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BC-system for number fields

K :number field
BC-system for K is a C ∗-dynamical system (AK , σt) with an action of
G ab
K = G (K ab/K ).

AK = C (YK )⋊ IK
YK = ÔK ×Ô∗ G ab

K

IK :ideal semigroup of K .

R acts on AK as
f 7→ f on C (YK ),
µa 7→ N(a)itµa

for t ∈ R.
GK acts by right multiplication on YK and trivially on IK .
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Features of BC-system

Analytic Features (Laca-Larsen-Neshveyev ’09)

Unique KMS for β ≤ 1.

One-to-one correspondence between G ab
K and extremal KMS for

1 < β ≤ ∞.

Partition function = ζK .
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Features of BC-system

Arithmetic Features (Yalkinoglu ’13)

AK has a K -subalgebra Aarith
K which satisfies the following:

φ(Aarith
K ) = K ab for any extremal KMS∞-state φ.

φ(ga) = φ(a)g for any extremal KMS∞-state φ, a ∈ Aarith
K and

g ∈ G ab
K .

Aarith
K ⊗K C is dense in AK .

Aarith
K is called an arithmetic subalgebra.
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BC-system for local fields

K :non-Archimedean local field of characteristic zero
Let YK = OK ×O∗

K
G ab
K .

The semigroup N acts on YK by
k · ([ρ, g ]) = [ρπk

K , [π
k
K ]

−1
K g ] for [ρ, g ] ∈ YK .

Let AK = C (YK )⋊N.
R acts on AK by

f 7→ f on C (YK ),
µn 7→ qitKµn

for t ∈ R. qK = pf , f :inertia degree of K/Qp.

Definition 1 (T ’14)

(AK , σt) is called the Bost-Connes system for K .
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BC-system for local fields

Theorem 1 (T ’14)

1 For 0 < β ≤ ∞, there is one-to-one correspondence between extremal
KMSβ-states of (AK , σt) and G ab

K .

The partition function is (1− q−β
K )−1

2 There is an arithmetic subalgebra of (AK , σt).

In particular, the phase transition does not occur in the local case.
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Connection between local and global ones

K : number field, p:finite prime of K
Kp: localization of K at p

We have “R-equivariant” (AK ,AKp)-correspondence Ep

R-equivariance means that there is one-parameter group of isometries Ut

on Ep such that

Utaξ = σt(a)Utξ

⟨Utξ,Utη⟩ = σt(⟨ξ, η⟩)
for any a ∈ AK , ξ, η ∈ Ep and t ∈ R.
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Connection between local and global ones

Construction of Ep

YK = ÔK ×Ô∗
K
G ab
K ⊂ XK = AK ,f ×Ô∗

K
G ab
K

Yp = Op ×O∗
p
G ab
K ⊂ Xp = Kp ×O∗

p
G ab
K

AK = C (YK )⋊ IK , Ap = C (Yp)⋊N
ÃK = C0(XK )⋊ JK , Ãp = C0(Xp)⋊ Z
1YK

ÃK1YK
= AK , 1YpÃp1Yp = Ap

We have Xp ↪→ XK by [ρ, g ] 7→ [(ρ, 1), g |K ]
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K
G ab
K ⊂ XK = AK ,f ×Ô∗
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Connection between local and global ones

Let Ẽp = C ∗(JK )⊗C∗(Z) Ãp (right Hilbert Ãp-module),
where Z is identified with the subgroup of JK generated by p.
ÃK acts on Ep by

(fua)(ub ⊗ g) = uab ⊗ ((ab)−1.f )|Xpg
for f ∈ C (XK ), g ∈ C0(Xp) and a, b ∈ JK .
Define Ep = 1YK

Ẽp1Yp

One-parameter group of isometries on Ep is defined by
Ut(ua ⊗ f ) = N(a)itua ⊗ f .
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Thank you for the attention !
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