
V� 2 *�× ¡�́�¿ÊÁá~
ø�
���;³¹ÊÁ

���½Ód��õ� ì�rÃºd��ëß�Ü¼�Ð��H #��Q ��t� ����� �&³�©�s��� ���r �&³�©��̀¦ [O�"î
���H

X<\� ÂÒ7á¤ô�Ç �â
Äº�� ú́§��. s� �â
Äº ���y���<ÊÃº, t�Ãº�<ÊÃº 1px �í�Z4�<ÊÃº�� ×�æ¹כô�Ç

%i�½+É�̀¦ ���HX<, s� �©�\�"f��H s��Qô�Ç �í�Z4�<ÊÃº[þt�̀¦ #Qb�G>� 4�¤�è�<ÊÃº�Ð s�K��

��Ht� /BNÂÒô�Ç��. ���©� �����Û¼�Qî�r ~½ÓZO��Ér @/�<Æ p�&h�ì�r\�"f C�Äº>� ��º����� #��Q

��t� �í�Z4�<ÊÃº_� "4�/åLÃº���>h\�¦ s�6 x���H �,>���X	כ s�\�¦ 0A�#� 4�¤�è/åLÃº_� Ãº

§4�, 4�¤�è "4�/åLÃº_� Ãº§4�õ� Õª �í�Ð&h���� $í
|9�[þt�̀¦ ���$� /BNÂÒô�Ç��.

2.1. ¡�́�¿;³¹ÊÁ�+ ÊÁ�]�

4�¤�èÃº\P� 〈αn : n = 1, 2, . . .〉õ� 4�¤�èÃº α\� @/�#�

lim
n→∞

|αn − α| = 0

s� $í
wn�½+É M:, 〈αn〉s� α�Ð ¬£&9�ô�Ç���¦ ú́���¦

lim
n→∞

αn = α, ¢̧��H αn → α

�Ð ��H��. ëß�{9� αn = an + ibns��¦ α = a + ibs����

|an − a| ≤ |αn − α| ≤ |an − a|+ |bn − b|

|bn − b| ≤ |αn − α| ≤ |an − a|+ |bn − b|

23
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s�Ù¼�Ð, ��6£§

lim
n→∞

αn = α ⇐⇒ lim
n→∞

Re αn = Re α, lim
n→∞

Im αn = Im α

s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. s� �â
Äº,

lim
n→∞

αn =
(

lim
n→∞

Re αn

)
+ i
(

lim
n→∞

Im αn

)
ü< °ú s� jþt Ãº e����.

'Ö<<K 2.1.1. ëß�{9� αn → αs���� |αn| → |α|e���̀¦ �Ð#���.

'Ö<<K 2.1.2. Ãº\P� 〈αn〉s� Ãº§4���¦ limn αn = αs���� Ãº\P� 〈αn〉 �̧ Ãº§4��
�¦ 1pxd�� limn αn = αs� $í
wn��<Ê�̀¦ �Ð#���.

4�¤�èÃº\P� 〈αn〉 \� @/�#�

σn =
n∑

i=1

αi, n = 1, 2, . . .

��&ñ
_����.Ãº\P� 〈σn〉s� σ�ÐÃº§4�½+ÉM:,õi;�Ð�� ¬£
∞∑

n=1

αn<�Ê�Ér
∑

n αn

s� σ�Ð ¬£&9�ô�Ç���¦ ú́���¦
∞∑

n=1

αn = σ�� ��H��. 7£¤,

∞∑
n=1

αn = lim
n→∞

n∑
i=1

αi

s���. 4�¤�è/åLÃº
∑

n αns� Ãº§4��t� ·ú§Ü¼��� ñmÔ»ÿ�ô�Ç���¦ ú́�ô�Ç��.

XNËP� 2.1.1. õi;�Ð¬£�~x 〈αn〉;c 60�#l ���:?ª�< ò6BV�T���.

(��) �� ¬£
∞∑

n=1

αnT� ¬£&9�Â6Ò��.

(��) �� ¬£
∞∑

n=1

Re αnÜï

∞∑
n=1

Im αnT� ¬£&9�Â6Ò��.
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¹ÿ�G�B a� 'å�<K�� )ç��·��̂@ ���:? �ûB��̧

∞∑
n=1

αn =

( ∞∑
n=1

Re αn

)
+ i

( ∞∑
n=1

Im αn

)

T� )ç��·Â6Ò��.

'Ö<<K 2.1.3. &ñ
o� 2.1.1 �̀¦ 7£x"î
�#���.

|ºM� 1. /åLÃº
∑

n

in

n
_� Ãº§4�#�ÂÒ\�¦ ¶ú�x�l� 0A�#� y�� �½Ó_� z�́ÃºÂÒü<

)�ÃºÂÒ\�¦ Òqty������, ¿º /åLÃº

−1
2

+
1
4
− 1

6
− · · · , 1− 1

3
+

1
5
− · · ·

_� Ãº§4�#�ÂÒ\�¦ ��4R�� ô�Ç��. ¿º /åLÃº �̧¿º �§@//åLÃº&ñ
o�\� _��#� Ãº

§4��Ù¼�Ð
∑

n

in

n
��H Ãº§4�ô�Ç��. z�́]j�Ð

1− 1
2

+
1
3
− 1

4
+ · · · = ln 2, 1− 1

3
+

1
5
− · · · = π

4
(1)

s�Ù¼�Ð

∞∑
n=1

in

n
= −1

2
ln 2 + i

π

4
e���̀¦ ·ú� Ãº e����.(1) �

iq

(1) �§@//åLÃº&ñ
o�ü< 1pxd�� (1)\� �'aô�Ç ���½Ó�Ér �ÃÐ�¦ë�H��³ [4]\�¦ �ÃÐ�¦���. ]X�@/°úכs� 1���

4�¤�èÃº z\� @/�#� /åLÃº
∞∑

n=1

zn

n
�� #Qb�G>� ÷&��H�� ���H ��Ér	כ ���_þvë�H]j 2.4.6 x9� ���

_þvë�H]j 3.4.12\�¦ �ÃÐ�̧���.
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��6£§�Ér #��Q ��t� Ãº\P� x9� /åLÃº_� Ãº§4�#�ÂÒ\�¦ óøÍZ>����H Ùþ�d�� ?/6 x

���X<, 7£x"î
\O�s� ~ÃÎ��[þts�l��Ð ô�Ç��.(2)

R�z�Á6Ò+ä�(«: ~�� ��a:@¬£ n = 1, 2, . . . ;c 60�#l 0 ≤ an ≤ bnT� )ç��·Â6Ò

�� ��+ä����. T� CI,
∑

n bnT� ¬£&9���̂@
∑

n an|¡ ¬£&9�Â6Ò��.

e��_�_� z�́Ãº a ∈ R\� @/�#�

a+ =

{
a, a ≥ 0,

0 a < 0
a− =

{
0, a ≥ 0,

−a a < 0

�� &ñ
_����. Õª�Q���

a = a+ − a−, |a| = a+ + a−

e���̀¦ ·ú� Ãº e����.

s�]j4�¤�èÃº\P� 〈αn〉\�@/�#�
∑

n |αn|s�Ãº§4�ô�Ç���¦��&ñ
���.s�

ü< °ú s�
∑

n |αn|s� Ãº§4�½+É M:, 4�¤�è/åLÃº
∑

n αns� �}B60¬£&9�ô�Ç���¦ ú́�

ô�Ç��. Õª�Q���

(Re αn)+ ≤ |Re αn| ≤ |αn|, n = 1, 2, . . .

s�Ù¼�Ð
∑

n(Re αn)+s� Ãº§4�ô�Ç��. ��ðøÍ��t� ~½ÓZO�Ü¼�Ð
∑

n(Re αn)− �̧

Ãº§4��Ù¼�Ð

∞∑
n=1

Re αn =
∞∑

n=1

(Re αn)+ −
∞∑

n=1

(Re αn)−

�̧ Ãº§4�ô�Ç��. °ú �Ér ~½ÓZO�Ü¼�Ð
∑

n Im αns� Ãº§4��Ù¼�Ð, &ñ
o� 2.1.1\� _�

�#� ��6£§�̀¦ %3���H��.

XNËP� 2.1.2. �}B60¬£&9��¤�< õi;�Ð�� ¬£¤�< ¬£&9�Â6Ò��.

(2) s� $í
|9��Ér ��z�́ z�́Ãº_� ¢-aq�$í
/BNo�ü< �7Ho�&h�Ü¼�Ð 1lxu�s���. �ÃÐ�¦ë�H��³ [1], [2].
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Ãº§4��t�ëß� ]X�@/Ãº§4��t� ·ú§Ü¼��� �ÐZÌ	¬£&9�ô�Ç���¦ ú́�ô�Ç��.

|ºM� 2. /åLÃº
∑

n

1
n
�Ér µ1Ïíß��t�ëß�

∑
n(−1)n 1

n
�Ér Ãº§4�ô�Ç��. ����"f,∑

n(−1)n 1
n
�Ér �̧|	�Ãº§4����H /åLÃºs���. �Ðl� 1\� ���̧��H

∑
n

in

n
�̧ Óüt

�:r �̧|	�Ãº§4�ô�Ç��. �

s�]j, q��§óøÍ&ñ
ZO�õ� 1pxq�/åLÃº\�¦ s�6 x�#� ÅÒ#Q��� 4�¤�èÃº\P�s� ]X�@/

Ãº§4�½+É �̧|	��̀¦ ¹1Ô�� �Ð��.

y¢�ÔÛXNËP� 2.1.3. �è¡q� F�B¬£ r < 1;c 60�#l

|αn|1/n ≤ r, n = 1, 2, . . .

T� )ç��·��̂@
∑

n αnª�< �}B60¬£&9�Â6Ò��.

7£x"î
: y�� n = 1, 2, . . . \� @/�#� |αn| ≤ rn���X<,
∑

n rns� Ãº§4��Ù¼�Ð∑
n |αn|s� Ãº§4�ô�Ç��. �

/åLÃº_� Ãº§4��̀¦ �7H���H �â
Äº Ä»ô�Ç>h_� �½Ó�Ér Õª °úכs� �����8���̧ �'a

>�\O���. ����"f, �̧¹¡§&ñ
o� 2.1.3\�"f ÂÒ1pxd�� |αn|1/n ≤ rs� �̧��H �����

Ãº n = 1, 2, . . . \� @/�#� $í
wn��t� ·ú§�8���̧, Ä»ô�Ç>h\�¦ ]jü@ô�Ç e��_�

_� n\� @/�#� $í
wn����� °ú �Ér ����:r�̀¦ ?/wn= Ãº e����. Ãº\P� 〈|αn|1/n〉 s�
Ãº§4����H �â
Äº, �̧¹¡§&ñ
o� 2.1.3s� ~1�>� &h�6 x�)a��. ���$� z�́Ãº\P� 〈an〉s�
a ∈ R�Ð Ãº§4�ô�Ç����H ��s	כ Áº��H >pw����� ¶ú�(R�Ð��. s���H a\�¦ ×�æd��Ü¼�Ð

��Áºo� ����Ér ½̈çß� (a− ε, a + ε) �̀¦ ú̧����̧ 'Í	 ÂÒì�r Ä»ô�Ç>h\�¦ ]jü@ô�Ç �̧

��H ans� �̧¿º s� ½̈çß�\� [þt#Q���� ô�Ç����H >pws���. s���H e��_�_� �ª�Ãº

ε > 0\� @/�#� ��6£§ $í
|9�

n ≥ N =⇒ |an − a| < ε

s� $í
wn����H �����Ãº N �̀¦ ú̧��̀¦ Ãº e������H ú́�õ� ��ðøÍ��t�s���. s� M:,

Ø�æì�ry� 	�H �̧��H n\� @/�#� |an − a| < ε�� $í
wn�ô�Ç���¦ ú́�ô�Ç��.
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|ºM� 3. Ãº\P�

〈
1
n

〉
�̀¦ Òqty���#� �Ð��. ½̈çß� (−ε, ε) �̀¦ ú̧���¤�̀¦ M:,

n >
1
ε
s����

1
n
�Ér (−ε, ε)\� [þt#Qçß���. ����"f limn

1
n

= 0s���. �

XNËP� 2.1.4. ("4���HóøÍ&ñ
ZO�)õi;�Ð�� ¬£
∑

n αn;c60�#l, limn |αn|1/n = r

T��� ��+ä����. ¹ÿ�G�B r < 1T��̂@
∑

n αnª�< �}B60¬£&9�Â6Ò��. �¡Â6Ò, r > 1

T��̂@
∑

n αnª�< ñmÔ»ÿ�Â6Ò��.

7£x"î
: ���$� r < 1��� �â
Äº, r < s < 1��� s ∈ R\�¦ ú̧���. Õª�Q��� Ä»ô�Ç>h

\�¦]jü@ô�Ç �̧��H�����Ãº n\�@/�#� |αn|1/n < ss��¦, �̧¹¡§&ñ
o� 2.1.3 �̀¦

&h�6 x½+É Ãº e����. ¢̧ô�Ç, r > 1��� �â
Äº�̧ ��ðøÍ��t��Ð r > s > 1��� s ∈ R

�̀¦ ú̧�Ü¼��� Ä»ô�Ç>h\�¦ ]jü@ô�Ç e��_�_� �����Ãº n\� @/�#� |αn|1/n > ss�

�¦, ����"f |αn| > sn > 1s�Ù¼�Ð
∑

n αn�Ér µ1Ïíß�ô�Ç��.(3) �

|ºM� 4. /åLÃº
∑

n

an

nr
(éß�, a ∈ C, r ∈ R�Ér �©�Ãº)_� Ãº§4� #�ÂÒ\�¦ ¶ú�(R

�Ð�9���

lim
n→∞

∣∣∣∣an

nr

∣∣∣∣1/n

= lim
n→∞

|a|
(n1/n)r

_� �FGô�Ç°ú̀�כ¦ ��4R�� ô�Ç��. Õª���X< limn n1/n = 1s�Ù¼�Ð, /åLÃº
∑

n

an

nr

��H |a| < 1{9� M: Ãº§4���¦, |a| > 1{9� M: µ1Ïíß�ô�Ç��. ëß�{9� |a| = 1s����

"4���HóøÍ&ñ
ZO��̀¦ s�6 x½+É Ãº \O�Ü¼Ù¼�Ð ���Ér ~½ÓZO��̀¦ ¹1Ô���� ��¦, r_� °úכ\�

����"f ���õ��� ²ú���t�>� �)a��. \V\�¦ [þt#Q
∑

n

1
n
�Ér µ1Ïíß��t�ëß�

∑
n

1
n2

�Ér Ãº§4�ô�Ç��. �

XNËP� 2.1.5. (q�Ö�¦óøÍ&ñ
ZO�)õi;�Ð�� ¬£
∑

n αn;c60�#l, limn

∣∣∣∣αn+1

αn

∣∣∣∣ = r

T��� ��+ä����. ¹ÿ�G�B r < 1T��̂@
∑

n αnª�< �}B60¬£&9�Â6Ò��. �¡Â6Ò, r > 1

T��̂@
∑

n αnª�< ñmÔ»ÿ�Â6Ò��.

(3) /åLÃº
∑

n an s� Ãº§4����� limn an = 0s���.
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7£x"î
: ���$� r < 1��� �â
Äº, r < s < 1��� s ∈ R\�¦ ú̧���H��. Õª�Q���, &h�{©�

ô�Ç �����Ãº N \� @/�#� ��6£§

n ≥ N =⇒
∣∣∣∣αn+1

αn

∣∣∣∣ < s

s� $í
wn�ô�Ç��. ����"f, e��_�_� k = 1, 2, . . . \� @/�#�

|αN+k| < s|αN+k−1| < s2|αN+k−2| < · · · < sk|αN |

s� $í
wn�ô�Ç��. Õª���X<,
∑

k sk|αN |s� Ãº§4��Ù¼�Ð,
∞∑

k=1

|αN+k|s� Ãº§4��

�¦, s���H
∞∑

n=1

|αn|s� Ãº§4�ô�Ç����H ú́�õ� ��ðøÍ��t�s���. �� Qt� ÂÒì�r_� 7£x

"î
�Ér ���_þvë�H]j�Ð z��|����. �

'Ö<<K 2.1.4. &ñ
o� 2.1.5_� 7£x"î
�̀¦ ��Áºo��#���.

|ºM� 5. ��6£§ /åLÃº

1
21

+
1
20

+
1
23

+
1
22

+
1
25

+
1
24

+
1
27

+
1
26

+ . . .

\�¦ Òqty���#� �Ð��. Ãº\P� |an|1/nõ�

∣∣∣∣an+1

an

∣∣∣∣\�¦ +� �Ð��� y��y��
2−1/1, 2−0/2, 2−3/3, 2−2/4, 2−5/5, 2−4/6, 2−7/7, 2−6/8, · · ·
21−0, 20−3, 23−2, 22−5, 25−4, 24−7, 27−6, 26−9, · · ·

s���. ����"f, limn |an|1/n =
1
2
s�Ù¼�Ð "4���HóøÍ&ñ
ZO�\� _��#� s� /åLÃº��H

Ãº§4�ô�Ç��. Õª�Q��, Ãº\P�
〈∣∣∣∣an+1

an

∣∣∣∣〉�Ér Ãº§4��t� ·ú§Ü¼Ù¼�Ð q�Ö�¦óøÍ&ñ
ZO�
�̀¦ &h�6 x½+É Ãº \O���.(4) �

'Ö<<K 2.1.5. ��6£§ /åLÃº_� Ãº§4� #�ÂÒ\�¦ óøÍ&ñ
�#���.

(��)
∑

n

n!

nn
(��)

∑
n

2nn!

nn
(��)

∑
n

2n

n!

(4) z�́]j�Ð, limn

∣∣∣∣an+1

an

∣∣∣∣ = rs���� limn |an|1/n = re��s� ú̧� ·ú��94R e����. �ÃÐ�¦ë�H��³

[2], "î
]j 2.4.6. ����"f, q�Ö�¦óøÍ&ñ
ZO�s� &h�6 x÷&��H /åLÃº\���H "4���HóøÍ&ñ
ZO�s� ìøÍ×¼r� &h�
6 x�)a��. Óüt�:r, �â
Äº\� ����"f #QÖ¼ Aá¤ �FGô�Ç°ú̀�כ¦ >�íß��l� ¼#�ô�Çt� ú̧� óøÍéß�K��� ô�Ç��.
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2.2. ���;³¹ÊÁÿ? ÊÁ�]�ð5�¿R�

4�¤�èÃº\P� 〈an : n = 0, 1, 2, . . .〉\� @/�#� ��6£§
∞∑

n=0

anzn = a0 + a1z + a2z
2 + · · ·+ anzn + · · · (2)

õ� °ú s� &ñ
_��)a /åLÃº\�¦ '9��� ¬£�� ô�Ç��. s� "4�/åLÃº�� ]X�@/Ãº§4�Ãº§4���¦

|w| ≤ |z|s���� q��§óøÍ&ñ
ZO�\� _��#�
∑

n anwn �̧ ]X�@/Ãº§4�ô�Ç��. ����

"f |9�½+Ë {
|z| :

∞∑
n=0

anzn s� ]X�@/Ãº§4�ô�Ç��

}
�Ér ��6£§

{0}, [0, R), [0, R], [0,∞)

×�æ���_�g1Js���.%�6£§õ���t�}���â
Äº,"4�/åLÃº (2)_�¬£&9�ºÿ�#Ü��̀¦y��y��

0, ∞�� ô�Ç��. ¢̧ô�Ç, ¿º���P:�� [j���P:_� �â
Äº Ãº§4�ìøÍ�â
s� Rs��� ô�Ç��.

y��y��_� �â
Äº, ��6£§ |9�½+Ë

{0}, {z : |z| < R}, {z : |z| ≤ R}, C

0A_� �̧��H 4�¤�èÃº z\� @/�#� "4�/åLÃº (2)�� ]X�@/Ãº§4���¦, ��¾ú \�"f

��H ]X�@/Ãº§4��t� ·ú§��H��. s�]j s��Qô�Ç |9�½+Ë ��¾ú _� 4�¤�èÃº z\� @/�

#� "4�/åLÃº (2)_� �̧|	�Ãº§4�#�ÂÒ\�¦ ¶ú�(R�Ð��. s�\�¦ 0A�#� "4�/åLÃº (2)

�� Ãº§4���¦ |w| < |z|s����
∑

n anwns� ]X�@/Ãº§4��<Ê�̀¦ �Ðs���. Äº���

limn anzn = 0s�Ù¼�Ð ��6£§

|anzn| ≤ M, n = 0, 1, 2, . . .

�̀¦ ëß�7á¤���H �ª�Ãº M > 0 �̀¦ ú̧��̀¦ Ãº e����. ����"f,

|anwn| = |anzn|
∣∣∣w
z

∣∣∣n ≤ M
∣∣∣w
z

∣∣∣n , n = 0, 1, 2, . . .
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���X<
∑

n M
∣∣∣w
z

∣∣∣ns� Ãº§4��Ù¼�Ð ∑
n |anwn| �̧ Ãº§4�ô�Ç��.

s�]j, ����:r�̀¦ ?/wn= Ãº e����. "4�/åLÃº (2)_� Ãº§4�ìøÍ�â
s� Rs����, "4�/åL

Ãº (2)��H |z| < R{9� M: ]X�@/Ãº§4���¦, |z| > R{9� M: µ1Ïíß��<Ê�̀¦ ·ú� Ãº

e����. ¢̧ô�Ç, |z0| = R��� 4�¤�èÃº z0\� @/�#�
∑

n anzn
0 s� ]X�@/Ãº§4�����

|z| ≤ R��� �̧��H z\� @/�#� "4�/åLÃº (2)�� Ãº§4�ô�Ç��. ô�Ç¼#�,
∑

n anzn
0 s�

�̧|	�Ãº§4�ô�Ç����� "4�/åLÃº
∑

n anzn_� Ãº§4�ìøÍ�â
�Ér |z0|s���.

|ºM� 1. "4�/åLÃº
∑

n

1
n

zn
\�¦Òqty������ z = −1\�"f

∑
n

(−1)n

n
s� �̧|	�

Ãº§4��Ù¼�Ð,Ãº§4�ìøÍ�â
�Ér 1s���. ¢̧ ���Ér\V�Ð"f"4�/åLÃº
∑

n

1
n2

zn
\�¦Òqt

y��K��Ð��.ëß�{9� |z| ≤ 1s����s�"4�/åLÃº��H]X�@/Ãº§4�ô�Ç��.Õª���X< |z| > 1

s���� limn
|z|n

n2
= ∞s�Ù¼�Ð

∑
n

1
n2

zn
�Ér µ1Ïíß���¦, ����"f Ãº§4�ìøÍ�â
�Ér

1s���.(5) �

'Ö<<K 2.2.1. /åLÃº
∑

n nnzn_� Ãº§4�ìøÍ�â
�̀¦ ½̈�#���.

'Ö<<K 2.2.2. ëß�{9� r > 1s���� limn
rn

n2
= +∞e���̀¦ �Ð#���.

"4�/åLÃº (2)\�"f �FGô�Ç°úכ limn |an|1/n = rs� �>rF����H �â
Äº, Ãº§4�ìøÍ

�â
�̀¦ ~1�>� ½̈½+É Ãº e����. ëß�{9� |z| < 1/rs����,

lim
n→∞

|anzn|1/n = r|z| < 1

s�Ù¼�Ð&ñ
o� 2.1.4\�_��#�"4�/åLÃº (2)��Ãº§4�ô�Ç��.ô�Ç¼#�, |z| > 1/rs�

��� ��ðøÍ��t� ~½ÓZO�Ü¼�Ð "4�/åLÃº (2)�� µ1Ïíß��<Ê�̀¦ ·ú� Ãº e����.

XNËP� 2.2.1. ¹ÿ�G�B lim
n
|an|1/n = rT��̂@,'9��� ¬£

∞∑
n=0

anzn
q�¬£&9�ºÿ�#Ü�ª�<

1/rT���.

'Ö<<K 2.2.3. &ñ
o� 2.2.1\�"f r = 0,∞s���� Ãº§4�ìøÍ�â
�Ér y��y�� ∞, 0e���̀¦ �Ð
#���.

(5) 4�¤�èÃº z_� ]X�@/°úכs� 1��� �â
Äº

∞∑
n=1

1

n2
zn _� °úכ\� @/�#� ���_þvë�H]j 5.5.15\�¦ �ÃÐ

�̧���.
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XNËP� 2.2.2. ¹ÿ�G�B lim
n

∣∣∣∣an+1

an

∣∣∣∣ = rT��̂@,'9��� ¬£
∞∑

n=0

anzn
q�¬£&9�ºÿ�#Ü�ª�<

1/rT���.

'Ö<<K 2.2.4. &ñ
o� 2.2.2\�¦ 7£x"î
�#���.

'Ö<<K 2.2.5. ��6£§ "4�/åLÃº_� Ãº§4�ìøÍ�â
�̀¦ ½̈�#���.

(��)

∞∑
n=1

1

n
zn (��)

∞∑
n=1

nzn (��)

∞∑
n=1

1

n!
zn

(��)

∞∑
n=1

n!

nn
zn (��)

∞∑
n=1

2nzn (��)

∞∑
n=1

1

2n
zn

(��)

∞∑
n=1

nk

an zn (��)

∞∑
n=1

(nk + an)zn (��)

∞∑
n=1

in − 1

n
zn

(	�)

∞∑
n=1

(1 +
1

n
)n2

zn (
�)

∞∑
n=1

z2n

4nnk
(��)

∞∑
n=1

3n

n2 + 4n
z2n

(��)

∞∑
n=0

zn

2n2 (�)

∞∑
n=0

zn2

2n (��)

∞∑
n=0

2n + 3n

4n + 5n zn

|ºM� 2. e��_�_� 4�¤�èÃº α ∈ Cü< �����Ãº n = 1, 2, . . . \� @/�#�(
α
n

)
=

α(α− 1)(α− 2) · · · (α− n + 1)
n!

�� &ñ
_�ô�Ç��. ¢̧ô�Ç,
(

α
0

)
= 1s��� &ñ
_�ô�Ç��. s�]j, "4�/åLÃº

Bα(z) =
∞∑

n=0

(
α
n

)
zn = 1 + αz +

(
α
2

)
z2 + · · ·

(
α
n

)
zn + · · ·

_� Ãº§4�ìøÍ�â
�̀¦ ½̈K� �Ð��. ���$� α = ms� �����Ãºs����, n > m\� @/�

#�

(
m
n

)
= 0s���. ����"f, Bα��H ��z�́�©� ���½Ód��s� 9 s� �â
Äº Ãº§4�ìøÍ

�â
�Ér Óüt�:r ∞s���. s�]j α ∈ C \ Ns��� ����
(

α
n

)
6= 0s���. Õª���X<,

(
α

n + 1

)
=

α− n

n + 1

(
α
n

)
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s�Ù¼�Ð (
α
n

)
(

α
n + 1

) =
n + 1
α− n

→ −1

s���.����"f α ∈ C\N����â
Äº"4�/åLÃº Bα(z)_�Ãº§4�ìøÍ�â
�Ér 1s���.ëß�

{9� α = −1s����
(
−1
n

)
= (−1)ns�Ù¼�Ð

B−1(z) =
∞∑

n=0

(−1)nzn =
1

1 + z

s���. "4�/åLÃº Bα(z)��H T���Ø�� ¬£�� ÂÒ�Ér��. �

'Ö<<K 2.2.6. 1pxd��

(1 + z)Bα−1(z) = Bα(z), |z| < 1

�̀¦ 7£x"î
�#���. y�� �����Ãº k = 1, 2, . . . \� @/�#� ��6£§ 1pxd��

Bk(z) = (1 + z)k, k = 1, 2, . . .

s� $í
wn��<Ê�̀¦ �Ð#���.

¿º "4�/åLÃº
∑

n anznõ�
∑

n bnzn_� Ãº§4�ìøÍ�â
s� y��y�� R,S�� ���.

ëß�{9� |z| < Rs��¦ |z| < Ss����
∑

n anznõ�
∑

n bnzns� Ãº§4��Ù¼�Ð ¿º

"4�/åLÃº_� ½+Ë

∑
n

(an + bn)zn =
∑

n

anzn +
∑

n

bnzn (3)

s� Ãº§4�ô�Ç��. ·ú¡Ü¼�Ð z�́Ãº|9�½+Ë A\� @/�#� minAü< max A��H y��y�� z�́

Ãº|9�½+Ë A_� þj�è°úכõ� þj@/°ú̀�כ¦ ����?/l��Ð ô�Ç��.

'Ö<<K 2.2.7. 0A �©�S!�\�"f R 6= Ss��� ���. ëß�{9� min{R, S} < |z| <
max{R, S}s���� /åLÃº (3)�Ér µ1Ïíß��<Ê�̀¦ �Ð#���.
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s�]j "4�/åLÃº_� Y�L�̀¦ #Qb�G>� &ñ
_����H ��s	כ a%~�̀¦t� ¶ú�(R�Ð��. ���½Ó

d��_� Y�L�l�\�¦ %i�¿º\� é�H����� ��6£§( ∞∑
n=0

anzn

)( ∞∑
n=0

bnzn

)
= (a0 + a1z + a2z

2 + · · · )(b0 + b1z + b2z
2 + · · · )

= (a0b0) + (a0b1 + a1b0)z + (a2b0 + a1b1 + a0b2)z2 + · · ·

=
∞∑

n=0

(
n∑

k=0

akbn−k

)
zn

õ�°ú s�&ñ
_����H�s������Û¼XO���.s�M:,"4�/åLÃº	כ
∞∑

n=0

(
n∑

k=0

akbn−k

)
zn

_� Ãº§4� #�ÂÒ\�¦ ¶ú�(R�Ðl� 0A�#� ��6£§s� ¹כ��9���.

y¢�ÔÛXNËP� 2.2.3. �� ¬£
∑

n an = A�� �}B60¬£&9��z�,
∑

n bn = BT���

���. T� CI,

cn = a0bn + a1bn−1 + · · ·+ an−1b1 + anb0, n = 0, 1, 2, . . .

�� +ä�q���̂@ �� ¬£
∑

n cnª�< AB }¹ ¬£&9�Â6Ò��.

7£x"î
: y��/åLÃº
∑

an,
∑

bn,
∑

cn_�ÂÒì�r½+Ë_�Ãº\P��̀¦y��y�� 〈An〉, 〈Bn〉,
〈Cn〉s��� ¿º�¦,

Bn −B = βn, γn = a0βn + a1βn−1 + · · ·+ anβ0, n = 1, 2, . . .

�Ð ����?/���,

Cn = a0b0 + (a0b1 + a1b0) + · · ·+ (a0bn + · · ·+ anb0)

= a0Bn + a1Bn−1 + · · ·+ anB0

= a0(B + βn) + a1(B + βn−1) + · · ·+ an(B + β0)

= AnB + a0βn + a1βn−1 + · · ·+ anβ0 = AnB + γn
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s� �)a��. s�]j limn AnB = ABs�Ù¼�Ð limn γn = 0e���̀¦ �Ðs���� �)a��.

e��_�_� �ª�Ãº ε > 0s� ÅÒ#Q&���̀¦ M:, n ≥ N =⇒ |βn| < ε �̀¦ ëß�7á¤���H

�����Ãº N �̀¦ ú̧��̀¦ Ãº e����. ëß�{9� n ≥ N s����

|γn| ≤ |β0an + · · ·+ βNan−N |+ |βN+1an−N−1 + · · ·+ βna0|

≤ |β0an + · · ·+ βNan−N |+ ε
∑

n |an|

�̀¦ %3���H��. s�]j, N �̀¦ �¦&ñ
��¦ n →∞\�¦ 2[����

0 ≤ lim
n→∞

|γn| ≤ ε
∑

n |an|

s� ÷&#Q"f limn γn = 0e���̀¦ ·ú� Ãº e����. �

��6£§ &ñ
o���H �̧¹¡§&ñ
o� 2.2.3Ü¼�ÐÂÒ'� ���Ð ���:r��.

XNËP� 2.2.4. '9��� ¬£
∑

n anznÜï
∑

n bnznq� ¬£&9�ºÿ�#Ü�T� ~��~�� R,S T�

�� ���. ¹ÿ�G�B |z| < min{R,S}T��̂@ '9��� ¬£
∞∑

n=0

(
n∑

k=0

akbn−k

)
znT� �}B

60¬£&9��z� �ûB��̧

∞∑
n=0

(
n∑

k=0

akbn−k

)
zn =

( ∞∑
n=0

anzn

)( ∞∑
n=0

bnzn

)

T� )ç��·Â6Ò��.

|ºM� 3. "4�/åLÃº
∑

n zn_� Ãº§4�ìøÍ�â
s� 1e���Ér ���Ð SX�����)a��. z�́]j�Ð

s���H 1pxq�/åLÃºs�Ù¼�Ð

∞∑
n=0

zn =
1

1− z
, |z| < 1 (4)

s� $í
wn��<Ê�̀¦ ·ú��¦ e����. ����"f,

1 + 2z + 3z2 + 4z3 + · · · = 1
(1− z)2

, |z| < 1

e���̀¦ ·ú� Ãº e����. �
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'Ö<<K 2.2.8. "4�/åLÃº
∑

n anzn_� Ãº§4�ìøÍ�â
s� R > 0{9� M:, ��6£§ "4�/åLÃº_� Ãº
§4�ìøÍ�â
�̀¦ ½̈�#���.

(��)

∞∑
n=0

anz2n (��)

∞∑
n=0

a2
nzn (��)

∞∑
n=0

annkzn

(��)

∞∑
n=1

an

nk
zn (��)

∞∑
n=0

ak
nzn (��)

∞∑
n=0

an

n!
zn

(��)

∞∑
n=0

ann!zn

2.3. �ï\ÔöÁþ�ÊÁ

4�¤�èÃº α ∈ Cü< �ª�Ãº r > 0\� @/�#�

D(α, r) = {z ∈ C : |z − α| < r},

D(α, r) = {z ∈ C : |z − α| ≤ r}

�� &ñ
_�ô�Ç��. �Ð:�x D(α, r)��H �~x)>	4wHÁ6Òs��� ÂÒØÔ�¦, D(α, r)��H 4wHÁ6Òs�

�� ÂÒ�Ér��. "4�/åLÃº (2)_� Ãº§4�ìøÍ�â
s� R > 0s���� |9�½+Ë D(0, R)\�"f &ñ


_��)a 4�¤�è�<ÊÃº

f(z) =
∞∑

n=0

anzn, z ∈ D(0, R)

\�¦Òqty��½+ÉÃºe����.s�]X�\�"f��Hs�ü<°ú s�&ñ
_�÷&��HY>���t��<ÊÃº\�¦¶ú�

(R�:r��.

���$�, "4�/åLÃº
∞∑

n=0

1
n!

zn

\�¦ Òqty�����. Õª�Q���

1
(n + 1)!

1
n!

=
1

n + 1
→ 0
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s�Ù¼�Ð Ãº§4�ìøÍ�â
�Ér ∞s���. ����"f, 0A "4�/åLÃº��H 4�¤�èî̈
��� ����̂\�"f

&ñ
_��)a 4�¤�è�<ÊÃº���X<, s�\�¦ ez
<�Ê�Ér exp z�� ��H��. 7£¤,

ez =
∞∑

n=0

1
n!

zn = 1 +
1
1!

z +
1
2!

z2 + · · ·+ 1
n!

zn + · · · (5)

s���.ëß�{9�s��<ÊÃº\�¦z�́Ãº»¡¤\�]jô�Ç���� ex =
∞∑

n=0

1
n!

xns�Ù¼�ÐÄºo���

ú̧� ����H t�Ãº�<ÊÃºü< {9�u�ô�Ç��. )�Ãº»¡¤\�"f s� �<ÊÃº_� °úכs� #Qb�G>� ÷&

��H�� ·ú����Ðl� 0A�#� &ñ
o� 2.1.1 �̀¦ &h�6 x�#� >�íß�����, e��_�_� y ∈ R

\� @/�#�

eiy = 1 +
1
1!

(iy) +
1
2!

(iy)2 +
1
3!

(iy)3 + · · ·+ 1
n!

(iy)n + · · ·

=
(

1− 1
2!

y2 + · · ·+ (−1)n

(2n)!
y2n + · · ·

)
+ i

(
y − 1

3!
y3 + · · ·+ (−1)n

(2n + 1)!
y2n+1 + · · ·

)
= cos y + i sin y

(6)

e���̀¦ ·ú� Ãº e����. :£¤y�, y = π\�¦ @/{9����� 1pxd��

eiπ + 1 = 0 (7)

�̀¦ %3���H��.(6)

(6) 1pxd�� (7)�Ér �¡G�B�_ �ûB��̧s��� Ô�¦o�î�r��. ¼#�y� {9��̀¦ Ãº e����H Ãº�<Æú̧�t� ×�æ_� ������
The Mathematical Intelligencer��H 1lq��[þt�̀¦ �©�@/�Ð Ãº�<Æ_� #QÖ¼ &ñ
o��� ���©� ��
2£§��î�r��\� @/�#� [O�ë�H�̧��\�¦ ô�Ç �� e����HX<, s� 1pxd��s� 'Í	P:\�¦ 	�t��%i���. ÑütP:
��H ��y��+þA_� =�Gt�&h�, �̧"fo�, ���_� >hÃº\� �'aô�Ç �̧{9��Q /BNd�� V + F = E + 2, !Ó	P:
��H �èÃº�� Áºô�Çy� ú́§����H &ñ
o�, �Å	P:��H &ñ
������̂�� ��$Á	 >h e������H &ñ
o��� ���&ñ
÷&
%3�Ü¼ 9, ��$Á	���P:\� %i�r� �̧{9��Q�� µ1Ï|
�ô�Ç ��6£§ 1pxd��

∞∑
n=1

1

n2
=

π2

6
(8)

s� ���&ñ
÷&%3���. ��6£§ l��� [D. Wells, Are these the most beautiful?, Math. Intel-
ligencer Vol. 12, No. 3 (1990), pp. 37- 41]\�¦ �ÃÐ�̧���. 1pxd�� (8)\� �'aô�Ç ���½Ó�Ér
5.4]X�õ� ���_þvë�H]j 5.5.16 x9� �ÃÐ�¦ë�H��³ [2], 4�©�õ� 9�©��̀¦ �ÃÐ�̧���.

Leonhard Euler (1707∼1783), Û¼0AÛ¼ I�Òqt_� Ãº�<Æ��. ÅÒ�Ð �©�àÔ�̀_�ØÔÂÒØÔß¼ü<
Z�\�¦�2;\�"f �Ö̧1lx�%i���. Gaussü< �8Ô�¦#Q %i����©� þj�¦_� Ãº�<Æ���Ð {9�(��#Q�����. ëß�
�̧�\� �ª�Aá¤ è�H�̀¦ �̧¿º {9�%3���.
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ô�Ç¼#� e��_�_� z�́Ãº y ∈ R\� @/�#� e−iy = cos y − i sin ys�Ù¼�Ð

cos y =
eiy + e−iy

2
, sin y =

eiy − e−iy

2i
, y ∈ R (9)

�� $í
wn�ô�Ç��. ����"f, 4�¤�è�<ÊÃº cos zü< sin z\�¦ ��6£§

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
, z ∈ C (10)

õ� °ú s� &ñ
_�ô�Ç��. Õª�Q���

cos z =
1
2

∞∑
n=0

1
n!

(iz)n +
1
2

∞∑
n=0

1
n!

(−iz)n

=
∞∑

n=0

1
n!

1 + (−1)n

2
in zn

= 1− 1
2!

z2 + · · ·+ (−1)n

(2n)!
z2n + · · ·

(11)

s� $í
wn�ô�Ç��. ��ðøÍ��t��Ð

sin z = z − 1
3!

z3 + · · ·+ (−1)n

(2n + 1)!
z2n+1 + · · · (12)

s���.

'Ö<<K 2.3.1. 1pxd�� (12)\�¦ 7£x"î
�#���.

'Ö<<K 2.3.2. 1pxd�� (11) x9� (12)\� ���̧��H "4�/åLÃº_� Ãº§4�ìøÍ�â
�̀¦ ½̈�#���.

Óüt�:r �� Qt� ���y���<ÊÃº�̧

tan z =
sin z

cos z
= i

eiz + e−iz

eiz − e−iz
, cot z =

1
tan z

1pxõ� °ú s� &ñ
_�ô�Ç��.

s�]j, �̧¹¡§&ñ
o� 2.2.3 �̀¦ s�6 x���� t�ÃºZO�gË:

ez+w = ezew, z, w ∈ C (13)
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�̀¦ ���Ð 7£x"î
½+É Ãº e����. e��_�_� z, w ∈ C\� @/�#� /åLÃº
∑

n

1
n!

znõ�∑
n

1
n!

wns� ]X�@/Ãº§4��Ù¼�Ð,

ezew =

( ∞∑
n=0

1
n!

zn

)( ∞∑
n=0

1
n!

wn

)

=
∞∑

n=0

(
n∑

k=0

zk

k!
wn−k

(n− k)!

)

=
∞∑

n=0

1
n!

(
n∑

k=0

n!
k!(n− k)!

zkwn−k

)

=
∞∑

n=0

1
n!

(z + w)n = ez+w

e���̀¦ ·ú� Ãº e����. 1pxd�� (13)�Ér t�Ãº�<ÊÃºü< ���y���<ÊÃº_� $í
|9��̀¦ ·ú����Ð

��H X<\� Ùþ�d��&h���� %i�½+É�̀¦ ô�Ç��. \V\�¦ [þt#Q"f �¦1px�<Æ�§\�"f C�î�r 1pxd��

sin
(
z +

π

2

)
= cos z��H ��6£§

sin
(
z +

π

2

)
=

1
2i

(
ei(z+π/2) − e−i(z+π/2)

)
=

1
2i

(
eizeiπ/2 − e−ize−iπ/2

)
=

1
2i

(
ieiz − (−i)e−iz

)
=

1
2
(
eiz + e−iz

)
= cos z

õ� °ú s� 7£x"î
�)a��.

'Ö<<K 2.3.3. ��6£§ 1pxd���̀¦ 7£x"î
�#���.

(��) sin2 z + cos2 z = 1
(��) sin(z + w) = sin z cos w + cos z sin w
(��) cos(z + w) = cos z cos w − sin z sin w

s�]j 1pxd�� (13) �̀¦ s�6 x�#� t�Ãº�<ÊÃº_� $í
|9�[þt�̀¦ ¶ú�(R�Ð��. Äº���

ex+iy = exeiy = ex(cos y + i sin y), x, y ∈ R
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s�Ù¼�Ð, 4�¤�è�<ÊÃº w = ez�� #Q*�ô�Ç ���8̈����t� {9� Ãº e����. 7£¤,

|ez| = eRe z, arg ez = Im z (14)

�Ð"f, ez_� ]X�@/°úכ�Ér zz�́ÃºÂÒ\� _��#� ���&ñ
÷& 9 ez_� ¼#�y���Ér ���Ð z

_� )�ÃºÂÒs���. ����"f, z-î̈
���_� Ãºî̈
����Ér w-î̈
���\�"f y���̧\�¦ ³ðr��

��HìøÍf����� (éß�,"é¶&h��Ér]jü@)s�÷& 9, z-î̈
���_�Ãºf������Ér w-î̈
���_�"é¶s�

�)a��.���²DG���8̈� w = ez
��Hçß����s� 2π���Ãºî̈
{� {z : −π < Im z ≤ π}\�¦

½̈"í
èß� î̈
��� C \ {0}Ü¼�Ð �Ð?/��H ���éß����<ÊÃºs���. :£¤y�, ~½Ó&ñ
d�� ez = 0

�Ér K�\�¦ ��t�t� ·ú§��H��. Óüt�:r, z-î̈
���\�"f Ãºf��Ü¼�Ð 2π\�¦ s�1lxK��̧ Õª

�©��Ér ����t� ·ú§��H��.

z ww = ez
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'Ö<<K 2.3.4. ��6£§d���̀¦ ëß�7á¤���H 4�¤�èÃº z_� °ú̀�כ¦ �̧¿º ½̈�#���.

(��) e3z = 1 (��) ez2
= 1 (��) eez

= 1

'Ö<<K 2.3.5. ���8̈� w = ez \� _�ô�Ç ��6£§ |9�½+Ë_� �©��̀¦ ½̈�#���.

(��) −5 ≤ x ≤ 5, y =
π

4
(��) x = 3, −π

2
< y <

π

2

(��) −2 < x < 2, 0 < y < π (��) x < 2, −π

3
< y <

2π

3

'Ö<<K 2.3.6. ~½Ó&ñ
d�� cos z = 0_� K�\�¦ �̧¿º ½̈�#���.

'Ö<<K 2.3.7. f����� Re z = 0s� ���8̈� w = cos z\� _��#� #Q�"� �̧+þAÜ¼�Ð ��7
��Ht� ¶ú�(R�Ð����.
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t�Ãº�<ÊÃº_� %i��<ÊÃº��� �ÐÕª�<ÊÃº\�¦ &ñ
_��#� �Ð��. Äº��� �'a>�d�� (14)

\�¦ �¦�9���� �ÐÕª�<ÊÃº\�¦ ��6£§

log z = log |z|+ i arg z, z 6= 0

õ� °ú s� &ñ
_����� �)a��. Õª���X< #�l�"f arg z�� 2π_� C�Ãº\�¦ �8ô�Ç °úכ

�̀¦ �̧¿º 2[�Ù¼�Ð z 7→ arg z��H �Ð:�x _�p�_� �<ÊÃº�� ��m���. Õª�Q��, ÅÒ

¼#�y�� Arg z\�¦ ��6 x�#�

Log z = log |z|+ iArg z, z 6= 0 (15)

�� &ñ
_����� w = Log z��H ½̈"í
èß� î̈
����̀¦ Ãºî̈
{� {z : −π < Im z ≤ π}
�Ð �Ð?/��H {9�@/{9�@/6£x �<ÊÃº�� �)a��.

'Ö<<K 2.3.8. �ÐÕª�<ÊÃºü< t�Ãº�<ÊÃº�� "f�Ð %i��<ÊÃº�'a>�e���̀¦ �Ð#���.

'Ö<<K 2.3.9. ��6£§ °ú̀�כ¦ �̧¿º ½̈�#���
(��) log(−1) (��) log(3− 2i) (��) log i

#�l�"f ô�Ç ��t� Ä»_�½+É &h�Ü¼�Ð log(ez) 6= zs�����H �.���s	כ z�́]j�Ð

>�íß��#� �Ð���

log(ez) = log |ez|+ i arg(ez)

= Re z + i(Im z + 2nπ) = z + 2nπi, n = 0,±1,±2, . . .

s���.

�ÐÕª�<ÊÃº\�¦ s�6 x���� �����Û¼YU 4�¤�èÃº_� t�Ãº\�¦ &ñ
_�½+É Ãº e����.

s�p� z�́Ãº\�"f ·ú��¦ e����H /BNd�� ab = eb log as�6 x�#�, e��_�_� 4�¤�èÃº

α, β ∈ C\� @/�#�

αβ = eβ log α

�� &ñ
_�ô�Ç��.

|ºM� 1. \V\�¦ [þt#Q"f log i = log |i| + i arg i = i
(π

2
+ 2nπ

)
s���. ��

��"f

i1/2 = e(1/2) log i = eπi/4+nπi = eπi/4enπi = eπi/4(±1) = ±1 + i√
2
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���X<, s� ¿º 4�¤�èÃº��H Óüt�:r ~½Ó&ñ
d�� z2 = i_� ��Hs���. t�Ãº\� 4�¤�èÃº��

[þt#Q����H �â
Äº\���H B�Äº �̧d��K��� ô�Ç��. \V\�¦ [þt#Q"f,

1i = ei log 1 = ei·2nπi = e−2nπ, n = 0,±1,±, 2

s���. Óüt�:r n = 0��� �â
Äº, 0A °úכ�Ér 1s���. ¢̧ô�Ç

1
√

2 = e
√

2 log 1 = e2
√

2nπi = cos 2
√

2nπ + i sin 2
√

2nπ

s���. �

'Ö<<K 2.3.10. ��6£§ °ú̀�כ¦ �̧¿º ½̈�#���.

(��) 2i (��) ii (��) i3 (��) log(1− i)i

(��) (πi)e (��) (2i)i (��) log(1+ i)πi

e��_�_� �����Ãº n ∈ Nõ� 4�¤�èÃº z ∈ C\� @/�#� nz = ezLogn�Ð &ñ


_�����

|nz| = |ezLog n| = eRe z log n = nRe z (16)

s���. ëß�{9� Re z > 1s���� /åLÃº
∑

n

1
nRe z

�� Ãº§4��Ù¼�Ð q��§óøÍ&ñ
ZO�\�

_��#� /åLÃº
∑

n

1
nz
�̧ Ãº§4�ô�Ç��. s�ü< °ú s� %ò
%i� {z : Re z > 1} 0A\�

"f &ñ
_��)a ��6£§ �<ÊÃº

ζ(z) =
∞∑

n=1

1
nz

, Re z > 1

\�¦ P�¹ÿ�<K���ÈÕ¬£�� ô�Ç��.

2.4. ¥o>¢æ¹%K�V�

2.4.1. 4�¤�èÃº\P� 〈αn〉\� �'aô�Ç ��6£§ "î
]j

αn → α ⇐⇒ |αn| → |α|, Arg αn → Arg α

�� $í
wn����Ht� ¶ú�(R�Ð����. ëß�{9� $í
wn��t� ·ú§��H����� #Q�"� ��&ñ
�̀¦ ÆÒ���#���
$í
wn����H�� ¶ú�(R�Ð����.

2.4.2. 4�¤�è/åLÃº
∞∑

n=0

an�� Ãº§4�ô�Ç���¦ ��&ñ
���.
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(��) �¦&ñ
�)a z�́Ãº θ0 <
π

2
\� @/�#� ��6£§

|Arg an| ≤ θ0, n = 0, 1, 2, . . .

s� $í
wn����� s� /åLÃº��H ]X�@/Ãº§4��<Ê�̀¦ �Ð#���.
(��) �¦&ñ
�)a z�́Ãº ε0 > 0\� @/�#� ��6£§

Re an ≥ ε0, n = 0, 1, 2, . . .

s� $í
wn����� s� /åLÃº��H ]X�@/Ãº§4��<Ê�̀¦ �Ð#���.

2.4.3. t�èß� 2.2]X�_� 1pxd�� (4)\�¦ l�%3����.

(��) e��_�_� �����Ãº n, p = 1, 2, . . . \� @/�#� ��6£§ 1pxd��

1 + p +
p(p + 1)

2!
+ · · ·+ p(p + 1) · · · (p + n− 1)

n!

=
(p + 1) · · · (p + n)

n!

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) e��_�_� p = 1, 2, . . . \� @/�#� 1pxd��

1

(1− z)p
=

∞∑
n=0

(
p + n− 1

n

)
zn, |z| < 1

s� $í
wn��<Ê�̀¦ �Ð#���.
(��) e��_�_� �����Ãº n, p, q = 1, 2, . . . \� @/�#� ��6£§ 1pxd��

n∑
`=0

(
p + ` + 1

`

) (
q + n + `− 1

n− `

)
=

(
p + q + n + 1

n

)
s� $í
wn��<Ê�̀¦ �Ð#���.

2.4.4. �¦&ñ
�)a ¿º z�́Ãº α, β ∈ R\� @/�#� Ãº\P� 〈an〉 �̀¦ ��6£§

a0 = 0, a1 = 1, an = αan−1 + βan−2, n = 2, 3, . . .

õ� °ú s� &ñ
_���¦, "4�/åLÃº
∞∑

n=0

anzn

\�¦ Òqty�����.
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(��) γ = max

{
|α|, |β|, 1

2

}
�� ¿º%3��̀¦ M:, e��_�_� �����Ãº n = 1, 2, . . . \� @/

�#� |an| ≤ (2γ)n−1s� $í
wn��<Ê�̀¦ �Ð#���. s� "4�/åLÃº_� Ãº§4�ìøÍ�â
 rs� �ª�
Ãºe���̀¦ �Ð#���.

(��) ��6£§ 1pxd��
∞∑

n=0

anzn =
z

1− αz − βz2
, |z| < r

s� $í
wn��<Ê�̀¦ �Ð#���.

(��) ~½Ó&ñ
d�� 1 − αx − βx2 = 0_� ¿º ��Hs� p, q{9� M:, �<ÊÃº
z

1− αz − βz2
_�

"4�/åLÃº���>h\�¦ ½̈��¦, s�\�¦ s�6 x�#� an �̀¦ p, q_� d��Ü¼�Ð ����?/#Q��.
=åQÜ¼�Ð, r = min{|p|, |q|}e���̀¦ �Ð#���.

2.4.5. "4�/åLÃº
∞∑

n=1

(−1)n

n
zn(n+1)

_� Ãº§4�ìøÍ�â
s� 1e���̀¦ �Ð#���.(7) s� /åLÃº��

z = ±1,±i{9� M: Ãº§4����Ht� ¶ú�(R�Ð����.

2.4.6. 4�¤�èÃº\P� 〈an〉õ� 〈bn〉\� @/�#� An =

n∑
k=1

aks��� &ñ
_����.

(��) ��6£§ 1pxd��
n∑

k=1

akbk = Anbn+1 −
n∑

k=1

Ak(bk+1 − bk)

�̀¦ 7£x"î
�#���.
(��) ëß�{9�

∑
n an_� ÂÒì�r½+ËÃº\P� 〈An〉s� Ä»>�s��¦, Ãº\P� 〈bn〉s� éß��̧y���è�

���"f 0Ü¼�Ð Ãº§4�����
∑

n anbns� Ãº§4��<Ê�̀¦ �Ð#���.(8)

(��) /åLÃº

∞∑
n=1

1

n
zn
s� éß�0A"é¶ |z| = 1 (éß�, z 6= 1) 0A\�"f Ãº§4��<Ê�̀¦ 7£x"î
�

#���.(9)

2.4.7. "4�/åLÃº
∞∑

n=1

1

4n
z4n
�� z = ±1,±i\�"f µ1Ïíß��<Ê�̀¦ �Ð#���. ¢̧ô�Ç, |z| = 1

s���� z = ±1,±i �̀¦ ]jü@ô�Ç &h�\�"f s� /åLÃº�� Ãº§4��<Ê�̀¦ �Ð#���.

2.4.8. y�� n = 1, 2, . . . \� @/�#� an > 0��� /åLÃº
∑

an�� ÅÒ#Q4R e����.

(7) s� "4�/åLÃº\�"f n���P: >�Ãº��
(−1)n

n
s� ��_���̀¦ Ä»_�K��� ô�Ç��.

(8) s�\�¦ O�P�Ê��×¹× Á6Ò+ä�(«s��� ÂÒ�Ér��.

Johann Peter Gustav Lejeune Dirichlet (1805∼1859), 1lq{9� Ãº�<Æ��. ��o� Ä»�<Æ Êê
\� 1826 �̧�\� 1lq{9��Ð [�t��ü< ÅÒ�Ð Z�\�¦�2;\�"f �Ö̧1lx����� º¡¤l� 4�̧� ��� Gauss_� Êê
e��Ü¼�Ð Göttingen\� �ícç
÷&%3���.

(9) s� /åLÃº_� Ãº§4�°úכ�Ér ���_þvë�H]j 3.4.12\�¦ �ÃÐ�̧���.
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(��) β < −1s��¦, Ø�æì�ry� 	�H �̧��H n\� @/�#� n

(
an+1

an
− 1

)
< βs���� ��

6£§ ÂÒ1pxd��

an <

(
− 1

β + 1

)
· [(n + 1)an − nan+1]

s� $í
wn��<Ê�̀¦ �Ðs��¦,
∑

ans� Ãº§4��<Ê�̀¦ �Ð#���. [�̧¹¡§ú́�: éß��̧y���è���H
�ª�Ãº\P��Ér Ãº§4�ô�Ç��.]

(��) Ø�æì�ry� 	�H �̧��H n\� @/�#� n

(
an+1

an
− 1

)
≥ −1s� $í
wn�����

∑
ans�

µ1Ïíß��<Ê�̀¦ �Ð#���.

(��) �FGô�Ç°úכ lim
n→∞

n

(
an+1

an
− 1

)
= α�� �>rF�ô�Ç���¦ ���. s� M:, α < −1s�

���

∑
ans� Ãº§4���¦, α > −1s����

∑
ans� µ1Ïíß��<Ê�̀¦ �Ð#���.

(��) "4�/åLÃº Bα(z) =

∞∑
n=0

(
α
n

)
zn
��H |z| = 1\�"f Re α > 0s���� ]X�@/Ãº§4��

�¦ Re α ≤ 0s���� ]X�@/Ãº§4��t� ·ú§6£§�̀¦ �Ð#���.

(��) "4�/åLÃº Bα(z) =

∞∑
n=0

(
α
n

)
zn
��H |z| = 1\�"f Re α ≤ −1s���� µ1Ïíß��<Ê�̀¦

�Ð#���.(10)

2.4.9. ��6£§ 1pxd��

11/2 + 11/2 = 2 · 11/2

s� �ÃÐ���t� ��f±	���t� ¶ú�(R�Ð����.

2.4.10. �<ÊÃº w = cos z�� ìøÍf����� {z : Arg z = θ} 0A\�"f Ä»>��<ÊÃº{9� θ_� �̧
|	��̀¦ ½̈�#���.

2.4.11. ��6£§ 1pxd��

log zw = log z + log w

\� @/�#� �7H�#���.

2.4.12. 4�¤�èÃº αβ \� @/�#� ��6£§�̀¦ 7£x"î
�#���.

(��) ëß�{9� β�� &ñ
Ãºs���� αβ _� °úכ�Ér &ñ
SX�y� ô�Ç >hs��¦, s���H l��>r_� t�Ãºü<
{9�u�ô�Ç��.

(��) ëß�{9� β�� Ä»o�Ãºs��¦ β =
m

n
(éß�, mõ� ns� "f�Ð �è��� &ñ
Ãºs��¦ n 6= 0)

s���� αβ _� °úכ�Ér n>hs� 9, Õª��Ér	כ �̧¿º ~½Ó&ñ
d�� zn = αm_� ��Hs���.
(��) �� Qt� �â
Äº\���H αβ _� °úכs� ÁºÃºy� ú́§s� �>rF�ô�Ç��.

(10) ëß�{9� −1 < Re α ≤ 0s���� s��½Ó/åLÃº Bα(z)��H z = −1{9� M: µ1Ïíß���¦, Õª ü@_�
|z| = 1\�"f Ãº§4�ô�Ç��. �ÃÐ�¦ë�H��³ [14], 8�©� 55]X� �ÃÐ�̧���.
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2.4.13. ëß�{9� /åLÃº
∞∑

n=1

αn

ns
�� Ãº§4�����, Re z > s��� e��_�_� z\� @/�#� /åLÃº

∞∑
n=1

αn

nz
�� Ãº§4��<Ê�̀¦ �Ð#���.


