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4�¤�èÃº\�¦ î̈
���_� ô�Ç &h�õ� @/6£xr�&�"f %3�#Qt���H 4�¤�èî̈
���\� @/
�#� /BNÂÒ
�

��HX<, Õª Ùþ�d���Ér ]X�@/°úכõ� ¼#�y��s���. ���Ãº\�¦ 4�¤�èÃº�Ð 
���H 4�¤�è�<ÊÃº��H 4�¤�è

î̈
��� 0A_� ���8̈�Ü¼�Ð s�K�ô�Ç��. s� �©�\�"f��H �8
�l�, NSl�, Y�L
�l�, ��¾ºl� 1px

�̀¦ s�6 xô�Ç ���½Ód��, ì�rÃºd��Ü¼�Ð &ñ
_�÷&��H 4�¤�è�<ÊÃº ×�æ\�"f çß�éß�ô�Ç Y>� ��t� \V

\�¦ ¶ú�(R�:r��.

1.1. ¡�́�¿Ë̂�¢�>

z�́Ãº a, b\� @/
�#�

a + ib (1)

�Ð ³ð�&³÷&��H Ãº\�¦ õi;�Ð¬£�� ô�Ç��. #�l�"f i��H i2 = −1\�¦ ëß�7á¤
���H Ãº

s���. ¿º 4�¤�èÃº a + ibü< c + id\� @/
�#� a = cs��¦ b = d{9� M:, ¿º

4�¤�èÃº�� °ú �Ér �Ü¼�Ð	כ çß�ÅÒô�Ç��. 7£¤,

a + ib = c + id ⇐⇒ a = c, b = d

1



2 ]j 1 �©� 4�¤�èî̈
���õ� 4�¤�è�<ÊÃº

s���. 4�¤�èÃº α = a + ib\� @/
�#� a\�¦ α_� F�B¬£«»�� 
� 9 s�\�¦ Re α

�����·p��. ¢̧ô�Ç b\�¦ α_� )o¬£«»�� 
��¦ s�\�¦ Im α�Ð ��H��. 7£¤,

Re (a + ib) = a, Im (a + ib) = b

s���.

1pxd�� i2 = −1\�¦ s�6 x
���� 4�¤�èÃº ��s�_� �G
�M�ü< ð�

�M�\�¦ ��6£§

(a + ib) + (c + id) = (a + c) + i(b + d)

(a + ib)(c + id) = (ac− bd) + i(ad + bc)

õ� °ú s� �����Û¼YU &ñ
_�½+É Ãº e����. 4�¤�èÃº ����̂_� |9�½+Ë C\�"f 0Ü¼�Ð

��¾º��H �¦̀�	כ ]jü@ô�Ç ��y��5px]j\�¦ ��Ä»\�v>� ½+É Ãº e���¦, ���íß�\� �'aô�Ç ���

½+ËZO�gË:, �§8̈�ZO�gË:, C�ì�rZO�gË:s� �̧¿º $í
wn�ô�Ç��. \V\�¦ [þt#Q,

−(a + ib) = (−a) + i(−b),
1

a + ib
=

(
a

a2 + b2

)
+ i

(
−b

a2 + b2

)
s���. 4�¤�èÃº ����̂_� |9�½+Ë�Ér C�Ð ³ðr�ô�Ç��. 4�¤�èÃº\���H ¢̧ 
���_� ×�æ

¹ô�Çכ ���íß�s� e����. 4�¤�èÃº α = a + ib\� @/
�#� a − ib\�¦ α_� ��x7�õi;

�Ð¬£�� ÂÒØÔ�¦, s�\�¦ α�Ð ��H��. 7£¤,

a + ib = a− ib

s���. s� M:, e��_�_� 4�¤�èÃº α, β\� @/
�#� ��6£§

α + β = α + β, αβ = α β, Re α =
α + α

2
, Im α =

α− α

2i
(2)

s� $í
wn��<Ê�̀¦ ���Ð SX����½+É Ãº e����.

'Ö<<K 1.1.1. 1pxd�� (2)\�¦ 7£x"î

�#���.

z�́Ãº ����̂_� |9�½+Ë Rõ� f����� 0A\� Z�~#� e����H &h�[þt_� |9�½+Ë ��s�\���

���Û¼�Qî�r {9�@/{9�@/6£xs� e��l� M:ë�H\�, f������̀¦ z�́Ãº ����̂_� |9�½+ËÜ¼�Ð �̂¦

Ãº e��Ü¼ 9 s���� �'a&h�\�"f �:r f������̀¦ F�B��̧9̀	s����¦ ÂÒ�Ér��. y��y��_� 4�¤

�èÃº\� z�́Ãº ¿º >h_� í�H"f�©�s� �����Û¼XO�>� @/6£x÷&�¦, z�́Ãº ¿º >h_� í�H
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��� 3

"f�©�\���H î̈
���_� ô�Ç &h�s� �����Û¼XO�>� @/6£x÷&Ù¼�Ð, î̈
����̀¦ 4�¤�èÃº ����̂

_� |9�½+ËÜ¼�Ð �̂¦ Ãº e����. s���� �'a&h�\�"f �:r î̈
����̀¦ õi;�Ð­è��̂@ ¢̧��H ��­£

Ã�(1)
­è��̂@s����¦ ô�Ç��.

q

q

b

−b

a

α = a + ib

α = a− ib

0

4�¤�èî̈
���_� "é¶&h�\�"f 4�¤�èÃº α��t� ��o�\�¦ 4�¤�èÃº α_� �}B60ìḿs�

�� ÂÒØÔ�¦, s�\�¦ |α|�� ��H��. 7£¤,

|a + ib| =
√

a2 + b2

s���. Õª�Q���, ¿º 4�¤�èÃº α, β\� @/
�#� ��6£§ 1pxd��

|α + β| ≤ |α|+ |β|, |αβ| = |α||β|, |α| = |α|, αα = |α|2 (3)

s� $í
wn��<Ê�̀¦ ���Ð SX����½+É Ãº e����. ÂÒ1pxd�� |α + β| ≤ |α|+ |β|��H ���~��«»
�ûB��̧s��� ÂÒ�Ér��. ô�Ç¼#�,

|α| = |β + (α− β)| ≤ |β|+ |α− β|

s�Ù¼�Ð |α| − |β| ≤ |α − β|e���̀¦ ·ú� Ãº e����. #�l�"f, αõ� β_� %i�½+É�̀¦

��Ë̈#Q�̧ ��ðøÍ��t�s�Ù¼�Ð ��6£§ ÂÒ1pxd��

||α| − |β|| ≤ |α− β| (4)

(1) Johann Carl Friedrich Gauss (1777∼1855), 1lq{9� Ãº�<Æ��, ��;ë�H�<Æ��. Eulerü< �8
Ô�¦#Q %i����©� þj�¦_� Ãº�<Æ���Ð {9�(��#Q�����. ÅÒ�Ð Göttingen\�"f �Ö̧1lx
�%i���.
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���õ� 4�¤�è�<ÊÃº

�̀¦ %3���H��.

'Ö<<K 1.1.2. �'a>�d�� (3) �̀¦ 7£x"î

�#���.

4�¤�èÃº α = a + ib�� 4�¤�èî̈
���\� e���̀¦ M:, �ª�_� z�́Ãº»¡¤õ� "é¶&h�\�"f

α\�¦ t�����H ìøÍf�����s� s�ÀÒ��H y���̧\�¦ α_� ½Z@~��s��� 
��¦, s�\�¦ arg α

�Ð ��H��. ëß�{9� r = |α|, θ = arg αs����

α = a + ib = r cos θ + ir sin θ = r(cos θ + i sin θ) (5)

�Ð ����è­q Ãº e����. ëß�{9�

α = r(cos θ + i sin θ), β = s(cos τ + i sin τ)

s����, ���y���<ÊÃº_� ��ZO�&ñ
o�\� _�
�#�

αβ = rs[(cos θ cos τ − sin θ sin τ) + i(sin θ cos τ + sin τ cos θ)]

= rs[cos(θ + τ) + i sin(θ + τ)]

s� �)a��. ����"f, ��6£§ /BNd��

arg αβ = arg α + arg β (6)

�̀¦ %3���H��.

q
�

�
�

�
�

�
�

|α|

arg α

α

0
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ëß�{9� α = r(cos θ + sin θ)s���� 1pxd�� (6) �̀¦ ìøÍ4�¤
�#� &h�6 x
�#�

αn = rn(cos nθ + i sinnθ), n = 1, 2, . . . (7)

e���̀¦ ·ú� Ãº e����. Õª���X<, y���̧\�¦ ³ðr�
���H ~½ÓZO��Ér Ä»{9�ô�Ç ��s	כ ��m�l�

M:ë�H\� Ä»_�
�#��� ô�Ç��. ÅÒ#Q��� y���̧\�¦ ����?/��H z�́Ãº θ ∈ R\�¦ ú̧���¤

�̀¦M:,s�Ãº\� 2π_�C�Ãº\�¦�8
���� �̧¿º°ú �Éry���̧s���.����"f,ô�Çy��

�̧\�¦ ����?/��H ~½ÓZO��Ér ÁºÃºy� ú́§��. #�l�"f, arg α�� �<Ê�Ér ¶nqr�&h�Ü¼�Ð

ÅÒ#Q��� y���̧\�¦ ����?/��H �̧��H ~½ÓZO��̀¦ ú́�ô�Ç��. s� ��î�rX<, ½̈çß� (pi, π]

îß�\� �ÃÌ 
����� e����HX<, s� Ãº\�¦ Arg α�� æ¼�¦ s�\�¦ 4�¤�èÃº α_� ®£½Z@

~��s��� ÂÒ�Ér��.

'Ö<<K 1.1.3. 1pxd�� (7) �̀¦ )
±ú�ZO�Ü¼�Ð 7£x"î

�#���.

4�¤�èÃº\�¦ (1)õ� °ú s� f���§ýa³ð\�¦ s�6 x
�#� ³ð�&³
���� 4�¤�èÃº_� �8


�l�\�¦ s�K�
���H X<\� ¼#�o�
���. ìøÍ��� 4�¤�èÃº\�¦ (5)ü< °ú s� �FGýa³ð\�¦

s�6 x
�#� ³ð�&³
���� 4�¤�èÃº_� Y�L
�l�\�¦ s�K�
���H X<\� B�Äº ¼#�o�
���.

'Ö<<K 1.1.4. ��6£§ �'a>�d���̀¦ ëß�7á¤
���H 4�¤�èÃº ����̂_� |9�½+Ë�̀¦ 4�¤�èî̈
��� 0A\�
³ðr�
�#���.

(��) |z − 3| ≤ 4 (��) 2 ≤ |z − i| ≤ 3
(��) |z − 1|+ |z + 1| = 3 (��) |z − 1| − |z + 1| = 1
(��) |z − 1| = Re z (��) Re z3 > 0
(��) 0 ≤ arg(z − i)2 ≤ π

|ºM� 1. 4�¤�è>�Ãº ~½Ó&ñ
d��

z2 − 2iz − i− 2 = 0

�̀¦ Û�¦#Q �Ð��. z�́>�Ãº ~½Ó&ñ
d���̀¦ Û�¦ M:ü< ��ðøÍ��t� ~½ÓZO�Ü¼�Ð ¢-a���]jY�L

d��Ü¼�Ð �¦u����

(z − i)2 = 1 + i =
√

2
(
cos

π

4
+ i sin

π

4

)
s���. #�l�"f, ¼#�y��

π

4
��H z�́]j�Ð

π

4
+ 2nπ, n = 0,±1,±, 2 . . .
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���õ� 4�¤�è�<ÊÃº

s���. ����"f, 1pxd�� (7) �̀¦ s�6 x
�#�

z = i + 21/4
(
cos

π

8
+ i sin

π

8

)
, z = i + 21/4

(
cos

9π

8
+ i sin

9π

8

)
e���̀¦ ·ú� Ãº e����. �

'Ö<<K 1.1.5. ��6£§ ~½Ó&ñ
d���̀¦ Û�¦#Q��.

(��) iz2 + 5z + 3 + i = 0 (��) z3 = i

1.2. ��
	�Áþ�ÊÁÿ? l�	�Áþ�ÊÁ

Äºo���H z�́�<ÊÃº y = f(x)�� ÅÒ#Qt���� s�\�¦ xy-î̈
��� 0A\� ÕªA�áÔ\�¦

ÕªaË>Ü¼�Ð+�s��<ÊÃº\�¦s�K�ô�Ç��.z�́]j�ÐÕªA�áÔ\�¦Õª�9�Ð��� x������<Ê

\� ����"f y�� #Qb�G>� ���
���Ht� {9�3lq¹כ���
�>� ¶ú�(R�̂¦ Ãº e����. s�]j,

4�¤�è�<ÊÃº

w = f(z)

�� ÅÒ#Q&���̀¦ M:, s�\�¦ ÕªA�áÔ�Ð Õªo��9��� C2, 7£¤, ��	�"é¶ /BNçß�s� ¹כ��9


�Ù¼�Ð s���H Ô�¦��0px
���. ����"f, ¿º 4�¤�èî̈
���, 7£¤ z-î̈
���õ� w-î̈
����̀¦

Õªo��¦, z�� ����<Ê\� ����"f w�� #Qb�G>� ���
���Ht� ¶ú�(R�ÐÙ¼�Ð+� �<ÊÃº

w = f(z)\�¦s�K�
��9�¦ô�Ç��.s��â
Äºy��4�¤�èî̈
����̀¦ýa³ðî̈
���Ü¼�Ðs�

K�
�l� 0A
�#�

z = x + iy ←→ (x, y), w = u + iv ←→ (u, v) (8)

ü< °ú s� @/6£xr�&�"f Òqty��
�l��Ð ô�Ç��. \V\�¦ [þt#Q"f

w = z + α

\�¦ ¶ú�(R�Ð��HX< α = a + ib�� 
����,

u = x + a, v = y + b



1.2. {9�	��<ÊÃºü< s�	��<ÊÃº 7

s�Ù¼�Ð, 4�¤�è�<ÊÃº z 7→ z + α��H ��6£§

(x, y) 7→ (x + a, y + b)

õ� °ú �Ér ­è�á�¥T�ò6BÜ¼�Ð s�K�½+É Ãº e����.

z w
w = z + α

qα qα
A

A
A

�
�

�
�

�

A
A

A

�
�

�
�

�

��6£§Ü¼�Ð 4�¤�è�<ÊÃº w = αz\�¦ ¶ú�(R�Ð��. ëß�{9� α = rs� z�́Ãºs����

(éß�, r > 0), s���H

(x, y) 7→ (rx, ry)

�Ð"f, |w| = r|z|s�Ù¼�Ð ÅÒ#Q��� &h� z_� ]X�@/°ú̀�כ¦ rC�ëß��pu %u�60r�v���H

���8̈�s���.

z w
w = rz

A
A

A

�
�

�
�

�
A

A
A

A
A

�
�

�
�

�
�

�
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ëß�{9� |α| = 1s��¦ α = cos θ + i sin θs����

(x, y) 7→ (x cos θ − y sin θ, x sin θ + y cos θ)

�Ð"f, arg w = arg z + θs�Ù¼�Ð ÅÒ#Q��� &h��̀¦ arg αëß��pu Pvb9	r�v���H ���

8̈�s���.

z w
w = αz

"
"

"
"

" θ

"
"

"
"

" θA
A

A

�
�

�
�

�
Q

Q
QT
T
T
T
T�

�
�
�
�"""

e��_�_� {9�	��<ÊÃº��H w = αz +βg1Js�Ù¼�Ð, s�\�¦ 4�¤�èî̈
��� 0A_� ���8̈�

Ü¼�Ð s�K�
���� î̈
'��s�1lx, SX�@/, �r��� 1px [j ��t� ���8̈�_� ½+Ë$í
Ü¼�Ð ³ðr�

�)a��.

'Ö<<K 1.2.1. î̈
'��s�1lx, SX�@/, �r��� 1px\�"f ¿º ��t� ���8̈��̀¦ ½+Ë$í
½+É M:, Õª í�H
"f\�¦ ��Ë̈#Q�̧ ÷&��Ht� ¶ú�(R�Ð����.

e��_�_� 4�¤�ès�	��<ÊÃº\�¦ ¢-a���]jY�LÜ¼�Ð�¦u���� w = α(z−β)2 + γ_�

g1J�Ð jþt Ãº e��Ü¼Ù¼�Ð, 4�¤�è�<ÊÃº

w = z2

��#Q*�ô�Ç���8̈����t�s�K�
������ Qt���Hs�p�¶ú�(R�:r î̈
'��s�1lx,SX�@/,�r

��� 1pxÜ¼�Ð s�K�
���� �)a��. s�]j, °ú �Ér ���8̈� w = z2
�̀¦ �FGýa³ð\�¦ s�6 xK�

"fs�K�K��Ð��.ëß�{9� z = r(cos θ+ i sin θ)s���� z2 = r2(cos 2θ+ i sin 2θ)

s���. 7£¤, s� ���8̈�\� _�K�"f ]X�@/°úכ�Ér ]jY�LÜ¼�Ð ���
��¦ ¼#�y���Ér ¿º C��Ð

���ô�Ç��. ����"f, s� ���8̈��̀¦ f���'a&h�Ü¼�Ð s�K�
���� ��6£§õ� °ú ��:
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• ]X�@/°úכs� ]jY�LÜ¼�Ð ���
��̧2�¤ z-î̈
���\� e����H &h�[þt�̀¦ éß�0A"é¶ îß�Aá¤

\� e����H &h�[þt�Ér &h�{©�y� "é¶&h�\� ����s� s�1lxr�v��¦, éß�0A"é¶ µ1Ú\�

e����H ��Ér	כ &h�{©�y� "é¶&h�\�"f YO�#Qt��̧2�¤ s�1lxr������.

• �ª�_� z�́Ãº»¡¤�̀¦ ���� z-î̈
����̀¦ ��ØÔ�¦ ¼#�y��s� ¿º C��� ÷&�̧2�¤ î̈


����̀¦ ���+þA
�#�, 7£¤ "é¶&h��̀¦ ×�æd��Ü¼�Ð ô�Ç 1lxd��"é¶_� ~½Ó�¾ÓÜ¼�Ð î̈
���

�̀¦ ¿º C� Zþt�9"f, ���� ú̧�§4�~�� ÂÒì�rs� ô�Ç ��3' [�t�� ��r� {9�u�÷&

�̧2�¤ ·¡­�����.

• s�XO�>� z-î̈
����̀¦ ���+þA
���� "é¶&h��̀¦ ]jü@ô�Ç ÂÒì�rs� ¿º ���s� ÷&��H

X<, s��¦̀�	כ w-î̈
��� 0A\� �ª�_� z�́Ãº»¡¤s� {9�u�
��̧2�¤ Z�~�¦"f z-î̈


���\� e����H &h�[þt�̀¦ Õª ���Ð ��A�\� e����H w-î̈
���_� &h�[þt\� @/6£xr�

�����.

Óüt�:r, ���8̈� w = z3, w = z4
1px�̧ q�5pwô�Ç �'a&h�\�"f s�K�½+É Ãº e����.

@/6£x�'a>� (8)\� _�ô�Ç �'a>�d�� u + iv = (x + iy)2�Ér

u = x2 − y2, v = 2xy (9)

�Ð ��7
>� �)a��. s�]jÂÒ'� ���8̈�

(x, y) 7→ (x2 − y2, 2xy) (10)

�̀¦ �Ð�� ��[jy� s�K�
�l� 0A
�#� xy-î̈
��� 0A_� #��Q ��t� �̧+þA_� \V\�¦

[þt�¦, s� �̧+þAs� ���8̈� (10)\� _�
�#� uv-î̈
��� 0A\�"f #Q�"� �̧+þAs� ÷&��H

t� ¶ú�(R�Ðl��Ð ô�Ç��. r����
�l� ���\� Ä»_�½+É ���½Ó�Ér z2 = (−z)2s�Ù¼�Ð

"é¶&h��̀¦ ×�æd��Ü¼�Ð @/g�A��� ¿º &h��Ér °ú �Ér &h�Ü¼�Ð ���8̈��)a����H �.���s	כ

���$�, "é¶&h��̀¦ t�����H f����� y = mx�� #Qb�G>� ���8̈�÷&��Ht� ·ú��� �Ð

��. �'a>�d�� (9)\�"f

u = x2 −m2x2, v = 2mx2
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s�Ù¼�Ð
v

u
=

2m

1−m2
\�¦ %3���H�� (éß�, m 6= ±1). ����"f, "é¶&h��̀¦ t�����H

f����� y = mx��H (éß�, m 6= ±1) ìøÍf�����

v =
2m

1−m2
u

{
u ≥ 0, 1−m2 > 0 {9� M:,
u ≤ 0, 1−m2 < 0 {9� M:

Ü¼�Ð ���8̈��)a��. f����� y = xü< y = −x��H ���8̈� (10)\� _�
�#� y��y�� ìøÍ

f�����

u = 0, v ≥ 0 õ� u = 0, v ≤ 0

Ü¼�Ð ���8̈��)a��.

z w
w = z2

������������

�
�

�
�

�
�

r rt
t

t
θ 2θ

s�]j, z�́Ãº»¡¤\� î̈
'��
��¦ "é¶&h��̀¦ t���t� ·ú§��H f����� y = c��H (éß�,

c 6= 0) ���8̈� (10)\� _�
�#�

u = x2 − c2, v = 2xc

�� ÷&Ù¼�Ð, �íÓüt���

u =
1

4c2
v2 − c2

�̀¦ %3���H��. ��ðøÍ��t��Ð f����� x = c%i�r� (éß�, c 6= 0) �íÓüt���

u = − 1
4c2

v2 + c2

�Ð ���8̈�H�d�̀¦ ���Ð SX����½+É Ãº e����.
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z w
w = z2

r rt tu
u u
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'Ö<<K 1.2.2. ��6£§ �̧+þA[þts� ���8̈� (10)\� _�
�#� #Qb�G>� ¹¡§f��s���Ht� ¶ú�(R�Ð
����.

(��) {(x, y) : x ≥ 0, y ≥ 0}
(��) {z : 0 ≤ arg z ≤ π

4
}

(��) {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}
(��) {z : |z| = 1}

|ºM� 1. s�	�/BG����Ér ���8̈� (10)\� _�
�#� ��	�/BG���Ü¼�Ð ���8̈�÷&Ù¼�Ð

"é¶s� #Qb�G>� ¹¡§f��s���Ht� &ñ
SX�
�>� [O�"î

�l���H �4HêøÍ
�t�ëß� Õª @/|ÄÌ_�

>h+þA�Ér f�����½+É Ãº e����. \V\�¦ [þt#Q"f, "é¶

|z − i| = 1
2

�̀¦ Òqty��
�#� �Ð��. s� "é¶�Ér{
z :

1
3
π ≤ arg z ≤ 2

3
π,

1
2
≤ |z| ≤ 3

2

}
îß�\� [þt#Q e��Ü¼Ù¼�Ð, Õª �©��Ér{

w :
2
3
π ≤ arg w ≤ 4

3
π,

1
4
≤ |z| ≤ 9

4

}
îß�\� [þt#Q���� ô�Ç��. �

'Ö<<K 1.2.3. "é¶ |z − i| =
1

2
\�¦ (10)\� _�
�#� ���8̈�r�(���̀¦ M: Òqtl���H ��	�/BG

���_� ~½Ó&ñ
d���̀¦ ½̈
�#���.
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1.3. ��
	�&P�ÊÁÁþ�ÊÁ

s� ]X�\�"f��H ��6£§

w =
az + b

cz + d
(11)

õ� °ú s� ÅÒ#Qt���H {9�	�ì�rÃº�<ÊÃº\�¦ /BNÂÒô�Ç��. #�l�"f ad − bc = 0s����

(11)�Ér �©�Ãº�<ÊÃº�� ÷&Ù¼�Ð ·ú¡Ü¼�Ð �½Ó�©� ad− bc 6= 0s��� ��&ñ
ô�Ç��. ���

$� c = 0s���� ���Ð {9�	�d��s� ÷&Ù¼�Ð, ·ú¡\�"f ·ú����:r ��ü< °ú s� î̈
'��s�

1lx, �r���, SX�@/ ���8̈�_� ½+Ë$í
s���. s�]j, c 6= 0�� ��&ñ

��¦, z�́�<ÊÃº_� �â


Äºü< ��ðøÍ��t��Ð ��6£§

w =
az + b

cz + d
=

a

c
(cz + d) + b− ad

c
cz + d

=
a

c
+

bc− ad

c2
· 1

z +
d

c

õ� °ú s� �¦}9� Ãº e����. ����"f, {9�	�ì�rÃº�<ÊÃº (11)\� _�ô�Ç ���8̈��Ér ��6£§

\� _�ô�Ç ���8̈�

z 7→ 1
z

(12)
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õ� î̈
'��s�1lx���8̈�, �r������8̈�, SX�@/���8̈�_� ½+Ë$í
s���. Õª���X<∣∣∣∣1z
∣∣∣∣ =

1
|z|

, arg
1
z

= − arg z

s�Ù¼�Ð, �<ÊÃº (12)�� #Q�"� ���8̈��̀¦ ����?/��Ht� ���Ð ·ú� Ãº e����.

z w
w =

1
zr

r�
�

�
�

�

@
@

@
@

@
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î̈
'��s�1lx���8̈�, �r������8̈�, SX�@/���8̈��Ér î̈
��� 0A_� "é¶�̀¦ "é¶Ü¼�Ð �Ð?/

�¦, f������̀¦ f�����Ü¼�Ð �Ð�·p��. s�]j, ���8̈� (12)�� "é¶õ� f������̀¦ #Q�"� �̧

+þAÜ¼�Ð �Ð?/��Ht� ·ú����Ð��. s�\�¦ 0A
�#� z = x + iy, w = u + iv�Ð ³ð

r�
����

u + iv =
1

x + iy

�ÐÂÒ'�, (x, y)ü< (u, v)_� �'a>�d��

u =
x

x2 + y2
, v =

−y

x2 + y2
, x =

u

u2 + v2
, y =

−v

u2 + v2

(13)

�̀¦ %3���H��. s��ÐÂÒ'�, xy-î̈
��� 0A_� ~½Ó&ñ
d�� (éß�, α, β, γ, δ ∈ R)

α(x2 + y2) + βx + γy + δ = 0 (14)

s� ��6£§ ~½Ó&ñ
d��

δ(u2 + v2) + βu− γv + α = 0 (15)



14 ]j 1 �©� 4�¤�èî̈
���õ� 4�¤�è�<ÊÃº

Ü¼�Ð ���8̈�H�d�̀¦ ���Ð SX����½+É Ãº e����. ~½Ó&ñ
d�� (14)��H α = 0{9� M: f�����

�̀¦ ����?/�¦, α 6= 0{9� M: "é¶�̀¦ �����·p��. ¢̧ô�Ç, δ = 0���t� #�ÂÒ\� _�


�#� "é¶&h��̀¦ t�����Ht� #�ÂÒ�� ���&ñ
�)a��. ����"f, ���8̈� (12)��H "é¶ <�Ê�Ér

f������̀¦ ��r� "é¶ <�Ê�Ér f�����Ü¼�Ð �Ð?/��H ���8̈�s��¦, {9�	�ì�rÃº�<ÊÃº\� _�
�

#� %3�#Qt���H ���8̈� %i�r� ��ðøÍ��t�s���.

'Ö<<K 1.3.1. î̈
'��s�1lx���8̈�, �r������8̈�, SX�@/���8̈�s� î̈
��� 0A_� "é¶�̀¦ "é¶Ü¼�Ð �Ð
?/�¦, î̈
��� 0A_� f������̀¦ f�����Ü¼�Ð �ÐÍÇr�̀¦ 7£x"î

�#���.

'Ö<<K 1.3.2. �'a>�d�� (13), (14)�ÐÂÒ'� (15)\�¦ Ä»�̧
�#���.

'Ö<<K 1.3.3. ��6£§ �̧+þA[þts� ���8̈� (12)\� _�
�#� #Qb�G>� ¹¡§f��s���Ht� ¶ú�(R�Ð
����.

(��) {(x, y) : x > 0, y > 0}
(��) {z : 0 < arg z <

π

4
}

(��) {(x, y) : 0 < x < 1, 0 < y < 1}
(��) {z : |z| = 1}

î̈
��� 0A_� [j &h�s� ÅÒ#Qt���� s� [j &h��̀¦ t�����H f����� <�Ê�Ér "é¶s� Ä»

{9�
�>� ���&ñ
�)a��. s��Qô�Ç $í
|9��Ér {9�	�ì�rÃº�<ÊÃº\� _�
�#� "é¶_� ?/ÂÒ <�Ê

�Ér ìøÍî̈
���s� #Qb�G>� ���8̈�÷&��Ht� ¶ú�(R�Ð��H X<\� B�Äº Ä»6 x
���.

|ºM� 1. éß�0A"é¶óøÍ {z : |z| ≤ 1}s� ���8̈�

w =
2z

1 + z

\� _�
�#� #Qb�G>� �Ð?/t���H�� ¶ú�(R�Ð��. ëß�{9� éß�0A"é¶ 0A\� e����H &h�

z = 1, i,−i\�¦ @/{9�
���� w = 1, 1 + i, 1 − i\�¦ %3���HX<, s� [j &h��Ér f�����

Re w = 1\�¦ ���&ñ
ô�Ç��. ����"f, éß�0A"é¶�Ér f����� Re w = 1�Ð �Ð?/#Qf��

�̀¦ ·ú� Ãº e����. éß�0A"é¶_� ?/ÂÒ�� f�����_� #QÖ¼ Aá¤Ü¼�Ð ����Ht� ·ú��9��� éß�

0A"é¶ ?/ÂÒ_� &h�, \V\�¦ [þt#Q z = 0 �̀¦ @/{9�K��Ð��� �)a��. &h� z = 0s� &h�

w = 0�Ð ��Ù¼�Ð éß�0A"é¶óøÍ�Ér f����� Re w = 1_� ¢,aAá¤ ÂÒì�rÜ¼�Ð ���8̈�H�d

�̀¦ ·ú� Ãº e����. �
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z w
w =

2z

1 + z

r r

|z| = 1, 2
3 , 1

3

&h� çß�����Ér 0.05 ��n�îß�

p

p

p

p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p pp pp pp pp pp pp pp pp pp pp pp pp pp pq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp
p

p
p

p
p

p
p

p
p

p
p

p
p

p

p

p

p

p

p

p pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qq qp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pq pq pq qq qq qq qq qq qq qq qq qq qq qq qq qq qq q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q qq qq qp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pp pq q

{9�	�ì�rÃº�<ÊÃº (11)\�"f >�Ãº ×�æ #QÖ¼ 
�����H 1s��� ��&ñ
K��̧ ÷&Ù¼

�Ð, {9�	�ì�rÃº�<ÊÃº��H ��z�́�©� >�Ãº [j >h\� _�
�#� ���&ñ
�)a��. ����"f, [j

&h�õ� s� [j &h�_� �©�s� ��6£§

z1 7→ w1, z2 7→ w2, z3 7→ w3 (16)

õ� °ú s� ÅÒ#Qt���� s�\� K�{©�
���H {9�	�ì�rÃº�<ÊÃº�� ���&ñ
�)a��. z�́]j�Ð 1px

d�� (11)\�"f (z, w)\�

(z1, w1), (z2, w2), (z3, w3)

�̀¦ @/{9�
�#� a, b, c, d\� �'aô�Ç ~½Ó&ñ
d���̀¦ Û�¦��� �)a��. s�]j, 7á§ �8 çß�éß�ô�Ç

~½ÓZO��̀¦ ·ú����Ð��. ���$�, y�� i = 1, 2, 3\� @/
�#� wi =
azi + b

czi + d
�� $í
wn�
�

Ù¼�Ð,

w − wi =
az + b

cz + d
− azi + b

czi + d
=

(ad− bc)(z − zi)
(cz + d)(czi + d)

�� $í
wn�ô�Ç��. ����"f,

w − w1

w − w3
=

cz3 + d

cz1 + d
· z − z1

z − z3
,

w2 − w1

w2 − w3
=

cz3 + d

cz1 + d
· z2 − z1

z2 − z3
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\�¦ %3���H��. #�l�"f, ¿º���P: d���Ér 'Í	P: d��\�"f w = w2, z = z2\�¦ @/{9�

ô�Ç �.���s	כ 0A ¿ºd���̀¦ ��¾º#Q c, d\�¦ �è��
���� ½̈
���H ~½Ó&ñ
d��

(w − w1)(w2 − w3)
(w − w3)(w2 − w1)

=
(z − z1)(z2 − z3)
(z − z3)(z2 − z1)

(17)

�̀¦ %3���H��.

|ºM� 2. &h� z = 1, i,−i\�¦ y��y�� w = 1, 1 + i, 1− i�Ð �Ð?/��H {9�	�ì�rÃº

�<ÊÃº\�¦ ½̈
���� (17)\� _�
�#�

(w − 1)((1 + i)− (1− i))
(w − (1− i))((1 + i)− 1)

=
(z − 1)(i− (−i))
(z − (−i))(i− 1)

���X<, s�\�¦ &ñ
o�
���� zw − 2z + w = 0, <�Ê�Ér w =
2z

1 + z
\�¦ %3���H��. �

���8̈� (12)\�¦ ��r� Òqty��K� �Ð��. s� �<ÊÃº��H |9�½+Ë C \ {0} ��s�\� &ñ

_��)a���éß����<ÊÃºs���.ëß�{9�4�¤�èî̈
��� C\�Áºô�Ç@/\�¦����?/��H&h�∞\�¦
�8
�#� |9�½+Ë C ∪ {∞}\�¦ Òqty��
����, ���8̈� (12)��H 0 �̀¦ ∞�Ð �Ð?/�¦, ∞
\�¦ 0�Ð �Ð?/Ù¼�Ð ���8̈� (12)\�¦ |9�½+Ë C ∪ {∞} ��s�\� &ñ
_��)a ���éß����<Ê
Ãº�Ðs�K�
���H�.���s������Û¼XO	כ î̈
'��s�1lx���8̈�,�r������8̈�,SX�@/���8̈�1px

�̧ ∞\�¦ ∞�Ð �Ð�·p���¦ s�K�
���� �̧¿º C ∪ {∞} ��s�\� &ñ
_��)a ���éß�
���<ÊÃºs�Ù¼�Ð,s�]jÂÒ'�e��_�_�{9�	�ì�rÃº�<ÊÃº��H|9�½+Ë C∪{∞}��s�\�
&ñ
_��)a ���éß����<ÊÃº�Ð s�K�ô�Ç��. Óüt�:r (11)\� _�
�#� &ñ
_��)a {9�	�ì�rÃº

�<ÊÃº��H (éß�, c 6= 0)

−d

c
7→ ∞, ∞ 7→ a

c

�Ð s�K�ô�Ç��. [j &h�õ� Õª &h�[þt_� �©�s� (16)õ� °ú s� ÅÒ#Qt���H {9�	�ì�rÃº

�<ÊÃº\�¦¹1Ô��H�â
Äº,s�[þt×�æ#QÖ¼
�����∞���̧�©��'a\O���.s��â
Äº (17)

\�"f K�{©� 4�¤�èÃº\�¦ ∞�Ð �Ð?/��� �)a��. \V\�¦ [þt#Q"f z1 =∞����� ½̈
�
��H {9�	��<ÊÃº��H (17)_� Äº���\� lim

z1→∞
\�¦ 2[
�#�

(w − w1)(w2 − w3)
(w − w3)(w2 − w1)

=
z2 − z3

z − z3
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s� �)a��.

|ºM� 3. {9�	�ì�rÃº�<ÊÃº w =
2z

1 + z
��H [j &h� 1, 0,−1 �̀¦ y��y�� 1, 0,∞�Ð

�Ð�·p��. %i�Ü¼�Ð [j &h� 1, 0,−1 �̀¦ y��y�� 1, 0,∞�Ð �Ð?/��H {9�	�ì�rÃº�<ÊÃº
\�¦ ¹1ÔÜ¼���, (17)\� _�
�#�

lim
w3→∞

(w − 1)(0− w3)
(w − w3)(0− 1)

=
(z − 1)(0− (−1))
(z − (−1))(0− 1)

\�"f w =
2z

1 + z
\�¦ %3���H��. �

'Ö<<K 1.3.4. ��6£§\� ÅÒ#Q��� [j &h��̀¦ y��y�� ÅÒ#Q��� [j &h�Ü¼�Ð �Ð?/��H {9�	�ì�rÃº
�<ÊÃº\�¦ ¹1Ô����.

(��) 0, i,−i 7→ i,−i, 0 (��) 1, i,∞ 7→ 0, 1,∞
(��) 0, 1,∞ 7→ 0,∞, 1

'Ö<<K 1.3.5. ���8̈� z 7→ 1− z

1 + z
\� _�
�#� ��6£§ |9�½+Ë\� #Qb�G>� �̀���t���Ht� ¶ú�

(R�Ð����.

(��) {z : |z| ≤ 1} (��) {z : Re z ≥ 0}
(��) {z : Im z ≥ 0} (��) {z : 0 ≤ arg z ≤ π

4
}

s�]j, {9�	�ì�rÃº�<ÊÃº_� &ñ
_�%i� %i�½+É�̀¦ 
���H C ∪ {∞} �̀¦ l�
��<Æ&h�Ü¼
�ÐK�$3�K��Ð��.���$�|9�½+Ë R∪{∞}s�éß�0A"é¶õ�{9�@/{9�@/6£xs�H�d�̀¦��
�Ð SX����
���. z�́]j�Ð z�́Ãº»¡¤ 0A\� e����H ô�Ç &h� (a, 0)õ� &h� (0, 1) �̀¦ t���

��H f������Ér éß�0A"é¶ 0A_� ô�Ç &h� (x, y)ü< ëß�èß���. s� M:, aü< (x, y)\�¦ @/

6£xr�v���� �)a��. Óüt�:r, ∞��H éß�0A"é¶ 0A_� &h� (0, 1)õ� @/6£x�)a��.

'Ö<<K 1.3.6. z�́Ãº aü< éß�0A"é¶ 0A_� &h� (x, y) ��s�_� �'a>�d���̀¦ ½̈
�#���.

s�]j, |9�½+Ë C ∪ {∞} �̧ =�G °ú �Ér ~½ÓZO�Ü¼�Ð éß�0A½̈���õ� {9�@/{9�@/6£x
s� �)a��. ���$� ���	�"é¶ f���§ýa³ð/BNçß��̀¦ Òqty��
��¦ éß�0A½̈��� 0A_� ô�Ç &h�

(x, y, h)ü< xy-î̈
��� 0A_� &h� (a, b, 0), Õªo��¦ &h� (0, 0, 1)s� {9�f�����\� �̧

�̧2�¤ 
���� (x, y, h)ü< (a, b, 0) ��s�\� {9�@/{9� @/6£x�̀¦ %3��̀¦ Ãº e����. ½̈

�̂&h�Ü¼�Ð �'a>�d���̀¦ ½̈K� �Ð��. ���$�

x

a
=

y

b
=

h− 1
−1
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Q
Q

Q
Q

Q
Q

�
�

�
�

�
�

�
�

qq qppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp

s� $í
wn�ô�Ç��. s� °ú̀�כ¦ s�� ¿º���

1 = x2 + y2 + h2 = (as)2 + (bs)2 + (1− s)2

s��¦,����"f s =
2

a2 + b2 + 1
e���̀¦·ú�Ãºe����.����"f,4�¤�èÃº z = a+ib

��H éß�0A½̈��� 0A_� &h�(
2a

a2 + b2 + 1
,

2b

a2 + b2 + 1
,
a2 + b2 − 1
a2 + b2 + 1

)
=

(
2Re z

|z|2 + 1
,

2Im z

|z|2 + 1
,
|z|2 − 1
|z|2 + 1

)
\� @/6£x�)a��. #�l�"f éß�0A½̈��� 0A_� &h� (0, 0, 1)�Ér s��Qô�Ç ~½Ód��Ü¼�Ð %3�

�̀¦ Ãº \O��¦, ∞\� @/6£x�)a��. s�ü< °ú �Ér {9�@/{9�@/6£x\� _�K�"f éß�0A½̈���

�̀¦ |9�½+Ë C ∪ {∞}Ü¼�Ð �̂¦ Ãº e����HX<, s���� �'a&h�\�"f �:r éß�0A½̈����̀¦ P�

¹ÿ�(2)¦��̂@s����¦ ÂÒ�Ér��.

=åQÜ¼�Ð, ×�æ¹כô�Ç {9�	�ì�rÃº�<ÊÃº_� \V\�¦ ô�Ç ��t� ¶ú�(R�Ð�¦ s� �©��̀¦ ��

�2;��. 4�¤�èÃº |α| < 1 �̀¦ �¦&ñ

��¦

φα(z) =
z − α

1− αz

(2) Georg Friedrich Bernhard Riemann (1826∼1866), 1lq{9� Ãº�<Æ��. Göttingenõ� Z�
\�¦�2;\�"f /BNÂÒô�Ç Êê Göttingen\�"f �Ö̧1lx
�%i���.
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�� &ñ
_�
���. Äº���

φα

(
α

|α|

)
=

α

|α|
, φα

(
− α

|α|

)
= − α

|α|
, φα(1) =

1− α

1− α

���X<, ± α

|α|
,

1− α

1− α
1px�Ér �̧¿ºéß�0A"é¶0A_�&h�s�Ù¼�Ð���8̈� φα��Héß�0A"é¶

�̀¦ éß�0A"é¶Ü¼�Ð �Ð�·p��. Õª���X< φα��H éß�0A"é¶ ?/ÂÒ_� &h� α\�¦ ��r� éß�0A

"é¶ ?/ÂÒ_� &h� 0�Ð �Ð?/Ù¼�Ð, φα��H éß�0A"é¶óøÍ ����̂\�¦ éß�0A"é¶óøÍ ����̂�Ð

�Ð�·p��. s� ���8̈� φα��H G'R�­£Ã�
(3)
_�@Z9�s��� Ô�¦o�î�r��.

'Ö<<K 1.3.7. ~½Ó&ñ
d�� φα(z) = z\�¦ ëß�7á¤
���H 4�¤�èÃº��H z = ± α

|α| ÷�re���̀¦ �Ð

#���.

�
�

�
�

�
�

�
�

�
�

�
�

r r r

r
α

α

|α|

ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp

pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp

1.4. ¥o>¢æ¹%K�V�

1.4.1. ���8̈� w = (1 + i)z + 2\� _�ô�Ç ��6£§_� �©��̀¦ ½̈
�#���.

(��) y = 2x (��) y = 3x + 2
(��) |z| = 3 (��) |z − 1| = 2

1.4.2. ���8̈� w = (1 − i)z + (2 − i)\� _�ô�Ç %ò
%i� 0 < Re z < 2, Im z > 1_�
�©��̀¦ ½̈
�#���.

1.4.3. ¿º &h� 3 + iü< 1 − i\�¦ y��y�� 5iü< 2 + 4i�Ð �Ð?/��H {9�	� ���8̈��̀¦ ½̈
�
#���.

(3) August Ferdinand Möbius (1790∼1868), 1lq{9� Ãº�<Æ��, ��;ë�H�<Æ��. Göttingen\�"f
/BNÂÒ
��¦ Leibzig\�"f �Ö̧1lx
�%i���HX<, ù&q�ÄºÛ¼{��Ð Ä»"î

���.
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1.4.4. ��6£§ ���8̈�\� _�ô�Ç ìøÍî̈
��� Re z > 0_� �©��̀¦ ½̈
�#���.

(��) w = 2iz − i (��) w =
i

z
− 1

1.4.5. ��6£§ ���8̈�\� _�ô�Ç f����� y = 2x + 1_� �©��̀¦ ½̈
�#���.

(��) w =
1

z
(��) w =

i

z

1.4.6. ��6£§\� ÅÒ#Q��� [j &h��̀¦ y��y�� ÅÒ#Q��� [j &h�Ü¼�Ð �Ð?/��H {9�	�ì�rÃº�<ÊÃº
\�¦ ¹1Ô����.

(��) 0, i,−i 7→ 1,−1, 0 (��) 1, i,∞ 7→ i,−1, 0
(��) 2,−1,−i 7→ ∞,−1,−i (��) 2,∞, 3 7→ ∞,−1, 1

1.4.7. ���8̈� w =
iz

z − 1
\� _�ô�Ç ��6£§_� �©��̀¦ ½̈
�#���.

(��) |z| ≤ 1 (��) Re z ≥ 0 (��) Im z ≥ 0

1.4.8. ���8̈� w =
z − 1

z + 1
\� _�ô�Ç ��6£§_� �©��̀¦ ½̈
�#���.

(��) Im z > 1 (��) Im z > Re z

1.4.9. 4�¤�èÃº α 6= 1\� @/
�#� 1pxd��

1 + α + α2 + · · ·+ αn =
1− αn+1

1− α
, α 6= 1

s� $í
wn��<Ê�̀¦ �Ð#���. s�\�¦ s�6 x
�#�

n∑
k=0

cos kθ_� °ú̀�כ¦ ½̈
�#���.

1.4.10. ��6£§�̀¦ 7£x"î

�#���.

(��) ëß�{9� |α| < 1s���� |Im (i− α + α2)| < 3s� $í
wn�ô�Ç��.

(��) ëß�{9� |α| = 2s����

∣∣∣∣ 1

α4 − 4α2 + 3

∣∣∣∣ ≤ 1

3
s� $í
wn�ô�Ç��.

(��) ëß�{9� |α| < 1s����

∣∣∣∣Arg
1 + α

1− α

∣∣∣∣ <
π

2
s� $í
wn�ô�Ç��.

1.4.11. ��6£§�̀¦ 7£x"î

�#���.

(��) ëß�{9� |α| < 1, |β| < 1s����

∣∣∣∣ α− β

1− αβ

∣∣∣∣ < 1s� $í
wn�ô�Ç��.

(��) ëß�{9� |α| = 1 <�Ê�Ér |β| = 1 (éß�, α 6= β)s����

∣∣∣∣ α− β

1− αβ

∣∣∣∣ = 1s� $í
wn�ô�Ç��.
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1.4.12. ��6£§ ~½Ó&ñ
d��
az2 + 2bzz + cz2 = d

s� 4�¤�èî̈
���_� "é¶, ��"é¶, �íÓüt���, �©�/BG����̀¦ ����è­q z�́Ãº a, b, c, d ∈ R_� �̧|	��̀¦
y��y�� ½̈
�#���.

1.4.13. ��6£§ ~½Ó&ñ
d��

(α + α)zz + βz + βz + (γ + γ) = 0

s� 4�¤�èî̈
��� 0A_� "é¶�̀¦ ����è­q 4�¤�èÃº α, β, γ_� �̧|	��̀¦ ½̈
��¦, s� M: "é¶_� ×�æ
d��õ� ìøÍt�2£§�̀¦ ½̈
�#���.

1.4.14. "f�Ð ���Ér [j 4�¤�èÃº α, β, γ\�¦ =�Gt�&h�Ü¼�Ð 
���H ���y��+þAs� &ñ
���y��+þA
{9� �¹Ø�æìכ��9r�̧|	�s�

α2 + β2 + γ2 − αβ − βγ − γα = 0

e���̀¦ 7£x"î

���.

1.4.15. '��§>= A =

(
a b
c d

)
\� @/
�#� φA(z) =

az + b

cz + d
�� &ñ
_�
����

φA ◦ φB = φAB

�� $í
wn��<Ê�̀¦ �Ð#���. #�l�"f AB��H ¿º '��§>= Aü< B_� Y�Ls���.

1.4.16.
(��) {9�	�ì�rÃº�<ÊÃº ��î�rX< ìøÍî̈
��� {z : Im z ≥ 0} �̀¦ éß�0A"é¶óøÍ {z : |z| ≤ 1}

Ü¼�Ð �Ð?/��H �¦̀�	כ �̧¿º ¹1Ô����.
(��) {9�	�ì�rÃº�<ÊÃº ��î�rX< ìøÍî̈
��� {z : Im z ≥ 0} �̀¦ ìøÍî̈
��� {z : Im z ≥ 0}

Ü¼�Ð �Ð?/��H �¦̀�	כ �̧¿º ¹1Ô����.
(��) éß�0A"é¶óøÍ {z : |z| ≤ 1} �̀¦ éß�0A"é¶óøÍ {z : |z| ≤ 1}Ü¼�Ð �Ð?/��H {9�	�ì�rÃº

�<ÊÃº��H ù&q�ÄºÛ¼���8̈�õ� �r������8̈�_� ½+Ë$í
e���̀¦ �Ð#���.

1.4.17. 4�¤�èÃº α�� �¦&ñ
÷&#Q e���̀¦ M: (éß�, 0 < |α| < 1), î̈
��� 0A_� f����� L
[þt ��î�rX< φα(L) = L��� �¦þt�̀]	כ �̧¿º ¹1Ô����.


