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A Microlocal Approach to Fefferman’s Program in
Conformal and CR Geometry

Raphaël Ponge

Motivated by the analysis of the singularity of the Bergman kernel of a strictly
pseudoconvex domain D ⊂ Cn+1, Fefferman [Fe2] launched the program of deter-
mining all local invariants of a strictly pseudoconvex CR structure. This program
was subsequently extended to deal with local invariants of other parabolic geome-
tries, including conformal geometry (see [FG1]). Since Fefferman’s seminal paper
further progress has been made, especially recently (see, e.g., [Al2], [BEG], [GH],
[Hi1], [Hi2]). In addition, there is a very recent upsurge of new conformally in-
variant Riemannian differential operators (see [Al2], [Ju]).

In this article we present the results of [Po4] on the logarithmic singularities
of the Schwartz kernels and Green kernels of general invariant pseudodifferential
operators in conformal and CR geometry. This connects nicely with results of
Hirachi ([Hi1], [Hi2]) on the logarithmic singularities of the Bergman and Szegö
kernels on boundaries of strictly pseudoconvex domains.

The main result in the conformal case (Theorem 3) asserts that in odd di-
mension, as well as in even dimension below the critical weight (i.e. half of the
dimension), the logarithmic singularities of Schwartz kernels and Green kernels of
conformally invariant Riemannian ΨDOs are linear combinations of Weyl confor-
mal invariants, that is, of local conformal invariants arising from complete tensorial
contractions of covariant derivatives of the ambient Lorentz metric of Fefferman-
Graham ([FG1], [FG2]). Above the critical weight the description in even dimen-
sion involves the ambiguity-independent Weyl conformal invariants recently defined
by Graham-Hirachi [GH], as well as the exceptional local conformal invariants of
Bailey-Gover [BG]. In particular, by specializing this result to the GJMS opera-
tors of [GJMS], including the Yamabe and Paneitz operators, we obtain invariant
expressions for the logarithmic singularities of the Green kernels of these operators
(see Theorem 4).

In the CR setting the relevant class of pseudodifferential operators is the class
of ΨHDOs introduced by Beals-Greiner [BGr] and Taylor [Tay]. In this context
the main result (Theorem 6) asserts that the logarithmic singularities of Schwartz
kernels and Green kernels of CR invariant ΨHDOs are local CR invariants, and
below the critical weight are linear combinations of complete tensorial contractions
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of covariant derivatives of the curvature of the ambient Kähler-Lorentz metric of
Fefferman [Fe2]. As a consequence this allows us to get invariant expressions for the
logarithmic singularities of the Green kernels of the CR GJMS operators of [GG]
(see Theorem 7).

The setup of the the first part of the paper, Sections 1–5, is conformal geom-
etry. The main results on the logarithmic singularities of conformally invariant
ΨDOs are presented in Section 5. In the previous sections, we review the main
definitions and examples concerning local conformal invariants and conformally in-
variant differential operators (Section 1), conformally invariant ΨDOs (Section 2),
the logarithmic singularity of the Schwartz kernel of a ΨDO (Section 3) and the
program of Fefferman in conformal geometry (Section 4).

The setup of the second part, Sections 6–10, is pseudo-Hermitian and CR ge-
ometry. In Section 6, we review the motivating example of the Bergman kernel of
a strictly pseudoconvex domain. Section 7 is an overview of the main facts about
the Heisenberg calculus. In Section 8, we present important definitions and proper-
ties concerning pseudo-Hermitian geometry, local pseudo-Hermitian invariants and
pseudo-Hermitian invariant ΨHDOs. In Section 9, we review the main facts about
local CR invariants, CR invariant operators and the program of Fefferman in CR
geometry. In Section 10, we present the main results concerning the logarithmic
singularities of CR invariant operators.

This proceeding is a survey of the main results of [Po4].

1. Conformal Invariants

Up to Section 5, we denote by M a Riemannian manifold of dimension n and
we denote by gij and Rijkl its metric and curvature tensors. As usual we shall use
the metric and its inverse gij to lower and raise indices. For instance, the Ricci
tensor is ρjk = R i

ijk = gilRijkl and the scalar curvature is κg = ρ j
j = gjiρij .

1.1. Local conformal invariants. In the sequel we denote by Mn(R)+ the
open subset of Mn(R) consisting of positive definite matrices.

Definition 1. A local Riemannian invariant of weight w is the datum on each
Riemannian manifold (Mn, g) of a function Ig ∈ C∞(M) such that:

(i) There exist finitely many functions aαβ in C∞(Mn(R)+) such that, in any
local coordinates,

(1) Ig(x) =
∑

aαβ(g(x))(∂αg(x))β .

(ii) For all t > 0,

(2) Itg(x) = t−wIg(x).

Using Weyl’s invariant theory for O(n) (see, e.g, [Gi]) we obtain the following
determination of local Riemannian invariants.

Theorem 1 (Weyl, Cartan). Any local Riemannian invariant is a linear com-
bination of Weyl Riemannian invariants, that is, of complete contractions of the
curvature tensor and its covariant derivatives.

For instance, the only Weyl Riemannian invariant of weight 1 is the scalar
curvature κg. In weight 2 the Weyl Riemannian invariants are

(3) |κg|2, |ρ|2 := ρijρij , |R|2 := RijklRijkl, ∆gκg,



where ∆g denotes the Laplace operator of (M, g). In weight 3 there are 17 Weyl
invariants (see [Gi]).

Definition 2. A local conformal invariant of weight w is a local Riemannian
invariant Ig such that

(4) Iefg(x) = e−wf(x)Ig(x) ∀f ∈ C∞(M,R).

The most fundamental conformally invariant tensor is the Weyl curvature ten-
sor Wijkl. Using complete contractions of k-fold tensor powers of W we get local
conformal invariants of various weights. For instance, the following are local con-
formal invariants

|W |2 := W ijklWijkl,(5)

W kl
ij W pq

lk W ij
pq , W jk

i lW
i q
pk W

pl
j q.(6)

Here |W |2 has weight 2, while the other two invariants have weight 3.
Other local conformal invariants can be obtained in terms of the ambient metric

of Fefferman-Graham ([FG1], [FG2]; see Section 4 below).

1.2. Conformally invariant operators.

Definition 3. A Riemannian invariant differential operator of weight w is the
datum on each Riemannian manifold (Mn, g) of a differential operator Pg on M
such that:

(i) There exist finitely many functions aαβγ in C∞(Mn(R)+) such that, in
any local coordinates,

(7) Pg =
∑

aαβγ(g(x))(∂αg(x))βDγ
x .

(ii) We have

(8) Ptg = t−wPg ∀t > 0.

Definition 4. A conformally invariant differential operator of biweight (w,w′)
is a Riemannian invariant differential operator Pg such that

(9) Pefg = ew
′fPge

−wf ∀f ∈ C∞(M,R).

An important example of a conformally invariant differential operator is the
Yamabe operator,

(10) �g := ∆g +
n− 2

4(n− 1)
κg,

where ∆g denotes the Laplace operator. In particular,

(11) �e2fg = e−(n2 +1)f�ge
(n2−1)f ∀f ∈ C∞(M,R).

A generalization of the Yamabe operator is provided by the GJMS operators
of Graham-Jenne-Mason-Sparling [GJMS]. For k = 1, . . . , n2 when n is even, and
for all non-negative integers k when n is odd, the GJMS operator of order k is a
differential operator �(k)

g such that

(12) �(k)
g = ∆(k)

g + lower order terms,

and which satisfies

(13) �(k)

e2fg
= e−(n2 +k)f�(k)

g e(n2−k)f ∀f ∈ C∞(M,R).



For k = 1 this operator agrees with the Yamabe operator, while for k = 2 we
recover the Paneitz operator.

Recently, Alexakis ([Al2], [Al1]) and Juhl [Ju] constructed new families of
conformally invariant operators. Furthermore, Alexakis proved that, under some
restrictions, his family of operators exhausts all conformally invariant differential
operators.

2. Conformally Invariant ΨDOs

Let U be an open subset of Rn. The (classical) symbols on U ×Rn are defined
as follows.

Definition 5. 1) Sm(U × Rn), m ∈ C, is the space of functions p(x, ξ) con-
tained in C∞(U × (Rn \ {0})) such that p(x, tξ) = tmp(x, ξ) for any t > 0.

2) Sm(U × Rn), m ∈ C, consists of functions p ∈ C∞(U × Rn) with an as-
ymptotic expansion p ∼

∑
j≥0 pm−j, pk ∈ Sk(U × Rn), in the sense that, for any

integer N , any compact K ⊂ U and any multi-orders α, β, there exists a constant
CNKαβ > 0 such that, for any x ∈ K and any ξ ∈ Rd+1 so that |ξ| ≥ 1, we have

(14) |∂αx ∂
β
ξ (p−

∑
j<N

pm−j)(x, ξ)| ≤ CNKαβ |ξ|<m−|β|−N .

Given a symbol p ∈ Sm(U×Rn) we let p(x,D) be the continuous linear operator
from C∞c (U) to C∞(U) such that

(15) p(x,D)u(x) = (2π)−n
∫
eix·ξp(x, ξ)û(ξ)dξ ∀u ∈ C∞c (U).

We define ΨDOs on the manifold Mn as follows.

Definition 6. Ψm(M), m ∈ C, consists of continuous operators P from
C∞c (M) to C∞(M) such that:

(i) The Schwartz kernel of P is smooth off the diagonal;
(ii) In any local coordinates the operator P can be written as

(16) P = p(x,D) +R,

where p is a symbol of order m and R is a smoothing operator.

Recall that the principal symbol of a ΨDO makes sense intrinsically as a func-
tion pm(x, ξ) ∈ C∞(T ∗M \ {0}) such that

(17) pm(x, λξ) = λmpm(x, ξ) ∀(x, ξ) ∈ T ∗M \ {0} ∀λ > 0.

Recall also that P is said to be elliptic if pm(x, ξ) 6= 0 for all (x, ξ) ∈ T ∗M \{0}.
This is equivalent to the existence of a parametrix in Ψ−m(M), i.e., an inverse
modulo smoothing operators.

This said, in order to define Riemannian and conformally invariant ΨDOs, we
need to consider the following class of symbols.

Definition 7. Sm(Mn(R)+ × Rn), m ∈ C, consists of functions a(g, ξ) in
C∞(Mn(R)+ × (Rn \ {0})) such that a(g, tξ) = tma(g, ξ) ∀t > 0.

In the sequel we let Ψ−∞(M) denote the space of smoothing operators on M .



Definition 8. A Riemannian invariant ΨDO of order m and weight w is the
datum for every Riemannian manifold (Mn, g) of an operator Pg ∈ Ψm(M) in such
a way that:

(i) For j = 0, 1, . . . there are finitely many ajαβ ∈ Sm−j(Mn(R)+ ×Rn) such
that, in any local coordinates, Pg has symbol

(18) σ(Pg)(x, ξ) ∼
∑
j≥0

∑
α,β

(∂αg(x))βajαβ(g(x), ξ).

(ii) For all t > 0 we have

(19) Ptg = t−wPg mod Ψ−∞(M).

Remark. For differential operators this definition is equivalent to Definition 3,
because two differential operators differing by a smoothing operator must agree.

Definition 9. A conformally invariant ΨDO of order m and biweight (w,w′)
is a Riemannian invariant ΨDO of order m such that, for all f ∈ C∞(M,R),

(20) Pefg = ew
′fPge

−wf mod Ψ−∞(M).

In the sequel we say that a Riemannian invariant is admissible if its principal
symbol does not depend on the derivatives of the metric (i.e. in (18) we can take
a0αβ = 0 for (α, β) 6= 0).

Proposition 1. Let Pg be a conformally invariant ΨDO of order m and bi-
weight (w,w′).

(1) Let Qg be a conformally invariant ΨDO of order m′ and biweight (w,w′′),
and assume that Pg or Qg is properly supported. Then QgPg is a confor-
mally invariant ΨDO of order m+m′ and biweight (w,w′′).

(2) Assume that Pg is elliptic and admissible. Then the datum on every Rie-
mannian manifold (Mn, g) of a parametrix Qg ∈ Ψ−m(M) for Pg gives
rise to a conformally invariant ΨDO of biweight (w′, w).

For instance, if Q(k)
g is a parametrix for the kth order GJMS operator �(k)

g ,
then Q(k)

g is a conformally invariant ΨDO of biweight (n+2k
4 , n−2k

4 ). By multiplying
these operators with the operators of Alexakis and Juhl we obtain various examples
of conformally invariant ΨDOs that are not differential operators or parametrices
of elliptic differential operators

3. The Logarithmic Singularity of a ΨDO

We can give a precise description of the singularity of the Schwartz kernel
of a ΨDO near the diagonal and, in fact, the general form of these singularities
can be used to characterize ΨDOs (see, e.g., [Hö], [Me], [BGr]). In particular, if
P : C∞c (M)→ C∞(M) if a ΨDO of integer order m ≥ −n, then in local coordinates
its Schwartz kernel kP (x, y) has a behavior near the diagonal y = x of the form

(21) kP (x, y) =
∑

−(m+n)≤j≤−1

aj(x, x− y)− cP (x) log |x− y|+O(1),

where aj(x, y) ∈ C∞(U × (Rn \ {0})) is homogeneous of degree j in y and we have

(22) cP (x) =
1

(2π)n

∫
Sn−1

p−n(x, ξ)dσ(ξ),



where p−n(x, ξ) is the symbol of degree −n of P and we have denoted by dσ(ξ) is
the surface measure of Sn−1.

It seems to have been first observed by Connes-Moscovici [CMo] (see also [GVF],
[Po5]) that the coefficient cP (x) makes sense globally on M as a 1-density.

In the sequel we refer to the density cP (x) as the logarithmic singularity of the
Schwartz kernel of P .

If P is elliptic, then we shall call a Green kernel for P the Schwartz kernel of
any parametrix Q ∈ Ψ−m(M, E) for P . Such a parametrix is uniquely defined only
modulo smoothing operators, but the singularity near the diagonal of the Schwartz
kernel of Q, including the logarithmic singularity cQ(x), does not depend on the
choice of Q.

Definition 10. If P ∈ Ψm(M), m ∈ Z, is elliptic, then the Green kernel
logarithmic singularity of P is the density

(23) γP (x) := cQ(x),

where Q ∈ Ψ−m(M) is any given parametrix for P .

Next, because of (22) the density cP (x) is related to the noncommutative
residue trace of Wodzicki ([Wo1], [Wo3]) and Guillemin [Gu1] as follows.

Let Ψ<−n(M) =
⋃
<m<−n Ψm(M) denote the class of ΨDOs whose symbols

are integrable with respect to the ξ-variable. If P is a ΨDO in this class then the
restriction to the diagonal of its Schwartz kernel kP (x, y) defines a smooth density
kP (x, x). Therefore, if M is compact then P is trace-class on L2(M) and we have

(24) TraceP =
∫
M

kP (x, x).

In fact, the map P → kP (x, x) admits an analytic continuation P → tP (x) to
the class ΨC\Z(M) of non-integer ΨDOs, where analyticity is meant with respect to
holomorphic families of ΨDOs as in [Gu2] and [KV]. Furthermore, if P ∈ ΨZ(M)
and if (P (z))z∈C is a holomorphic family of ΨDOs such that ordP (z) = ordP + z
and P (0) = P . Then, at z = 0, the map z → tP (z)(x) has at worst a simple pole
singularity with residue given by

(25) Resz=0 tP (z)(x) = −cP (x).

Suppose now that M is compact. Then the noncommutative residue is the
linear functional on ΨZ(M) defined by

(26) ResP :=
∫
M

cP (x) ∀P ∈ ΨC\Z(M).

Thanks to (22) this definition agrees with the usual definition of the noncommu-
tative residue. Moreover, by using (25) we see that if (P (z))z∈C is a holomorphic
family of ΨDOs such that ordP (z) = ordP + z and P (0) = P , then the map
z → TraceP (z) has an analytic extension to C \ Z and, at z = 0, it has at worst a
simple pole singularity with residue given by

(27) ResP = −Resz=0 TraceP (z).

Using this it is not difficult to see that the noncommutative residue is a trace on
ΨZ(M). Wodzicki [Wo2] even proved that his is the unique trace up to constant
multiple when M is connected and has dimension ≥ 2.



Finally, let P : C∞(M) → C∞(M) be a ΨDO of integer order m ≥ 0 with a
positive principal symbol. For t > 0 let kt(x, y) denote the Schwartz kernel of e−tP .
Then kt(x, y) is a smooth kernel and, as t→ 0+,

(28) kt(x, x) ∼ t− n
m

∑
j≥0

t
j
m aj(P )(x) + log t

∑
j≥0

tjbj(P )(x),

where we further have a2j+1(P )(x) = bj(P )(x) = 0 for all j ∈ N0 when P is a
differential operator (see, e.g., [Gi], [Gr]).

Using the Mellin Formula, we can explicitly relate the coefficients of the above
heat kernel asymptotics to the singularities of the local zeta function tP−s(x) (see,
e.g., [Wo3, 3.23]). In particular, if for j = 0, . . . , n− 1 we set σj = n−j

m , then

(29) mcP−σj (x) = Γ(σj)−1aj(P )(x).

The above equalities provide us with an immediate connection between the
Green kernel logarithmic singularity of P and the heat kernel asymptotics (28).
Indeed, as the partial inverse P−1 is a parametrix for P in Ψ−m(M), setting j =
n−m in (29) gives

(30) an−m(P )(x) = mcP−1(x) = mγP (x).

4. Fefferman’s Program in Conformal Geometry

In the sequel by Green kernel of an elliptic ΨDO we shall mean the Schwartz
kernel of a parametrix, and by null kernel of a selfadjoint ΨDO we shall mean the
Schwartz kernel of the orthogonal projection onto its null space.

The program of Fefferman in conformal geometry can be described as follows.

Fefferman’s Program (Analytic Aspect). Give a precise geometric descrip-
tion of the singularities of the Schwartz, Green and null kernels of conformally
invariant operators in terms of local conformal invariants.

As stated by Theorem 1, any local Riemannian invariant is a linear combination
of Weyl Riemannian invariants. Is there a similar description for local conformal
invariants? Establishing such a description is the aim of the geometric aspect of
Fefferman’s program:

Fefferman’s Program (Geometric Aspect). Determine all local invariants
of a conformal structure.

4.1. Ambient metric and Weyl conformal invariants. The analogues
in conformal geometry of the Weyl Riemannian invariants are obtained via the
ambient metric construction of Fefferman-Graham ([FG1], [FG2]).

In this section we denote by (Mn, g) a general Riemannian manifold of dimen-
sion n. Consider the metric ray-bundle,

(31) G := {t2g(x);x ∈M, t > 0} ⊂ S2T ∗M
π−→M.

It carries the family of dilations,

(32) δs(x, ḡ) := s2ḡ ∀x ∈M ∀ḡ ∈ Gx ∀s > 0,

It also carries the (degenerate) tautological metric,

(33) g0(x, ḡ) := (dπ(x))∗ ḡ ∀(x, ḡ) ∈ G.



Thus, if {xj} are local coordinates with respect to which g(x) = gijdx
i⊗dxj and if

we denote by t the fiber coordinate on G defined by the metric g, then in the local
coordinates {xj , t} we have

(34) g0(x, t) = t2gijdx
i ⊗ dxj .

The ambient space is defined to be

(35) G̃ := G × (−1, 1).

In the sequel we shall use the letter ρ to denote the variable with values in
(−1, 1). Then G can be identified with the hypersurface G0 := {ρ = 0} ⊂ G̃.

Theorem 2 ([FG1], [FG2]). There exists a unique Lorentzian metric g̃ on G̃
defined formally near ρ = 0 such that:

(36) δ∗s g̃ = s2g0, g̃|ρ=0 = g0,

(37) Ric(g̃) =
{
O(ρ∞) if n is odd,
O(ρ

n
2 ) if n is even.

The ambient metric depends only on the conformal class of g, so any local
Riemannian invariant of (G̃, g̃) gives rise to a local conformal invariant of (Mn, g).

Definition 11. The Weyl conformal invariants are the local conformal invari-
ants arising from the Weyl Riemannian invariants of (G̃, g̃).

For instance, the Weyl tensor is obtained by pushing down to M the curvature
tensor R̃ of G̃. Therefore, the invariants in (5)–(6) are Weyl conformal invariants.

In fact, if we use the Ricci-flatness of the ambient metric, then we see that there
is no Weyl conformal invariant of weight 1 and the only of these invariants in weight
2 is |W |2. In addition, in weight 3 we only have the invariants in (6) together with
the invariant arising from |∇̃R̃|2, namely, the Fefferman-Graham invariant,

(38) Φg := |V |2 + 16〈W,U〉+ 16|C|2,
where Cjkl = ∇lAjk −∇kAjl is the Cotton tensor and V and U are the tensors

Vsijkl = ∇sWijkl − gisCjkl + gjsCikl − gksClij + glsCkij ,(39)

Usjkl = ∇sCjkl + gpqAspWqjkl.(40)

Next, a very important result is the following.

Proposition 2 ([BEG]).
(1) If n is odd, then any local conformal invariant is a linear combination of

Weyl conformal invariants.
(2) If n is even, the same holds in weight ≤ n

2 .

In even dimension a description of the scalar local conformal invariants of weight
w ≥ n

2 + 1 was recently presented by Graham-Hirachi [GH]. More precisely, they
modified the construction of the ambient metric in such way as to obtain a metric on
the ambient space G̃ which is smooth of any order near G0. There is an ambiguity on
the choice of a smooth ambient metric, but such a metric agrees with the ambient
metric of Fefferman-Graham up to order < n

2 near G0.
Using a smooth ambient metric we can construct Weyl conformal invariants

in the same way as we do by using the ambient metric of Fefferman-Graham. If
such an invariant does not depend on the choice of the smooth ambient metric we



then say that it is an ambiguity-independent Weyl conformal invariant. Not every
conformal invariant arises this way, since in dimension n = 4m this construction
does not encapsulate the exceptional local conformal invariants of [BG].

Proposition 3 (Graham-Hirachi [GH]). Let w be an integer ≥ n
2 .

1) If n ≡ 2 mod 4, or if n ≡ 0 mod 4 and w is even, then every scalar local
conformal invariant of weight w is a linear combination of ambiguity-independent
Weyl conformal invariants.

2) If n ≡ 0 mod 4 and w is odd, then every scalar local conformal invari-
ant of weight w is a linear combination of ambiguity-independent Weyl conformal
invariants and of exceptional conformal invariants.

5. Logarithmic Singularities of Conformally Invariant Operators

One aim of this paper is to look at the logarithmic singularities (as defined
in (21)–(22)) of conformally invariant ΨDOs.

In the sequel we denote by |vg(x)| the volume density of (Mn, g), i.e., in local
coordinates |vg(x)| =

√
g(x)|dx|, where |dx| is the Lebesgue density. We also denote

by [g] the conformal class of g.

Proposition 4. Consider a family (Pĝ)ĝ∈[g] ⊂ Ψm(M) for which there are
real numbers w and w′ such that, for all f ∈ C∞(M,R), we have

(41) Pefg ≡ ew
′fPge

−wf mod Ψ−∞(M).

Then, at the level of the logarithmic singularities,

(42) cP
ef g

(x) = e(w′−w)f(x)cPg (x) ∀f ∈ C∞(M,R).

This result generalizes a well-known result of Parker-Rosenberg [PR] about
the logarithmic singularity of the Green kernel of the Yamabe operator. Moreover,
using (22) and (30) this also allows us to recover and extend results of Gilkey [Gi]
and Paycha-Rosenberg [PRo] on the noncommutative residue densities of elliptic
ΨDOs satisfying (41). In particular, all the assumptions on the compactness of M
or on the invertibility and the values of the principal symbol of Pg can be removed
from those statements.

Proposition 5 (see [Po4]). Let Pg be a Riemannian invariant ΨDO of weight w
and integer order. Then

(43) cPg (x) = IPg (x)|vg(x)|
where IPg (x) is a local Riemannian invariant of weight w.

Combining this with Proposition 4 allows us to prove the following.

Theorem 3 ([Po4]). Let Pg be a conformally invariant Riemannian ΨDO of
integer order and biweight (w,w′). In odd dimension, as well as in even dimension
when w′ > w, the logarithmic singularity cPg (x) is of the form

(44) cPg (x) = IPg (x)|vg(x)|,
where IPg (x) is a universal linear combination of Weyl conformal invariants of
weight n

2 +w−w′. If n is even and we have w′ ≤ w, then cPg (x) still is of a similar
form, but in this case IPg (x) is a local conformal invariant of weight n

2 +w−w′ of
the type described in Proposition 3.



As an application of this result we can obtain a precise description of the
logarithmic singularities of the Green kernels of the GJMS operators.

Theorem 4. 1) In odd dimension the Green kernel logarithmic singularity
γ

�(k)
g

(x) is always zero.

2) In even dimension and for k = 1, . . . , n2 we have

(45) γ
�(k)
g

(x) = c(k)
g (x)dνg(x),

where c(k)
g (x) is a linear combination of Weyl conformal invariants of weight n

2 −k.
In particular, we have

c
(n2 )
g (x) = (4π)−

n
2

n

(n/2)!
, c

(n2−1)
g (x) = 0, c

(n2−2)
g (x) = αn|W (x)|2g,(46)

c
(n2−3)
g (x) = βnW

kl
ij W pq

lk W ij
pq + γnW

jk
i lW

i q
pk W

pl
j q + δnΦg,(47)

where W is the Weyl curvature tensor, Φg is the Fefferman-Graham invariant (38)
and αn, βn, γn and δn are universal constants depending only on n.

Finally, we can get an explicit expression for c(1)
g (x) in dimensions 6 and 8

by making use of the computations by Parker-Rosenberg [PR] of the coefficient
an−2(�g)(x) of t−1 in the heat kernel asymptotics (28) for the Yamabe operator.
Indeed, as by (30) we have 2γ�g (x) = an−2(�g)(x), using [PR, Prop. 4.2] we see
that, in dimension 6,

(48) c(1)
g (x) =

1
360
|W (x)|2,

and, in dimension 8,

(49) c(1)
g (x) =

1
90720

(81Φg + 352W kl
ij W pq

lk W ij
pq + 64W jk

i lW
i q
pk W

pl
j q).

In order to use the results of [PR] the manifold M has to be compact. How-
ever, as c(1)

g (x) is a local Riemannian invariant which makes sense independently
of whether M is compact or not, the above formulas for c(1)

g (x) remain valid when
M is non-compact.

6. The Bergman Kernel of a Strictly Pseudoconvex Domain

Let D = {r(z) < 0} ⊂ Cn+1 be a strictly pseudoconvex domain with boundary
∂D = {r(z) = 0}. The fact that D is strictly pseudoconvex means that the defining
function r(z) can be chosen so that ∂̄∂r defines a positive definite Hermitian form
on the holomorphic tangent space T 1,0D.

Let O(D) denote the space of holomorphic functions on D. The Bergman
projection,

(50) B : L2(D) −→ O(D) ∩ L2(D),

is the orthogonal projection of L2(D) onto the space of holomorphic L2-functions
on D. The Bergman kernel, denoted B(z, w), is the Schwartz kernel of B defined
so that

(51) Bu(z) =
∫
B(z, w)u(w)dw ∀u ∈ L2(D).

Equivalently, B(z, w) is the reproducing kernel of the Hilbert space O(D)∩L2(D).
In the analysis of the Bergman kernel an important result is the following.



Theorem 5 (Fefferman [Fe1]). Near ∂D we have

(52) B(z, z) = ϕ(z)r(z)−(n+1) − ψ(z) log r(z),

where ϕ(z) and ψ(z) are smooth up to the boundary.

The original motivation for the program of Fefferman [Fe2] was to give a precise
description of the singularity of the Bergman kernel near ∂D in terms of local
geometric invariants of ∂D. In this case the complex structure of D induces on
∂D a CR structure and, as D is strictly pseudoconvex, the CR structure of ∂D is
strictly pseudoconvex. Thus, the original goals of Fefferman were the following:

(i) Express the singularity in terms of local invariants of the strictly pseudo-
convex CR structure of ∂D.

(ii) Determine all local invariants of a strictly pseudoconvex CR structure.

We refer to Section 9 for the precise definition of a local invariant of a strictly
pseudoconvex CR structure. For now let us recall that, in general, a CR structure
on an oriented manifold M2n+1 is given by the datum of a hyperplane bundle
H ⊂ TM equipped with an (integrable) complex structure JH . For instance, the
CR structure on the boundary ∂D above is given by the complex hyperplane bundle

(53) H := T (∂D) ∩ iT (∂D) ⊂ T (∂D).

Let (M,H, J) be a CR manifold. Set T1,0 = ker(J − i) ⊂ TCM and T0,1 =
ker(J + i), so that H ⊗ C = T1,0 ⊗ T0,1. Since M is orientable there is a non-
vanishing 1-form θ on M annihilating H. The Levi form is the Hermitian form Lθ
on T1,0 defined by

(54) Lθ(Z,W ) = −idθ(Z,W ) ∀Z,W ∈ C∞(M,T1,0).

When we can choose θ so that Lθ is positive definite we say that M is strictly
pseudoconvex. Notice that this implies that θ is a contact form.

Examples of CR manifolds include:

• Boundaries of complex domains in Cn+1, e.g., the sphere S2n+1 ⊂ Cn+1

and the hyperquadric Q2n+1 := {z ∈ Cn+1;=zn+1 = |z1|2 + · · ·+ |zn|2}.
• The Heisenberg group H2n+1 and its quotients Γ\H2n+1 by discrete co-

compact subgroups.

• Circle bundles over complex manifolds.

Recall that the Heisenberg group H2n+1 can be realized as Rn+1 equipped with
the group law and dilations,

x.y = (x0 + y0 +
n∑
j=1

(xn+jyj − xjyn+j), x1 + y1, . . . , x2n + y2n),(55)

t.(x0, . . . , x2n) = (t2x0, tx1, . . . , tx2n), t ∈ R.(56)

Notice that the group-law (55) is homogeneous with respect to the anisotropic
dilations (56).

The Lie algebra h2n+1 of H2n+1 is spanned by the left-invariant vector fields,

X0 =
∂

∂x0
, Xj =

∂

∂xj
+ xn+j

∂

∂x0
, Xn+j =

∂

∂xn+j
− xj

∂

∂x0
,(57)



where j ranges over 1, . . . , n. Notice that, with respect to the dilations (56), the
vector field X0 is homogeneous of degree −2, while X1, . . . .X2n are homogeneous
of degree −1. Moreover, for j, k = 1, . . . , n, we have the Heisenberg relations,

(58) [Xj , Xn+k] = −2δjkX0, [Xj , Xk] = [Xn+j , Xn+k] = 0.

The CR structure of H2n+1 is defined by the hyperplane bundle

(59) H = Span{X1, . . . , X2n}

equipped with the complex structure J defined by

(60) JXj = Xn+j , JXn+j = −Xj , j = 1, . . . , n.

The hyperplane H is the annihilator of the 1-form,

(61) θ0 := dx0 −
n∑
j=1

(xn+jdxj − xjdxn+j).

One can check that the associated Levi form is positive definite, so H2n+1 is a strictly
pseudoconvex CR manifold. This is in fact the local model of such a manifold.

7. Heisenberg Calculus

In this section, we briefly recall the main facts about the Heisenberg calcu-
lus. This calculus was introduced by Beals-Greiner [BGr] and Taylor [Tay] (see
also [EM], [Po3]). This is the most relevant calculus to study the main geometric
operators on CR manifolds.

7.1. Overview of the Heisenberg calculus. The Heisenberg calculus holds
in full generality for Heisenberg manifolds, that is, manifolds Md+1 together with a
distinguished hyperplane bundle H ⊂ TM . This terminology stems from the fact
that, for a Heisenberg manifold, the relevant notion of tangent bundle is that of a
bundle of 2-step nilpotent Lie groups whose fibers are isomorphic to H2n+1 × Rd
for some k and n such that 2n+ k = d (see, e.g., [BGr], [Po1]). This tangent Lie
group bundle can be described as follows.

First, there is an intrinsic Levi form obtained as the 2-form L : H×H → TM/H
such that, for any point a ∈M and any sections X and Y of H near a, we have

(62) La(X(a), Y (a)) = [X,Y ](a) mod Ha.

In other words the class of [X,Y ](a) modulo Ha depends only on X(a) and Y (a),
not on the germs of X and Y near a (see [Po1]).

We define the tangent Lie algebra bundle gM as the graded Lie algebra bundle
consisting of (TM/H)⊕H together with the fields of Lie bracket and dilations such
that, for sections X0, Y0 of TM/H and X ′, Y ′ of H and for t ∈ R, we have

(63) [X0 +X ′, Y0 + Y ′] = L(X ′, Y ′), t.(X0 +X ′) = t2X0 + tX ′.

Each fiber gaM is a two-step nilpotent Lie algebra so, by requiring the exponen-
tial map to be the identity, the associated tangent Lie group bundle GM appears
as (TM/H) ⊕H together with the grading above and the product law such that,
for sections X0, Y0 of TM/H and X ′, Y ′ of H, we have

(64) (X0 +X ′).(Y0 + Y ′) = X0 + Y0 +
1
2
L(X ′, Y ′) +X ′ + Y ′.



A motivating example for the Heisenberg calculus is the horizontal sub-Laplacian
∆b on a Heisenberg manifold (Md+1, H) equipped with a Riemannian metric. This
is the operator ∆b : C∞(M)→ C∞(M) defined by

(65) ∆b = d∗bdb, db = π ◦ d,

where π is the orthogonal projection onto H∗ (identified with a subbundle of T ∗M
using the Riemannian metric).

An H-frame of TM is a frame X0, X1, . . . , Xd of TM such that X1, . . . , Xd span
H. Locally, we always can find an H-frame X0, X1, . . . , Xd such that ∆b takes the
form

(66) ∆b = −(X2
1 + · · ·+X2

2n) +
d∑
j=1

aj(x)Xj .

As the differentiation along X0 is missing we see that ∆b is not elliptic. How-
ever, whenever the Levi form (62) is everywhere non-zero, a celebrated theorem
of Hörmander [Hö2] ensures us that ∆b is hypoelliptic with gain of one derivative
(i.e., if ∆bu is in L2

loc then u must be in the Sobolev space W 2,1
loc ).

In the case of the Heisenberg group, we can explicitly construct a fundamental
solution for ∆b (see [BGr], [FS1]). This fundamental solution comes from a symbol
of type ( 1

2 ,
1
2 ) in the sense of Hörmander [Hö]. As the usual symbolic calculus

does not hold anymore for ΨDOs of type ( 1
2 ,

1
2 ), the full strength of the classical

pseudodifferential calculus cannot be used to study natural operators on Heisenberg
manifolds such as the horizontal sub-Laplacian ∆b.

The relevant substitute for the classical pseudodifferential calculus is precisely
provided by the Heisenberg calculus. The idea is to construct a class of pseudodif-
ferential operators, called ΨHDOs, which near each point a ∈M are approximated
(in a suitable sense) by left-invariant convolution operators on GaM . This allows
us to get a pseudodifferential calculus with a full symbolic calculus with inverses
and which is invariant under changes of charts preserving the hyperplane bundle H.

The symbols that we consider in the Heisenberg calculus are the following.

Definition 12. 1) Sm(U × Rd+1), m ∈ C, is the space of functions p(x, ξ) in
C∞(U × (Rd+1 \ {0})) such that p(x, t.ξ) = tmp(x, ξ) for any t > 0.

2) Sm(U × Rd+1), m ∈ C, consists of functions p ∈ C∞(U × Rd+1) with an
asymptotic expansion p ∼

∑
j≥0 pm−j, pk ∈ Sk(U × Rd+1), in the sense that, for

any integer N , any compact K ⊂ U and any multi-orders α, β, there exists a
constant CNKαβ > 0 such that, for any x ∈ K and any ξ ∈ Rd+1 so that ‖ξ‖ ≥ 1,
we have

(67) |∂αx ∂
β
ξ (p−

∑
j<N

pm−j)(x, ξ)| ≤ CNKαβ‖ξ‖<m−〈β〉−N ,

where we have set 〈β〉 = 2β0 + β1 + . . .+ βd.

Next, for j = 0, . . . , d let σj(x, ξ) denote the symbol (in the classical sense) of
the vector field 1

iXj and set σ = (σ0, . . . , σd). Then for p ∈ Sm(U × Rd+1) we let
p(x,−iX) be the continuous linear operator from C∞c (U) to C∞(U) such that

(68) p(x,−iX)u(x) = (2π)−(d+1)

∫
eix.ξp(x, σ(x, ξ))û(ξ)dξ ∀u ∈ C∞c (U).



Let (Md+1, H) be a Heisenberg manifold. We define the ΨHDOs on M as
follows.

Definition 13. Ψm
H(M), m ∈ C, consists of continuous operators P from

C∞c (M) to C∞(M) such that:
(i) The Schwartz kernel of P is smooth off the diagonal;
(ii) In any local coordinates equipped with an H-frame X0, . . . , Xd the operator

P can be written as

(69) P = p(x,−iX) +R,

where p(x, ξ) is a Heisenberg symbol of order m and R is a smoothing operator.

For any a ∈ M the convolution on GaM gives rise under the (linear) Fourier
transform to a bilinear product for homogeneous symbols,

(70) ∗a : Sm1(g∗aM)× Sm2(g∗a) −→ Sm1+m2(g∗aM).

This product depends smoothly on a, so it gives rise to the product,

∗ : Sm1(g∗M)× Sm2(g∗M) −→ Sm1+m2(g∗M),(71)

p1 ∗ p2(a, ξ) = [p1(a, ·) ∗a p2(a, ·)](ξ).(72)

This provides us with the right composition for principal symbols, since for any
operators P1 ∈ Ψm1

H (M) and P2 ∈ Ψm2
H (M) such that P1 or P2 is properly supported

we have

(73) σm1+m2(P1P2) = σm1(P1) ∗ σm2(P2).

Notice that when GaM is not commutative, i.e., when La 6= 0, the product ∗a is
no longer the pointwise product of symbols and, in particular, it is not commutative.
As a consequence, unless H is integrable, the product for Heisenberg symbols, while
local, is not microlocal (see [BGr]).

When the principal symbol of P ∈ Ψm
H(M) is invertible with respect to the

product ∗, the symbolic calculus of [BGr] allows us to construct a parametrix
for P in Ψ−mH (M). In particular, although not elliptic, P is hypoelliptic with a
controlled loss/gain of derivatives (see [BGr]).

In general, it may be difficult to determine whether the principal symbol of a
given operator P ∈ Ψm

H(M) is invertible with respect to the product ∗, but this can
be completely determined in terms of a representation theoretic criterion on each
tangent group GaM , the so-called Rockland condition (see [Po3], Thm. 3.3.19). In
particular, if σm(P )(a, ·) is pointwise invertible with respect to the product ∗a for
all a ∈M .

7.2. The logarithmic singularity of a ΨHDO. It is possible to characterize
the ΨHDOs in terms of their Schwartz kernels (see [BGr]). As a consequence we
get the following description of the singularity near the diagonal of the Schwartz
kernel of a ΨHDO.

In the sequel, given an open subset of local coordinates U ⊂ Rd+1 equipped
with an H-frame X0, . . . , Xd of TU , for any a ∈ U we let ψa denote the unique affine
change of variables such that ψa(a) = 0 and (ψa∗Xj)(0) = ∂

∂xj
for j = 0, 1, . . . , d+1.

Definition 14. The local coordinates provided by ψa are called privileged co-
ordinates centered at a.



Throughout the rest of the paper the notion of homogeneity refers to homo-
geneity with respect to the anisotropic dilations (63).

Proposition 6 ([Po2, Prop. 3.11]). Let Ψm
H(M), m ∈ Z.

1) In local coordinates equipped with an H-frame the kernel kP (x, y) has a
behavior near the diagonal y = x of the form

(74) kP (x, y) =
∑

−(m+d+2)≤j≤−1

aj(x,−ψx(y))− cP (x) log ‖ψx(y)‖+O(1),

where aj(x, y) ∈ C∞(U × (Rn \ {0})) is homogeneous of degree j in y, and we have

(75) cP (x) = (2π)−(d+1)

∫
‖ξ‖=1

p−(d+2)(x, ξ)ιEdξ,

where p−(d+2)(x, ξ) is the symbol of degree −(d + 2) of P and E denotes the
anisotropic radial vector 2x0∂x0 + x1∂x1 + · · ·+ xd∂xd .

2) The coefficient cP (x) makes sense globally on M as a 1-density.

Let P ∈ Ψm
H(M) be such that its principal symbol is invertible in the Heisenberg

calculus sense and let Q ∈ Ψ−mH (M) be a parametrix for P . Then Q is uniquely
defined modulo smoothing operators, so the logarithmic singularity cQ(x) does not
depend on the particular choice of Q.

Definition 15. If P ∈ Ψm
H(M), m ∈ Z, has an invertible principal symbol,

then its Green kernel logarithmic singularity is the density

(76) γP (x) := cQ(x),

where Q ∈ Ψ−mH (M) is any given parametrix for P .

In the same way as for classical ΨDOs, the logarithmic singularity densities are
related to the construction of the noncommutative residue trace for the Heisenberg
calculus (see [Po2]).

8. pseudo-Hermitian Invariants

8.1. pseudo-Hermitian geometry. Let (M2n+1, H, J) be a strictly pseudo-
convex CR manifold. In the terminology of [We] a pseudo-Hermitian structure on
M is given by the datum of real 1-form on M such that θ annihilates H and the as-
sociated Levi form (62) is positive definite. Notice that θ is uniquely determined up
to a conformal factor. Conversely, the conformal class of θ is uniquely determined
by the strictly pseudoconvex CR structure of M .

Since θ is a contact form there exists a unique vector field X0 on M , called the
Reeb field, such that ιX0θ = 1 and ιX0dθ = 0. Let N ⊂ TCM be the complex line
bundle spanned by X0. We then have the splitting

(77) TCM = N ⊕ T1,0 ⊕ T0,1.

The Levi metric hθ is the unique Hermitian metric on TCM such that:
- The splitting (77) is orthogonal with respect to hθ;
- hθ commutes with complex conjugation;
- We have h(X0, X0) = 1 and hθ agrees with Lθ on T1,0.

Notice that the volume form of hθ is 1
n! (dθ)

n ∧ θ.



As proved by Tanaka [Ta] and Webster [We], the datum of the pseudo-Hermitian
contact form θ uniquely defines a connection, the Tanaka-Webster connection,
which preserves the pseudo-Hermitian structure of M , i.e., such that ∇θ = 0 and
∇J = 0. It can be defined as follows.

Let {Zj} be a frame of T1,0. We set Zj̄ = Zj . Then {X0, Zj , Zj̄} forms a frame
of TCM . In the sequel such a frame will be called an admissible frame of TCM .
Let {θ, θj , θj̄} be the coframe of T ∗CM dual to {X0, Zj , Zj̄}. With respect to this
coframe we can write dθ = ihjk̄θ

j ∧ θk̄.
Using the matrix (hjk̄) and its inverse (hjk̄) to lower and raise indices, the

connection 1-form ω = (ω k
j ) and the torsion form τj = Ajkθ

k of the Tanaka-
Webster connection are uniquely determined by the relations

(78) dθk = θj ∧ ω k
j + θ ∧ τk, ωjk̄ + ωk̄j = dhjk̄, Ajk = Akj .

In addition, we have the structure equations

(79) dω k
j −ω l

j ∧ω k
l = R k

j lm̄θ
l ∧ θm̄+Wjk̄lθ

l ∧ θ−Wk̄jl̄θ
l̄ ∧ θ+ iθj ∧ τk̄− iτj ∧ θk̄.

The pseudo-Hermitian curvature tensor of the Tanaka-Webster connection is
the tensor with components Rjk̄lm̄, its Ricci tensor is ρjk̄ := R l

l jk̄
and its scalar

curvature is κθ := ρ j
j .

8.2. Local pseudo-Hermitian invariants. Let us now define local pseudo-
Hermitian invariants. The definition is more involved than that of local Riemannian
invariants, because:

- The components of the Tanaka-Webster connection and its curvature and
torsion tensors are defined with respect to the datum of a local frame Z1, . . . , Zn
which never is a frame ∂

∂z1 , . . .
∂
∂zn associated to local coordinates z1, . . . , zn;

- In order to get local pseudo-Hermitian invariants from pseudo-Hermitian in-
variant ΨHDOs it is important to take into account the tangent group bundle of a
CR manifold, in which the Heisenberg group comes into play.

Before defining local pseudo-Hermitian invariants, some notation needs to be
introduced.

Let U ⊂ Rn be an open subset of local coordinates equipped with a frame
Z1, . . . , Zn of T1,0. Write Zj = Xj − iXn+j , where Xj and Xn+j are real vector
fields. Then X0, . . . , X2n is a local H-frame of TM . We shall call this frame the
H-frame associated to Z1, . . . , Zn.

Let η0, . . . , η2n be the coframe of T ∗M dual to X0, . . . , X2n (so that η0 = θ).
We write Xj = X k

j ∂xk and ηj = ηjkdx
k. We also write Zj = Z k

j ∂xk . It will
be convenient to identify X0(x) with the vector (X k

0 (x)) ∈ R2n+1 and Z(x) :=
(Z1(x), . . . , Zn(x)) with the matrix (Z k

j (x)) in Mn,2n+1(C)×, where the latter de-
notes the open subset of Mn,2n+1(C) consisting of regular matrices.

For j, k̄ = 1, . . . , n we set hjk̄ = hθ(Zj , Zk) = iθ([Zj , Zk̄]), and for j, k =
1, . . . , 2n we set Ljk = θ([Xj , Xk]). Let Mn(C)+ denote the open cone of positive
definite Hermitian n×n matrices. In the sequel it will also be convenient to identify
hθ with the matrix hθ(x) := (hjk̄(x)) ∈Mn(C)+.

Thanks to the integrability of T1,0 we have θ([Zj , Zk]) = 0. As we have
[Zj , Zk] = [Xj , Xk]− [Xn+j , Xn+k]− i([Xn+j , Xk] + [Xj , Xn+k]) we see that

(80) Ln+j,n+k = Lj,k and Lj,n+k = −Ln+j,k.



Since [Zj , Zk̄] = [Xj , Xk] + [Xn+j , Xn+k] + i([Xn+j , Xk]− [Xj , Xn+k]) we get

(81) hjk̄ = iθ([Zj , Zk̄]) = 2iLj,k + 2Ln+j,k.

In other words, we have

(82) (Ljk) =
1
2

(
=h −<h
<h =h

)
.

For any a ∈ U we let ψa be the affine change of variables to the privileged
coordinates centered at a (cf. Definition 14). One checks that ψa(x)j = ηjk(xk−ak),
so we have

(83) ψa∗Xj = X k
j (ψa(x))ηlk(a)∂l.

Given a vector field X defined near x = 0 let us denote by X(0)l the vector field
obtained as the part in the Taylor expansion at x = 0 of X which is homogeneous of
degree l with respect to the Heisenberg dilations (63). Then the Taylor expansions
at x = 0 of the vector fields ψa∗X0, . . . , ψa∗X2n take the form

X0 = X
(a)
0 +X0(0)(−1) + · · · ,(84)

Xj = X
(a)
j +Xj(0)(0) + · · · , 1 ≤ j ≤ 2n,(85)

with

(86) X
(a)
0 = ∂x0 , X

(a)
j = ∂xj + bjk(a)xk∂x0 , 1 ≤ j ≤ 2n,

where we have set bjk(a) := ∂k[X l
j (ψa(x))]|x=0η

0
l(a). Notice that X(a)

0 is homoge-

neous of degree −2, while X(a)
1 , . . . , X

(a)
2n are homogeneous of degree −1.

The linear span of the vector fields X(a)
0 , . . . , X

(a)
2n is a 2-step nilpotent Lie

algebra under the Lie bracket of vector fields. Therefore, this is the Lie algebra of
left-invariant vector fields on a 2-step nilpotent Lie group G(a). The latter can be
realized as R2n+1 equipped with the product

(87) x.y = (x0 + y0 + bkj(a)xjyk, x1 + y1, . . . , x2n + y2n).

Notice that [X(a)
j , X

(a)
k ] = (bkj(a) − bjk(a))X(a)

0 . In addition, we can check that
[ψa∗Xj , ψa∗Xk](0) = (bkj(a)− bjk(a))∂x0 mod H0. Thus,

(88) Ljk(a) = θ(Xj , Xk)(a) = (ψa∗θ)([ψa∗Xj , ψa∗Xk])(0)

= 〈dx0, [ψa∗Xj , ψa∗Xk](0)〉 = bkj(a)− bjk(a).

This shows that G(a) has the same structure constants as the tangent group GaM ,
hence is isomorphic to it (see [Po1]). This also implies that (− 1

2Ljk(a)) is the skew-
symmetric part of (bjk(a)). For j, k = 1, . . . , 2n set µjk(a) = bjk(a) + 1

2Ljk(a). The
matrix (µjk(a)) is the symmetric part of (bjk(a)), so it belongs to the space S2n(R)
of symmetric 2n× 2n matrices with real coefficients.

In the sequel we set

(89) Ω = Mn(C)+ × R2n+1 ×Mn,2n+1(C)× × S2n(R).

This is a manifold, and for any x ∈ U the quadruple (h(x), X0(x), Z(x), µ(x)) is an
element of Ω depending smoothly on x.

In addition, we let P be the set of monomials in the indeterminate variables
∂αX k

0 , ∂αZ k
j and ∂αZ k

j , where the integer j ranges over {1, . . . , n}, the integer
k ranges over {0, . . . , 2n}, and α ranges over all multi-orders in N2n

0 . Given the



Reeb field X0 and a local frame Z0, . . . , Zn of T1,0 by plugging ∂αxX
k

0 (x), ∂αxZ
k
j (x)

and ∂αZ k
j (x) into a monomial p ∈ P we get a function which we shall denote by

p(X0, Z, Z)(x).
Bearing all this mind we define local pseudo-Hermitian invariants as follows.

Definition 16. A local pseudo-Hermitian invariant of weight w is the datum
on each pseudo-Hermitian manifold (M2n+1, θ) of a function Iθ ∈ C∞(M) such
that:

(i) There exists a finite family (ap)p∈P ⊂ C∞(Ω) such that, in any local coor-
dinates equipped with a frame Z1, . . . , Zn of T1,0, we have

(90) Iθ(x) =
∑
p∈P

ap(h(x), X0(x), Z(x), µ(x))p(X0, Z, Z)(x).

(ii) We have Itθ(x) = t−wIθ(x) for any t > 0.

Any local Riemannian invariant of hθ is a local pseudo-Hermitian invariant.
However, the above notion of weight for pseudo-Hermitian invariant is anisotropic
with respect to hθ. For instance if we replace θ by tθ then hθ is rescaled by t on
T1,0 ⊕ T0,1 and by t2 on the vertical line bundle N ⊗ C.

On the other hand, as shown in [JL2, Prop. 2.3], by means of parallel trans-
lation along parabolic geodesics any orthonormal frame Z1(a), . . . , Zn(a) of T1,0 at
a point a ∈ M can be extended to a local frame Z1, . . . , Zn of T1,0 near a. Such a
frame is called a special orthonormal frame.

Furthermore, as also shown in [JL2, Prop. 2.3] any special orthonormal frame
Z1, . . . , Zn near a allows us to construct pseudo-Hermitian normal coordinates
x0, z

1 = x1 + ixn+1, . . . , zn = xn + ix2n centered at a in such way that in the
notation of (84)–(85) we have

(91) X0(0)(−2) = ∂x0 , Zj(0)(−1) = ∂zj +
i

2
z̄j∂x0 , ωjk̄(0) = 0.

Write Zj = Xj−iXn+j , whereXj andXn+j are real vector fields. Then we have
Xj(0)(−1) = ∂xj − 1

2x
n+j∂x0 and Xn+j(0)(−1) = ∂xn+j + 1

2x
j∂x0 . In particular, we

have Xj(0) = ∂xj for j = 0, . . . , 2n. This implies that the affine change of variables
ψ0 to the privileged coordinates at 0 is just the identity. Moreover, in the notation
of (86) for j = 1, . . . , n we have

(92) X
(0)
j = ∂xj −

1
2
xn+j∂x0 , X

(0)
n+j = ∂xn+j +

1
2
xj∂x0 .

Incidentally, this shows that the matrix (bjk(0)) is skew-symmetric, so its symmetric
part vanishes, i.e., µ(0) = 0.

Proposition 7 ([Po4]). Assume each pseudo-Hermitian manifold (M2n+1, θ)
gifted with a function Iθ ∈ C∞(M) in such a way that Itθ(x) = t−wIθ(x) for any
t > 0. Then the following are equivalent:

(i) Iθ(x) is a local pseudo-Hermitian invariant;

(ii) There exists a finite family (ap)p∈P ⊂ C such that, for any pseudo-Hermitian
manifold (M2n+1, θ) and any point a ∈M , in any pseudo-Hermitian normal coor-
dinates centered at a associated to any given special orthonormal frame Z1, . . . , Zn



of T1,0 near a, we have

(93) Iθ(a) =
∑
p∈P

app(X0, Z, Z)(x)|x=0.

(iii) Iθ(x) is a universal linear combination of complete tensorial contractions
of covariant derivatives of the pseudo-Hermitian curvature tensor and of the torsion
tensor of the Tanaka-Webster connection.

8.3. pseudo-Hermitian invariant ΨHDOs. We define homogeneous sym-
bols on Ω× R2n+1 as follows.

Definition 17. Sm(Ω×R2n+1), m ∈ C, consists of functions a(h,X0, Z, ξ) in
C∞(Ω× (R2n+1 \ {0})) such that a(θ, Z, tξ) = tma(θ, Z, ξ) ∀t > 0.

In addition, recall that if Z1, . . . , Zn is a local frame of T1,0 then its associated
H-frame is the frame X0, . . . , X2n of TM such that Zj = Xj − iXn+j for j =
1, . . . , n.

Definition 18. A pseudo-Hermitian invariant ΨHDO of order m and weight
w is the datum on each pseudo-Hermitian manifold (M2n+1, θ) of an operator Pθ
in Ψm

H(M) such that:
(i) For j = 0, 1, . . . there exists a finite family (ajp)p∈P ⊂ Sm−j(Ω × R2n+1)

such that, in any local coordinates equipped with the H-frame associated to a frame
Z1, . . . , Zn of T1,0, the operator Pθ has symbol pθ ∼

∑
pθ,m−j with

(94) pθ,m−j(x, ξ) =
∑
p∈P

p(X0, Z, Z)(x)ajp(h(x), X0(x), Z(x), µ(x), ξ).

(ii) For all t > 0 we have Ptθ = t−wPθ modulo Ψ−∞(M).
In addition, we will say that Pθ is admissible if in (94) we can take a0p(h,X0, Z, µ, ξ)
to be zero for p 6= 1.

For instance, the horizontal sub-Laplacian ∆b is an admissible pseudo-Hermitian
invariant differential operator of weight 1.

We gather the main properties of pseudo-Hermitian invariant ΨHDOs in the
following.

Proposition 8 ([Po4]). Let Pθ be a pseudo-Hermitian invariant ΨHDO of
order m and weight w.

(1) Let Qθ be a pseudo-Hermitian invariant ΨHDO of order m′ and weight w′,
and assume that Pθ or Qθ is uniformly properly supported. Then PθQθ is
a pseudo-Hermitian invariant ΨHDO of order m+m′ and weight w+w′.

(2) Assume that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the datum on every pseudo-Hermitian
manifold (M2n+1, θ) of a parametrix Qθ ∈ Ψ−m(M) gives rise to a pseudo-
Hermitian invariant ΨHDO of order −m and weight −w.

Finally, concerning the logarithmic singularities of pseudo-Hermitian invariant
ΨHDOs the following holds.

Proposition 9 ([Po4]). Let Pθ be a pseudo-Hermitian invariant ΨHDO of
order m and weight w. Then the logarithmic singularity cPθ (x) takes the form

(95) cPθ (x) = IPθ (x)|(dθ)n ∧ θ|,
where Iθ(x) is a local pseudo-Hermitian invariant of weight n+ 1 + w.



9. CR Invariants and Fefferman’s Program

9.1. Local CR Invariants. The local CR invariants can be defined as follows.

Definition 19. A local scalar CR invariant of weight w is a local scalar pseudo-
Hermitian invariant Iθ(x) such that

(96) Iefθ(x) = e−wf(x)Iθ(x) ∀f ∈ C∞(M,R).

When M is a real hypersurface the above definition of a local CR invariant
agrees with the definition in [Fe2] in terms of Chern-Moser invariants (with our
convention about weight a local CR invariant that has weight w in the sense of (96)
has weight 2w in [Fe2]).

The analogue of the Weyl curvature in CR geometry is the Chern-Moser ten-
sor ([CM], [We]). Its components with respect to any local frame Z1, . . . , Zn of
T1,0 are

(97) Sjk̄lm̄ = Rjk̄lm̄ − (Pjk̄hlm̄ + Plk̄hjm̄ + Plm̄hjk̄ + Pjm̄hlk̄),

where Pjk̄ = 1
n+2 (ρjk̄ − κ

2(n+1)hjk̄) is the CR Schouten tensor. The Chern-Moser
tensor is a CR invariant tensor of weight 1, so we get scalar local CR invariants by
taking complete tensorial contractions. For instance, as a scalar invariant of weight
2 we have

(98) |S|2θ = S j̄kl̄mSjk̄lm̄,

and as scalar invariants of weight 3 we get

(99) S k̄l
ij̄ S p̄q

kl̄
S īj
pq̄ and S jk̄

i l̄
S ī q
j̄p
Sp̄ l
q̄k .

More generally, the Weyl CR invariants are obtained as follows. Let K be the
canonical line bundle of M , i.e., the annihilator of T1,0 ∧ ΛnT ∗CM in Λn+1T ∗CM .
The Fefferman bundle is the total space of the circle bundle,

(100) F := (K \ {0})/R∗+.

It carries a natural S1-invariant Lorentzian metric gθ whose conformal class depends
only the CR structure of M , for we have gefθ = efgθ for any f ∈ C∞(M,R)
(see [Fe1], [Le]). Notice also that the Levi metric defines a Hermitian metric h∗θ on
K, so we have a natural isomorphism of circle bundles ιθ : F → Σθ, where Σθ ⊂ K
denotes the unit sphere bundle of K.

Lemma 1 ([Fe2]; see also [Po4]). Any local scalar conformal invariant Ig(x)
of weight w uniquely defines a local scalar CR invariant of weight w.

9.2. CR invariant operators.

Definition 20. A CR invariant ΨHDO of order m and biweight (w,w′) is a
pseudo-Hermitian invariant ΨHDO Pθ such that

(101) Pefθ = ew
′fPθe

−wf ∀f ∈ C∞(M,R).

We summarize the algebraic properties of CR invariant ΨHDOs in the following.

Proposition 10 ([Po4]). Let Pθ be a CR invariant ΨHDO of order m and
biweight (w,w′).



(1) Let Qθ be a CR invariant ΨHDO of order m′ and biweight (w′′, w), and
assume that Pθ or Qθ is uniformly properly supported. Then PθQθ is a
CR invariant ΨHDO of order m+m′ and biweight (w′′, w′).

(2) Assume that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the datum on every pseudo-Hermitian
manifold (M2n+1, θ) of a parametrix Qθ ∈ Ψ−m(M) gives rise to a CR
invariant ΨHDO of order −m and biweight (w′, w).

Next, we have plenty of CR invariant operators thanks to the following result.

Proposition 11 ([JL1], [GG]; see also [Po4]). Any conformally invariant
Riemannian differential operator Lg of weight w uniquely defines a CR invariant
differential operator Lθ of the same weight.

When Lg is the Yamabe operator the corresponding CR invariant operator is
the CR Yamabe operator introduced by Jerison-Lee [JL1] in their solution of the
Yamabe problem on CR manifolds. Namely,

(102) �θ = ∆b +
n

n+ 2
κθ,

where κθ is the Tanaka-Webster scalar curvature. This is a CR invariant differential
operator of biweight (−n2 ,−n+2

2 ).
More generally, Gover-Graham [GG] proved that for k = 1, . . . , n + 1 the

GJMS operator �(k)
g on the Fefferman bundle gives rise to a selfadjoint differential

operator,

(103) �(k)
θ : C∞(M) −→ C∞(M).

This is a CR invariant operator of biweight (k−(n+1)
2 ,−k+n+1

2 ) and it has the same
principal symbol as

(104) (∆b + i(k − 1)X0)(∆b + i(k − 3)X0) · · · (∆b − i(k − 1)X0).

In particular, except for the critical value k = n+ 1, the principal symbol of �(k)
θ is

invertible in the Heisenberg calculus sense (see [Po3, Prop. 3.5.7]). The operator
�(k)
θ is called the CR GJMS operator of order k. For k = 1 we recover the CR

Yamabe operator. Notice that by making use of the CR tractor calculus we also
can define CR GJMS operators of order k ≥ n+2 (see [GG]). These operators can
also be obtained by means of geometric scattering theory (see [HPT]).

9.3. Fefferman’s program. In the same way as in conformal geometry, in
the setting of CR geometry the program of Fefferman has two main aspects:

Fefferman’s Program (Analytic Aspect). Give a precise geometric descrip-
tion of the singularities of the Schwartz, Green and null kernels of CR invariant
operators in terms of local conformal invariants.

Fefferman’s Program (Geometric Aspect). Determine all local invariants
of a strictly pseudoconvex CR structure.

Concerning the latter aspect, the analogues of the Weyl conformal invariants
are the Weyl CR invariants which are the local CR invariants arising from the
Weyl conformal invariants of the Fefferman as described by Lemma 1. Notice that,
for the Fefferman bundle, the ambient metric was constructed by Fefferman [Fe2]
as a Kähler-Lorentz metric. Therefore, the Weyl CR invariants are the local CR



invariants that arise from complete tensorial contractions of covariant derivatives
of the curvature tensor of Fefferman’s ambient Kähler-Lorentz metric.

Bearing this in mind the CR analogue of Proposition 2 is given by the following.

Proposition 12 ([Fe2, Thm. 2], [BEG, Thm. 10.1]). Every local CR invariant
of weight ≤ n+ 1 is a linear combination of local Weyl CR invariants.

In particular, we recover the fact that there is no local CR invariant of weight 1.
Furthermore, we see that every local CR invariant of weight 2 is a constant multiple
of |S|θ. Similarly, the local CR invariants of weight 3 are linear combinations of
the invariants (99) and of the invariant Φθ that arises from the Fefferman-Graham
invariant Φgθ of the Fefferman Lorentzian space F .

10. Logarithmic singularities of CR invariant ΨHDOs

Let us now look at the logarithmic singularities of CR invariant ΨHDOs. To
this end let us denote by [θ] the conformal class of θ.

Proposition 13. Consider a family (Pθ̂)θ̂∈[θ] ⊂ Ψm(M) such that

(105) Pefθ = ew
′fPθe

−wf ∀f ∈ C∞(M,R).

Then

(106) cP
ef θ

(x) = e(w′−w)f(x)cPθ (x) ∀f ∈ C∞(M,R).

This result generalizes a previous result of N.K. Stanton [St]. Combining it
with Proposition 9, and using Proposition 12 , we obtain the following.

Theorem 6 ([Po4]). Let Pθ be a CR invariant ΨHDO of order m and biweight
(w,w′). Then the logarithmic singularity cPθ (x) takes the form

(107) cPθ (x) = IPθ (x)|(dθ)n ∧ θ|,

where Iθ(x) is a scalar local CR invariant of weight n+ 1 + w − w′. If we further
have w ≤ w′, then Iθ(x) is a linear combination of Weyl CR invariants of weight
n+ 1 + w − w′.

We can make use of this result to study the logarithmic singularities of the
Green kernels of the CR GJMS operators.

Theorem 7. For k = 1, . . . , n we have

(108) γ
�(k)
θ

(x) = ckθ(x)|dθn ∧ θ|,

where ckθ(x) is a linear combination of scalar Weyl CR invariants of weight n+1−k.
In particular,

c
(n)
θ (x) = 0, c

(n−1)
θ (x) = αn|S|2θ,(109)

c
(n−2)
θ (x) = βnS

k̄l
ij̄ S p̄q

kl̄
S īj
pq̄ + γnS

jk̄

i l̄
S ī q
j̄p
Sp̄ l
q̄k + δnΦθ,(110)

where S is the Chern-Moser curvature tensor, Φθ is the CR Fefferman-Graham
invariant, and the constants αn, βn, γn and δn depend only on n.
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