
V� 5 *�× �×%�×;³¹ÊÁÿ?
ËÂÊÁN�ñ5Ñ

�ïr� &h�ì�r&ñ
o�_� þj@/ 6£x6 x�Ér K�$3��<ÊÃº\�¦ "4�/åLÃº
∑∞

n=0 an(z − z0)
n�Ð ���

>h½+É Ãº e������H �,¦��s	כ :£¤y�, >�Ãº an[þt�̀¦ &h�ì�r +þAI��Ð jþt Ãº e������H �.���s	כ
Õª���X< K�$3��<ÊÃº�� ��m��8���̧ ��6£§

· · ·+ a−n

(z − z0)n
+ · · ·+ a−1

z − z0
+ a0 + a1(z − z0) + · · ·+ an(z − z0)

n + · · ·

õ� °ú s� ���>h½+É Ãº e��Ü¼ 9, y�� >�Ãº[þt�Ér �ïr� &h�ì�r/BNd��\� ���̧��H >�Ãº\�¦ Õª@/

�Ð æ¼��� �)a����H ��s	כ �Ð|½Ó &ñ
o�s���. �ïr� &h�ì�r/BNd���̀¦ n = −1��� �â
Äº ¶ú�(R�Ð

��� Õª@/�Ð &h�ì�r°úכs� �)a��. ����"f, s���H &h�ì�r°ú̀�כ¦ ½̈���H X<\� 	�H �̧¹¡§s� ÷&��H

X<, s�\�¦ s�6 xô�Ç &h�ì�r >�íß��̀¦ Ä»Ãº >�íß�s��� ô�Ç��. Ä»Ãº >�íß��Ér ���&h�ì�r�̀¦ :�x�

#� "é¶r��<ÊÃº\�¦ ½̈½+É Ãº \O���H �<ÊÃº[þt_� &ñ
&h�ì�r�̀¦ ½̈���H X<\� 	�H �̧¹¡§s� |̈c ÷�r

��m���, ÅÒ#Q��� /BG��� ?/ÂÒ\� e����H ��H_� >hÃº\�¦ ½̈���H 1px s��:r&h���� 8£¤���\�"f

�̧ B�Äº ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��.

5.1. §�́l��\�ø� �×%�×;³¹ÊÁ

�<ÊÃº f(z)�� #Q�"� &h�\�"f K�$3��<ÊÃº�� ��u�́ M:, s� &h��̀¦ f(z)_� �m;

T�+8�s��� ô�Ç��. ëß�{9� �<ÊÃº f(z)�� z0\�"f K�$3�&h�s�t� ·ú§Ü¼�� &h�]X�ô�Ç

%ò
%i� D(z0, r) \ {z0} 0A\�"f K�$3�&h�s���� z0\�¦ f(z)_� z��·�m;T�+8�s���
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ÂÒ�Ér��. \V\�¦ [þt#Q"f z = ±1�Ér �<ÊÃº
1

z2 − 1
_� �¦wn�:£¤s�&h�s��¦, z = 0

�Ér e1/z_� �¦wn�:£¤s�&h�s���.

t�èß� 4�©�\�"f /BNÂÒô�Ç �ïr� &h�ì�r/BNd���Ér /BG���_� ?/ÂÒ\�¦ �í�<Ê���H %ò


%i�\�"f ÅÒ#Q��� �<ÊÃº�� K�$3�&h���� �â
Äº\� ô�Ç�#� &h�6 x½+É Ãº e��%3���HX<,

s� ]X�\�"f��H /BG��� ?/ÂÒ\� :£¤s�&h�s� e����H �â
Äº #Qb�G>� ÷&��Ht� ·ú����Ð

��. %ò
%i� {z : r < |z − z0| < R} 0A\�"f K�$3��<ÊÃº f(z)�� &ñ
_�÷&#Q e��

�̀¦ M: (éß�, 0 ≤ r < R), s� îß�\� e����H ¿º "é¶

C1 : |z − z0| = R1, C2 : |z − z0| = R2, (r < R1 < R2 < R)

�̀¦ Òqty�����. Õª�Q���, t�èß� 4.2]X�_� 1pxd�� (4)\�¦ 7£x"î
���H õ�&ñ
õ� =�G °ú 

�Érõ�&ñ
�̀¦��u��¦�ïr�&h�ì�r&ñ
o�\�¦&h�6 x����¿º"é¶ C1õ� C2 ��s�\�e��

��H e��_�_� &h� z\� @/�#� ��6£§ 1pxd��

f(z) =
1

2πi

∫
C2

f(ζ)
ζ − z

dζ − 1
2πi

∫
C1

f(ζ)
ζ − z

dζ (1)

s� $í
wn��<Ê�̀¦ ���Ð ·ú� Ãº e����.
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s�]jÂÒ'���H &ñ
o� 4.3.2_� 7£x"î
õ�&ñ
õ� °ú �Ér ~½Ód���̀¦ ���Ér��. Äº���, ζ

�� "é¶ C2 0A\� e��Ü¼��� |z − z0| < |ζ − z0|s�Ù¼�Ð

1
ζ − z

=
1

(ζ − z0)− (z − z0)
=

1
ζ − z0

· 1

1− z − z0

ζ − z0

=
1

ζ − z0

∞∑
n=0

(
z − z0

ζ − z0

)n

=
∞∑

n=0

(z − z0)n

(ζ − z0)n+1

s� �)a��. ëß�{9� ζ�� "é¶ C1 0A\� e��Ü¼��� |ζ − z0| < |z − z0|s�Ù¼�Ð °ú �Ér
~½Ód��Ü¼�Ð >�íß�����

− 1
ζ − z

=
∞∑

m=0

(ζ − z0)m

(z − z0)m+1

e���̀¦ ·ú� Ãº e����. s� ¿º d���̀¦ (1)\� V,��¦ Áºô�Ç½+Ëõ� &h�ì�r_� í�H"f\�¦ ��Ë̈

#Q >�íß�����

f(z) =
∞∑

n=0

[
1

2πi

∫
C2

f(ζ)
(ζ − z0)n+1

dζ

]
(z − z0)n

+
∞∑

m=0

[
1

2πi

∫
C1

f(ζ)(ζ − z0)mdζ

]
1

(z − z0)m+1

(2)

s� �)a��. 0A 1pxd��\� ���̧��H &h�ì�r�Ér "é¶ C1, C2\�¦ %ò
%i� r < |z − z0| < R

îß�\� e��Ü¼���"f z0�� ?/ÂÒ\� [þt#Q����H éß�{9��̀/BG��� Γ�Ð ��Ë̈#Q�̧ ����

t� ·ú§��H��. ����"f, y�� n = 0,±1,±2, . . . \� @/�#�

an =
1

2πi

∫
Γ

f(ζ)
(ζ − z0)n+1

dζ (3)

�� ¿º���, ��6£§ 1pxd��

f(z) =
∞∑

n=0

an(z − z0)n +
∞∑

m=0

a−m−1(z − z0)−m−1

=
∞∑

n=−∞
an(z − z0)n
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s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. s� /åLÃº\�¦ &h� z0\�¦ ×�æd��Ü¼�Ð ô�Ç �<ÊÃº f(z)_�

}¹�ç¡(1)
�� ¬£�� ÂÒ�Ér��.

XNËP� 5.1.1. *å�*9� {z : r < |z − z0| < R} a�;c"k +ä�q�ùÚH AI)o��ÈÕ¬£ f(z)

;c 60�#l anÃç> (3)Üï ìm¥T� W��Ä��̂@ ���:? �ûB��̧

f(z) =
∞∑

n=−∞
an(z − z0)n, r < |z − z0| < R

T� )ç��·Â6Ò��.

'Ö<<K 5.1.1. &ñ
o� 4.3.2_� 7£x"î
~½ÓZO��̀¦ �ÃÐ�¦�#�, 1pxd�� (2)\�¦ 7£x"î
���H õ�&ñ

\�"f Áºô�Ç½+Ëõ� &h�ì�r_� í�H"f\�¦ ��ÜãJ Ãº e��6£§�̀¦ �Ð#���.

�Ð|½Ó/åLÃº\�¦ ½̈½+É M: Õª >�Ãº\�¦ (3)õ� °ú s� &h�ì�rÜ¼�Ð ½̈½+É ¹��Hכ��9

\O���. @/ÂÒì�r_� �â
Äº "4�/åLÃº���>h\�¦ s�6 x����� 1pxq�/åLÃº\�¦ s�6 x����

�)a��.

|ºM� 1. �<ÊÃº f(z) =
2z

z2 − 1
�Ér C \ {1,−1} 0A\�"f K�$3��<ÊÃºs���. ��

6£§ %ò
%i�[þt

0 < |z − 1| < 2, 2 < |z − 1|, 1 < |z|

\�"f �<ÊÃº f(z)_� �Ð|½Ó/åLÃº\�¦ ½̈K� �Ð��. Äº��� f(z) =
1

z − 1
+

1
z + 1

�Ð ���+þA���. &h� z = 1 �̀¦ ×�æd��Ü¼�Ð ���H %ò
%i�_� �â
Äº
1

z − 1
�Ér �¦}9� �	כ

s� \O���. ���$� 0 < |z − 1| < 2_� �â
Äº
∣∣∣∣z − 1

2

∣∣∣∣ < 1 �̀¦ %i�¿º\� ¿º�¦ 1pxq�

/åLÃº\�¦ s�6 xô�Ç��. Õª�Q���

1
z + 1

=
1
2
· 1

1 +
z − 1

2

=
1
2

∞∑
n=0

(
1− z

2

)n

=
∞∑

n=0

(−1)n

2n+1
(z − 1)n

(1) Pierre Alphonse Laurent (1813∼1854), áÔ|½ÓÛ¼ �Ð3lql���. Õª_� �7Hë�H�Ér ��Êê\� Ø�¦
óøÍ÷&%3���.
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�̀¦ %3���H��. ����"f,

f(z) =
1

z − 1
+

∞∑
n=0

(−1)n

2n+1
(z − 1)n, 0 < |z − 1| < 2 (4)

e���̀¦ ·ú� Ãº e����. s�]j %ò
%i� 2 < |z − 1|\�"f��H
∣∣∣∣ 2
z − 1

∣∣∣∣ < 1s�Ù¼�Ð

1
z + 1

=
1

(z − 1) + 2
=

1
z − 1

· 1

1 +
2

z − 1

=
1

z − 1

∞∑
n=0

(
−2

z − 1

)n

s���. ����"f,

f(z) =
2

z − 1
+

∞∑
n=2

(−2)n−1

(z − 1)n
, |z − 1| > 2 (5)

s� �)a��.

%ò
%i� |z| > 1\�"f��H
∣∣∣∣1z
∣∣∣∣ < 1s�Ù¼�Ð

1
z − 1

=
1
z
· 1

1− 1
z

=
1
z
·
∞∑

n=0

(
1
z

)n

,
1

z + 1
=

1
z
·
∞∑

n=0

(
−1

z

)n

s�Ù¼�Ð

f(z) =
∞∑

n=0

2
z2n+1

, |z| > 1 (6)

e���̀¦ ·ú� Ãº e����. �

'Ö<<K 5.1.2. %ò
%i�

|z| < 1, 0 < |z + 1| < 2, 2 < |z + 1|

0A\�"f f(z) =
2

z2 − 1
_� �Ð|½Ó/åLÃº\�¦ ½̈�#���.

'Ö<<K 5.1.3. �<ÊÃº f(z) =
1

(z − 1)(z − 2)
\� @/�#�, ��6£§ %ò
%i�\�"f �Ð|½Ó/åLÃº

\�¦ ½̈�#���.

(��) |z| < 1 (��) 1 < |z| < 2 (��) 2 < |z|
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|ºM� 2. ëß�{9� f(z) =
sin z

z
�����, sin z_� "4�/åLÃº���>h\�¦ s�6 x�#� %ò
%i�

|z| > 0 0A\�"f

sin z

z
= 1− 1

3!
z2 + · · ·+ (−1)n 1

(2n + 1)!
z2n + · · · , |z| > 0 (7)

e���̀¦ ·ú� Ãº e����. ��ðøÍ��t��Ð,

e1/z =
∞∑

n=0

1
n!

z−n, |z| > 0 (8)

s���. �

|ºM� 3. ���y���<ÊÃº sin z��H z = 0\�"f��H�̀¦��t�Ù¼�Ð�<ÊÃº f(z) =
1

sin z
��H z = 0\�"f �¦wn�:£¤s�&h��̀¦ ��t���HX<, s� �<ÊÃº_� �Ð|½Ó/åLÃº\�¦ ½̈K� �Ð

��.Äº���
sin z

z
��H1pxd�� (7)\�"f�Ð1pws�"4�/åLÃº���>h����0px�Ù¼�Ð z = 0

\�"f �<ÊÃº°ú̀�כ¦ 1s��� ¿º��� ��z�́�©� K�$3��<ÊÃº�� ½+É Ãº e���¦,
z

sin z
%i�r�

z = 0\�"f K�$3��<ÊÃºs���. s� �<ÊÃº_� "4�/åLÃº���>h��
∑

n anzns������ 1px

d�� (7)\� _��#�(
1− 1

3!
z2 +

1
5!

z4 + · · ·
)

(a0 + a1z + a2 + z2 + · · · ) = 1

s� $í
wn�K��� ô�Ç��. ����"f,

a0 = 1

a1 −
1
3!

a0 = 0

a2 −
1
3!

a1 +
1
5!

a0 = 0

· · ·

�� $í
wn�K��� ��¦, s��ÐÂÒ'�

a0 = 1, a1 =
1
6
, a2 =

7
360

, . . .

\�¦ %3���H��. ����"f,

1
sin z

=
1
z

(
1 +

1
6

z +
7

360
z2 + · · ·

)
=

1
z

+
1
6

+
7

360
z + · · ·
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e���̀¦ ·ú� Ãº e����. �

�Ð|½Ó/åLÃº��H (7)\�"f �Ð1pws� �â
Äº\� ����"f "4�/åLÃº
∞∑

n=0

an(z − z0)n

_� g1Js� �)a��. s� �â
Äº, f(z0) = a0�� &ñ
_����� f(z)��H ��z�́�©� K�$3��<Ê

Ãºs���.

XNËP� 5.1.2. (o�ëß�)+8� z = z0;c"kz��·�m;T�+8�Ãç>��U�¤�<AI)o��ÈÕ¬£ f(z)

q� }¹�ç¡�� ¬£��

∞∑
n=−∞

an(z − z0)nÄ�}¹ ®£#eH�B CI, ���:?ª�< ò6BV�T���.

(��) ~�� n = −1,−2, · · · ;c 60�#l an = 0T���,

(��) �ÈÕ¬£ f(z)¤�< z0q� +8��}BÂ6Ò £Ó	�ç¡ a�;c"k ¤4�T���,

(��) lim
z→z0

(z − z0)f(z) = 0T���.

7£x"î
: ���$� (��) =⇒ (��) =⇒ (��)��H {©�����Ù¼�Ð, (��)\�¦ ��&ñ
��¦

(��)\�¦ 7£x"î
���� �)a��. s�\�¦ 0A�#�, �<ÊÃº g(z)ü< h(z)\�¦ ��6£§

g(z) =

{
(z − z0)f(z), z 6= z0,

0 z = z0

h(z) = (z − z0)g(z)

õ� °ú s� &ñ
_�ô�Ç��. Õª�Q���

h′(z0) = lim
z→z0

h(z)− h(z0)
z − z0

= lim
z→z0

g(z) = 0

s�Ù¼�Ð h(z)��H z0\�"fK�$3�&h�s���.Õª���X< h(0) = h′(0) = 0s�Ù¼�Ð, z0

_� ��H~½Ó\�"f "4�/åLÃº���>h

h(z) = a2(z − z0)2 + a3(z − z0)3 + · · ·+ an(z − z0)n + · · ·

\�¦ �������. ����"f,

g(z) = a2(z − z0) + a3(z − z0)2 + · · ·+ an+1(z − z0)n + · · ·

f(z) = a2 + a3(z − z0) + · · ·+ an+2(z − z0)n + · · ·

s���. �
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ô�Ç¼#� (4)\�"f �Ð1pws� �Ð|½Ó/åLÃº�� ��6£§ +þAI�

f(z) =
a−n

(z − z0)n
+ · · ·+ a−1

(z − z0)
+

∞∑
n=0

an(z − z0)n, a−n 6= 0 (9)

�Ð ÅÒ#Qt���H �â
Äº�� e����. s� �â
Äº

g(z) = (z − z0)nf(z)

= a−n + a−n+1(z − z0) + · · ·+ a−1(z − z0)n−1 + a0(z − z0)n · · ·
(10)

��H g(z0) 6= 0��� K�$3��<ÊÃºs��¦

f(z) =
g(z)

(z − z0)n
, g(z0) 6= 0 (11)

�̀¦ ëß�7á¤ô�Ç��. s� M:, �<ÊÃº f(z)��H z = z0\�"f n-ï̂B����̀¦ ��������¦ ú́�ô�Ç

��. <�Ê�Ér Õªzª� çß�éß�y� z = z0\�"f ����̀¦ ��������¦ ú́�ô�Ç��. s���H ��H, <�Ê

�Ér n-×�æ��H\� @/q�÷&��H >h¥Æ�s���. �<ÊÃº f(z)�� z = z0\�"f n-ï̂B£Ó	�̀¦ ��

�������H ú́��Ér

f(z) = (z − z0)ng(z), g(z0) 6= 0

�̀¦ ëß�7á¤���H K�$3��<ÊÃº g(z)�� �>rF�ô�Ç����H >pws���. s� �â
Äº, f(z)_� "4�

/åLÃº��H

f(z) = an(z − z0)n + an+1(z − z0)n+1 + · · · , an 6= 0 (12)

�Ð ÅÒ#Q�����. ·ú¡Ü¼�Ð, 1-×�æ�FG x9� 1-×�æ��H�Ér y��y�� ·ÿ���� x9� ·ÿ�£Ó	s��� ÂÒ

�Ér��.

ëß�{9��<ÊÃº f(z)�� z = z0\�"f n-×�æ�FG�̀¦��t����1pxd�� (11)\�_��#�

lim
z→z0

1
f(z)

= 0s� $í
wn����HX<, ��6£§ &ñ
o�\�"f��H Õª %i�s� $í
wn��<Ê�̀¦ 7£x"î


ô�Ç��. {9�ìøÍ&h�Ü¼�Ð lim
z→z0

1
f(z)

= 0s� $í
wn�½+É M:, 4�¤�è�<ÊÃº f(z)�� ∞�Ð

¬£&9�ô�Ç�� ú́���¦ s�\�¦

lim
z→z0

f(z) = ∞
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�� ��H��. ëß�{9� �<ÊÃº_� ���%i��̀¦ o�ëß�½̈��� C∪{∞}Ü¼�Ð Òqty������, s���H z

�� z0\� ����0>f��\� ���� f(z)�� o�ëß�½̈���_� ô�Ç &h� ∞\� ����0>f���̀¦
_�p�ô�Ç��.

XNËP� 5.1.3. AI)o��ÈÕ¬£ f(z)�� +8� z = z0;c"k z��·�m;T�+8�Ãç> ��H�B CI,

z = z0;c"k ���G�B L·x�¢_�u(Ûo�ÐZÌ	ª�< lim
z→z0

f(z) = ∞T���. �¡Â6Ò, n-ï̂B���T�

�RJ L·x�¢_�u(Ûo�ÐZÌ	ª�<

lim
z→z0

(z − z0)nf(z) = A, A 6= 0, A 6= ∞

T���.

7£x"î
: ëß�{9� lim
z→z0

f(z) = ∞s����, z0_� &h�]X�ô�Ç ��H~½Ó\�"f
1

f(z)
��H Ä»>�

s�Ù¼�Ð &ñ
o� 5.1.2\� _��#� "4�/åLÃº���>h
∑

n an(z − z0)n
�̀¦ ��t���HX<,

lim
z→z0

1
f(z)

= 0s�Ù¼�Ð a0 = 0s���. ����"f, %�6£§Ü¼�Ð 0����� an\�¦ ú̧�

Ü¼���

1
f(z)

= an(z − z0)n + an+1(z − z0)n+1 + · · · , an 6= 0

e���̀¦ ·ú� Ãº e����. ����"f,

1
(z − z0)nf(z)

= an + an+1(z − z0) + · · · , an 6= 0

s�Ù¼�Ð Õª %i�Ãº��� g(z) = (z − z0)nf(z)�� g(z0) 6= 0��� K�$3��<ÊÃºs��¦,

����"f f(z)��H z = z0\�"f n-×�æ�FG�̀¦ �������. �

�Ð|½Ó/åLÃº_� >�Ãº (3)\�"f, :£¤y� n = −1��� �â
Äº\�¦ �Ð���∫
Γ

f(z)dz = 2πia−1

s�Ù¼�Ð s���H ���Ð &h�ì�r°ú̀�כ¦ ½̈���H X<\� 	�H �̧¹¡§s� �)a��.

|ºM� 4. t��FK��t� ¶ú�(R�:r ��\� _����� 1pxd�� (4), (5), (6)Ü¼�ÐÂÒ'�∫
|z−1|=1

2z dz

z2 − 1
= 2πi,

∫
|z−1|=3

2z dz

z2 − 1
= 4πi,

∫
|z|=2

2z dz

z2 − 1
= 4πi
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1px�̀¦ %3���H��. �

'Ö<<K 5.1.4. ��6£§ &h�ì�r°ú̀�כ¦ >�íß��#���.

(��)

∫
|z|=1

sin z

z
dz (��)

∫
|z|=1

e1/zdz

(��)

∫
|z|=1

1

sin z
dz

5.2. ËÂÊÁÇa�h�ÿ? Ã¡>ḈÐxjSh�

ëß�{9� �<ÊÃº f(z)�� z = z0\�"f �¦wn�:£¤s�&h��̀¦ ��t���� &h�]X�ô�Ç %ò
%i�

D(z0, r + ε) \ {z0} 0A\�"f �<ÊÃº�� K�$3�&h�s��¦,

an =
1

2πi

∫
|z−z0|=r

f(ζ)
(ζ − z0)n+1

dζ, n = 0,±1,±2, . . .

�� ¿º��� �Ð|½Ó/åLÃº

f(z) =
∞∑

n=−∞
an(z − z0)n, 0 < |z − z0| < r

\�¦ %3���H��. s� M: ���̧��H >�Ãº a−1\�¦ z = z0\�"f �<ÊÃº f(z)_� ¤¬£��

��¦, s�\�¦ Res (f ; z0)�Ð ³ðr�ô�Ç��. ëß�{9� Γ�� z0\�¦ ô�Ç ��3' Ñüt�Q����H

éß�{9��̀/BG���s��¦ Õª ?/ÂÒ\� ¢̧ ���Ér :£¤s�&h�s� \O������

Res (f ; z0) = a−1 =
1

2πi

∫
|z−z0|=r

f(z) dz =
1

2πi

∫
Γ

f(z) dz (13)

s���. ·ú¡_� 5.1]X�_� �Ðl� 4\�"f �Ð��¤1pws� /BG��� Γ ?/ÂÒ\� ¢̧���Ér :£¤s�

&h�s� e��Ü¼��� 0A 1pxd�� (13)�Ér $í
wn��t� ·ú§��H��.

|ºM� 1. ·ú¡_� 5.1]X�\�"f ¶ú�(R�:r �Ðl� 1, �Ðl� 2, �Ðl� 3\� _�����

Res
(

2
z2 − 1

; 1
)

= 1, Res
(

sin z

z
; 0
)

= 0
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e���̀¦ ·ú� Ãº e����. ô�Ç¼#�

Res
(
e1/z; 0

)
= 1, Res

(
1

sin z
; 0
)

= 1

s���. �

ú́§�Ér �â
Äº, :£¤y� z = z0\�"f �FG�̀¦ ��t���H �â
Äº �Ð|½Ó/åLÃº\�¦ �̧¿º >�

íß��t� ·ú§�¦�̧ Ä»Ãº\�¦ >�íß�½+É Ãº e����. �<ÊÃº f(z)�� z = z0\�"f n-×�æ

�FG�̀¦ ��t��¦ Õª �Ð|½Ó/åLÃº�� (9)ü< °ú s� ÅÒ#Qt���� �<ÊÃº g(z)\�¦ (10)Ü¼

�Ð &ñ
_����. Õª�Q���

a−1 =
1

(n− 1)!
g(n−1)(z0)

e���̀¦ ·ú� Ãº e����. ����"f, �<ÊÃº f(z)�� z = z0\�"f n-×�æ�FG�̀¦ ��t���� ��

6£§ /BNd��

Res (f ; z0) =
1

(n− 1)!
lim

z→z0

dn−1

dzn−1
[(z − z0)nf(z)] (14)

�̀¦ %3���H��.

|ºM� 2. &h�ì�r°úכ

∫
|z−1|=1

z4 + z3 + 5
(z − 1)3

dz\�¦ >�íß��#� �Ð��. ���$� �ï

r� &h�ì�r/BNd���̀¦ s�6 x½+É Ãº e����. s� �â
Äº g(z) = z4 + z3 + 5�� ¿º���

g′′(1) = 18s�Ù¼�Ð ½̈���H &h�ì�r°úכ�Ér∫
|z−1|=1

g(z)
(z − 1)3

dz =
2πi

2!
g′′(1) = 18πi

s���. ô�Ç¼#�, Ä»Ãº\�¦ ���$� >�íß�����

Res (f ; 1) =
1
2!

lim
z→1

g′′(z) =
1
2
g′′(1) = 9

s�Ù¼�Ð (13)\� _��#� °ú �Ér ���õ�\�¦ %3���H��. �

s�]jÂÒ'�éß�{9��̀/BG��� Γ?/ÂÒ\��¦wn�:£¤s�&h� z1, z2, . . . , zns�e����H�â


Äº\�¦ Òqty��ô�Ç��. s� �â
Äº &h� zi\�¦ ×�æd��Ü¼�Ð ���H "é¶ Ci : |z − zi| = r\�¦
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Õª§4��̀¦ M:, r > 0 �̀¦ Ø�æì�ry� ���>� �#� C1, C2, . . . , Cns� "f�Ð ���u�t�

·ú§�¦ Γ?/ÂÒ\�e���̧2�¤½+ÉÃºe����.s�]j,t�èß� 4.2]X�_�1pxd�� (4)\�¦7£x"î


���H ��õ	כ °ú �Ér ~½ÓZO��̀¦ ��6 x����∫
Γ

f(z)dz =
n∑

k=1

∫
|z−zi|=r

f(z)dz

s�Ù¼�Ð, (13)\� _��#� ��6£§ &ñ
o�\�¦ %3���H��.

rm�rm�
rm�

rm�
rm� iΓ

XNËP� 5.2.1. (Ä»Ãº&ñ
o�) ·ÿ�G�B@nð��9̀	 Γ�� *å�*9� Ω ¼ÿ�;c W��#l �����. �ÈÕ¬£

f(z)�� Γ 50«»;c ���¤�< z��·�m;T�+8� z1, z2, . . . znÃç> <KJYÂ6Ò Ω a�;c"k AI

)o��ÈÕ¬£�� ���. ½��_�̂@ �ûB��̧

1
2πi

∫
Γ

f(z)dz =
n∑

k=1

Res (f ; zk)

T� )ç��·Â6Ò��.

|ºM� 3. �<ÊÃº f(z) =
z + 1

z2(z − 2)
_� ���&h�ì�r�̀¦ #��Q /BG���\� @/�#� ½̈

K� �Ð��. ���$� Ä»Ãº\�¦ ½̈���� z = 0\�"f f(z)��H 2-×�æ�FG�̀¦ ��t�Ù¼�Ð

Res (f ; 0) =
1
1!

lim
z→0

d

dz

(
z + 1
z − 2

)
= −3

4

Res (f ; 2) =
1
0!

lim
z→1

z + 1
z2

= 2
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s���. ����"f,∫
|z−2|=1

z + 1
z2(z − 2)

dz = 2πiRes (f ; 2) = 4πi∫
|z|=1

z + 1
z2(z − 2)

dz = 2πiRes (f ; 0) = −3
2
πi∫

|z|=3

z + 1
z2(z − 2)

dz = 2πi(Res (f ; 0) + Res (f ; 1)) =
5
2

πi

\�¦ %3���H��. �

'Ö<<K 5.2.1. ��6£§ &h�ì�r°ú̀�כ¦ ½̈�#���.

(��)

∫
|z|=2

e−z

(z − 1)2
dz (��)

∫
|z|=2

z2 + 1

z(z − 2)
dz

|ºM� 4. &h�ì�r°úכ
∫
|z|=1

dz

z(ez − 1)
�̀¦ ½̈K��Ð��. Äº��� ez − 1_� ��H�Ér 2πi

_� &ñ
ÃºC�s�Ù¼�Ð |z| = 1 ?/ÂÒ_� :£¤s�&h��Ér z = 0 ÷�rs���. Õª���X<

z(ez − 1) = z2 +
1
2!

z3 +
1
3!

z4 + · · ·

s�Ù¼�Ð
1

z(ez − 1)
��H z = 0\�"f 2-×�æ�FG�̀¦ �������. ����"f, ½̈���H &h�ì�r

°úכ�Ér∫
|z|=1

dz

z(ez − 1)
= 2πi lim

z→0

d

dz

(
z

ez − 1

)
= 2πi lim

z→0

ez − 1− zez

(ez − 1)2

���X<,s��FGô�Ç°ú̀�כ¦ ½̈�l���������ÐÄº������Ð�Ð|½Ó/åLÃº\�¦ ½̈½+ÉÃº�̧e��

��. z�́]j�Ð

1
z(ez − 1)

=
1
z2
· 1

1 +
1
2!

z +
1
3!

z2 + · · ·
=

1
z2

(
1− 1

2
z + · · ·

)

s�Ù¼�Ð ∫
|z|=1

dz

z(ez − 1)
= 2πi ·

(
−1

2

)
= −πi

s���. �
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'Ö<<K 5.2.2. ��6£§ &h�ì�r°ú̀�כ¦ ½̈�#���.

(��)

∫
|z|=1

1

cos z
dz (��)

∫
|z|=2

1

cos z
dz

&h� z = z0\�"f �<ÊÃº f(z)_� �Ð|½Ó/åLÃº f(z) =
∞∑

n=−∞
an(z − z0)n

\�¦

½̈�%i��̀¦ M:, Õª >�Ãº {an : n = −1,−2 . . . } ��î�rX< 0 ����� ��s	כ Ä»ô�Ç

>h ÷�rs��� ���. s� M:,

Ord (f ; z0) = min{n ∈ Z : an 6= 0}

s��� é�H��. ëß�{9� �<ÊÃº f(z)�� z = z0\�"f n-×�æ�FG�̀¦ ��t���� 1pxd�� (9)\�

"f �Ð1pws� Ord (f ; z0) = −ns���. ô�Ç¼#�, �<ÊÃº f(z)�� z = z0\�"f n-×�æ

��H�̀¦ ��t���� 1pxd�� (12)\�"f �Ð1pws� Ord (f ; z0) = ns���.

s�]j �<ÊÃº Ord (f ; z0) = ms��� ���. Õª�Q���

f(z) = am(z − z0)m + am+1(z − z0)m+1 + · · ·

= am(z − z0)m [1 + g(z)]

�Ð jþt Ãº e����. #�l�"f, g(z)��H g(z0) = 0��� K�$3��<ÊÃºs���. f��]X� >�íß�

����
f ′(z)
f(z)

=
m

z − z0
+

g′(z)
1 + g(z)

�̀¦ %3���H��. ����"f,

Res
(

f ′

f
; z0

)
=

1
2πi

∫
Γ

f ′(z)
f(z)

dz

=
1

2πi

∫
Γ

m

z − z0
dz = m = Ord (f ; z0)

e���̀¦·ú�Ãºe����.#�l�"fÓüt�:r Γ��H z0\�¦]jü@����Õª?/ÂÒ\��FGs�����H

s� \O��̧2�¤ ú̧���H��. Ä»Ãº&ñ
o�\�¦ s�6 x���� ��6£§�̀¦ %3���H��.

XNËP� 5.2.2. (¼#�y�� "é¶o�) ·ÿ�G�B@nð��9̀	 Γ�� *å�*9� Ω ¼ÿ�;c W��#l �����. �ÈÕ

¬£ f(z)�� Γ 50«»;c ���¤�< z��·�m;T�+8� z1, z2, . . . , znÃç> <KJYÂ6Ò Ω a�;c
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"k AI)o��ÈÕ¬£T�z�, ~¡¥�< z��·�m;T�+8�;c"k ���Ãç> ��.>	��z� ���. �¡Â6Ò, �ÈÕ

¬£ f(z)¤�< Γ 50«»q� +8� zn+1, zn+2, . . . , zn+m;c"k £Ó	Ãç> ��.>	��z� ���.

½��_�̂@ �ûB��̧

1
2πi

∫
Γ

f ′(z)
f(z)

dz =
m+n∑
k=1

Ord (f ; zk)

T� )ç��·Â6Ò��.

¼#�y��"é¶o���H��6£§õ�°ú s�~1�>�Û�¦#QjþtÃºe����.éß�{9��̀/BG��� Γ_�?/

ÂÒ\� ��Hs� N >h e���¦ �FGs� P >h e��Ü¼���

1
2πi

∫
Γ

f ′(z)
f(z)

dz = N − P

����H �.���s	כ #�l�"f, n-×�æ��H�Ér Óüt�:r n >h_� ��HÜ¼�Ð çß�ÅÒ� 9 n-×�æ�FG�̧

��ðøÍ��t�s���.

#�l�"f s� &h�ì�r°úכs� �½Ó�©� &ñ
Ãº�� ÷&��HX<, s�]j ¼#�y��"é¶o��� >pw���H

��\�¦·ú����Ð��.Äº��� Ω��"é¶&h��̀¦�í�<Ê�t�·ú§��Héß�í�H������%ò
%i�s����

��. Õª�Q��� Ω\� 5Åq���H y��y��_� z\� ¼#�y���̀¦ ���m�� @/6£xr�&�ÅÒ��H ���5Åq

�<ÊÃº�� �>rF�ô�Ç��. s��Qô�Ç ���5Åq�<ÊÃº\�¦ Ω\� &ñ
_��)a ½Z@~��q� ��U����¦ ÂÒ

ØÔ 9 �Ð:�x arg∗�Ð ³ðl�ô�Ç��. ¼#�y��_� ��t���H 2πi_� &ñ
ÃºC� 	�s�\�¦ Áºr�

Ùþ¡�̀¦ M: {9�_�&h�Ü¼�Ð �>rF�ô�Ç��. t�èß� 3.2]X�_� 1pxd�� (7)\�"f �Ð��H ��ü<

°ú s� Arg z��H 4�¤�èî̈
���\�"f "é¶&h� x9� 6£§_� z�́Ãº»¡¤�̀¦ ]j��ô�Ç %ò
%i�\� &ñ


_��)a ¼#�y��_� ��t� ��î�rX< ���s���.

###aaaaa

�
�
�
�
� @
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r−π

r−π/2

r0
rπ/2

rπ

r3π/2

r2π r2π
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'Ö<<K 5.2.3. 0A �7H_�\�"f %ò
%i� Ω�� "é¶&h��̀¦ �í�<Ê�t� ·ú§��H éß�í�H������%ò
%i�s�
����H ��&ñ
s� �= ��¹ô�Çכ��9 [O�"î
�#���.

"é¶&h��̀¦ �í�<Ê�t� ·ú§��H éß�í�H������%ò
%i� Ω\�"f �<ÊÃº log∗ z��6£§

log∗ z = log |z|+ i arg∗ z, z ∈ Z

õ�°ú s�&ñ
_�ô�Ç��.t�èß� 3.2]X�_��Ðl� 3\�"f¶ú�(R�Ð��¤1pws� arg∗ z��HÅÒ

#Q��� &h� ��H~½Ó\�"f arctan
y

x
<�Ê�Ér − arctan

x

y
_� �©�Ãº	��Ð ³ðr�|̈c Ãº e��

l�M:ë�H\� log∗ z��H Log z_��â
Äºü<°ú s�K�$3��<ÊÃºs���.s�XO�>�&ñ
_��)a

log∗ z\�¦ Ω\� &ñ
_��)a }¹½�q� ��U����¦ ÂÒ�Ér��. ¼#�y��_� ��t�ü< ��ðøÍ��

t��Ð �ÐÕª_� ��t��̧ 2πi_� &ñ
ÃºC� 	�s�\�¦ Áºr�Ùþ¡�̀¦ M: {9�_�&h�Ü¼�Ð �>r

F�ô�Ç��. ¢̧ô�Ç t�èß� 3.2]X�_� �Ðl� 3\�"f ¶ú�(R �:r Log z_� �â
Äºü< ��ðøÍ

��t��Ð ��6£§ 1pxd��

elog∗ z = z,
d

dz
log∗ z =

1
z
, z ∈ Ω,

s� $í
wn��<Ê�Ér ���Ð SX�����)a��.

éß�í�H������{9� ��¹כ��9 \O���H {9�ìøÍ&h���� %ò
%i� Ω\�"f &ñ
_��)a K�$3��<ÊÃº

f(z)ü< /BG��� Γ : [a, b] → Ω�� ÅÒ#Q4R e���¦, f(z)\� _�ô�Ç /BG��� Γ_� �©�

s� "é¶&h��̀¦ �í�<Ê�t� ·ú§��H éß�í�H������%ò
%i� Ω̃\� �í�<Ê�)a���¦ ��&ñ
���. Õª

�Q��� ����WZO�gË:\� _��#�

d

dz
log∗ f(z) =

f ′(z)
f(z)

, z ∈ Ω

�� $í
wn��Ù¼�Ð, &ñ
o� 4.1.1\� _��#� ��6£§ 1pxd��∫
Γ

f ′(z)
f(z)

dz = log∗ f(Γ(b))− log∗ f(Γ(a))

s� $í
wn�ô�Ç��. 7£¤, s� &h�ì�r_� z�́ÃºÂÒü< )�ÃºÂÒ��H y��y�� /BG��� Γ\�¦ ���� &h�

z�� s�1lx�<Ê\� ���Ér log |f(z)|ü< arg∗ f(z)_� ����o|¾Ós���. ëß�{9� Γ�� {��

�2³/BG���s���� s� &h�ì�r_� z�́ÃºÂÒ��H

log |f(Γ(b))| − log |f(Γ(a))| = 0
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s� �)a��. ¢̧ô�Ç, /BG���_� &ñ
_�%i��̀¦ ú̧�>� ��¾ºÙ¼�Ð+�, /BG��� f ◦ Γ_� y�� ÂÒ

ì�rs� éß�í�H������%ò
%i�\� [þt#Q���̧2�¤ ½+É Ãº e����. ����"f, s� &h�ì�r_� °úכ

i [arg∗ f(Γ(b))− arg∗ f(Γ(a))]

�Ér z�� /BG��� Γ\�¦ ���� ô�Ç ��3' [�U\� ���Ér f(z)_� ¼#�y��_� ����o|¾Ó\� i

\�¦ Y�Lô�Ç �.���s	כ Õª���X<, Γ�� {���2³/BG���s���� s� ¼#�y��_� ����o|¾Ó�Ér "é¶&h�

�̀¦ t���t� ·ú§��H {���2³/BG��� f ◦ Γ : [a, b] → Cs� "é¶&h��̀¦ r�>�ìøÍ@/~½Ó�¾ÓÜ¼

�Ð y���Ér S��Ãº\� 2π\�¦ Y�Lô�Ç °úכs���.
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����"f ¼#�y��"é¶o��� >pw���H ����H &ñ
o�\� ÅÒ#Q��� �̧|	��̀¦ ��&ñ
Ùþ¡�̀¦

M:, éß�{9��̀/BG��� Γ_� ?/ÂÒ\�"f �<ÊÃº f �� ��t���H ��Hõ� �FG_� >hÃº\�¦ y��

y�� N , P �� ����, /BG��� f ◦Γs� "é¶&h��̀¦ r�>�ìøÍ@/~½Ó�¾ÓÜ¼�Ð N −P ��� y��

��H����H �.���s	כ ¼#�y�� "é¶o���H ��H_� ì�r�í\�¦ ·ú���?/��H X<\� B�Äº Ä»6 x�

>� æ¼�����.

XNËP� 5.2.3. (ÀÒ[V(2)) ·ÿ�G�B@nð��9̀	 Γ�� *å�*9� Ω ¼ÿ�;c W��#l ���z�, �ÈÕ¬£

f(z)ã# g(z)�� Ω a�;c"k AI)o�+8�T���. ¹ÿ�G�B ð��9̀	 Γ a�q� ~¡¥�< +8� z ∈ Γ

;c 60�#l «»�ûB��̧

|f(z)− g(z)| < |f(z)|, z ∈ Γ

(2) Eugène Rouché (1832∼1910), áÔ|½ÓÛ¼ Ãº�<Æ��
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T� )ç��·��̂@, Γ 50«»;c"k f(z)ã# g(z)¤�< ìm¥ª�< ¬£q� £Ó	Ãç> ��.>	��.

7£x"î
: ���$� h(z) =
g(z)
f(z)

�� ¿º���

h′

h
=

f

g
· g′f − gf ′

f2
=

g′

g
− f ′

f

s���. ����"f, Γ : [a, b] → Ωs����∫
Γ

g′

g
−
∫

Γ

f ′

f
=
∫

Γ

h′

h
=
∫ b

a

h′(Γ(t))
h(Γ(t))

Γ′(t)dt =
∫

h◦Γ

1
z

dz

s���. Õª���X< ��&ñ
\� _����� |h(Γ(t))− 1| =
∣∣∣∣ g(Γ(t))
f(Γ(t))

− 1
∣∣∣∣ < 1s���. s�

��H /BG��� h ◦ Γ�� \P��2;"é¶óøÍ D(1, 1) 0A\� e��6£§�̀¦ ú́�ô�Ç��. Õª���X< �<ÊÃº
1
z

��H D(1, 1) 0A\�"f K�$3�&h�s�Ù¼�Ð∫
Γ

g′

g
−
∫

Γ

f ′

f
=
∫

h◦Γ

1
z

dz = 0

s��¦, ¼#�y�� "é¶o��ÐÂÒ'� "é¶���H ����:r�̀¦ %3���H��. �

ÀÒ[V&ñ
o�\�¦s�6 x����@/Ãº�<Æ_�l��:r&ñ
o�\�¦7£x"î
���HX<\�Õªu�t�

·ú§�¦ ��H_� ]X�@/°úכs� #QÖ¼ &ñ
�̧��t� &�|9� Ãº e����Ht� ·ú����̂¦ Ãº e����HX<,

l��:r&h���� ~½ÓZO��Ér �<ÊÃº zns� n-×�æ��H�̀¦ ���������H ��z�́�̀¦ s�6 x���H ��s	כ

��. ���$�

pn(z) = a0 + a1z + ·+ an−1z
n−1 + anzn = pn−1(z) + anzn

�� ¿º�� (éß�, an 6= 0). ëß�{9� |z| > 1s����∣∣∣∣pn−1(z)
anzn

∣∣∣∣ ≤ 1
|an||z|n

(|a0|+ |a1|+ · · ·+ |an−1|)|z|n−1

=
1

|an||z|
(|a0|+ |a1|+ · · ·+ |an−1|)

s���. s�]j, R = max
{

1,
1
|an|

(|a0|+ |a1|+ · · ·+ |an−1|)
}
�� ¿º���,

|z| = R + ε =⇒ |anzn − pn(z)| = |pn−1(z)| < |anzn|
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s�Ù¼�Ð ÀÒ[V &ñ
o�\� _��#� pn(z)��H "é¶ |z| = R + ε ?/ÂÒ\� anznõ� °ú 

�Ér n >h_� ��H�̀¦ �������. #�l�"f, ε > 0�Ér e��_�_� �ª�Ãºs�Ù¼�Ð pn(z)��H

"é¶óøÍ D(0, R) 0A\�"f n >h_� ��H�̀¦ �������.

|ºM� 5. ���½Ód�� p(z) = z5 + 6z3 + 2z + 10_� ��H_� 0Au�\�¦ ¶ú�(R�Ð��.

���$� |z| = 1 \�"f

|p(z)− 10| = |z5 + 6z3 + 2z| ≤ |z|5 + 6|z|3 + 2|z| < 10

s�Ù¼�Ð p(z)��H �<ÊÃº f(z) = 10õ� °ú �Ér >hÃº_� ��H�̀¦ �������. Õª���X<

|z| = 1 ?/ÂÒ\�"f f(z) = 10s� ��H�̀¦ ��t�t� ·ú§Ü¼Ù¼�Ð p(z) �̧ |z| < 1\�

"f ��H�̀¦ ��t�t� ·ú§��H��. s�]j |z| = 3 \�"f

|p(z)− z5| = 6|z|3 + 2|z|+ 10 = 6 · 33 + 2 · 3 + 10 < 35 = |z5|

s�Ù¼�Ð p(z)��H"é¶ |z| = 3?/ÂÒ\�"f z5ü<��ðøÍ��t��Ð��$Á	>h_���H�̀¦��

�����. éß�0A"é¶ |z| = 1\�"f��H |p(z)| ≥ 10− |z5 + 6z3 + 2z| ≥ 1s�Ù¼�Ð ��H

�̀¦ ��|9� Ãº \O���. ���²DG ���½Ód�� p(z)_� �̧��H ��H�Ér %ò
%i� 1 < |z| < 3 0A\�

e��6£§�̀¦ ·ú� Ãº e����. �

'Ö<<K 5.2.4. %ò
%i� 1 < |z| < 2 îß�\� ���½Ód�� 2z5 − 6z2 + z + 1��Hs� Y>� >h e����H
t� ¶ú�(R�Ð����.

5.3. ��
�\�&P��+ N�ñ5Ñ

z�́�<ÊÃº
1

1 + x2
�Ér arctanx_� �̧�<ÊÃºs�Ù¼�Ð∫ ∞

−∞

1
1 + x2

dx = π

e���̀¦ ú̧� ·ú��¦e����.s�&h�ì�r_�°ú4�¤¦̀�כ�è&h�ì�r�̀¦s�6 x�#� ½̈K��Ð��.s�

\�¦ 0A�#� y�� �ª�Ãº R > 0\� @/�#� ��6£§

CR(t) = Reiθ (0 ≤ θ ≤ π), LR(t) = t (−R ≤ t ≤ R)
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õ� °ú s� &ñ
_��)a ìøÍ"é¶ CRõ� ���ì�r LR �̀¦ Òqty�����. s�]j �<ÊÃº
1

1 + z2
\�¦

CR + LR �̀¦ ����"f ���&h�ì�r���HX<, ìøÍî̈
��� Im z ≥ 0\�"f z = i�� Ä»{9�

ô�Ç :£¤s�&h�s��¦ Res
(

1
1 + z2

; i
)

=
1
2i
s�Ù¼�Ð R > 1s����

π =
∫

CR+LR

dz

1 + z2
=
∫

CR

dz

1 + z2
+
∫

LR

dz

1 + z2
(15)

s���. Õª���X<
∫

LR

dz

1 + z2
=
∫ R

−R

dx

1 + x2
s��¦

∣∣∣∣∫
CR

dz

1 + z2

∣∣∣∣ ≤ ∫
CR

1
|1 + z2|

|dz| ≤ 1
R2 − 1

· πR

s�Ù¼�Ð (15)\� lim
R→∞

\�¦ 2[���� "é¶���H ����:r�̀¦ %3���H��.

-

I

ppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
0A\�"f ��6 xô�Ç ~½ÓZO��Ér B�Äº ���+þA&h���� �.���s	כ ëß�{9� �<ÊÃº f(z)�� ìøÍ

î̈
��� Im z ≥ 0 �̀¦ �í�<Ê���H %ò
%i�\�"f Ä»ô�Ç>h_� :£¤s�&h��̀¦ ]jü@ô�Ç ÂÒì�r

\�"f K�$3��<ÊÃºs��¦ z�́f����� Im z = 0 \�"f ��H�̀¦ ��t�t� ·ú§��H���¦ ���.

ëß�{9� /BG��� CR + LR îß�\� �̧��H :£¤s�&h�s� [þt#Q°ú� &ñ
�̧�Ð R > 0 �̀¦ ß¼>�

ú̧�Ü¼���∫ R

−R

f(x)dx +
∫

CR

f(z)dz = 2πi
∑

{Res (f ; z) : Im z > 0}

s� �)a��. ëß�{9� lim
z→∞

zf(z) = 0s����,

lim
R→∞

∣∣∣∣∫
CR

f(z)dz

∣∣∣∣ ≤ lim
R→∞

πR max{|f(z)| : z ∈ CR} = 0
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s���. :£¤y�, 2	� s��©�_� ���½Ód�� p(z)�� z�́��H�̀¦ ��t�t� ·ú§Ü¼���∫ ∞

−∞

1
p(x)

dx = 2πi
∑

{Res (p; z) : Im z > 0} (16)

e���̀¦ ·ú� Ãº e����.

|ºM� 1. \V\�¦ [þt#Q"f p(z) = 1 + z4s��� ¿º���∫ ∞

−∞

dx

1 + x4
= 2πiRes

(
1

p(z)
; eπi/4

)
+ 2πiRes

(
1

p(z)
; e3πi/4

)
s���. #�l�"f p(z)\�¦ ���Ãºì�rK��#� Ä»Ãº\�¦ ½̈�l�êøÍ B�Äº ������Ðî�r {9�

s���. {9�ìøÍ&h�Ü¼�Ð f(z)�� z = z0\�"f éß���H�̀¦ ��t���� (14)\� _��#�

Res
(

1
f(z)

; z0

)
= lim

z→z0

z − z0

f(z)
= lim

z→z0

z − z0

f(z)− f(z0)
=

1
f ′(z0)

s���. Õª���X<, p′(eπi/4) = 4e3πi/4, p′(e3πi/4) = 4eπi/4s�Ù¼�Ð∫ ∞

−∞

dx

1 + x4
= 2πi

(
1
4
e−3πi/4 +

1
4
e−πi/4

)
=

πi

2
· (−

√
2i) =

π√
2

s���. �

'Ö<<K 5.3.1. &h�ì�r°úכ
∫ ∞

−∞

x2

1 + x4
dx\�¦ ½̈�#���.

'Ö<<K 5.3.2. &h�ì�r°úכ
∫ ∞

0

cos x

x2 + a2
dx\�¦ ½̈�#��� (éß�, a > 0).

��6£§\� >�íß�½+É :£¤s�&h�ì�r∫ ∞

0

sinx

x
dx =

π

2
(17)

�Ér ÉÒo�\�/åLÃº\�¦ /BNÂÒ½+É M: B�Äº ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç��.(3)

(3) ���&h�ì�r�̀¦ ��6 x�t� ·ú§�¦ 1pxd�� (17) �̀¦ >�íß����H ~½ÓZO��Ér �ÃÐ�¦ë�H��³ [�̂�$í
l�·�̂��̧ô�Ç·>�
5px+À:, K�$3�>h�:r, >h&ñ
óøÍ, "fÖ�¦@/�<Æ�§ Ø�¦óøÍÂÒ, 1995, 2002]_� 8.1]X��̀¦ �ÃÐ�̧���. ¢̧
���Ér ~½ÓZO�Ü¼�Ð ��6£§\� ���̧��H 5.4]X��̀¦ �ÃÐ�̧���.
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|ºM� 2. �<ÊÃº
eiz

z
_� )�ÃºÂÒ�� z�́Ãº»¡¤ 0A\�"f Äºo��� "é¶���H �<ÊÃº

sinx

x
s���. s� �<ÊÃº��H "é¶&h�\�"f �FG�̀¦ ��t�Ù¼�Ð s�\�¦ x��l� 0A�#�, R

\�"f −R��t�r�>�ìøÍ@/~½Ó�¾ÓÜ¼�ÐìøÍ"é¶ CR �̀¦�������¦, −RÂÒ'� −r��

t� ���ì�r�̀¦ �������¦ (éß�, 0 < r < R), −rÂÒ'� r��t� r�>�~½Ó�¾ÓÜ¼�Ð ìøÍ

"é¶ Cr �̀¦ �������¦, ��t�}��Ü¼�Ð r\�"f R��t� ���ì�r�̀¦ ��������H éß�{9��̀

/BG��� Γ\�¦ Òqty�����.

--

I

� ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp ppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppp

ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
Õª�Q���

0 =
∫

Γ

eiz

z
dz

=
∫

CR

eiz

z
dz +

∫
Cr

eiz

z
dz +

∫ R

r

eix

x
dx +

∫ −r

−R

eix

x
dx

(18)

s���. Äº���∫ R

r

eix

x
dx +

∫ −r

−R

eix

x
dx =

∫ R

r

(
eix

x
− e−ix

x

)
dx

= 2i

∫ R

r

sinx

x
dx

s���. s�]j
∣∣∣eiReiθ

∣∣∣ = e−R sin θs�Ù¼�Ð∣∣∣∣∫
CR

eiz

z
dz

∣∣∣∣ ≤ ∫ π

0

e−R sin θdθ = 2
∫ π/2

0

e−R sin θdθ

e���̀¦ ·ú� Ãº e����. Õª���X< ½̈çß�
[
0,

π

2

]
0A\�"f sin θ ≥ 2

π
θs�Ù¼�Ð∣∣∣∣∫

CR

eiz

z
dz

∣∣∣∣ ≤ 2
∫ π/2

0

e−2Rθ/πdθ =
π

R

(
1− e−R

)



5.3. z�́&h�ì�r_� >�íß� 125

�̀¦ %3��¦, ����"f lim
R→∞

∫
CR

eiz

z
dz = 0s���. s�]j ���&h�ì�r

∫
Cr

eiz

z
dz\�¦

>�íß�½+É 	�YV���X<, �Ð�� {9�ìøÍ&h�Ü¼�Ð �<ÊÃº f(z)�� z = 0\�"f éß��FG�̀¦ ��

|9� M: lim
r→0

∫
Cr

f(z)dz\�¦ >�íß�K� �Ð��. s�\�¦ 0A�#�

f(z) =
Res (f ; 0)

z
+ g(z), g(z) ��H "é¶&h�\�"f K�$3��<ÊÃº

�Ð +� �Ð���, "é¶&h� ��H~½Ó\�"f g(z)��H ���5Åqs�Ù¼�Ð |g(z)| ≤ M s���. ����

"f,
∣∣∣∣∫

Cr

g(z)dz

∣∣∣∣ ≤ M · πrs�Ù¼�Ð

lim
r→0

∫
Cr

f(z)dz = Res (f ; 0)
∫

Cr

dz

z
+ lim

r→0

∫
Cr

g(z)dz

= −πiRes (f ; 0)

s���. s�]j Res
(

eiz

z
; 0
)

= 1s�Ù¼�Ð, t��FK��t� >�íß��̀¦ (18)\� V,�Ü¼���

0 = −πi + 2i

∫ ∞

0

sinx

x
dx

s� ÷&�¦, s��ÐÂÒ'� 1pxd�� (17) �̀¦ %3���H��. �

s�]j Q(x, y)�� s����Ãº Ä»o�d��{9� M:,
∫ π

−π

Q(cos θ, sin θ)dθ\�¦ ½̈K�

�Ð��. t�èß� 2.3]X�_� (8) �̀¦ �¦�9�#�

f(z) =
1
iz

Q

(
1
2

(
z +

1
z

)
,

1
2i

(
z − 1

z

))
�� ¿º��. Õª�Q���∫

|z|=1

f(z)dz =
∫ π

−π

f(eiθ) iriθ dθ =
∫ π

−π

Q(cos θ, sin θ)dθ

�� �)a��. ����"f, Q(x, y)�� éß�0A"é¶ 0A\�"f ���5Åqs����∫ π

−π

Q(cos θ, sin θ)dθ = 2πi
∑

{Res (f ; z) : |z| < 1} (19)

e���̀¦ {9� Ãº e����.
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|ºM� 3. &h�ì�r°úכ
∫ π

−π

dθ

a + b cos θ
\�¦>�íß�K��Ð��.#�l�"f a+b cos θ 6= 0

{9� �¹Ø�æìכ��9r�̧|	��Ér |a| > |b|s�Ù¼�Ð a > |b| > 0\�¦ ��&ñ
ô�Ç��. Äº���

Q(x, y) =
1

a + bx
s�Ù¼�Ð

f(z) =
1
iz
· 1

a + b · 1
2

(
z +

1
z

) =
−2i

bz2 + 2az + b

s���. �<ÊÃº f(z)��H

z1 =
−a +

√
a2 − b2

b
, z2 =

−a−
√

a2 − b2

b

\�"f éß��FG�̀¦ ��t���HX<, s� ×�æ z1ëß�s� éß�0A"é¶ îß�\� [þt#Qçß���. s� M:

Res (f ; z1) = lim
z→z1

(z − z1)f(z) = lim
z→z1

−2i

b(z − z2)
= − i√

a2 − b2

s�Ù¼�Ð∫ π

−π

dθ

a + b cos θ
= 2πiRes (f ; z1) =

2π√
a2 − b2

, a > |b|

e���̀¦ ·ú� Ãº e����. �

'Ö<<K 5.3.3. u�8̈� z = eiθ, dz = ieiθdθ = izdθ �̀¦ s�6 x�#�∫ π

−π

dθ

a + b cos θ
= −2i

∫
|z|=1

dz

bz2 + 2az + b

\�¦ Ä»�̧�#���.

Áºo��<ÊÃº�� �í�<Ê÷&��H &ñ
&h�ì�r_� °ú̀�כ¦ ½̈½+É M:\���H B�Äº �̧d���#���

ô�Ç��. \V\�¦ [þt#Q"f za = ea log z
��H ô�Ç ��t� °úכëß� 2[���H ��s	כ ��m�l� M:

ë�H\� log z��ô�Ç��t�°ú2¦̀�כ[��̧2�¤¼#�y���̀¦ ú̧�]jô�ÇK�ÅÒ#Q��ô�Ç��.\V

\�¦ [þt#Q"f Log z��H C \ {z : Re z ≤ 0, Im z = 0} 0A\�"f K�$3��<ÊÃºs���.

Õª�Q��, x�&h�ì�r�<ÊÃº_� �FG&h�s� 6£§_� z�́Ãº»¡¤\� e����H �â
Äº\���H �ÐÕª�<ÊÃº

_� &ñ
_�%i��̀¦ s�XO�>� ú̧���H ��s	כ &h�]X��t� 3lw½+É Ãº e����.
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|ºM� 4. &h�ì�r°úכ
∫ ∞

0

ta−1

1 + t
dt �̀¦ ½̈�l� 0A�#� f(z) =

za−1

1 + z
�� ¿º��

(éß�, 0 < a < 1). s�]j ����Ér ¼#�y�� σ > 0\�¦ �¦&ñ
��¦ Reiσ\�"f R−iσ

��t� r�>�ìøÍ@/~½Ó�¾ÓÜ¼�Ð �̧��H "é¶�̀¦ C1s��� ô�Ç��. s�]j 0 < r < 1 < R

s��� ��¦, >�5Åq�#� R−iσÂÒ'� re−iσ��t� ����H ���ì�r�̀¦ L−, ¢̧ re−iσ

ÂÒ'� reiσ��t� r�>�~½Ó�¾ÓÜ¼�Ð �̧��H "é¶�̀¦ C2�� ô�Ç��. =åQÜ¼�Ð, reiσ\�"f

Reiσ��t� ����H ���ì�r�̀¦ L+�� ���.

���

XXX

:

y
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���$� ÅÒ#Q��� éß�{9��̀/BG���_� ?/ÂÒ\�¦ �í�<Ê���H %ò
%i�\�"f �ÐÕª�<ÊÃº��

K�$3��<ÊÃº�� ÷&�̧2�¤

log z = log |z|+ i arg z, 0 < arg z < 2π

��é�H��.Äº��� |za−1| = |e(a−1) log z| = e(a−1) log |z| = |z|a−1s�Ù¼�Ð,��6£§

|z| = R =⇒
∣∣∣∣∫

C1

za−1

1 + z
dz

∣∣∣∣ ≤ Ra−1

R− 1
· 2πR

|z| = r =⇒
∣∣∣∣∫

C2

za−1

1 + z
dz

∣∣∣∣ ≤ ra−1

1− r
· 2πr

�̀¦ %3���H��. ����"f σ_� °úכ\� �'a>�\O�s�

lim
R→∞

∫
C1

za−1

1 + z
dz = lim

r→0

∫
C2

za−1

1 + z
dz = 0 (20)
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e���̀¦ ·ú� Ãº e����. s�]j, /BG��� L+ü< L−\�"f ���&h�ì�r�̀¦ >�íß����HX<

(teiσ)a−1 = e(a−1)(log t+iσ) = ta−1 ei(a−1)σ

s�Ù¼�Ð

lim
σ→0

∫
L+

f(z)dz = lim
σ→0

∫ R

r

ta−1ei(a−1)σ

1 + teiσ
eiσdt =

∫ R

r

ta−1

1 + t
dt (21)

s���. ô�Ç¼#� /BG��� L− 0A\�"f��H

(te−iσ)a−1 = e(a−1)(log t+i(2π−σ)) = ta−1 ei(a−1)(2π−σ)

s�Ù¼�Ð

lim
σ→0

∫
L−

f(z)dz =
∫ r

R

ta−1 e2πi(a−1)

1 + t
dt = −e2πia

∫ R

r

ta−1

1 + t
dt (22)

\�¦ %3���H��. ����"f,

lim
σ→0

∫
L++L−

za−1

1 + z
dz = (1− e2πia)

∫ R

r

ta−1

1 + t
dt

s���. Õª���X<

Res (f(z);−1) = (−1)a−1 = e(a−1) log(−1) = e(a−1)πi = −eπai

s�Ù¼�Ð, Γ = C1 + L− + C2 + L+�� ¿º���

−2πi eπai =
∫

Γ

f(z)dz =
∫

C1+C2

za−1

1 + z
dz +

∫
L++L−

za−1

1 + z
dz

\�"f lim
σ→0
�̀¦ 2[����

−2πi eπai =
∫

C1+C2

za−1

1 + z
dz + (1− e2πia)

∫ R

r

ta−1

1 + t
dt

s���. #�l�"f, lim
R→∞

õ� lim
r→0
\�¦ 2[���� (20)\� _��#�

−2πi eπai = (1− e2πia)
∫ ∞

0

ta−1

1 + t
dt
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s� �)a��. ����"f,∫ ∞

0

ta−1

1 + t
dt =

−2πieπai

1− e2πia
=

−2πi

e−πai − eπai
=

π

sinπa

�̀¦ %3���H��. �

5.4. ÈÁø5�;³¹ÊÁ�+ i�&P�ø� �\�&P�

"4�/åLÃº_� p�ì�r�̀¦ >�íß����H &ñ
o� 3.3.1�Ér �:r|9�&h�Ü¼�Ð �FGô�Çõ� p�ì�r

_� í�H"f\�¦ ��ÜãJ Ãº e������H �.���s	כ :£¤Z>�ô�Ç &h�ì�r g1J�Ð ³ðr��)a �<ÊÃº\�¦ "4�

/åLÃº�Ð ���>h½+É Ãº e������H &ñ
o� 4.3.2_� 7£x"î
�̧ Õª Ùþ�d���Ér ���²DG �FGô�Çõ�

&h�ì�r_� í�H"f\�¦ ��Ë̈��H �.���s�%3	כ s���H �Ð|½Ó/åLÃº\�¦ %3���H &ñ
o� 5.1.1_�

7£x"î
\�"f�̧ ��ðøÍ��t�%i���. ���Ð ·ú¡ 5.3]X�_� �Ðl� 4\�"f�̧ 1pxd�� (21),

(22)\�"f �FGô�Çõ� &h�ì�r_� í�H"f\�¦ ��Ë̈%3���. s� ]X�\�"f��H 7á§ �8 {9�ìøÍ&h�

��� �©�S!�\�"f �FGô�Çõ� p�ì�r, �FGô�Çõ� &h�ì�r_� í�H"f\�¦ ��Ë̈��H ë�H]j\�¦ Òqty��

ô�Ç��. s���� ë�H]j��H 7á§ +'�Ð p�ÀÒ�¦ Äº��� ô�Ç ��t� >�íß�_� \V\�¦ [þt#Q �Ð

l��Ð ���.

4�¤�è�<ÊÃº

f(z) = π cot πz = π
cos πz

sinπz

��H C \ Z 0A\�"f K�$3��<ÊÃºs��¦, y�� &h� n ∈ Z\�"f éß��FG�̀¦ ��t���HX<, Õª

Ä»Ãº��H Res (f ;n) = 1s���. s� �<ÊÃº��H ��6£§

2f(2z) = f(z) + f(z +
1
2
) (23)

õ� °ú �Ér :£¤Z>�ô�Ç $í
|9��̀¦ �������. s�]j ��6£§

g(z) =
1
z

+
∞∑

n=1

2z

z2 − n2
=

1
z

+
∞∑

n=1

(
1

z + n
+

1
z − n

)
(24)

õ� °ú s� &ñ
_��)a /åLÃº\�¦ Òqty�����. s� /åLÃº�� C \ Z 0A\�"f K�$3��<ÊÃºe��

�̀¦ �Ðs���H ��Ér	כ �FGô�Çõ� p�ì�r_� í�H"f\�¦ ��Ë̈��H ë�H]js�Ù¼�Ð ���r� +'�Ð
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p�ê�r��. s�]j g(z)�� y�� n ∈ Z 0A\�"f éß��FG�̀¦ ��t��¦ f(z)ü< ��ðøÍ��t�

�Ð Res (g;n) = 1s�Ù¼�Ð �<ÊÃº h(z) = f(z) − g(z)��H 4�¤�èî̈
��� 0A\�"f

K�$3��<ÊÃºs���. Õª���X< g(z) %i�r� 1pxd�� (23) �̀¦ ëß�7á¤�Ù¼�Ð �<ÊÃº h(z)��H

1pxd�� (23) �̀¦ ëß�7á¤���H K�$3��<ÊÃºs���.

'Ö<<K 5.4.1. �<ÊÃº f(z)ü< g(z)�� 1pxd�� (23)\�¦ ëß�7á¤�<Ê�̀¦ �Ð#���.

s�]j "é¶óøÍ D = D(0, R) �̀¦ Òqty�����. Äº��� h(z)�� ëß�7á¤���H 1pxd��

(23) �̀¦ p�ì�r��¦ z @/���\�
1
2

z\�¦ V,�Ü¼���

4|h′(z)| ≤
∣∣∣∣h′(1

2
z

)∣∣∣∣+ ∣∣∣∣h′(1
2

z +
1
2

)∣∣∣∣
�� $í
wn����HX<, ëß�{9� R > 1s����

z ∈ D =⇒ 1
2

z ∈ D,
1
2

z +
1
2
D

s�Ù¼�Ð M = max{|h′(z)| : z ∈ D}�� ¿º��� 4M ≤ M + M s� ÷&#Q

M = 0s���. ���²DG D 0A\�"f h′(z) = 0s�Ù¼�Ð �©�Ãº�<ÊÃº���X< h(0) = 0

s�Ù¼�Ð f = gs���. �½Ó1px&ñ
o�\�¦ &h�6 x���� ��6£§ 1pxd��

π cot πz =
1
z

+
∞∑

n=1

2z

z2 − n2
=

1
z

+
∞∑

n=1

(
1

z + n
+

1
z − n

)
(25)

�̀¦ %3���H��. s�]j
d cot z

dz
= − 1

sin2 z
s�Ù¼�Ð, �FGô�Çõ� p�ì�r_� í�H"f\�¦ ��ÜãJ

Ãº e�������

π2

sin2 πz
= lim

N→∞

N∑
n=−N

1
(z + n)2

=
∞∑

n=−∞

1
(z + n)2

���X<, z @/���\�
z

π
\�¦ V,�Ü¼��� 1pxd��

π2

sin2 z
=

∞∑
n=−∞

π2

(z + nπ)2
(26)
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�̀¦ %3�>� �)a��. 1pxd�� sin(z + nπ) = (−1)n sin z\�¦ s�6 x����

1 =
∞∑

n=−∞

sin2(z + nπ)
(z + nπ)2

s���. ô�Ç¼#�

∞∑
n=−∞

∫ π

0

sin2(t + nπ)
(t + nπ)2

dt =
∞∑

n=−∞

∫ (n+1)π

nπ

sin2 t

t2
dt =

∫ ∞

−∞

sin2 t

t2
dt

s�Ù¼�Ð, ëß�{9� �FGô�Çõ� &h�ì�r_� í�H"f\�¦ ��ÜãJ Ãº e��Ü¼���∫ ∞

0

sin2 t

t2
dt =

π

2
(27)

e���̀¦ ·ú� Ãº e����. #�l�"f ÂÒì�r&h�ì�r�̀¦ s�6 x����∫ A

0

sin2 t

t2
dt = − sin2 A

A
+
∫ 2A

0

sin t

t
dt

s�Ù¼�Ð, s�p� ·ú��¦ e����H 1pxd��∫ ∞

0

sin t

t
dt =

π

2

�̀¦ %3�>� �)a��.

4�¤�è�<ÊÃº π cot πz��Hy�� z = 0\�"féß��FG�̀¦��t��¦ ÕªÄ»Ãº�� 1s�Ù¼

�Ð π cot πz− 1
z
��H z = 0\�"f K�$3��<ÊÃºs���. s�]j, 1pxd�� (25)\�¦ s�6 x�

#� s� �<ÊÃº_� "4�/åLÃº���>h\�¦ ½̈K� �Ð��. y�� n = 1, 2, . . . \� @/�#�

2z

z2 − n2
= − 1

n2
· 2z

1− z2

n2

= −2z

n2

∞∑
k=1

z2k−2

n2k−2

s���. ëß�{9� Áºô�Ç/åLÃº_� í�H"f\�¦ ��ÜãJ Ãº e��Ü¼���

π cot πz − 1
z

=
∞∑

n=1

2z

z2 − n2
=

∞∑
k=1

[
−

( ∞∑
n=1

2
n2k

)]
z2k−1 (28)

�̀¦ %3���H��.
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s�]j, "é¶A� cot z_� &ñ
_�\� _��#� "4�/åLÃº���>h\�¦ ½̈K� �Ð��. 1pxd��

cot z = i
eiz + e−iz

eiz − e−iz
= i

e2iz + 1
e2iz − 1

= i

(
1− 2

1− e2iz

)
(29)

�̀¦ %i�¿º\� ¿º�¦

h(z) =
z

ez − 1

\�"f r�������. �<ÊÃº ez − 1�Ér 2π_� &ñ
ÃºC�\�"f ��H�̀¦ �������. :£¤y�,

z = 0\�"f éß���H�̀¦ ��t�Ù¼�Ð h(0) = 1s��� &ñ
_����� h(z)��H \P��2;"é¶óøÍ

D(0, 2π) 0A\�"f K�$3��<ÊÃºs���. ����"f, s� �<ÊÃº��H "4�/åLÃº���>h

z

ez − 1
=
∑
k=0

Bk

k!
zk

\�¦ ��t���HX<, Õª >�Ãº Bk\�¦ ½̈K� �Ð��. Äº���
ez − 1

z
=

∞∑
k=0

zk

(k + 1)!
s�

Ù¼�Ð

1 =
(

1 +
1
2!

z + · · ·+ 1
3!

z2 +
1

(k + 1)!
zk + · · ·

)
·(

B0 +
B1

1!
z +

B2

2!
z2 + · · ·+ Bk

k!
zk + · · ·

)
\�"f B0 = 1 x9� &h��od��(

n + 1
0

)
B0 +

(
n + 1

1

)
B1 +

(
n + 1

2

)
B2 + · · ·+

(
n + 1

n

)
Bn = 0

�̀¦ %3���H��. %�6£§ Y>� �½Ó�̀¦ ½̈K� �Ð���

B0 = 1, B1 = −1
2
, B2 =

1
6
, B3 = 0, B4 = − 1

30
,

B5 = 0, B6 =
1
42

, B7 = 0, B8 = − 1
30

, . . .

\�¦ %3���HX<, s��Qô�Ç Ãº[þt�̀¦ 9KÀ�§£T�(4)¬£�� ÂÒ�Ér��.

(4) Jacob Bernoulli (1654∼1705), Û¼0AÛ¼ Ãº�<Æ��. Basel\�"f /BNÂÒ��¦ �Ö̧1lx�%i���.
Õª_� 1lxÒqt Johann Bernoulli (1667∼1748) x9� �̧
���� Johann_� ��[þt[þt�̧ Ãº�<Æ��
%i���.
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'Ö<<K 5.4.2. ����<ÊÃº_� "4�/åLÃº���>h\�"f f.ËÃº	� �½Ó_� >�Ãº�� �̧¿º 0e���̀¦ �Ð#�
��. y�� n = 3, 5, 7, . . . \� @/�#� Bn = 0e���̀¦ �Ð#���. Ãº\P� 〈Bn〉�Ér Ä»>��� ��
_���̀¦ �Ð#���.

s�]j, �<ÊÃº h(z)_� &ñ
_�ü< �'a>�d�� (29)\� _��#�

cot z = i +
1
z

h(2iz)

= i +
1
z

(
1− 1

2
(2iz) +

B2

2!
(2iz)2 + · · ·+ B2k

(2k)!
(2iz)2k + · · ·

)
s�Ù¼�Ð 1pxd��

cot z − 1
z

=
∞∑

k=1

(−1)k 4kB2k

(2k)!
z2k−1 (30)

�̀¦ %3���H��. s� 1pxd���Ér ��6£§

1
2

z cot
1
2

z = 1− B2

2!
z2 +

B4

4!
z4 + · · ·+ (−1)n B2n

(2n)!
z2n + · · ·

õ� °ú s� �Ðl� a%~>� jþt Ãº�̧ e����.

s�]j 1pxd�� (28)õ� (30) �̀¦ q��§����

−
∞∑

n=1

2
n2k

= (−1)k 4kB2kπ2k

(2k)!

s��¦, ����"f
∞∑

n=1

1
n2k

= (−1)k+1 (2π)2kB2k

2(2k)!
, k = 1, 2, . . .

�̀¦%3���HX<,s���Ht�èß� 2.3]X�\�"f&ñ
_�ô�Ço�ëß�]j���<ÊÃº_�°úכ ζ(2k)s���.

·ú¡\�"f %3��Ér Bk_� °úכ[þt�̀¦ V,�Ü¼���

∞∑
n=1

1
n2

=
π2

6
,

∞∑
n=1

1
n4

=
π4

90
,

∞∑
n=1

1
n6

=
π6

945

1px�̀¦ %3���H��.

s�]j, t��FK��t� >�íß�s� �̀��Ért� SX����½+É Ãº e����H s��:r&h���� d�¦�̀¦ ¶ú�(R

�:r��. ���$� K�$3��<ÊÃº[þt_� Áºô�Ç½+Ës� ���]j K�$3��<ÊÃº���t� ·ú��� �Ð�¦, s�

�â
Äº "4�/åLÃº�Ð ���>h�%i��̀¦ M: Õª >�Ãº�� #Qb�G>� ÷&��Ht� ·ú��� �:r��.
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XNËP� 5.4.1. (��s�#QÃ»àÔ��Û¼(5)) ~�� ��a:@¬£ k = 1, 2, . . . ;c 60�#l õi;

�Ð�ÈÕ¬£ fk(z)�� �~x)>	4wHÁ6Ò D = D(z0, R);c"k AI)o��ÈÕ¬£�� ���. �¡Â6Ò

~¡¥�< ��a:@¬£ k = 1, 2, . . . ã# z ∈ D;c 60AI"k «»�ûB��̧ |fk(z)| ≤ Mk��

)ç��·� f �� ¬£
∑

k Mk�� ¬£&9�Â6Ò��z� ��+ä����. ½��_�̂@ ���:?T� )ç��·

Â6Ò��.

(��) f(z) =
∑

k fk(z)¤�< D a�;c"k AI)o��ÈÕ¬£T���.

(��) f (n)(z) =
∑

k f
(n)
k (z)T� )ç��·Â6Ò��.

(��) ¹ÿ�G�B ~�� k = 1, 2, . . . ;c 60�#l fk(z) =
∞∑

n=0

ank(z − z0)nT��̂@, �ÈÕ

¬£ f(z)q� '9��� ¬£b9	4�¤�<

f(z) =
∞∑

n=0

( ∞∑
k=1

ank

)
(z − z0)n (31)

Ä�}¹ ®£#e.>	��.

7£x"î
: &h� z ∈ D\�¦ �¦&ñ
��¦, "é¶ C : |ζ − z0| = r\�¦ ú̧�÷& (éß�, r < R) &h�

z�� s� "é¶_� ?/ÂÒ\� [þt#Q���̧2�¤ ���. Äº��� ζ ∈ C\� @/�#�∣∣∣∣∣f(ζ)−
K∑

k=1

fk(ζ)

∣∣∣∣∣ =
∣∣∣∣∣

∞∑
k=K+1

fk(z)

∣∣∣∣∣ ≤
∞∑

k=K+1

Mk

���X<
∑

k Mk�� Ãº§4��Ù¼�Ð, εK =
∞∑

k=K+1

Mks��� ¿º��� lim
K→∞

εK = 0

s���. s�]j, n = 1, 2, . . . \�¦ �¦&ñ
����∣∣∣∣∣
K∑

k=1

∫
C

fk(ζ)
(ζ − z)n+1

dζ −
∫

C

f(ζ)
(ζ − z)n+1

dζ

∣∣∣∣∣
≤
∫

C

1
|ζ − z|n+1

∣∣∣∣∣f(ζ)−
∞∑

k=K+1

fk(ζ)

∣∣∣∣∣ |dζ| ≤ εK · 2πr

(r − |z − z0|)n+1

(5) Karl Theodor Wilhelm Weierstrass (1815∼1897), 1lq{9� Ãº�<Æ��. �̂���t�¹¡§ �§���Ð
e������ 40[j�� �Å�#Q Z�\�¦�2; @/�<Æ\� �ícç
÷&#Q Õª /BM\�"f º¡¤�̀¦ M:��t� �Ö̧1lx�%i���.
Õª��H K�$3��<Æ ���ìøÍ\� ���5g"f s�ÀÒ K���wn= Ãº \O�s� ú́§�Ér \O�&h��̀¦ z�������HX<, :£¤y� ε–δ
\�¦ s�6 xô�Ç �FGô�Ç_� &ñ
_���H Õª�� SX�wn�ô�Ç �.���s	כ
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s�Ù¼�Ð ∫
C

f(ζ)
(ζ − z)n+1

dζ =
∞∑

k=1

∫
C

fk(ζ)
(ζ − z)n+1

dζ (32)

e���̀¦ ·ú� Ãº e����. Õª���X< fk�� K�$3��<ÊÃºs�Ù¼�Ð �ïr� &h�ì�r/BNd���̀¦ ëß�7á¤

ô�Ç��. ����"f, 1pxd�� (32)\�¦ n = 0{9� M: &h�6 x����

f(z) =
∞∑

k=1

fk(z) =
1

2πi

∞∑
k=1

∫
C

fk(ζ)
ζ − z

dζ =
1

2πi

∫
C

f(ζ)
ζ − z

dζ

s��¦,&ñ
o� 4.3.3\�_��#� f(z)��HK�$3��<ÊÃºs�Ù¼�Ð (��)��7£x"î
÷&%3���.

1pxd�� (32)\�¦ Õª@/�Ð &h�6 x���� ��ðøÍ��t��Ð (��)7£x"î
�)a��. s�]j K�$3��<Ê

Ãº f(z)\�¦ z = z0\�"f "4�/åLÃº���>h�%i��̀¦ M: ���̧��H >�Ãº��H ��r� (32)

\� _��#�

1
2πi

∫
C

f(ζ)
(ζ − z)n+1

dζ =
1

2πi

∞∑
k=1

∫
C

fk(ζ)
(ζ − z)n+1

dζ =
∞∑

k=1

ank

s���. �

1pxd�� (31)\�¦ ��r� æ¼���

∞∑
n=0

( ∞∑
k=1

ank

)
(z − z0)n =

∞∑
k=1

fk(z) =
∞∑

k=1

∞∑
n=0

ank(z − z0)n

s�Ù¼�Ð s���H ���²DG Áºô�Ç½+Ë�̀¦ ��Ë̈��H ë�H]j�Ð )�ÃÌ�)a��.

1pxd�� (24)\� _��#� &ñ
_��)a �<ÊÃº g(z)�� C \ Z\�"f K�$3��<ÊÃºe���̀¦

�Ðs���. ���$� "é¶óøÍ D = D(z0, r)s� %ò
%i� Re z > 0\� [þt#Q����H �â
Äºëß�

Òqty��K��̧ �)a��. s� M:, A = Re z0 + rs��� ¿º��. Õª�Q��� e��_�_� ζ ∈ D

ü< n > A\� @/�#�

|ζ + n| ≥ |ζ − n| ≥ |n− z0| − r ≥ n− Re z0 − r = n−A

s���. ����"f,∑
n>A

∣∣∣∣ 1
ζ2 − n2

∣∣∣∣ ≤ ∑
n>A

1
|ζ − n|2

≤
∑
n>A

1
(n−A)2
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s� Ãº§4�ô�Ç��. s�]j &ñ
o� 5.4.1 (��), (��)\�¦ &h�6 x���� (24)\� _��#� &ñ


_��)a �<ÊÃº g(z)�� K�$3��<ÊÃºe���̀¦ ·ú� Ãº e���¦, (26) �̀¦ %3���H õ�&ñ
\�"f p�

ì�rõ�Áºô�Ç½+Ë�̀¦��õ�H�
ñ&̧�	כ{©��<Ê�̀¦·ú�Ãºe����.=åQÜ¼�Ð,1pxd��&ñ
o� 5.4.1

(��)\�¦ &h�6 x���� 1pxd�� (28)\�"f Áºô�Ç½+Ë�̀¦ ��õ�H ��s	כ &ñ
{©��<Ê�̀¦ ·ú� Ãº

e����.

s
s&%

'$
Q

Q
Q

Q
Q

Q

&ñ
o� 5.4.1 �̀¦ &h�6 x���� t�èß� 2.3]X�_� (15)\�"f &ñ
_�ô�Ç o�ëß�]j���<Ê

Ãº�� %ò
%i� {z : Re z > 1} 0A\�"f K�$3��<ÊÃºe���̀¦ 7£x"î
½+É Ãº e����. Äº���

nz = enLog z
��H Re z > 1 0A\�"f K�$3��<ÊÃºs��¦ ��H�̀¦ ��t�t� ·ú§Ü¼Ù¼�Ð

1
nz
��H Re z > 1 0A\�"f K�$3��<ÊÃºs���. ëß�{9� Re z > 1 îß�\� "é¶óøÍ D ��

[þt#Q����� a = min{Re z : z ∈ D} > 1s���. ����"f, e��_�_� z ∈ D\� @/

�#�
∞∑

n=1

∣∣∣∣ 1
nz

∣∣∣∣ = ∞∑
n=1

1
nRe z

≤
∞∑

n=1

1
na

�� Ãº§4���¦, ζ(z) =
∞∑

n=1

1
nz
��H K�$3��<ÊÃºs���.

1pxd�� (27) �̀¦ Ä»�̧���H õ�&ñ
\�"f &h�ì�rõ� Áºô�Ç½+Ë�̀¦ ��Ë̈��H õ�&ñ
�̧

Mn = max
{∣∣∣∣ sin2(t + nπ)

(t + nπ)2

∣∣∣∣ : 0 ≤ t ≤ π

}

�� ¿º%3��̀¦ M:, &ñ
o� 5.4.1_� 7£x"î
õ� ��ðøÍ��t��Ð
∞∑

n=−∞
Mns� Ãº§4����H

�� ���H ë�H]j�Ð )�ÃÌ÷&��HX<, s���H ���_þvë�H]j�Ð z��|����.
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'Ö<<K 5.4.3. 1pxd�� (27) �̀¦ Ä»�̧���H õ�&ñ
\�"f Áºô�Ç½+Ëõ� &h�ì�r_� í�H"f\�¦ ��ÜãJ
Ãº e��6£§�̀¦ �Ð#���. ¢̧ô�Ç, 1pxd�� (21), (21)\�"f &h�ì�rõ� Áºô�Ç½+Ë_� í�H"f\�¦ ��ÜãJ Ãº
e��6£§�̀¦ �Ð#���.

5.5. ¥o>¢æ¹%K�V�

5.5.1. ��6£§ �<ÊÃº[þt_� :£¤s�&h��̀¦ ¹1Ô����.

(��) tan z (��)
1

e1/z + i
(��)

1

sin z − cos z

(��)
1

(1− z)3
(��) Log

1− z

1 + z

5.5.2. ��6£§ %ò
%i�\�"f �<ÊÃº f(z) =
1

(z + 1)(z2 + 4)
_� �Ð|½Ó/åLÃº\�¦ ½̈���.

(��) 1 < |z| < 2 (��) |z| > 2 (��) |z| < 1

5.5.3. 4�¤�èÃº z = 0\�"f ��6£§ �<ÊÃº_� Ä»Ãº\�¦ ½̈���.

(��)
1

z + z2 (��) z sin
1

z
(��)

z − cos z

z

5.5.4. /BG��� |z| = 2\�¦ ���� ��6£§ �<ÊÃº[þt�̀¦ &h�ì�r�#���.

(��)
e−z

z3 (��) z4ez−2
(��)

z + 1

z2 − z

(��)
z6

1− z3
(��)

1

1 + z3

5.5.5. ��6£§ &h�ì�r°ú̀�כ¦ ½̈�#���.

(��)

∫ ∞

0

dx

(x2 + 1)2
(��)

∫ ∞

0

x2dx

(x2 + 1)(x2 + 4)

(��)

∫ ∞

−∞

dx

(x2 + 2x + 2)
(��)

∫ ∞

−∞

dx

(x2 + 2x + 2)2

(��)

∫ ∞

−∞

sin xdx

(x2 + 2x + 2)2
(��)

∫ ∞

−∞

cos xdx

(x + 1)2 + 22

5.5.6. &h�ì�r°úכ
∫ ∞

−∞

cos xdx

(x2 + a2)(x2 + b2)
�̀¦ ½̈�#���. éß�, a > b > 0s���.

5.5.7. ��6£§ &h�ì�r°ú̀�כ¦ ½̈�#���.

(��)

∫ 2π

0

dθ

1− 2t cos θ + t2
, éß� |t| 6= 1, t ∈ R

(��)

∫ π

0

cos 2θdθ

1− 2t cos θ + t2
, éß� −1 < t < 1
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5.5.8. ��6£§ 1pxd���̀¦ 7£x"î
�#���.

(��)

∫ ∞

0

xadx

(1 + x)2
=

πa

sin πa
, éß� −1 < a < 1

(��)

∫ ∞

0

xadx

1 + x2 =
π

2 cos
πa

2

, éß� −1 < a < 1

(��)

∫ ∞

0

xadx

(x2 + 1)2
=

(1− a)π

4 cos
aπ

2

, éß� −1 < a < 3

5.5.9. \P��2; éß�0A"é¶óøÍ D(0, 1) 0A\�"f &ñ
_��)a K�$3��<ÊÃº f(z)\� @/�#� (éß�,
f 6= 0), ��6£§ 1pxd��

exp

(
1

2π

∫ π

−π

log |f(reiθ)|dθ

)
= |f(0)|, 0 < r < 1

s� $í
wn��<Ê�̀¦ �Ð#���.

5.5.10. ���y��/åLÃº h(t) =

∞∑
n=−∞

aneint
_� >�Ãº {an}\� @/�#�

lim
n→∞

|an+1|
|an|

=
1

R
, lim

n→−∞

|an+1|
|an|

= r

s��� ���.

(��) �<ÊÃº h : R → C�� ÅÒl� 2π��� ÅÒl��<ÊÃºs���� h(t) = f(eit)\�¦ ëß�7á¤���H
�<ÊÃº f : {z : |z| = 1} → C�� �>rF��<Ê�̀¦ �Ð#���.

(��) ëß�{9� r < 1 < Rs���� f(z) =

∞∑
n=−∞

anzn
��H |9�½+Ë {z : r < |z| < R} 0A\�

"f K�$3��<ÊÃºe���̀¦ �Ð#���.
(��) ëß�{9� r < 1 < Rs���� h : R → C��H K�$3�ÅÒl��<ÊÃºe���̀¦ �Ð#���.(6)

5.5.11. |9�½+Ë A = {z : r ≤ |z| ≤ R}\�¦ �í�<Ê���H %ò
%i� 0A\�"f K�$3��<ÊÃº

f(z) =

∞∑
n=−∞

anzn
�� &ñ
_�÷&#Q e����. s� M:, f _� �©� {f(z) : r ≤ |z| ≤ R}_�

V,�s���H

π

∞∑
n=−∞

n|an|n(R2n − r2n)

e���̀¦�Ð#���.#�l�"f f _��©�s�×�æ4�¤÷&��H�â
Äº×�æ4�¤÷&��Hëß��puV,�s�\��í�<Ê�)a��.

(6) �ÃÐ�¦ë�H��³ [�̂�$í
l�·�̂��̧ô�Ç·>�5px+À:, K�$3�>h�:r, >h&ñ
óøÍ, "fÖ�¦@/�<Æ�§ Ø�¦óøÍÂÒ, 1995,
2002]_� &ñ
o� 9.4.5\�¦ �ÃÐ�̧���.
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5.5.12. �<ÊÃº f(z)�� éß�0A"é¶óøÍ D = D(0, 1) �̀¦ �í�<Ê���H %ò
%i� Ω 0A\�"f K�$3�
�<ÊÃºs��¦, |z| = 1s���� |f(z)| = 1s��� ��&ñ
���. Õª�Q��� f(z)_� �©��Ér ô�Ç &h�s�
���� D\�¦ �í�<Ê�<Ê�̀¦ �Ð#���.

5.5.13. \P��2;"é¶óøÍ D(0, R) 0A\� "f�Ð ���Ér &h� z1, . . . , zns� ÅÒ#Q4R e���̀¦ M:,

Q(z) = (z − z1)(z − z2) · · · (z − zn)

s��� ���. "é¶óøÍ D(0, R) �̀¦ �í�<Ê���H %ò
%i� 0A\�"f &ñ
_��)a K�$3��<ÊÃº f(z)\� @/
�#�

P (z) =
1

2πi

∫
|z|=R

f(ζ)

(
1− Q(z)

Q(ζ)

)
ζ − z

dζ

�� &ñ
_�����, y�� i = 1, 2, . . . , n\� @/�#� P (zi) = f(zi)s��¦ P (z)��H n− 1	�
���½Ód��e���̀¦ �Ð#���.

5.5.14. "é¶&h� 0 �̀¦ Ø�¦µ1Ï�#� ���ì�r�̀¦ ����"f R��t� ��"f "é¶ ñ\�¦ ���� Re2πi/3

��t� ���¦ ��r� ���ì�rÜ¼�Ð 0\� [�t���̧��H /BG��� 0A\�"f
1

z3 + 1
_� &h�ì�r�̀¦ >�íß��

�¦, s�\�¦ s�6 x�#� &h�ì�r°úכ ∫ ∞

0

1

x3 + 1
dx

\�¦ ½̈�#���.

5.5.15. e��_�_� �����Ãº n = 2, 3, . . . \� @/�#� &h�ì�r°úכ∫ ∞

0

1

xn + 1
dx

\�¦ ½̈�#���.

5.5.16. t�èß� 5.3]X�_� �Ðl� 4õ� Ä»��ô�Ç /BG����̀¦ ú̧�÷& 	�H "é¶õ� ����Ér "é¶�̀¦ ¿º >h

_� Ãºî̈
���Ü¼�Ð ���������H /BG��� 0A\�"f
log∗ z

z2 + 3z + 2
_� ���&h�ì�r�̀¦ >�íß���¦, s�

\�¦ s�6 x�#� &h�ì�r°úכ ∫ ∞

0

1

x2 + 3x + 2
dx

�̀¦ ½̈�#���. #�l�"f, log∗��H Õª ¼#�y��s� (0, 2π)\� [þt#Q���̧2�¤ ��t�\�¦ ú̧���H��.

5.5.17. /åLÃº

∞∑
n=1

(
z + i

z − i

)n

s� \P��2;"é¶óøÍ D(−i, 1) 0A\�"f K�$3��<ÊÃºe���̀¦ �Ð

#���.

5.5.18. y�� 4�¤�èÃº z ∈ C \ Z\� @/�#� ��6£§ Áºô�Ç/åLÃº

∞∑
n=−∞

(−1)n 1

z − n
= lim

N→∞

N∑
n=−N

(−1)n 1

z − n
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_� °ú̀�כ¦ ½̈�#���. [�̧¹¡§ú́�: s� /åLÃº_� ���Ãº��� P: �½Óõ� f.ËÃº��� P: �½Ó�̀¦ ì�ro�ô�Ç
Êê, 1pxd�� (25)\�¦ s�6 xô�Ç��]

5.5.19. "4�/åLÃº

f(z) =

∞∑
n=0

(
2n
n

)
zn

�� ÅÒ#Q4R e����.

(��) s� "4�/åLÃº_� Ãº§4�ìøÍ�â
�̀¦ ½̈�#���.

(��) e��_�_� �����Ãº n ≥ k\� @/�#�

(
n
k

)
=

1

2πi

∫
|ζ|=1

(1 + ζ)n

ζk+1
dζ�� $í
wn�

�<Ê�̀¦ �Ð#���.

(��) ëß�{9� |z| < 1

4
s���� f(z) =

1

2πi

∫
|ζ|=1

dζ

ζ − z(1 + ζ2)
e���̀¦ �Ð#���.

(��) |z| < 1

4
{9� M:, Áºô�Ç/åLÃº

∞∑
n=0

(
2n
n

)
zn
_� °ú̀�כ¦ ½̈�#���.

5.5.20. 4�¤�èî̈
��� 0A\�"f z�́Ãº»¡¤ 0A_� ½̈çß� [1,∞)\�¦ ]jü@ô�Ç %ò
%i��̀¦ Ω�� ¿º
��. y�� z ∈ Ω\� @/�#�

f(z) = −
∫ z

0

Log (1− ζ)

ζ
dζ, z ∈ Ω

�� &ñ
_����.

(��) �<ÊÃº f(z)_� "4�/åLÃº���>h�� ��6£§

f(z) =

∞∑
n=1

1

n2
zn = z +

1

22
z2 +

1

32
z3 + · · · , |z| < 1

õ� °ú s� ÅÒ#Qf���̀¦ �Ð#���.
(��) 0A 1pxd��s� e��_�_� z ∈ {z : |z| ≤ 1, z 6= 1} 0A\�"f $í
wn��<Ê�̀¦ �Ð#���. ¢̧

ô�Ç, lim
x→1−

f(x) =
π2

6
e���̀¦ �Ð#���. [�̧¹¡§ú́�: ���_þvë�H]j 3.4.14.]

(��) &h� 1− ε\�"f Ø�¦µ1Ï�#� &h� 1s� ×�æd��s��¦ ìøÍt�2£§s� ε��� "é¶�̀¦ ���� r�>�
~½Ó�¾ÓÜ¼�Ð ¹¡§f��#�"f éß� 0A"é¶ |z| = 1_� ô�Ç &h�\� s�ØÔ��H /BG����̀¦ Cεs���

½+É M:, ��6£§

lim
ε→0

∫
Cε

Log (1− ζ)

ζ
dζ = 0

s� $í
wn��<Ê�̀¦ �Ð#���.
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(��) y�� θ ∈ [0, π]\� @/�#� 1pxd��

∞∑
n=1

cos nθ

n2
=

π2

6
+

θ2

4
− πθ

2

∞∑
n=1

sin nθ

n2
= −θ log 2− 2

∫ θ/2

0

log sin tdt

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) ��6£§ 1pxd�� ∫ π

0

log sin θdθ = −π log 2

�̀¦ 7£x"î
�#���.


