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s�]jÂÒ'� 4�¤�è�<ÊÃº_� p�&h�ì�r�̀¦ �:r���&h�Ü¼�Ð /BNÂÒô�Ç��. ���$� z�́�<ÊÃº_� �â
Äº

ü< ��ðøÍ��t��Ð ¾»�:r ]���̀¦ s�6 x
�#� 4�¤�è�<ÊÃº_� p�ì�r��0px$í
õ� �̧�<ÊÃº\�¦ &ñ
_�

ô�Ç��. s� M:, ÅÒ#Q��� #QÖ¼ &h� ��H~½Ó_� �̧��H &h�\�"f p�ì�r��0px
���� s��Qô�Ç �<ÊÃº\�¦

K�$3��<ÊÃº�� ô�Ç��. 4�¤�è�<ÊÃº��H &ñ
_�%i�õ� u�%i��̀¦ z�́ÃºÂÒü< )�ÃºÂÒ�Ð ½̈Z>��<ÊÜ¼

�Ð+� &ñ
_�%i�õ� u�%i�_� ���Ãº�� ¿º >h��� �����Ãº�<ÊÃº�Ð s�K�½+É Ãº e����. p�ì�r��

0pxô�Ç 4�¤�è�<ÊÃº��H s�\� �©�6£x
���H �����Ãº�<ÊÃº_� ¼#��̧�<ÊÃº[þt ��s�\� :£¤Z>�ô�Ç �'a

>�d���̀¦ ëß�7á¤K��� ô�Ç��. ���½Ó�<ÊÃº�� ì�rÃº�<ÊÃº_� p�ì�r�Ér z�́�<ÊÃº_� �â
Äºü< °ú s�

>�íß�
���� �)a��. #�l�"f��H "4�/åLÃº�Ð &ñ
_��)a �<ÊÃº��H �½Ó�©� K�$3��<ÊÃºs��¦, Õª �̧

�<ÊÃº��H ��u� ���½Ód��_� �̧�<ÊÃº\�¦ >�íß�
�1pws� 
���� �)a����H �¦̀�	כ �Ð�����.

3.1. ¡�́�¿Áþ�ÊÁ�+ ;³�ø5�ø� i�&P�

z�́�<ÊÃº_�p�ì�r�̀¦Òqty��½+ÉM:Õª&ñ
_�½̈%i��̀¦�Ð:�x\P��2;½̈çß�Ü¼�Ð ú̧���H

X<, Õª 'Í	P: s�Ä»��H �ª�Aá¤ �FGô�Ç�̀¦ Òqty��
�l� 0A�<Ês���. e��_�_� x ∈ (a, b)

\� @/
�#� (x − ε, x + ε) ⊂ (a, b)�� ëß�7á¤
��̧2�¤ �ª�Ãº ε > 0 �̀¦ ú̧��̀¦ Ãº

e����. Óüt�:r {���2³½̈çß� [a, b]\�¦ Òqty��
���� a ∈ [a, b]s�t�ëß�, s��Qô�Ç �ª�Ãº

ε > 0 �̀¦ ú̧���H ��Ér	כ Ô�¦��0px
��¦ s���H �ª�Aá¤ �FGô�Ç�̀¦ Òqty��½+É Ãº \O�6£§�̀¦ >pw

ô�Ç��. \P��2;½̈çß�_� ¢̧ ���Ér :£¤$í
�Ér ������÷&#Q e������H &h�s���. 7£¤, \P��2;

½̈çß� îß�\�"f e��_�_� ¿º&h��̀¦ ú̧����̧ ¿º &h��̀¦ ������
���H ���ì�rs� "é¶A�_�
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½̈çß� îß�\� [þt#Q e����. s��Qô�Ç &h��̀¦ %i�¿º\� ¿º�¦, 4�¤�èî̈
���_� ÂÒì�r|9�½+Ë

Ω ⊂ C�� ��6£§ ¿º �̧|	�

(%ò
1) e��_�_� z ∈ Ω\� @/
�#� D(z, r) ⊂ Ω\�¦ ëß�7á¤
���H �ª�Ãº r > 0s�

�>rF�ô�Ç��,

(%ò
2) e��_�_� ¿º &h� z, w ∈ Ω �̀¦ z�́Ãº»¡¤ <�Ê�Ér )�Ãº»¡¤õ� î̈
'��
��¦ Ω îß�

\� e����H Ä»ô�Ç>h_� ���ì�rÜ¼�Ð ������½+É Ãº e����

�̀¦ ëß�7á¤½+É M:, Ω\�¦ 4�¤�èî̈
���_� *å�*9�s��� ÂÒ�Ér��. t�èß� 2.3]X�\�"f &ñ
_�


�%i�1pws�

D(z, r) = {w ∈ C : |z − w| < r}

s���.

|9�½+ËD(z0, r)�Ér%ò
%i�s���.���$� (%ò
1) �̀¦�Ðs�l�0A
�#� z ∈ D(z0, r)

�̀¦ 
��� ú̧���. Õª�Q��� |z0 − z| < rs�Ù¼�Ð s = r − |z0 − z| > 0s��¦,

D(z, s) ⊂ D(z0, r)s� $í
wn�ô�Ç��. z�́]j�Ð w ∈ D(z, s)s���� |z−w| < ss�

��. ����"f,

|z0 − w| ≤ |z0 − z|+ |z − w| < |z0 − z|+ s = r

s�Ù¼�Ð w ∈ D(z0, r)s���. 7£¤, ��6£§

w ∈ D(z, s) =⇒ w ∈ D(z0, r)

s� 7£x"î
÷&%3���HX<, s���H /BI D(z, s) ⊂ D(z0, r)s� $í
wn��<Ê�̀¦ >pwô�Ç��.

s
z0

�
�

�
�

���
��s

z
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'Ö<<K 3.1.1. |9�½+Ë D(z0, r)s� (%ò
2)\�¦ ëß�7á¤�<Ê�̀¦ �Ð#���.

'Ö<<K 3.1.2. ��6£§ |9�½+Ë

C, C \ {0}, {z : |z| > 1}, {z : 1 < |z| < 2}

[þts� �̧¿º %ò
%i�e���̀¦ �Ð#���.

%ò
%i� Ω\�"f &ñ
_��)a 4�¤�è�<ÊÃº f : Ω→ Cü< %ò
%i�_� ô�Ç &h� z0 ∈ Ω\�

@/
�#� lim
z→z0

|f(z)− α| = 0{9� M:

lim
z→z0

f(z) = α

�� æ¼�¦, f(z)�� α�Ð ¬£&9�ô�Ç���¦ ú́�ô�Ç��. 4�¤�èî̈
���õ� xy-ýa³ðî̈
����̀¦

z = x0 + iy0 ←→ (x0, y0)

\� _�
�#� °ú �Ér �Ü¼�Ð	כ çß�ÅÒ
���� lim
z→z0

ü< lim
(x,y)→(x0,y0)

��H °ú �Ér �Ü¼�Ð	כ

Òqty��½+É Ãº e����. ����"f, z0\�¦ t�����H e��_�_� /BG����̀¦ ����"f z�� z0�Ð

����s� °ú� M: f(z)�� α\� ����s� çß�����H ��õ	כ lim
z→z0

f(z) = α�Ér °ú �Ér

ú́�s���. s�]j, Re f(z) = u(z), Im f(z) = v(z)�� ¿º��� u, v��H s����Ãº z�́

�<ÊÃº�Ð s�K�½+É Ãº e����. ��ðøÍ��t��Ð α = a + ib�� ¿º���

lim
z→z0

f(z) = α ⇐⇒


lim

(x,y)→(x0,y0)
u(x, y) = a,

lim
(x,y)→(x0,y0)

v(x, y) = b
(1)

e���̀¦ ���Ð SX����½+É Ãº e����.

'Ö<<K 3.1.3. "î
]j (1) �̀¦ 7£x"î

�#���.

s�]j, %ò
%i� Ω ⊂ C\�"f &ñ
_��)a 4�¤�è�<ÊÃº f : Ω → Cü< %ò
%i�_� ô�Ç

&h� z0 ∈ Ω\� @/
�#� ��6£§ �FGô�Ç

lim
z→z0

f(z)− f(z0)
z − z0

s� �>rF�½+É M:, �<ÊÃº f(z)�� z = z0\�"f Q�(Ûo���ûB
����¦ ú́�
��¦, s� �FG

ô�Ç°ú̀�כ¦ f ′(z0)����H��.�<ÊÃº f(z)��%ò
%i� Ω_� �̧��H&h�\�"fp�ì�r��0px
�
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����<ÊÃº z 7→ f ′(z)\�¦Òqty��½+ÉÃºe����HX<,s��<ÊÃº\�¦ f(z)_�|¡�ÈÕ¬£��
�

�¦, f ′(z) <�Ê�Ér
df

dz
�� ��H��.

\V\�¦ [þt#Q"f ���½Ód��_� p�ì�rZO�

dzn

dz
= nzn−1

1px_� p�ì�r /BNd���Ér z�́�<ÊÃº_� �â
Äºü< =�G °ú �Ér ~½ÓZO�Ü¼�Ð 7£x"î
�)a��.

'Ö<<K 3.1.4. ���½Ód��_� p�ì�rZO��̀¦ 7£x"î

�#���.

ÅÒ#Q��� �<ÊÃº\�¦ p�ì�r
���H X<\� æ¼s���H #��Q��t� /BNd�� 1px�̧ Õª 7£x"î


s� z�́�<ÊÃº_� �â
Äºü< °ú Ü¼Ù¼�Ð #�l�"f��H Òqt|ÄÌô�Ç��. \V\�¦ [þt#Q"f, �<ÊÃº

f(z)ü< g(z)�� p�ì�r��0px
���� f(z) + g(z), f(z)g(z) �̧ p�ì�r��0px
��¦

d(f + g)
dz

=
df

dz
+

dg

dz
,

d(fg)
dz

=
df

dz
g + f

dg

dz

1px_� /BNd��s� $í
wn�ô�Ç��. ëß�{9� g(z0) 6= 0s����, h(z) =
f(z)
g(z)

�̧ z = z0\�

"f p�ì�r��0px
��¦

h′(z0) =
f ′(z0)g(z0)− f(z0)g′(z0)

(g′(z0))2

s���. ����WZO�gË:

(g ◦ f)′(z) = g′(f(z))f ′(z)

�̧ Óüt�:r $í
wn�ô�Ç��.

|ºM� 1. �<ÊÃº f(z) = Re z\�¦ Òqty��K� �Ð��. ëß�{9� f(z)�� z = x0 + iy0

\�"f p�ì�r��0px
������

lim
(x,y)→(x0,y0)

x− x0

(x + iy)− (x0 + iy0)

_� �FGô�Çs� �>rF�K��� ô�Ç��. Õª���X<, (x0, y0)\�¦ t����¦ z�́Ãº»¡¤ x9� )�Ãº»¡¤

\� î̈
'��ô�Ç f����� 0A\�"f �FGô�Ç�̀¦ Òqty��
����

lim
(x,y)→(x0,y0)

x− x0

(x + iy)− (x0 + iy0)
=

{
1, y = y0,

0, x = x0
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s�Ù¼�Ð �FGô�Ç°úכs� �>rF�
�t� ·ú§�¦, ����"f f(z) = Re z��H #QÖ¼ &h�\�"f�̧

p�ì�r��0px
�t� ·ú§��.

s�]j, �<ÊÃº g(z) = zRe z\�¦ Òqty��K� �Ð��. Äº���

g′(0) = lim
z→0

zRe z

z
= lim

z→0
Re z = 0

s���. ëß�{9� g(z)�� z = z0\�"f p�ì�r��0px
��� ��&ñ

���. Õª�Q���

g′(z0) = lim
z→z0

zRe z − z0Re z0

z − z0

= lim
z→0

(z + z0)Re (z + z0)− z0Re z0

z

= lim
z→0

(
Re z + Re z0 + z0

Re z

z

)
= Re z0 + z0 lim

z→0

Re z

z

ëß�{9� z0 6= 0s���� �FGô�Ç°úכ lim
z→0

Re z

z
= f ′(0)s� �>rF�
���HX<, s���H �̧í�Hs�

��. ����"f, �<ÊÃº g(z)��H "é¶&h�\�"f p�ì�r��0px
��¦, "é¶&h� s�ü@_� �̧��H &h�

\�"f p�ì�r��0px
�t� ·ú§��. �

%ò
%i� Ω ⊂ C\�"f &ñ
_��)a 4�¤�è�<ÊÃº f(z)ü< &h� z0 ∈ Ω�� ÅÒ#Q4R e��

��. s� M:, ��6£§ $í
|9�

z ∈ D(z0, r) =⇒ f(z) ��H z \�"f p�ì�r��0px
���

�̀¦ ëß�7á¤
���H �ª�Ãº r > 0s� e��Ü¼��� �<ÊÃº f(z)�� z = z0\�"f AI)o�+8�s�

���¦ ô�Ç��. �Ðl� 1\�"f ¶ú�(R�:r �<ÊÃº g(z) = zRe z��H "é¶&h�\�"f p�ì�r��

0px
�t�ëß� K�$3�&h�s�t���H ·ú§��. ëß�{9� �<ÊÃº f(z)�� %ò
%i� Ω0A_� �̧��H &h�

\�"f K�$3�&h�s���� s�\�¦ Ω\�"f &ñ
_��)a AI)o��ÈÕ¬£�� ô�Ç��. %ò
%i� 0A_� �̧

��H &h�\�"f p�ì�r��0pxô�Ç �<ÊÃº��H ��1lx&h�Ü¼�Ð Õª %ò
%i�\�"f &ñ
_��)a K�$3��<Ê

Ãºs���. ���½Ód��Ü¼�Ð &ñ
_��)a �<ÊÃº��H 4�¤�èî̈
��� 0A\�"f K�$3��<ÊÃºs���. ¢̧

ô�Ç, ���½Ód��_� ]��Ü¼�Ð ³ðr�÷&��H Ä»o��<ÊÃº��H Õª &ñ
_�%i� 0A\�"f K�$3��<ÊÃº

s���. \V\�¦ [þt#Q"f �<ÊÃº f(z) =
1

z(z − 1)
�Ér %ò
%i� C \ {0, 1} 0A\�"f K�

$3�&h�s���.
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ëß�{9� �<ÊÃº f(z)�� z = z0\�"f p�ì�r��0px½+É M:

h(z) =
f(z)− f(z0)

z − z0
− f ′(z0), α = f ′(z0)

�� ¿º��� ��6£§

f(z) = f(z0) + α(z − z0) + h(z)(z − z0),

lim
z→z0

h(z) = 0
(2)

s� $í
wn�ô�Ç��.

'Ö<<K 3.1.5. ëß�{9� �'a>�d�� (2)\�¦ ëß�7á¤
���H 4�¤�èÃº α ∈ Cü< �<ÊÃº h(z)�� �>r
F�
���� f(z)��H z = z0\�"f p�ì�r��0px
��¦ f ′(z0) = αe���̀¦ 7£x"î

�#���.

3.2. �ók�–h�ï5Ñ '�×Ça�ÐÏ�

%ò
%i� Ω\�"f &ñ
_��)a 4�¤�è�<ÊÃº f(z) = u(x, y) + iv(x, y)�� Ω_� ô�Ç

&h� z0 = x0 + iy0\�"f p�ì�r��0px
����¦ ��&ñ

���. Õª�Q���, �FGô�Ç°úכ

f ′(z0) = lim
z→z0

f(z)− f(z0)
z − z0

s� �>rF�ô�Ç��. ëß�{9� &h� z0\�¦ t����¦ z�́Ãº»¡¤\� ��êøÍô�Ç f������̀¦ ����"f z

\�¦ z0\� ]X���Hr�v����

f ′(z0) = lim
x→x0

f(x + iy0)− f(x0 + iy0)
x− x0

= lim
x→x0

u(x, y0)− u(x0, y0)
x− x0

+ i lim
x→x0

v(x, y0)− v(x0, y0)
x− x0

s���. ����"f, ¼#�p�ì�r>�Ãº
∂u

∂x
(x0, y0)ü<

∂v

∂x
(x0, y0)�� �>rF�
��¦ 1pxd��

f ′(x0 + iy0) =
∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0) =

∂f

∂x
(x0, y0) (3)
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s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. ô�Ç¼#�, &h� z0\�¦ t����¦ )�Ãº»¡¤\� ��êøÍô�Ç f�����

�̀¦ ����"f z\�¦ z0\� ]X���Hr�v����

f ′(z0) = lim
y→y0

f(x0 + iy)− f(x0 + iy0)
i(y − y0)

= lim
y→y0

v(x0, y)− v(x0, y0)
y − y0

− i lim
y→y0

u(x0, y)− u(x0, y0)
y − y0

s� �)a��. ����"f, ¼#�p�ì�r>�Ãº
∂v

∂y
(x0, y0)ü<

∂u

∂y
(x0, y0)�� �>rF�
��¦ ��

6£§ 1pxd��

f ′(x0 + iy0) =
∂v

∂y
(x0, y0)− i

∂u

∂y
(x0, y0) = −i

∂f

∂y
(x0, y0) (4)

s� $í
wn�ô�Ç��. :£¤y�, 1pxd�� (3)õ� (4)\� _�
�#� ��6£§

∂u

∂x
(x0, y0) =

∂v

∂y
(x0, y0),

∂v

∂x
(x0, y0) = −∂u

∂y
(x0, y0) (5)

s� $í
wn�
���HX<, s�\�¦ �ØS�(1)–P�¹ÿ� �ç¡+ä���̧s��� ô�Ç��. t��FK��t� �7H_�ô�Ç

��\�¦ &ñ
o�
���� ��6£§õ� °ú ��.

XNËP� 3.2.1. õi;�Ð�ÈÕ¬£ f(z) = u(x, y) + iv(x, y)�� +8� z0 = x0 + iy0;c

"k Q�(Ûo���ûB
��̂@, u, vq� ½Z@|¡�ÈÕ¬£�� +í<<�
�z� �ûB��̧ (5)�� )ç��·
Â6Ò��.

|ºM� 1. �<ÊÃº f(z) = z2s� p�ì�r��0px
��¦ Õª �̧�<ÊÃº�� f ′(z) = 2z�Ér

s�p� ·ú��¦ e����HX<, s�\�¦ �����Ãº�<ÊÃº

(x, y) 7→ (u(x, y), v(x, y))

�Ð s�K�
����

u(x, y) = x2 − y2, v(x, y) = 2xy

(1) Augustin Louis Cauchy (1789∼1857), áÔ|½ÓÛ¼ Ãº�<Æ��. "é¶A�, �Ð3lq/BN�<Æ�̀¦ ���/BN
�

�9 
�%i�Ü¼��, École Polytechnique_� ��e�¦��Û¼ 1pxs� �Ý¶
�#� Ãº�<Æ�̀¦ 
�>� ÷&%3���.
1816�̧�ÂÒ'� École Polytechnique_� �§Ãº�Ð e��Ü¼���"f Ãºú́§�Ér �7Hë�Hõ� $�����̀¦ z�����
Ü¼��, 1830�̧� +À:"î
 s�Êê &ñ
u�&h���� s�Ä»(M�g{©���)�Ð k%z�� ��l��̧ Ùþ¡���� 1848�̧� 4�¤
)

�%i���.
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s���. ����"f

∂u

∂x
= 2x,

∂u

∂y
= −2y,

∂v

∂x
= 2y,

∂v

∂y
= 2x

�� ÷&#Q"f �ïr�–o�ëß� ~½Ó&ñ
d���̀¦ ëß�7á¤ô�Ç��. ëß�{9� u(x, y) = x2 − y2{9� M:

v(x, y)\�¦ #Qb�G>� ú̧����� 4�¤�è�<ÊÃº u + iv�� ÷&��Ht� Òqty��K� �Ð��. Äº���

∂v

∂x
= −∂u

∂y
= 2y

s�Ù¼�Ð v(x, y) = 2xy + c(y)g1Js�#Q�� ô�Ç��. Õª���X<

2x + c′(y) =
∂v

∂y
=

∂u

∂x
= 2x

s�Ù¼�Ð c(y)��H �©�Ãº�<ÊÃºe���̀¦ ·ú� Ãº e����. ���²DG u(x, y) = x2 − y2�Ð ÅÒ

#Q&���̀¦ M: u + iv�� K�$3��<ÊÃºs�l� 0Aô�Ç Ä»{9�ô�Ç ���×þ��Ér �©�Ãº 	�s�\�¦ Áº

r�
�#� v(x, y) = 2xys��¦,s�M: u+ iv��HK�$3��<ÊÃº w = z2s��)a��. �

'Ö<<K 3.2.1. �<ÊÃº f(z) = |z| �� #Q�"� &h�\�"f p�ì�r��0pxô�Çt� ¶ú�(R�Ð����.

s� �Ðl�\�"f �Ð1pws� 4�¤�è�<ÊÃº_� p�ì�r��0px$í
õ� Õª\� �©�6£x
���H s����

Ãº�<ÊÃº_� p�ì�r��0px$í
�Ér B�Äº ���Ér >h¥Æ�s���. K�$3��<ÊÃº u + iv_� z�́Ãº

ÂÒü< )�ÃºÂÒ_� s�>��̧�<ÊÃº[þts� ���5Åq��� �<ÊÃº�����(2) ∂2u

∂x∂y
=

∂2u

∂y∂x
��

$í
wn�
�Ù¼�Ð, �ïr�–o�ëß� ~½Ó&ñ
d��\� _�
�#� ��6£§ 1pxd��

∂2u

∂x2
+

∂2u

∂y2
=

∂

∂x

(
∂v

∂y

)
+

∂

∂y

(
−∂v

∂x

)
= 0

s� $í
wn�ô�Ç��. Óüt�:r )�ÃºÂÒ v �̧ ��ðøÍ��t�s���. {9�ìøÍ&h�Ü¼�Ð s����Ãº z�́�<Ê

Ãº u_� {9�>� x9� s�>� ¼#��̧�<ÊÃº�� ���5Åqs��¦ ��6£§ 1pxd��

∂2u

∂x2
+

∂2u

∂y2
= 0 (6)

�̀¦ ëß�7á¤½+É M:, u\�¦ �Ðés�ÈÕ¬£�� ÂÒ�Ér��.

(2) z�́]j�Ð e��_�_� K�$3��<ÊÃº��H ô�Ç\O�s� p�ì�r��0px
�����H �¦̀�	כ +'\� C�Äº>� ÷&��HX<, s���H
z�́�<ÊÃº_� p�ì�rõ� �FG"î

�>� @/q�÷&��H ÂÒì�rs���.
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|ºM� 2. �<ÊÃº (x, y) 7→ x2−y2
�Ér �̧�o�<ÊÃºs�t�ëß��<ÊÃº (x, y) 7→ x2+y2

��H �̧�o�<ÊÃº�� ��m���. ����"f, f(x+ iy) = x2 + y2 + iv(x, y)��H v(x, y)

\�¦ #Qb�G>� &ñ
_�K��̧ ]X�@/ K�$3��<ÊÃº�� |̈c Ãº \O���. �

'Ö<<K 3.2.2. ��6£§ �<ÊÃº�� �̧�o�<ÊÃº���t� ¶ú�(R �Ð�¦, �̧�o�<ÊÃº��� �â
Äº v(x, y)
\�¦ #Qb�G>� &ñ
_�
�#��� u + iv�� K�$3��<ÊÃº�� ÷&��Ht� ·ú��� �Ð����.

(��) u(x, y) = 2xy (��) u(x, y) = ex cos y

(��) u(x, y) = x3 − y3 (��) u(x, y) =
x

x2 + y2

�ïr�–o�ëß� ~½Ó&ñ
d���Ér &h� x0 + iy0 �̀¦ t������"f z�́Ãº»¡¤ <�Ê�Ér )�Ãº»¡¤õ�

��êøÍô�Ç f����� 0A\�"f �<ÊÃº�� #Q*�ô�Çt� ú́�
��¦ e��l� M:ë�H\� �<ÊÃº_� ���5Åq

$í
s��� p�ì�r��0px$í
\� @/ô�Ç Ø�æì�r�̧|	�õ���H ��o��� YO���. \V\�¦ [þt#Q"f �<Ê

Ãº f(z)\�¦ ��6£§

f(x + iy) =

{
1, x = 0 <�Ê�Ér y = 0
0, x 6= 0, y 6= 0

õ�°ú s�&ñ
_�
����, (5)\����̧��H¼#�p�ì�r>�Ãº��H"é¶&h�\�"f �̧¿º 0s�t�ëß�

�<ÊÃº f(z)��H"é¶&h�\�"fÔ�¦���5Åqs���.Õª�Q��,¼#��̧�<ÊÃº_����5Åq$í
�̀¦��&ñ



���� &ñ
o� 3.2.1_� %i�s� $í
wn�ô�Ç��.

XNËP� 3.2.2. *å�*9� Ω ⊂ C;c"k+ä�q�ùÚHõi;�Ð�ÈÕ¬£ f(z) = u(x, y)+iv(x, y)

q� )ç�(Ûo�ÈÕ¬£ u(x, y), v(x, y)�� Ω a�;c"k a:@ö¶;->	 ½Z@|¡�ÈÕ¬£¿ì> ��U�z� ��»

q�q� +8� z0 ∈ Ω;c"k �ûB��̧ (5)�� )ç��·

��̂@, �ÈÕ¬£ f(z)¤�< Ω a�;c"k AI)o�

�ÈÕ¬£T�z� �ûB��̧ (3)Üï (4)�� )ç��·
Â6Ò��.

7£x"î
: ¼#�_��©� ` = h + ik�� ¿º���

f(z + `)− f(z) = f(x + h, y + k)− f(x, y)

= [f(x + h, y + k)− f(x, y + k)] + [f(x, y + k)− f(x, y)]

= h
∂f

∂x
(x + h1, y + k) + k

∂f

∂y
(x, y + k1)
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s� �)a��. #�l�"f, {9����Ãº�<ÊÃº x 7→ f(x, y + k)\� î̈
ç�H°úכ&ñ
o�\�¦ &h�6 x
�

���
(3) 0õ� h��s�\� 0A d���̀¦ ëß�7á¤
���H h1 �̀¦ ú̧��̀¦ Ãº e���¦, k1 �̧ ��ðøÍ��

t�s���. s�]j

e1(`) =
∂f

∂x
(x + h1, y + k)− ∂f

∂x
(x, y)

e2(`) =
∂f

∂y
(x, y + k1)−

∂f

∂y
(x, y)

�� ¿º��. s�]j, 1pxd�� i
∂f

∂x
=

∂f

∂y
�̀¦ s�6 x
�#� >�íß�
����

f(z + `)− f(z)
`

=
1
`

(
h

[
∂f

∂x
(x, y) + e1(`)

]
+ k

[
∂f

∂y
(x, y) + e2(`)

])
=

1
`

[
(h + ik)

∂f

∂x
(x, y) + he1(`) + ke2(`)

]
=

∂f

∂x
(x, y) +

h

`
e1(`) +

k

`
e2(`)

s� �)a��. Õª���X<,
∣∣∣∣h`
∣∣∣∣ ≤ 1,

∣∣∣∣k`
∣∣∣∣ ≤ 1s��¦, ¼#��̧�<ÊÃº[þt_� ���5Åq$í
Ü¼�ÐÂÒ'�

lim
`→0

e1(`) = 0, lim
`→0

e2(`) = 0

s�Ù¼�Ð

lim
`→0

f(z + `)− f(z)
`

=
∂f

∂x
(x, y)

\�¦ %3���H��. t��FK��t� �7H7£x�Ér e��_�_� z ∈ Ω\� @/
�#� $í
wn�
�Ù¼�Ð f ��H

K�$3��<ÊÃºs���. �

|ºM� 3. s����Ãº z�́�<ÊÃº

u(x, y) =
1
2

log(x2 + y2), (x, y) 6= (0, 0)

(3) �<ÊÃº x 7→ f(x, y + k)_� u�%i��Ér 4�¤�èÃºs�t�ëß� z�́ÃºÂÒ uü< )�ÃºÂÒ v\� y��y�� î̈
ç�H
°úכ&ñ
o�\�¦ &h�6 x
���� ÷&�¦, s� �â
Äº uü< v\� @/
�#� ú̧���H h1 �Ér y��y�� ���Ér °ú9}כ� Ãº

e��t�ëß� h → 0{9� M: h1 → 0s�Ù¼�Ð 7£x"î
\� Z>� t��©�s� \O���.
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�̀¦Òqty��
���.Äº���f��]X�>�íß�
�#� u(x, y)�� �̧�o�<ÊÃºe���̀¦���ÐSX����½+É

Ãº e����. ëß�{9� u + iv�� K�$3��<ÊÃº�����

∂v

∂x
= −∂u

∂y
= − y

x2 + y2

s�#Q�� ô�Ç��. Õª���X<,

∂

∂x

[
arctan

y

x

]
=

∂

∂x

[
− arctan

x

y

]
= − y

x2 + y2

s�Ù¼�Ð,ÅÒ#Q���%ò
%i�s�z�́Ãº»¡¤�̀¦�í�<Ê
�t�·ú§��H����� v(x, y) = arctan
y

x
�Ð ¿º�¦, )�Ãº»¡¤�̀¦ �í�<Ê
�t� ·ú§��H����� v(x, y) = − arctan

x

y
�Ð ¿º��� �)a

��. s�]j, z�́�<ÊÃº t 7→ arctan t + arctan
1
t
_� �̧�<ÊÃº�� 0���X< s� �<ÊÃº_�

&ñ
_�%i�s� (−∞, 0)õ� (0,∞) ¿º ½̈çß�Ü¼�Ð ��*'#Q e���¦, arctan 1 =
π

4
x9�

arctan(−1) = −π

4
s�Ù¼�Ð

arctan
y

x
+ arctan

x

y
=

{
π/2, xy > 0,

−π/2, xy < 0

s���. ����"f, t�èß� 2.3]X�_� (14)\�"f &ñ
_�ô�Ç Log z��H ��6£§

Log z =



log |z|+ i arctan
y

x
, Re z > 0,

log |z|+ i

(
− arctan

x

y
+

π

2

)
, Im z > 0,

log |z|+ i

(
− arctan

x

y
− π

2

)
, Im z < 0

(7)

õ� °ú s� jþt Ãº e���¦, &ñ
o� 3.2.2\�¦ &h�6 x
���� Log z�� %ò
%i�

Ω = C \ {z : Im z = 0, Re z ≤ 0}

0A\�"fK�$3��<ÊÃºe���̀¦·ú�Ãºe����.ô�Ç¼#��'a>�d�� (3) �̀¦&h�6 x
����,e��_�_�

z ∈ Ω\� @/
�#�

d

dz
Log z =

∂u

∂x
+ i

∂v

∂x
=

x

x2 + y2
− i

y

x2 + y2
=

1
z



56 ]j 3 �©� K�$3��<ÊÃº

e���̀¦ ·ú� Ãº e����. �

'Ö<<K 3.2.3. 1pxd�� (7) �̀¦ 7£x"î

��¦, Log z�� K�$3��<ÊÃºe���̀¦ �Ð#���.

ëß�{9� %ò
%i� Ω ⊂ C 0A\�"f f ′ = 0s���� z�́���Ãº�<ÊÃº_� �â
Äºü< ��ðøÍ

��t��Ð f(z)��H �©�Ãº�<ÊÃºs���. s�\�¦ �Ðs�l� 0A
�#� f = u + iv�� ¿º

���

∂u

∂x
= 0s���. ����"f, y\�¦ �¦&ñ

���� �<ÊÃº x 7→ u(x, y)�� �©�Ãº�<ÊÃº

s���. ��ðøÍ��t��Ð �<ÊÃº y 7→ u(x, y)%i�r� �©�Ãº�<ÊÃºs�Ù¼�Ð, %ò
%i�_� �̧|	�

(%ò
2)\�_�
�#��<ÊÃº u��H%ò
%i� Ω0A\�"f�©�Ãº�<ÊÃºs���.��ðøÍ��t��Ð�<Ê

Ãº v %i�r� �©�Ãº�<ÊÃºs��¦, ����"f ��6£§�̀¦ %3���H��.

XNËP� 3.2.3. *å�*9� Ω ⊂ C a�;c"k +ä�q�ùÚH AI)o��ÈÕ¬£q� |¡�ÈÕ¬£�� 0T��̂@

f(z)¤�< �ç¡¬£�ÈÕ¬£T���.

XNËP� 3.2.4. *å�*9� Ω ⊂ Ca�;c"k+ä�q�ùÚHAI)o��ÈÕ¬£q��}B60ìḿ z 7→ |f(z)|
�� �ç¡¬£�ÈÕ¬£T��̂@ f(z)|¡ �ç¡¬£�ÈÕ¬£T���.

7£x"î
: ëß�{9� |f | = |u + iv| = Cs���� u2 + v2 = C2s��¦, s�\�¦ ¼#�p�ì�r


����

u
∂u

∂x
+ v

∂v

∂x
= 0, u

∂u

∂y
+ v

∂v

∂y
= 0

\�¦ %3���H��. Õª���X<, �ïr�–o�ëß� ~½Ó&ñ
d��\� _�
�#�

u
∂u

∂x
− v

∂u

∂y
= 0, u

∂u

∂y
+ v

∂u

∂x
= 0

�̀¦ %3��¦, s��ÐÂÒ'�
∂u

∂x
= 0 �̀¦ ·ú� Ãº e����. �� Qt� ¼#�p�ì�r�̧ ��ðøÍ��t�

~½ÓZO�Ü¼�Ð �̧¿º 0s� ÷&Ù¼�Ð, &ñ
o� 3.2.3\� _�
�#� f = u + iv��H �©�Ãº�<Ê

Ãºs���. �

'Ö<<K 3.2.4. &ñ
o� 3.2.4_� 7£x"î
�̀¦ ��Áºo�
�#���.
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3.3. ���;³¹ÊÁ�+ i�&P�

t��FK��t� ¶ú�(R�:r ���½Ód�� �<ÊÃº�� Ä»o��<ÊÃº s�ü@_� K�$3��<ÊÃº\� #Q*�

ô�Ç ��þts]	כ e����H�� ·ú����Ð��. Õª 'Í	���P: @/�©��Ér ���½Ód�� �<ÊÃº[þt_� �FGô�Ç

Ü¼�Ð s�K�½+É Ãº e����H "4�/åLÃº�Ð ³ð�&³�)a �<ÊÃºs���. "4�/åLÃº
∑

n anzn_�

Ãº§4�ìøÍ�â
s� R > 0s���� %ò
%i� D(0, R) 0A\�"f &ñ
_��)a �<ÊÃº

f(z) =
∞∑

n=0

anzn = a0 + a1z + a2z
2 + · · ·+ anzn + · · ·

\�¦ Òqty��½+É Ãº e����. s�]j ���½Ód�� �<ÊÃº_� �̧�<ÊÃº\�¦ Òqty��
����, f(z)_� �̧

�<ÊÃº��

g(z) =
∞∑

n=1

nanzn−1 = a1 + 2a2z + · · ·+ nanzn−1 + · · ·

�� ÷&o�����H �¦̀�	כ f�����½+É Ãº e����. Äº��� s� "4�/åLÃº_� Ãº§4�ìøÍ�â
 %i�r�

R > 0e���̀¦ SX����
���.

���$� |anzn−1| ≤ |nanzn−1|s�Ù¼�Ð,
∞∑

n=1

nanzn−1s� ]X�@/Ãº§4�
����

∞∑
n=1

anzn−1 �̧ ]X�@/Ãº§4�
��¦, ����"f

∞∑
n=0

anzn = a0 + z

( ∞∑
n=1

anzn−1

)

�̧ ]X�@/Ãº§4�ô�Ç��. s�]j, |z| < R{9� M:
∞∑

n=1

nanzn−1�� ]X�@/Ãº§4��<Ê�̀¦ �Ð

s���� �)a��. ���$�, |z| < s < R��� s ∈ R\�¦ ú̧���H��. �FGô�Ç lim
n→∞

n1/n = 1

\�¦ s�6 x
����, Ø�æì�ry� 	�H �����Ãº N \� @/
�#�

n ≥ N =⇒ n1/n <
s

|z|



58 ]j 3 �©� K�$3��<ÊÃº

e���̀¦ ·ú� Ãº e����. ����"f, n ≥ N s����

|nanzn−1| = |an|
(n1/n|z|)n

|z|
<

1
|z|
|an|sn

���X< /åLÃº
∑
|an|sn�� Ãº§4�
�Ù¼�Ð /åLÃº

∞∑
n=1

nanzn−1�� ]X�@/Ãº§4��<Ê�̀¦

·ú� Ãº e����. s� /åLÃº\� @/
�#� ~½Ó�FK ô�Ç s���l�\�¦ ��r� &h�6 x
���� /åLÃº
∞∑

n=2

n(n− 1)anzn−2
%i�r� |z| < R{9� M: ]X�@/Ãº§4�ô�Ç��.

s�]j,%ò
%i� D(0, R)0A\�"f�<ÊÃº f(z)_� �̧�<ÊÃº�� g(z)e���̀¦�Ðs���.

Äº���

f(z)− f(z0)
z − z0

− g(z0) =
∞∑

n=1

an

[
zn − zn

0

z − z0
− nzn−1

0

]
s���. ô�Ç¼#�, f��]X� >�íß�
�#� �Ð��� n = 2, 3, . . . \� @/
�#�

zn − zn
0

z − z0
− nzn−1

0 = zn−1 + zn−2z0 + · · ·+ zzn−2
0 + zn−1

0 − nzn−1
0

= (z − z0)
[
zn−2 + 2zn−3z0 + · · ·+ (n− 1)zn−2

0

]
(8)

s���. s�]j, z0 ∈ D(0, R)\�¦ �¦&ñ

��¦, |z0| < r < R��� �ª�Ãº r �̀¦ ú̧���.

ëß�{9� |z| < rs����∣∣∣∣zn − zn
0

z − z0
− nzn−1

0

∣∣∣∣ ≤ |z − z0|
n−1∑
k=1

krk−2 = |z − z0|
n(n− 1)

2
rn−2

s���. ����"f,∣∣∣∣f(z)− f(z0)
z − z0

− g(z0)
∣∣∣∣ ≤ |z − z0|

∞∑
n=2

n(n− 1)
2

|an|rn−2

���X<, ·ú¡\�"f ¶ú�(R�:r ��ü< °ú s�
∞∑

n=2

n(n− 1)|an|rn−2s� Ä»ô�Ç°úכs�Ù¼�Ð

f ′(z0) = lim
z→z0

f(z)− f(z0)
z − z0

= g(z0)



3.3. "4�/åLÃº_� p�ì�r 59

e���̀¦ ·ú� Ãº e����.

'Ö<<K 3.3.1. 0A �7H7£x õ�&ñ
\�"f 1pxd�� (8) �̀¦ 7£x"î

�#���.

XNËP� 3.3.1. '9��� ¬£
∑

n anznq� ¬£&9�ºÿ�#Ü�T� R > 0�� ��+ä�
���. ½��_

�̂@ õi;�Ð�ÈÕ¬£

f(z) =
∞∑

n=0

anzn, z ∈ D(0, R) (9)

ª�< *å�*9� D(0, R) a�q� ~¡¥�< +8�;c"k Q�(Ûo���ûB
�z�

f ′(z) =
∞∑

n=1

nanzn−1, z ∈ D(0, R) (10)

T���. �¡Â6Ò, '9��� ¬£
∑

n nanzn−1q� ¬£&9�ºÿ�#Ü�|¡ R > 0T���.

ô�Ç ��n��Ð 
���¹כ����, "4�/åLÃº�Ð &ñ
_��)a �<ÊÃº (9)��H %ò
%i� D(0, R) 0A

\�"f K�$3��<ÊÃºs���. ¢̧ô�Ç, 1pxd�� (9)ü< (10)\� z = 0 �̀¦ V,�Ü¼���

f(0) = a0, f ′(0) = a1

e���̀¦ ·ú� Ãº e����. Õª���X< 1pxd�� (10) �̧ Ãº§4�ìøÍ�â
s� R > 0��� "4�/åLÃº�Ð

&ñ
_�÷&#Q e��Ü¼Ù¼�Ð &ñ
o� 3.3.1 �̀¦ ��r� &h�6 x½+É Ãº e����. Õª�Q���

f ′′(z) =
∞∑

n=2

n(n− 1)anzn−2, z ∈ D(0, R)

e���̀¦ ·ú� Ãº e����. ¢̧ô�Ç, f ′′(0) = 2!a2s���. s�ü< °ú s� &ñ
o� 3.3.1 �̀¦ ìøÍ

4�¤
�#� &h�6 x
����

f (k)(z) =
∞∑

n=k

n(n− 1) · · · (n− k + 1)anzn−k, z ∈ D(0, R)

e���̀¦ ·ú� Ãº e��Ü¼ 9, :£¤y�

f (k)(0) = k!ak, k = 0, 1, 2, . . . (11)
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\�¦ %3���H��. ����"f, "4�/åLÃº�Ð &ñ
_��)a 4�¤�è�<ÊÃº��H ô�Ç\O�s� p�ì�r��0px
��¦

��6£§ 1pxd��

f(z) =
∞∑

n=0

f (n)(0)
n!

zn, z ∈ D(0, R) (12)

�̀¦ ëß�7á¤ô�Ç��.

��6£§�©�\�"f&ñ
o� 3.3.1_�%i�s�$í
wn��<Ê�̀¦�Ð�����.��r� ú́�
�#�e��_�

_� K�$3��<ÊÃº��H "4�/åLÃº�Ð ³ð�&³½+É Ãº e��Ü¼ 9, ����"f ô�Ç\O�s� p�ì�r��0px
�

�¦ 1pxd�� (12)�� $í
wn��<Ê�̀¦ �Ð�����. \P��2;½̈çß�\�"f p�ì�r��0px
����¦ 
�#�

¿º��� p�ì�r��0px
�����H �Ð�©�s� \O���H z�́�<ÊÃº_� �â
Äºü< q��§
���� B�Äº 	�H

	�s��� e��6£§�̀¦ ·ú�>� �)a��. "4�/åLÃº�Ð &ñ
_��)a �<ÊÃº��H Ãº§4�%ò
%i� îß�_� e��

_�_� &h�\�"f ��r� "4�/åLÃº�Ð ³ð�&³�)a����H ��Ér	כ f��]X� �Ð{9� Ãº e����HX<, s�

��H z�́�<ÊÃº_� �â
Äºü< ��ðøÍ��t�s���.(4)

ëß�{9�/åLÃº
∑

n anzn_�Ãº§4�ìøÍ�â
s��ª�Ãºs��¦"é¶&h���H~½Ó D(0, ε)0A\�

"f
∑

n anzn = 0s���� 1pxd�� (11)\� _�
�#� �̧��H >�Ãº�� 0 �̀¦ ·ú� Ãº e��

��. ����"f ��6£§�̀¦ %3���H��.

XNËP� 3.3.2. ¹ÿ�G�B £̈ '9��� ¬£
∑

n anznã#
∑

n bnznq� ¬£&9�ºÿ�#Ü�T� �è¡¬£

T�z�, +8��}BÂ6Ò �è¡¬£ ε > 0;c 60
�#l �ûB��̧∑
n

anzn =
∑

n

bnzn, z ∈ D(0, ε)

T� )ç��·

��̂@, ��»q�q� n = 1, 2, . . . ;c 60
�#l an = bnT���.

s� &ñ
o���H "4�/åLÃº�Ð ³ð�&³÷&��H ¿º �<ÊÃº f(z)ü< g(z)�� "é¶&h��̀¦ �í

�<Ê
���H ����Ér \P��2;"é¶óøÍ\�"f �<ÊÃº°úכs� °ú Ü¼��� ¿º �<ÊÃº��H °ú �Ér �<ÊÃºe��

�̀¦ ú́�K� ï�r��. �<ÊÃº f(z) − g(z)\� @/
�#� Òqty��
����, s�\�¦ ��6£§õ� °ú 

s� ²ú�o� ³ð�&³½+É Ãº e����. ëß�{9� "4�/åLÃº�Ð ³ð�&³÷&��H �<ÊÃº f(z)_� K�|9�½+Ë

{z : f(z) = 0}s� ����Ér "é¶óøÍ D(0, ε) �̀¦ �í�<Ê
���� f(z)��H �©�Ãº�<ÊÃºs���.

(4) �ÃÐ�¦ë�H��³ [�̂�$í
l�·�̂��̧ô�Ç·>�5px+À:, K�$3�>h�:r, >h&ñ
óøÍ, "fÖ�¦@/�<Æ�§ Ø�¦óøÍÂÒ, 1995,
2002]_� &ñ
o� 6.4.2\�¦ �ÃÐ�̧
���.
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s� &ñ
o���H K�|9�½+Ës� \P��2;"é¶óøÍ�Ð�� �8 ‘����Ér’ |9�½+Ës����̧ $í
wn�ô�Ç��. s�

\�¦ 0A
�#�, "4�/åLÃº�Ð ³ð�&³÷&��H �<ÊÃº f(z) =
∑

n anzn_� K�|9�½+Ë îß�\�"f

0Ü¼�Ð Ãº§4�
���H Ãº\P� 〈zm〉 �̀¦ ×þ�½+É Ãº e�����¦ 
��� (éß�, zm 6= 0). s�]j,

f 6= 0�� ��&ñ

��¦ �̧í�H�̀¦ ¹1Ô���Ð��. ëß�{9� f 6= 0s���� an ��î�rX< 0 ��

��� ��s	כ e���̀¦ J$�X<, Õª ×�æ %�6£§ 0 s� ����� �¦̀�	כ ak�� 
���. Õª�Q��� �<ÊÃº

f(z)��H ��6£§

f(z) = zk (ak + ak+1z + · · ·+ ak+nzn + · · · )

õ� °ú s� ����è­q Ãº e����. ëß�{9� g(z) =
∞∑

n=0

ak+nzns��� ¿º���, y�� m =

1, 2, . . . \� @/
�#� g(zm) = 0s��¦ �<ÊÃº g(z)�� ���5Åqs�Ù¼�Ð

ak = g(0) = lim
m→∞

g(zm) = 0

s� ÷&#Q �̧í�Hs���. ����"f, ��6£§s� 7£x"î
÷&%3���.

XNËP� 3.3.3. '9��� ¬£}¹�¢g̀@E'¤�<�ÈÕ¬£ f(z) =
∑

n anzn��®£#e$p�����.

¹ÿ�G�B 0Ä�}¹¬£&9�
�¤�<õi;�Ð¬£�~x 〈zm〉 (·ÿ�, zm 6= 0)a�;c"k f(zm) = 0T�

�̂@ f(z) = 0T���.

s� &ñ
o���H \O�i±	 �Ð��� B�Äº Z�t��î�r &ñ
o�s���. Õª�Q��, n-	� ���½Ód���̀¦

���&ñ

�l� 0A
�#� n + 1 >h_� &h� 0A\�"f �<ÊÃº°úכëß� ·ú���� �)a����H �¦̀�	כ Òqt

y��
���� Õªo� Z�t��î�r ��Ér	כ ��m���. "4�/åLÃº�Ð ³ð�&³÷&��H �<ÊÃº\�¦ ���&ñ

�l�

0AK�"f��H &h�#Q�̧ Áºô�Ç>h_� &h�\�"f �<ÊÃº°úכs� &ñ
K�4R�� ô�Ç����H �,>���X	כ

Õª Ùþ�d���Ér Õª Áºô�Ç>h_� &h�[þts� ô�Ç /BM\� �̧#� e��#Q�� ô�Ç����H �.���s	כ \V

\�¦ [þt#Q sin z�� cos z��H Õª K�|9�½+Ës� Áºô�Ç |9�½+Ës�t�ëß� Õª &h�[þts� Ãº§4�


�t� ·ú§�¦ "f�Ð b��#Q4R e��Ü¼Ù¼�Ð &ñ
o� 3.3.3s� &h�6 x÷&t� ·ú§��H��.

t�èß� 2.3]X�\�"f &ñ
_�ô�Ç �<ÊÃº ez, cos z, sin z [þt_� p�ì�r�̀¦ ½̈
����

dez

dz
= ez,

d cos z

dz
= − sin z,

d sin z

dz
= cos z
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1pxs� $í
wn��<Ê�̀¦ ���Ð SX����½+É Ãº e����. ëß�{9� 4�¤�èÃº α ∈ C\�¦ �¦&ñ

��¦

f(z) = ezeα−z¿º��� f ′(z) = 0s���.Õª���X< f(0) = eαs�Ù¼�Ð&ñ
o� 3.2.3

�̀¦ &h�6 x
���� e��_�_� z ∈ C\� @/
�#�

ezeα−z = eα, z ∈ Z

e���̀¦ ·ú� Ãº e����. s� d��\�"f α− z = w�� ¿º��� t�èß� 2.3]X�_� 1pxd�� (12),

7£¤ t�ÃºZO�gË: ez+w = ezew
�̀¦ %3���H��.

t��FK��t� �̧��H �7H_���H
∑

n anzn
+þAI�_� "4�/åLÃº\� �'a
�#� �7H
�%i�t�

ëß�, s�\�¦ î̈
'��s�1lx
����
∑

n an(z − z0)n
+þAI�_� "4�/åLÃº\� @/K�"f�̧ Óüt

�:r =�G °ú �Ér s���l�\�¦ ½+É Ãº e����.

|ºM� 1. t�èß� 2.2]X�_� �Ðl� 3\�"f �Ð��¤1pws�

∞∑
n=0

zn =
1

1− z
, |z| < 1 (13)

s� $í
wn��<Ê�̀¦ ·ú��¦ e����. ô�Ç¼#� |z| = 1s���� limn zn 6= 0s�Ù¼�Ð
∑

n zn
�Ér

Ãº§4�
�t� ·ú§��H��. 1pxd�� (13)_� �ª�����̀¦ p�ì�r
����

1 + 2z + 3z2 + 4z3 + · · · = 1
(1− z)2

, |z| < 1

e���̀¦ ·ú� Ãº e���¦, ����"f 1pxd��

z + 2z2 + 3z3 + 4z4 + · · · = z

(1− z)2
, |z| < 1

\�¦ %3���H��. \V\�¦ [þt#Q z =
1
2
\�¦ @/{9�
���� 1pxd��

∞∑
n=1

n

2n
= 2\�¦ %3���H��.

��r� �ª�����̀¦ p�ì�r
��¦ z\�¦ Y�L
����

z + 4z2 + 9z3 + 16z4 + · · ·n2zn + · · · = z + z2

(1− z)3

�̀¦ %3���H��. �
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'Ö<<K 3.3.2. /åLÃº
∞∑

n=1

n3

4n
ü<

∞∑
n=1

n4

2n
_� °ú̀�כ¦ ½̈
�#���.

|ºM� 2. "4�/åLÃº

Λ(z) =
∞∑

n=1

(−1)n−1 1
n

zn = z − 1
2
z2 +

1
3
z3 − · · ·

_� Ãº§4�ìøÍ�â
s� 1e���Ér ���Ð SX����÷&��HX<, s�\�¦ }¹½��� ¬£�� ÂÒ�Ér��. �ÐÕª

/åLÃº_� �̧�<ÊÃº��H

Λ′(z) = 1− z + z2 − · · · = 1
1 + z

�Ð ÅÒ#Q�����. �

'Ö<<K 3.3.3. \P��2;"é¶óøÍ |z| < 1 0A\�"f Λ(z) = Log (1 + z)e���̀¦ �Ð#���.

3.4. ¥o>¢æ¹%K�V�

3.4.1. %ò
%i� Ω\�"f &ñ
_��)a 4�¤�è�<ÊÃº f : Ω → C@/
�#� ��6£§s� 1lxu�e���̀¦ �Ð
#���.

(��) 4�¤�è�<ÊÃº f �� &h� α ∈ Ω\�"f p�ì�r��0px
���.
(��) z�́�<ÊÃº f : Ω → R2�� &h� α ∈ Ω\�"f p�ì�r��0px
��¦, f ′(α) : R2 → R2

\�¦

4�¤�è�<ÊÃº�Ð s�K�
�%i��̀¦ M: ���+þA���©�s���.

3.4.2. ��6£§ �<ÊÃº[þts� #Q�"� &h�[þt\�"f �ïr�–o�ëß� ~½Ó&ñ
d���̀¦ ëß�7á¤
���Ht� ¶ú�(R�Ð
����. ¢̧ô�Ç, #Q�"� &h�[þt\�"f p�ì�r��0pxô�Çt� ¶ú�(R�Ð����.

(��) f(z) = z2 (��) f(z) = x2 − y2

(��) f(z) = 2xyi (��) f(z) = x2 − y2 + 2xyi
(��) f(z) = zRe z (��) f(z) = z|z|

3.4.3. p�ì�r��0px�<ÊÃº f(z)\� @/
�#� ��6£§ 1pxd��

|f ′(z)|2 =

(
∂u

∂x

)2

+

(
∂v

∂x

)2

=

(
∂u

∂x

)2

+

(
∂u

∂y

)2

=
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x

s� $í
wn��<Ê�̀¦ �Ð#���.

3.4.4. ��6£§ �<ÊÃº[þts� 4�¤�èî̈
��� ����̂\�"f K�$3��<ÊÃº�� |̈c �©�Ãº a, b, c ∈ R_�
�̧|	��̀¦ ½̈
�#���.
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(��) f(z) = x + ay − i(bx + cy)
(��) f(z) = ax2 − by2 + icxy
(��) f(z) = ex cos ay + iex sin(y + b)
(��) f(z) = a(x2 + y2) + ibxy

3.4.5. �<ÊÃº f(z)ü< g(z)�� z0\�"f p�ì�r��0px
��¦ f(z0) = g(z0) = 0s����¦

���. ëß�{9� g′(z0) 6= 0s���� ��6£§ 1pxd��

lim
z→z0

f(z)

g(z)
=

f ′(z0)

g′(z0)

s� $í
wn��<Ê�̀¦ �Ð#���.

3.4.6. ��6£§ �FGô�Çs� �>rF�
���Ht� ¶ú�(R�Ð�¦, �>rF�
���H �â
Äº Õª �FGô�Ç°ú̀�כ¦ ½̈
�
#���.

(��) lim
z→0

ez − 1

3z
(��) lim

z→0

z2

|z|
(��) lim

z→0

2 sin z

ez − 1
(��) lim

z→0
z sin

1

z

3.4.7. ��6£§ �<ÊÃº[þts� �̧�o�<ÊÃºe���̀¦ �Ð#���. ¢̧ô�Ç u + iv�� K�$3��<ÊÃº�� ÷&�̧
2�¤ �<ÊÃº v\�¦ &ñ

�#���.

(��) u(x, y) = ax + by (éß�, a, b ∈ R��H �©�Ãº)

(��) u(x, y) =
y

x2 + y2 , x2 + y2 6= 0

(��) u(x, y) = x3 − 3xy2

(��) u(x, y) = Arg (x + iy), −π < Arg z < π

(��) u(x, y) = ex2−y2
cos 2xy

3.4.8. �<ÊÃº u(x, y) = ax2y − y3 + xy �� �̧�o�<ÊÃº�� |̈c z�́Ãº a ∈ R_� �̧|	�
�̀¦ ½̈
�#���. ¢̧ô�Ç, s� M: u + iv�� K�$3��<ÊÃº�� ÷&�̧2�¤ �<ÊÃº v\�¦ &ñ

�#���.

3.4.9. s����Ãº�<ÊÃº uü< v�� y��y�� �̧�o�<ÊÃºs��¦ 4�¤�è�<ÊÃº u + iv�� K�$3��<ÊÃº
�� 
���. s� M:, ¿º �<ÊÃº_� Y�L uv�� �̧�o�<ÊÃºe���̀¦ �Ð#���. ¢̧ô�Ç ¿º �̧�o�<ÊÃº_�
Y�Ls� �̧�o�<ÊÃº�� ÷&l� 0Aô�Ç {9�ìøÍ&h���� �̧|	��Ér Áº%Á	���t� ·ú��� �Ð����.

3.4.10. t�èß� 2.2]X�_� �Ðl� 2\�"f &ñ
_�ô�Ç s��½Ó/åLÃº Bα(z)\�¦ Òqty��
���.

(��) s��½Ó/åLÃº Bα(z)_� �̧�<ÊÃº��

B′α(z) = αBα−1(z) =
α

1 + z
Bα(z), |z| < 1

�Ð ÅÒ#Qf���̀¦ �Ð#���.
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(��) s��½Ó/åLÃºü< �ÐÕª/åLÃº ��s�\� ��6£§ �'a>�d��

Bα(z) = eαΛ(z), |z| < 1

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) �'a>�d��

Bα(z) = (1 + z)α

s� #Q�"� ~½Ód��Ü¼�Ð $í
wn�
���Ht� ¶ú�(R�Ð����.

3.4.11. "4�/åLÃº

A(z) =

∞∑
n=0

(−1)n 1

2n + 1
z2n+1 = z − 1

3
z3 +

1

5
z5 − · · ·

�� ÅÒ#Q4R e����.

(��) s� /åLÃº_� Ãº§4�ìøÍ�â
õ� �̧�<ÊÃº\�¦ ½̈
�#���.
(��) "é¶&h��̀¦ ×�æd��Ü¼�Ð 
���H &h�]X�ô�Ç \P��2;"é¶óøÍ 0A\�"f ��6£§ 1pxd��

A(tan z) = z

s� $í
wn��<Ê�̀¦ �Ð#���. #�l�"f, Óüt�:r tan z =
sin z

cos z
�Ð &ñ
_��)a��.

(��) 1pxd��

A(z) =
1

2i
Log

1 + iz

1− iz
, |z| < 1

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) 1pxd��

tan(A(z)) = z, |z| < 1

s� $í
wn��<Ê�̀¦ �Ð#���.

3.4.12. e��_�_� z ∈ {z : |z| < 1}\� @/
�#� ÂÒ1pxd��

|Log (1 + z)− z| <
|z|2

2(1− |z|) , |z| < 1

s� $í
wn��<Ê�̀¦ �Ð#���. s�\�¦ s�6 x
�#� ��6£§ 1pxd��

lim
n→∞

(
1 +

z

n

)n

= ez, z ∈ C

s� $í
wn��<Ê�̀¦ �Ð#���.

3.4.13. 1pxd�� f(z) =

∞∑
n=0

anzns� \P��2;"é¶óøÍ D = {z : |z| < 1}0A\�"f $í
wn�
�

�¦, z = eiθ\�"f /åLÃº σ =

∞∑
n=0

aneinθ
�� Ãº§4�ô�Ç���¦ ��&ñ

���.
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(��) ëß�{9� σn =

n∑
k=0

akeikθ
�� ¿º���, e��_�_� z ∈ D\� @/
�#� ��6£§ 1pxd��

1

eiθ − z
= e−iθ

∞∑
n=0

e−inθzn,
f(z)

eiθ − z
= e−iθ

∞∑
n=0

σne−inθzn

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) e��_�_� z ∈ D\� @/
�#� 1pxd��

f(z)− σ = e−iθ(eiθ − z)

∞∑
n=0

(σk − σ)e−inθzn

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) ��6£§ 1pxd��

σ = lim
z→eiθ, z∈D

f(z)

s� $í
wn��<Ê�̀¦ �Ð#���.(5)

(��) e��_�_� z ∈ D\� @/
�#� 1pxd�� −Log (1 − z) =

∞∑
n=1

1

n
zn
s� $í
aË>�<Ê�̀¦ �Ð

#���.
(��) ���_þvë�H]j 2.4.4\�¦ s�6 x
�#� ��6£§ Áºô�Ç½+Ë�̀¦ ½̈
�#��� (éß�, eiθ 6= 1).

∞∑
n=1

1

n
cos nθ,

∞∑
n=1

1

n
sin nθ

(5) s�\�¦ ��Ù�º +ä�P��� ÂÒØÔ��HX<, #��Q ��t� /åLÃº_� ½+Ë�̀¦ >�íß�
���H X<\� 
��|¹כ�>� æ¼
�����.

Niels Henrik Abel (1802∼1829), �̧ØÔJ?s�\�"f I�#Q�� Ãº�<Æ�Ér ��_� 1lq�<ÆÜ¼�Ð /BN
ÂÒ
��¦ Z�\�¦�2;õ� ��o�\� Ä»�<Æ
�%i���. @/Ãº�<Æõ� K�$3��<Æ\�"f {©�r� þj�¦_� Ãº�<Æ��%i�
Ü¼��, {©�@/\� Z>��Ð ���&ñ
~ÃÎt� 3lw
��¦ �¦�¾ÓÜ¼�Ð [�t���:r +' 2�̧�ëß�\� 
�X[¹כ�%i���. �̧	�
s��©� ~½Ó&ñ
d��s� @/Ãº&h�Ü¼�Ð Û�¦o�t� ·ú§��H����H �¦̀�	כ 7£x"î

�%i���.


