+É Ãº e���¦, e��_�_� l�Ãº��H s��Qô�Ç g1J�Ð ³ðr�½+É Ãº e��Ü¼�� #�l�"f Õª

u�l��Ð ô�Ç��. e��_�_� l�Ãº α\� @/�#� ℵα+ = 2ℵα ����� Óüt#Q�Ð��H ��s	כ

G�Bºÿ� a:@ö¶;=i ����Bs���.


