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ABSTRACT. Let A be a finite dimensional commutative semisimple algebra over a
field £ and let V be a finitely generated A-module. We examine the action of the
general linear group GL 4 (V') on the set of flags of k-subspaces of V. Also, let (V, B)
be a finitely generated symplectic module over A. We also investigate the action
of the symplectic group Spa(V, B) on the set of flags of B’-isotropic k-subspaces of
V, where B’ = ¢ o B is the k-symplectic form induced by a nonzero k-linear map
¢ : A — k. In both cases, the orbits are completely classified in terms of certain
integer invariants provided that dim; A = 2.

1. Introduction

In [4,7], the first author and Patrick Rabau studied the action on Grassmannians
of products of general linear groups defined over extension fields of the base field.

These results were used [5,8] by the same authors to understand the analogous
problem for products of symplectic groups acting on isotropic subspaces.

The present paper is a natural extension of the above mentioned works, i.e.,
considered are the actions of products of general linear groups and of symplectic
groups over extension fields of the base field on flags of subspaces and of isotropic
subspaces over the same base field in the respective cases (rather than just a single
subspace or a single isotropic subspace).

More precisely, let A be a finite-dimensional commutative semisimple algebra
over a field k, V a finitely generated A-module. Letting FLAG(V, k) denote the
set of all flags of k-subspaces of V, we consider the natural action of the group
GLA(V) on FLAG(V,k). Put FLAG,,....m,(V,k) for the set of all flags (W;)!}
of k-subspaces of V' with dimy W; =mq +---+m; (i =1,...,1), where 1 <[ € Z,
my,...,m; € N (see, section 2).

For the Theorems A and B below, assume that £ is infinite and V is a faithful
A-module.
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Theorem A. If dimi A =2, i.e., A is a quadratic extension field of k or A = kxk,
then the number of orbits for the action of GLA(V) on FLAG,,,...m,(V, k) is finite
and independent of the fields for every choice of 1 < | € Z and of nonnegative

mtegers my, ..., my.

Let k, A be as before. Let (V, B) be a finitely generated A-module together with
a nondegenerate A-valued symplectic form B on V. For a fixed nonzero k-linear
functional ¢ : A — k, we form the k-valued symplectic form B’ = ¢ o B and look
at the action of the group Spa(V, B) on FLAG(V, B’) of the set of all flags of B’-
isotropic k-subspaces of V. Put FLAG,,, ....m,(V, B) for the set of all flags (W;)!X}
of B’-isotropic k-subspaces of V' with dimy W; = my+---+m; (i =1,...,1), where
1<leZ, my,...,m; €N (see, section 2).

Theorem B. Ifdimy A = 2, then the number of orbits for the action of Spa(V, B)
on FLAG ... .m,(V,B’) is finite and independent of the fields for every choice of

1 <1 € Z and of nonnegative integers my,...,my.

.....

Theorems A and B follow respectively from the results in sections 4,5 and 6,7.
When dimi A = 2, the orbits are actually classified in terms of certain integer
invariants, which allows one to determine the precise structure of orbits, to compute
the exact number of orbits (at least in principle), and to give typical representatives
for each orbit.

In group theoretic terminology, this problem amounts to looking at the dou-
ble coset spaces P\GLy(V)/GLA(V) and P\Spx(V,B’)/Spa(V, B), where P’s are
parabolic subgroups of the middle groups. These double coset spaces have nice
applications to the theory of automorphic forms. Indeed, in 1985 Garrett found an
integral representation of the so called Rankin triple product L-functions by con-
sidering P\Sp(6, k)/Sp(2, k) x Sp(2, k) x Sp(2, k), where P is a ‘bottom’ maximal
parabolic subgroup of Sp(6, k) (see, [2,6]). Also, see [1,3] for the general formal-
ism about how these double coset space considerations can be used to construct
automorphic L-functions. The present extension of previous works allows one to
consider Eisenstein series attached not only to a maximal parabolic subgroup but

also to any parabolic subgroup.



2. Notations and the statement of the problem

The following general notations will be used. The submodule of an R-module U
generated by a subset S is written RS, or (vy,...,v,)g if S ={v1,...,v,}. N will
be used to denote the set of nonnegative integers.

(a) General linear case

Let k£ be a field, A = ky x- - - xk,, a finite dimensional commutative semisimple k-
algebra, where each k;/k is a finite extension of fields. The primitive idempotents
of A will be denoted by e; = (0,...,0,1,0,...,0) with the 1 at the i-th place
(i=1,...,m).

Let V be a finitely generated A-module. The dimension vector of V is defined
by

dimy (V) = (dimg, e,V ..., dimg, e, V).

If m = 2, then it will also be called the bidimension of V.

By a flag (Wl)iié of k-subspaces of V' we mean a chain of k-subspaces Wy <
Wy <o < W, < Wigq of Vwith Wog =0, Wipy =V, where 1 < | < Z.
Write FLAG(V, k) for the set of all such flags and FLAG,,, . m,(V,k) for the
set of such flags (Wz)iié with dimy W; = my 4+ - +m; (i = 1,...,1), where

.....

myq,...,m; € N. Then we want to consider the action on FLAG(V, k) of the group
GLA(V)=GLg,(e1V) x -+ x GLg,, (e, V) of A-linear automorphisms of V.
Assume that [k; : k] = r;, dimy,e;V = n;, N = 3 .n;r;. Then our problem

amounts to looking at the double coset space
Poy .oy, \GL(N,Ek)/(GL(n1,k1) x -+ X GL(ny, ki)

forany 1 <l € Z, mq,...,m € Nsatisfying m;+---+m; < N. Here Pp,, .. m, is a
m (V3 k).
We collect from [4,7] some notations that will be used. Let W be a k-subspace of

parabolic subgroup of GL(N, k) leaving invariant a flag (W;)!*} € FLAG,,,

.....

V. The largest A-submodule of V' contained in W will be called the A-component
of W and written compW. For k-subspaces W7y,..., W, of V, write

W=W1&4---®a W,

if W =&, W; and AW = &,; AW;. Such a decomposition will be called a direct sum
over A.

(b) Symplectic case



Let k, k;, A, e; be as in (a). (V,B) denotes a finitely generated A-module
V together with an A-valued symplectic form B on V. Then B can be uniquely

written as, for z,y € V,

B(xz,y) = Z e;Bi(e;z, e;y)
i=1
where each B; is an k;-valued symplectic form on e;V. For each i, fix a nonzero
k-linear form ¢; : k; — k (choose ¢; = the identity if k; = k). Then (V, B’ = ¢ o B)
is a symplectic space over k, where ¢(>_ ase;) = > ¢i(ay) (a; € ki).

By a flag (W;)!%} of isotropic (= totally isotropic) k-subspaces of V we mean a
chain of k-subspaces Wy < W; <. < W; < Wyyq of V, where Wy =0, Wi =V,
and W; (i = 1,...,1) are B’-isotropic k-subspaces of V. Write FLAG(V, B’) for
the set of such flags and FLAG,,,. . m,(V,B’) for the set of such flags (W;):5
with dimp W; = mq +---+m; (i = 1,...,1). Then we also propose to investi-
gate the action on FFLAG(V, B’) of the group Spa(V, B) = Spg,(e1V,B1) X - -+ x

SPk,, (€mV, By,) of A-linear automorphisms of V' preserving the form B.

.....

Again, if we let [kj;k] = r;, dimy,e;V = 2n;, N = > n;r;, then in group

theoretic terminology our problem amounts to considering the double coset space

Py mi \SP(2N, k) /(Sp(2n1, k1) X -+ X Sp(2npm, k)

forany 1 <1l € Z, mq,...,m € Nsatisfying my +---+m; < N,where P, ., isa
m, (V, B').
The following notations in [5,8] will also be used. Orthogonality with respect to

parabolic subgroup of Sp(2N, k) leaving invariant a flag (W;) Zi(l) € FLAG,,, ...,
B and B’ will be denoted respectively by L and L'; for a vector z in V" and a subset
S C V, write for instance: LS, z1'S, S+, S+ with their obvious meaning. For

k-subspaces W, W1, ..., W, of V, write
W=Wilg--LaW,

iftW =®;4W; and Wy L--- LW,.. The B-radical of W is defined by radgW = WnN
W+, The subspace W is called B-isotropic if W = radgW. Fix a (a = 1,...,m).
A hyperbolic sequence in (e,V, B,) is a sequence vy, v}, -+ , v, v.. of vectors of e,V
satisfying B (v;,v}) = d;; and B (vi,v;) = Ba(vj,v;) = 0; if that sequence is also
a basis for e,V it is called a hyperbolic basis of (e,V, By ).

In the present research, we limit ourselves to the case of dimy A = 2, i.e., A = a

quadratic extension field of k or A =k X k.
4



3. Preliminaries

For the next two lemmas, V is a finitely generated A-module.

Lemma 3.1. Assume dimyp A = 2. For k-subspaces U,Uy,Us of V', suppose that
U=U; ®U;y. If compaU < Uy, then U =U; © 4 Us.

Proof. Theorem 4.1(c) of [7] and Lemma 4.1. of [4]. O

Lemma 3.2. (i) For any A, let Uy,Us be k-subspaces of V' with Uy < Us. Then
compa(Uy + compaUs) = compaUs.
(ii)) Assume dimy A =2. Let Uy < Uy < --- < Uy, < U be a chain of k-subspaces

of V.. Then there exists a k-subspace Y; of U; for each j such that

Uj + compaU = compaU @4 @leAYi.

Proof. (i) is immediate. By (i), every subspace U; + compsU has the same A-
component compaU for j = 1,...,m. Lemma 3.1 implies that there exists a k-
subspace Y; of U; such that Uj+comp U = (Uj_1+compaU)®aY; (j=1,...,m),
where Uy = 0. The result follows from this. [

For the following two lemmas, (V| B) is a finitely generated A-module V' together
with an A-valued symplectic form B on V. Also, B’ = ¢ o B as in section 2. They

are quoted from [8] for convenience of the reader.

Lemma 3.3. (i) Let z € V and let U be an A-submodule of V. Then x1'U <—
zlU.

(ii) For an A-submodule U of V, vt =vut. In particular, an A-submodule of
V' is B'-isotropic if and only if it is B-isotropic.

(iii) If W is an B’-isotropic k-subspace of V', then compsW is B-isotropic, i.e.,
compa W
< radgW. If W is maximal isotropic in (V, B'), then compaW = radgW = W=,



Lemma 3.4. (i) If the k-subspaces W, W1, Wy of V satisfy W = Wy LAWs, then
there exist B-nondegenerate A-submodules Uy, Uy in (V, B) such that W; < U; (i =
1,2) and Uy LU,.

(ii) Let W be an B’-isotropic k-subspace of V' and let W7 be a k-subspace of W. If
there is an B-nondegenerate A-submodule U of V' containing W1 as a mazimal B’-
isotropic subspace, then W = W1 LAY for some k-subspace Y of W (Y = WNnU*
will do).

(iii) If W is an B'-isotropic k-subspace of V', then W = compaW LAY for some
k-subspace Y of W.

4. The general linear case with A = F

In this section, F' is a quadratic extension of k£, and V' is a vector space over F
with dimp V = n.
For a flag (Wz)ii(l) of k-subspaces of V', we define the type of (Wl)iié to be the

(1 + 3)/2-tuple of nonnegative integers

type(W:)ig
= (dimF(compFWj/F(compFWj NW;_1)) (=1,...,1);
dimy (W; N comprWt1/(Wi—1 NcompprWjp1 + W; N comprWj))
(1<i<j for j=1,...,1)>.

We will write type(W;)!Xl = (r;;si;) with the understanding that

r; = dimp(comppW;/F(comprW; N W;_1)) for j =1,...,l and

Sij = lelk;(VVZ N CompFWj+1/(W¢,1 N COIIlpFWj+1 + W;N COHlpFWj))

for1<:<yg, 5=1,...,L
Remark. Note that

dlmk(WZ N COIIlpFWj_,_l/(Wi,l N compFWjH + W;N CompFWj))

= dimg(W; NcomppW;1 + comppW;/W;_1 N comprW, 11 + compprWj).



Theorem 4.1. Let (Wz)iié be a flag of k-subspaces of V', with type(Wi)éié =
(155 8i5). Then there exist F-independent vectors xj1,...,z;r,. (j = 1,...,1) and
Yijl, - Yijsy; (1 <4 <4, for j =1,...,1) in V such that each W; (1 < i <)

admits the direct sum decomposition over F
Wi = @)1 (8,21 F Y (j-1) ® X;) ®F (Bf=1F Slyey FYimj)
with

Xj = <:L‘j1, e ,ijrj>F,
Yij = (yijh s 7yij5ij>k'
Moreover, comppW,; = @321(@%_:11Fym,(j—1) ®X;).
Proof. For each fixed j (1 < j <), consider the chain W; NcomppW,11 < Wa N

comprWji1 < - < W;NcomprW;i1.
By Lemma 3.2(ii), we can find a k-subspace Y;; of W; N comprW,; such that

(1) Wi NcomppWjy1 + comprpW; = comprW,; &F &), 1 rYm;,

for i = 1,...,j7. We see that s;; = dimy Y;; by the remark before Theorem 4.1.
Moreover, for i = j (1) says that

(2) W; N comprpWji1 = comprW,; ®p @’ 17 Y < comppWjig.

m

Choose for j =0,1,...,l — 1 an F-subspace X;; of V such that

(3) comprW,11 = comppW; ® @fn:lFij @ X1

Then this implies that

(4) comppW; = @ (B, F Yo (1) @ X;).

Also, (2) and (3) show that dimp X; = r;. Next, we want to show that W, =
comprW; &F (@ézi F @Dt _1 FYm;) which together with (4) implies the desired de-

composition of each W;.



Observe that by our choice of Y;;, W; > Y,,,; (for 1 < m < i, ¢ < j <1).
Moreover, comprW,; ®&p (@ézip @in:l FYm;) is a direct sum over F, as it can be

seen from the chain

()

(Wi N comprpWiy1) + comprW; = comprW; ®F ®),—1 FYmi

IN

(Wz N COHlpFWi+2) 4+ COIIlpFWi+1 = COmpFWi+1 Dr @7;71:1Fym,(i+1)

IN

< (WincomprWiy1) + comprW; = comprW; ®r &,,—1 7 Yomi-

For i < j <, we have from (5)

(6) dimy (W; N comprW;41/W; N comprW;) = dimy, @in:lFij'

Summing up (6) over j =1i,...,l, we see that W; and comprW,; ®&p (@ézip @ 4
rYm;) have the same dimension over k and hence that they are the same. Pick a
basis xj1, ...,z -, of X; over F' and a basis y;j1, ..., ¥ijs,; of Yi; over k, and apply

[7, Theorem 4.1(c)] for the F-independence of y;;1,...,¥ijs;,;- U

The following theorem follows from the above one and can be proved just as [7,

Corollary 4.3].

Theorem 4.2. Two flags of k-subspaces of V' are in the same orbit for GLr(V)
if and only if they have the same type.

Remarks. (1) If (W;)!5} is a flag of k-subspaces of V with type (W;):55 = (r5; 545),
then

7j—1
dimg comppW,; = ZTJ+ZSm,(J 1),
7j=1 m=1
dimg W; —22 TJ+ZSm,(] 1) ‘1‘223711]7
j=t m=1
dimp FW; = ZTJ+ZSm,(] 1) +Zzsm9
j=i m=1

8



(2) From the expression for dimp F'W;, we see that an [(I+3)/2-tuple of nonneg-
ative integers (r;(j = 1,...,1);s;;(1 < i < jfor j =1,...,1)) is the type of some
flag (W;):45 of k- subspaces of V if and only if

l l 7
D it D sm
j=1 j=1m=1

(3) Let myq,...,m; be positive integers such that m; +mso+---+m; < 2n. Then

m\GL(2n,K)/GL(n, )|

77777

‘{ TJ,SZJENMH) Zr]—i—Zsm(J 1) —1—22st

J=1 =1 m=1
:ml-l—mg-i-----l—mi for zzl,...,l and

er—l—ZZSmJ_

j=1m=1

where P,,, .. m, is a parabolic subgroup of GL(2n, k) leaving invariant a flag (Wz)iié €
FLAG,. ..m,(V,E).

5. The general linear case with A =k x k

In this section, A = k x k and V is a finitely generated A-module of bidimension
(nl, n2)-
For a flag (W;)!Xl of k-subspaces of V', we define the type of (W;)!X{ to be the
(I + 5)/2-tuple of nonnegative integers
type(Wl)ii(l) = (dimk(ele N Wj/€1Wj_1 N Wj) (] = 1, Ce ,l);
dimk(BQWj N Wj/GQWj_l N Wj) (j = 1, Ce ,l);
dimy (W; N compaW,11/(W;—1 N compaWj11 + W; N comp s W; ))
(1<i<yj for j=1,...,1).

For brevity, we will write type(Wi)iié = (ay; B5; sij) with the understanding that

a; =dimg(esW; "W /es Wi nW;) for j=1,...,1,

B; = dimy(eoW; N W;/eaW,;_1 NW;) for j=1,...,1, and

si; = dimg(W; N compa W1 /(Wi—1 Ncompa W1 + W; NcompaW;))
for 1<i<yj, 7=1,...,1L



Remark. Note that

dimy (W; N compaW,i1/(Wi—1 NcompaWji1 + W; N compaW;))

=dimy (W; N compa W41 + compaW;/W;_1 N compa W11 + compWj).

Theorem 5.1. Let (W; )l+1 be a flag of k-subspaces of V' with type (W; )?’(1) =

(ej; Bj; 8i5). Then there exist k-independent vectors xgl), cee 503 (j=1,...,0); yZ(JIL .
S . 2 2) . 2 2
i<j, j=1,...,1) meﬂ/andxg.l),..., 5/8) (j=1,...,0); yfji,...,yfjgl (1<i<

J, 7=1,...,1) in eaV such that each W; (1 <i <) admits the direct sum decom-

position over A

W, = @ézl(@zn;llAYm,(jfl) b Xg(l) ©® Xg@)) Da (692':114 Brne1 AYm;)

with
1 1 1
X =@l §a)>
2 _ /.2 (2)
XJ < jl 700', JB>

1 2 1 2
Yij = (Wil + it ,yfjs)” + y§33w>

Moreover, compaW,; = @;Zl(@zn_:llAYm,(j—l) @XJQ) o X](.Q))-

Proof. As the proof of this theorem is parallel to that of Theorem 4.1, we will be
somewhat briefer. One can find for each fixed j (1 < j <)) a k-subspace Y;; of
WiNcomp 4 W41, by using Lemma 3.2(ii), such that W;Ncomp 4 W;1+compa W, =
compaW; @©a EB —1A4Ypmj, for 1 < 4 < j. Then necessarily dimyY;; = s;; by
the remark before Theorem 5.1. Since for i = j we have W; N compaW,11 =
compaW; ©a @ m 14Y; < compaW;q, we can choose for j = 0,...,l —1 an
A-submodule X, of V such that

COmpAWj+1 = COIIlpAWj D @zn:lAij D Xj_|_1.

Put X(+)1 =e1Xj+1, X](i)l = e X4 for j =0,...,0—1, so that we have the direct

sum of A-modules
(1) compa W1 = compaW; @ @f;n:lAij S X(Jr)l @ Xj(_2|_)1

This yields the stated expression for comp 4 W;. The same argument as in the proof

of Theorem 4.1 can be applied to show that for each i

(2) W; = compaW; @a (B_ja Blmy aVimj).
10

(1)
’yijsij



Applying e; to (1) with j replaced by j — 1, we get
(3) eaW; N W; = e W;oi NW_1 @ @) eV 1) @ XV

[c.f., 4, Proposition 2.5 and 2.6].
Applying ey to (2) with ¢ replaced by j — 1, we get

(4) ele 1 —ele lij 1@@(1 =j— 1@ 161Yma
Since
(5) AW =l (XY e XP) @ (8-, )1 AYmy)

from the expression for W, the intersection of (3) and (4) is
(6) €1Wj_1 N Wj = €1Wj_1 N Wj_l S¥) @‘Z;;leelym,(j_l)

and hence from (3) and (6) we have o; = dimy, X(l). Similarly, 8; = dimy, X(Q)

To finish up the proof, choose a basis a:g-ll), e ,xﬁé) of X( ), a basis acgl), e ;25)3
of Xj(.z), and a basis y;j1,...,¥ijs,; of Yi; (over k). Put e1y;ja = yz(ji, €2Yija = 3/1(32;7
fora =1,...,5;5, so that y;;, = y,fj (1 + yfj C)L Then the required k-independence of

the vectors follows from the directness of the expression for AW, in (5). O

Theorem 5.2. Two flags of k-subspaces of V' are in the same orbit for GLA(V)
if and only if they have the same type.

Remarks. (1) Let (W;)X} be a flag of k-subspaces of V with type (W;)!X} =
(Oéj; ﬁj; Sij)- Then

7

j—1 j—1
(aj + Z Sm,(i-1)s >_(Bj + Z Sm,(j—l))>7
1 — j=1 =

dim compsW; = (
J

dim, AW, = <Z aj + Z Sm,(j—1) +Z Z Smj»
j=1 = j=i m=1
l 7
Z B+ Z Sm,(j—1)) T Z 5mj)>
Jj=1 m=1 Jj=t m=1
dimkWi:Zag +6j+225m,(j 1) +Zzsm3-
j=1 Jj=i m=1

11



(2) From the above expression for dim4 AW,, we see that an [(l 4+ 5)/2-tuple
of nonnegative integers (o; (j = 1,...,0);8; (j =1,...,1);5;5(1 <i < jfor j =

1,...,1)) is the type of some flag (W; )z+1 of k- subspaces of V if and only if
l l J
SRS 3p SIS
j=1 j=1m=1
and
l I
B33y <
7j=1 j=1m=1
(3) Let mq, ma, ..., m; be positive integers such that my+mo+- - -+m; < ni+no.
Then

| Py ims.....my \GL(n1 + na, )/GL(nl,k) x GL(na, k)|

‘{ Oéjaﬁj7slj +Zzsm3<n17
1 m=1
l l J "
Zﬂj—l—ZZsmjgng, and
j=1 j=1m=1
Za3+ﬁj+225m(j 1) +ZZSmJ
j=1 j=t m=1

=mi+mg+---+m; for izl,...,l}‘.

6. The symplectic case with A = F

In this section, F'/k is a quadratic extension and (V, B) is a symplectic space of
dimension 2n over F'. Fix 0 # a € F such that ¢(a) = 0.

For a flag (Wl)iié of isotropic k-subspaces of V', we define the type of (Wl)ﬁié
to be the (I 4+ 2)-tuple of nonnegative integers

type(W:)its
= (dimF(compFWj/F(compFWj NW;_1)) (7=1,...,1);
dimy (W; N comprW;1/W;—1 NcomppW; 1 + W; N comprWj)
(1<i<j for j=1,...,1—1);
dimy, (W; N Wi /W, -1 N Wi + W, NcomprW)) (j =1,...,1);
dimy, (Wi N Wi, /Wisa "W + W, n Wik, )
1<i<l—j for j=1,...,01—-1);

1
5 dime (W5 MWL, fradp Wy +radg W) (G = 1., 1)).
12



For brevity, we will write type(Wi)gé = (r;;si:t5;pij; q5) for the above expres-
sion of the type of (W;)!1¢.
We will see in the proof of the theorem below that the last subfamily of param-

eters are indeed integers.

Remark. Note that the fourth subfamily of parameters in the above have the

following different expressions

dll’nk(WZ N WlJ;j/Wz'_l N WIJLJ‘ +W;nN WlJ;j—i—l)

l l
=dimp(W; "W+ > radpWn/Wiei NWih; + ) radgWi),
m=I[l—j+1 m=l—j+1

for1<i<l—3j,j=1,...,1—1.

The following lemma will be used freely in the proof of the following theorem.

Lemma 6.1. Let (W;)!X} € FLAG(V,B’). Put Wj = W, + radgW,, for j =
1,...,1. Then
(i) mdBWj = radgW; + radgW;.

(ii) compFWj = comprW; = comppmdBWj.

The proof of the following proposition is left to the reader [c.f., 5, proof of

Theorem 5.1 and the following remarks].

Proposition 6.2. Let W be a subspace of V. Then the followings are equivalent.
(a) W is B'-isotropic and radgW = 0.
(b) For every nonzero vector u € W, there exists av € W with B(u,v) = 1.
() W = (u1,...,up)k & {(av1,...,00.), where uy,vy,..., U, v, form a hy-
perbolic sequence in (V,B).

(d) FW is hyperbolic and contains W as a mazimal B'-isotropic subspace.

Theorem 6.3. Let (W,)iié be a flag of B’ -isotropic k-subspaces of V_ with type(Wi)éJ:’(l) =
(rj;8i5:t5:pi5.495). Then there exists a hyperbolic sequence

Tj1s Ty s Tjryy Ty, (3= 1,000,0);

Yigls Yijis -+ Yigsigs Yijs,, (L <0< forj=1,...,1—1);

215 21y 2ty 2, (3= 1,000 0);

Gig1s Gijis -+ Gijpiss Gijpy, (1 <8< 1= forj=1,...,0—-1);

hj17 ;’17"'7hjqj7h;qj (jzl,,l) m (V7B)
13



such that for 1 <¢ <1
Wi =@y ($1, 21 F Y 51y © X)) Le( L) p L Ying)
Lr(Ly rZy) Lr(LS 2 p L #Gmj)
Lp(L ) r L2 PGy ®F aGlyj)

Lp(Ljo pHj ®p oH))

with
Xj=A(xj1,...,2Tjr;)F,
Yij = (Wij1s -+ Yijsi; ko
Zi = (Zj1y- s Zjt; )k
Gij = <9z‘j1, cee 7gijpij>k7
G;j = <g;j1> e 79£jpij>k,
Hj = (hj1, - hjg; )k,
H]' = (h;l,...,h;qj>k.

Moreover,

comprW,; = @;Zl(@zn_:llFYm,(j_l) ® X)),
mdBWZ- = compFle_F(L‘ly_:tpj_:n:lemJ)
Lp( Ly Zy) Lp(L p Ll pGing).

Remark. Let W be an B’-isotropic k-subspace of V' with radgW = 0. As we saw

in Proposition 6.2, such a subspace W can be expressed as
W= (u1,...,up) Br (U1, ..., Q0 )k

for some hyperbolic sequence uy, vy, ..., u,, v, in (V, B).
As in the statement of the above theorem, such a subspace will be, without
further comment, denoted by D & aD’, with the understanding that for some

choice of hyperbolic sequence uy, vy, ..., u,, v, in (V, B) we can write
D ®paD = (uy,...,u. ) ®r (Quy, ..., av ),
D = (uy,...,u ),

aD' = {(avy,...,qv. ).

Proof of Theorem 6.3. The proof will involve a series of lemmas. We first start

with a coarse decomposition of Wj =W, +radgW; (j =1,...,10).

14



Lemma 6.4. Forj=1,...,1,

W (W ﬁW+1+TadBWl)J_FGl JJ_F(J_m — j+1FGm GF aG;n)
J—F(im 1FHm Dr OéH/)

where Gi—; < Wj, oGy, < W;, Hj,aH; < Wj for j = 1,...,1, Go = 0,
aG; =0, and
mdBWj = (Wj N WjL+1 + T’(ldBWl)J_FGl_j.

Proof. Proceed induction on j. For j = 1, choose a subspace G;_; of radgW; such
that
radBW1 = (W1 N WQJ‘ + radBWl) ® G-

Then
radpW; = (W1 N W5t 4 radpW;) LpGy_y.

Here one can apply Lemma 3.1, since compg rad BW1 = comprW; < W71 N VV2l +
radgW; by Lemma 6.1. With the notational convention of the above remark in

mind, we may write [5, Theorem 5.1]
Wi = (Wi N Wyt +radgWy) LpGio1 Lp(Hy ®p oHY)

for some Hy,aH] < Wj.
Assume that we have constructed G;—; < radgW;, aGj_;, ., < W; (oG] =
0), Hi,aH! < W, for i = 1,...,5 (j < 1 —1) so that Wy,..., W, admit the

stated decompositions. Put
R = @m - JH(Gm@aG' ) D ‘7 _(Hy, ®aH)).

Then by Lemma 3.4(ii),
W1 = RLpU

with U = Wj—!—l N RJ‘.
We can choose, as in the beginning of this proof, G;_;_; < radgWj; such that

radgU = radBWjH = (Wj+1 NW:h j+2 +radBVVl)J_FGl j—1-

radBT;VjH and G;_; are contained in U, and in addition radBWjHJ_FGl_j holds.
Here one must observe that compF(radBWjH ® G—;) = comppW; < radBI/T/jH.
Assume that G;—_; # 0, otherwise put aGg_j = 0 and find Hj+1,aHj+1 < Wit

so that U = radBUJ_F(Hj+1 Dr aH

g+1) Choose u; # 0 € G;—;. Since u; is not

15



B-orthogonal to W,1, we can choose av; € U N W41 such that B(uy,v;) = 1.
Then

Gl_j = Gl,j N (ul,am)iJ_F(ul}k
and

U > (radgULlp(ui,av), LpGi—; N <u1,owl>,i‘).

We can find by induction on dimy G;—; a subspace ozG;_j < U N Wj41 such that

U > (radBUJ_FGl_j Dr OéG;_j).
Finally, by the proof of Theorem 5.1 in [5], we may write

U= I‘adBUJ_F(Gl_j Dr OéGg_j)J_F(Hj_H Dr aHJ/'-I-l)

for some Hj 1,y < Wjpq. O
Fix j (1<j<l—-1). For1<i<][—j, choose G;; SWiﬂWlfj such that

l l
Win Wi+ ) radgWe = (Wi nWiE; + ) radgWi,) @ Gy
m=l—j+1 m=l—j+1

Then actually we have

l l

1) WinWih+ > radgWe = (Wisi NWE + Y radpW,,) LrGy
m=Il—j+1 m=l—j+1
by the same reasoning used several times before. Applying (1) repeatedly for i =
l—7,l—35—1,...,1, we see that
l l

(2) radBI/Vl_j + Z radgW,, = Z radBWmJ_FJ_é;{FGij.

m=l—j+1 m=l—j+1

Intersecting (2) with Wi_;, we get
(3) radpWi_j = Wi_; " Wi, 1 Lr L7 Gy
for j=1,...,1—1.
In turn, (3) implies that
radgW; = (W, N WﬁH + radBWl)J_FJ_‘gleGl’(l_j)

for j=1,...,1.

So we may replace each G;_; in the above lemma, since in addition we have
LiirGia—y
< radgWj, by L]_,rG; ;) without destroying it. Also, note that by (1) and
the remark before Lemma 6.1 we have

l l
dimg Gij = dimp (Wi NWiE; + Y radpWo/Wisa NWE + > radpWi,)
m=l—j+1 m=l—j+1
= Dij-

16



Lemma 6.5. W; =W, "\W; Lp L'\ p L} _ G

(4) LFLé_:%—z’-HF(J—lr;ilFij OF OéG;-)J_F(J_;ZlFHj DOF OZHJ/)

for i=1,...,1.

Proof. 1t is enough to show for ¢ =1,...,1
(5) radgWi = Wi N Wi Lp L' p Ll Gy,

as one can see by comparing (4) with the decomposition of W; obtained from the
above lemma (intersect both sides of the decomposition of W; there with W;). From

(1), for1<i<j<l—1,

l l
(6) Win Wi+ > radgW, =Y radgWin Lr L, pGoa—j).
m=j+1 j+1

From this, we have

Wi N Wity Lp Ly pGon i)

which is contained in W; N le.

Now,
(7) Wi N Wi =WinW;5 LpLll 1 rGo )
for 1 <i < j<l—1,since (6) implies that
dimg B, —1 G 1) = dimg (W N W,;H/W N WL ).
Applying (7) repeatedly for j =d,i+1,...,0 — 1, we get
radgWi = Wi "\ Wi Lp L' p L}, pGoj

fori=1,...,1 (for i =, it is trivially true). O

Next, we want to decompose each aG’; (j = 1,...,1 — 1) according to the de-

composition G; = J—i;; FGrmj. We need the following lemma for that.

17



Lemma 6.6. Forj=1,...,1 —1,

(8) G, =G, N (L2, pGy) T LrG) N GY;

Proof. Since the decomposition on the right hand side of (8) holds and
dimy, G = dimy, @ln;ilej,
it is enough to show that
dlmk(G' ( e 2FGmJ) ) = dimy, Gy

and
dimy (G’ N ij) = dimy, @l,,:iszj.

Let Y denote the hyperbolic space F(G; @ G’). In this proof, various orthogonal

complements will take place in Y. Note that

(G +GH)Y = (@)Y N FGy,
= (FG; D OéGj) N FGlj
= OéGlj.

Thus

dimy, G1; = dim Y — dimg (G} + G1;)
= dimy, Y — (dimy G + dimy, Y — 2dimy, G1; — dimg (G}, N Gy;)),

which shows that dimy (G’ N ij) = dim;, ®- 7,Gmj. The same argument applies

to the other dimensional relation. O

Lemma 6.7. With G; = J.ﬁ;ilej and for 3 =1,...,1 —1, there exists a decom-
position G’; = J_%,;i'lpG;nj so that

G EBFOZG/ m 1F(ij @FO!G )
Proof Let u; be a nonzero vector in G1;. Then we can find a vector v; € G;- N
(L e 2FGm]) such that B(uj,v1) = 1 by the above lemma. As usual, we have

Gj @F OéG; = <U1,0é’l)1>kJ_F(Gj @F O_/G;) N <U1,0é'l)1>é_,
18



of which the latter summand is
(li,;igFijLFGlj N <u1, Oé?]ﬁé‘) DF (CYG; N <u1, Oﬂ)ﬁé‘).

By proceeding induction on ¢t = dimj Gy, (temporary notation), we can choose

a basis Ug,...,us for Gi; N (u1,041)1>kL and vectors vo, ..., v; of G;- N (ul,avﬁ,ﬁ N
( e 2FGmJ) so that uq, v, ..., us, vy form a hyperbolic sequence.

Put G; = (v1,..., )k

Then

Gj ®r oG =G ©F oG Lp(G; &F aG)) N (G DF OgGij)J_7
of which the latter summand is
(L7 rGj) ®F oG N (Gr) BF aGYy) "

We get the desired result by continuing in this fashion. [J

So far we have achieved the decomposition

Wi =W n Wit Lp(L 2 p L), pGmj)

(9) 1 (J—é % 7,—|—1FJ‘ 1FGmJ Sp alGy, )L (J—éleHj ©F aH}),

fore=1,...,L

From (9), one can directly see that
W; "W, = (radgW;_ +radpgW;) LpH; ®p oH],

and hence that dimy H; = ¢;. We now want to decompose W; N I/Vll in the desired
way. Apply the Lemma 3.2(ii) to

WiNWE <Won Wit <o < W NWit =radgW,.
Then there exists a k-subspace Z; < W; N T/VlL for i =1,...,1 such that
Wi N VVlL + comprW; = compFWleLézlij.
This implies that

Wi N WlJ' = Wz N COIonWlJ_FJ_;:lp*Zj
19



and

dimy, Z; = dimg(W; N I/VlL + comprW;/W,_1 N T/VlL + compp W)
= dimy,(W; N Wi /W, _1 " Wi- + W, N comppW))
= t;.
Consider the flag W = 0 < W{' = Wi NcomppW; < --- < W/, = W1 N

comprW; < W/ = comppW; in the vector space comprW; over F'. Then we see
that

type(W;")i=o
= (dimp(comppW;/F(comprW; NW;_1)) (j=1,...,1—1);
dimy (W; N comprWj1/Wi—1 NcompprW;1 + W; N comprWj)
(1<i<jforj=1,...,01—1)) = (ry; ),
where the type is the one defined in section 4. By Theorem 4.1 there exist a F-

subspace X; of dimp X; =7; (j =1,...,1—1) and a k-subspace Y;; of dim; Y;; =
sij (1<i<jforj=1,...,1—1), of comppW;, such that fori =1,...,1—1

(10) Wi NcomppW; = @)y (@) L FYy o1y ® X;) Lp(L i p Ll pYoy).
Also, choose an F-subspace of comprW; such that
comppW; = F(compprW; N W;_1)LrX].

Then (10) also holds for ¢ = [ and dimp X; = ;. Thus we have obtained the stated
decomposition in the theorem. To complete the proof, choose F-independent vec-
tors xj1,..., 25, of X (5 = 1,...,0) 951, -, ¥ijs,; of YVij (1 <0 < jfory =
L...,l = 1);25,...,25, of Z; (j = 1,...,1), and choose hyperbolic sequences
gij17g7/;j17'"7gijpij7g7/:jpij of Gijj & Gi; (1 < i <1 —jforj=1,...,1—1)

hji, Wy, - .,hjqj,h;-qj of H; ©r Hj so that

Gij1y--- 7gijpij>k7

HJ hji, "'7hqu‘>ka

e B Ve

=

<g gLy e et 7g£jpij>k37
(

< 777945
By Lemma 3.4(i), there exist F-independent vectors xﬂ, cee :L‘;-Tj (j=1,...,0); ygﬂ, .
yz’jsij (I<i<jforj=1,...,0=1);z},... ijtj (j =1,...,1)in V so that together
with already chosen vectors in the above they form a hyperbolic sequence just as

in the statement of the theorem. The proof of Theorem 6.3 is now complete. [J
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Theorem 6.8. Two flags of B’-isotropic k-subspaces of V' are in the same orbit

for Spr(V, B) if and only if they have the same type.

Remarks. (1) Let (W; )lel be a flag of B’-isotropic k-subspaces of V' with type(Wi)éié =

(7585353 pij; g;)- Then

7j—1
dimp comppW,; = ZTJ—FZSm (j— 1))
7j=1 m=1
dimp FradpW; = Zr]—FZsm(] 1 +ZZst+Zt +22pm3,
Jj=i m=1 Jj=1m=1
dimgp FW; = Zr]—l-z,smw 1) +ZZsm]+Zt
Jj=1 m=1
] -1 —
Wy meﬁ?qu
j=1m=1 j=l—i+1m=1
dimy, radp W —22 m—stmM 1) +Zzsmj+zt +ZZPmp
=1 m=1 j=1m=1
dlmkW—ZZ T]+Zsm(3 1) +Zzsm]+zt +Zzpm]
Jj=1i m=1 j=1m=1

Y ZMHZ%

Jj=l—i+1m=1

(2) From the expression of W, in Theorem 6.3, one sees that an [(I + 2)-tuple of
nonnegative integers (r; (j =1,...,0);8;; (1 <i<jforj=1,...,0—1);t; (j =
L...,l)spij A<i<l—jforj=1,...,0—1);¢q; (j =1,...,1)) is the type of some

flag (Wl)iié of B’-isotropic k-subspaces of V' if and only if

l 7—1 -1 l—j
213t D s +Zt +ZZPmJ+Z%§”
j=1 = =1m=1
(3) Let mq, mo, ..., m; be positive integers such that my + mq + -+ - +m; < 2n.
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Then
| P ma,...om \SP(4n, k) /Sp(2n, F)|
- ‘{(Tjésiﬁtj;pij;%) € N'(#2)|

7j—1 -1 1—j

l

ZrﬁZsm(g 1) +Zt +Zzpm3+2q]§nand
J=1 = j=1m=1
22(7“1 st 1) +ZZst Zt +22pm3
j=1 = j=i m=1 j=1m=1

-1 -
+ 2 Z mej+22qj—m1+m2+ —i—miforizl,...,l}).

j=l—i+1m=1

7. The symplectic case with A =Fk x k

In this section, A = k x k and V is an A-module of bidimension (2n1, 2ny) with
a nondegenerate A-valued simplectic form B on V. Here

B(z,y) = e1Bi(e1x, e1y) + eaBa(eax, eay),
B/( ) = Bl(elx €1y) + Bg(egx egy)

For a flag (W; )Z o of isotropic k-subspaces of V', we define the type of (W; )lJrl to
be the [(I + 3)-tuple of nonnegative integers

type(W;)itg
= (dimk(eleﬂWj/ele_lﬂWj) (jZl,...,l);

dimk(QQijWj/QQWj_lij) (j = 1,...,[);

dlIIlk(VVZ N COInpAWj+1/Wi_1 N compAWj+1 + W; N CompAWj)
(1§Z§j for jZl,...,l—l);

dimy, (W; N Wi /W1 N WiE + W; NcompaW;) (j=1,...,1);
dimg (W; N WL, /Wiy N Wik, + Wi n Wik, )

(1<i<l—j for j=1,...,1-1);

. .

5 dlmk(Wj N Wf_l/radBijl + radBWj) (] =1,... ,l))

The above expression for the type of (W;)}X} will be simply denoted by (aj; 853 545 t5; Diji 65)-
Also, one can show that the last subfamily of parameters are indeed integers, as in
section 6.

The proof of the following theorem will be completely omitted, since we think

that the reader can provide by now his own proof (c.f., proofs of Theorem 5.1 and
6.3).
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Theorem 7.1. Let (Wl)iié be a flag of B'-isotropic k-subspaces of V' with type
(W)L = (03 B3 Siji tyspiji q5). Then there exist hyperbolic sequences consisting

1=0
of
2 =1
) ) sl (i< forj=1,..,1-1);
zﬁ),zﬁ)/,...,zﬁj,zﬁjl (j=1,...,D);

1 1)’ 1 1)’ . . .

PR YT =1, in (V. B)) and

J » 550 g5
2 2)’ 2 2y’ .
x§‘1)7x§‘1) ,...,l'gﬂ)j,a}‘;ﬂ)j G=1,...,0);
2 2)’ 2 2)’ . . .
yi(ji’yz(ji ,-~~ay§j;ijay¢(jgij (1 <i<j forj= 1,...,[—1);

2 2)’ 2 2)’ .
z§1)’z§1) ,...,z§t3,z§t3 G=1,...,0);

2)  (2) 2 2)’ - ; 1
gi(ji?gz(ji s 7g7§j1)%j’gi(jl)7ij (1 Sts l —J fO’/‘j - 1,.”,1 B 1);
Y IR =Ll i (V. B

such that for 1 <i <1
W; = @;’:1(@%;11‘41/'%(3‘—1) S XJ('l) & X]@))

LAl alt aYmg) La(LisaZ;))

La(LjZializ1aGmy)
a2 4 lin 214Gy ®4 Gy La(Li_ aH; ®4 Hy)
with
X =@, 2,
X = ...
Yij = (W) il Ay e,
= e D D 4D
Gij = 0431+ 0351, -+ G, + Gz, oo
Gy = (al) —a) - abgp, — 9, )i
By = 0 12, 1) + 1)
Ay = Y =B ) = )
Moreover,

compaW,; = @;":1(@%1_:11141/%(%1) © XJ('l) D XJ('2))’
radgW; = COmpAWiJ—A(J—é'_:}zA—LinzlAij)
J_A(L;-:lAZj)lA(J—é‘_:aAJ—in:lAij)'
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Remark. Just as in the case of A = F', we could provide a proposition character-
izing B’-isotropic subspaces W with radgW = 0. In the above theorem, G;; ® 4 C:’ij
and H; ©a H ; are those kinds of spaces and they can be generated by such bases

in standard form as in the statement of the above theorem.

Theorem 7.2. Two flags of B’-isotropic k-subspaces of V' are in the same orbit

for Spa(V, B) if and only if they have the same type.

Remarks. (1) Let (W; )lJrl be a flag of B’-isotropic k-subspaces of V with type
(Wi)ite = (a3 By siji tyi piji ¢;)- Then

7

i j—1 Jj—1
dim comp W, = <Z(Oéj + Z Sm,(j—l))a Z(ﬁj + Z sm7(]~,1))>,
j=1 m=1 j=1 m=1
dimAAradBWi: <Z ozj—i—ZSm(J 1) +ZZSmJ+Zt +Zzpmyv

Jj=t m=1 j=1m=1
ZﬁngZsm(j 1) +228m]+2t —I—Zme])
j=t m=1 j=1m=1
dim 4 AW, = <Z o + Z Sm,(j—1) —I—Z Z Smj —f—zt
Jj=1 j=t m=1
} -1 -
+Zzpma+2 Z me]+QZQJ7
j=1m=1 j=l—i+1m=1
Zﬁg—FZsm’(] 1) —i—ZZsm]—i—Zt
j=i m=1
; -1 —
j=1m=1 j=l—i+1m=1

dimy, radgW; = Za3+ﬂj+223m(3 1) +ZZst
j=i m=1
Zt +Zzpm,

j=1m=1

dim; W; = Za7+ﬂj+228m’(3 1) —l—ZZSmJ

j=it m=1

+Zt +Zmej+2 li Z_:pmj+2ij

j=1m=1 j=l—i+1m=1
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(2) From the expression of W; in Theorem 7.1, one can easily see that an [(l+ 3)-
tuple of nonnegative integers (o (j =1,...,0);06; (7 =1,...,1);s:5 (1 <i < j for
J=1L. 0 =1t (J=1,...0pi; A <i<l—jforj=1,....,01-1);q; (j =
1,...,1)) is the type of some flag (Wz)iié of B’-isotropic k-subspaces of V if and

only if
l -1 l—yj
Zaﬁzsmu n) +Zt +ZZPmJ+Z%Sm
Jj=1 j=1m=1
and
! j—1 -1 1—j
2P+ 2 smiin +Zt +ZZPmJ+Z%Sn2
j=1 = j=1m=1
(3) Let mq, ma, ..., my be positive integers such that my+mo+- - -+m; < nj+no.
Then

‘Pml:m27---7ml\sp(2<n1 + ﬂg), k)/Sp(in, k) X Sp(2n27 k)|

= ’{(O‘j;ﬁjSSij§tj§pijSQj) e NHIH3) |

l -1 l—yj

ZO‘J+Z G-1) +Zt +ZZPmJ+Zq;,§n1,

Jj=1 j=1m=1
-1 l—j

Zﬂj_'_zsm,(] 1) +Zt +Zzpmj+zcbén27
j=1m=1

and
-1 i

Z(a3+ﬁ]+2zsm(j 1) +Zzsm3+ztj

Jj=1 j=t m=1

i -
+22pmg+2 Z meﬂr?ZqJ
j=1m=1 Jj=l—i+1m=1

=mq+mg+---+m; for i:1,2,...,l)}‘.
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