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Abstract. This paper consists of two parts. In the first part we show that in
odd dimension, as well as in even dimension below the critical weight (i.e. half

the dimension), the logarithmic singularities of Schwartz kernels and Green

kernels of conformal invariant pseudodifferential operators are linear combina-
tions of Weyl conformal invariants, i.e., of local conformal invariants arising

from complete tensorial contractions of the covariant derivatives of the Lorentz

ambient metric of Fefferman-Graham. In even dimension and above the critical
weight exceptional local conformal invariants may further come into play. As

a consequence, this allows us to get invariant expressions for the logarithmic

singularities of the Green kernels of the GJMS operators (including the Yam-
abe and Paneitz operators). In the second part, we prove analogues of these

results in CR geometry. Namely, we prove that the logarithmic singularities of
Schwartz kernels and Green kernels of CR invariant Heisenberg pseudodifferen-

tial operators give rise to local CR invariants, and below the critical weight are

linear combinations of complete tensorial contractions of the covariant deriva-
tives of Fefferman’s Kälher-Lorentz ambient metric. As a consequence, we can

obtain invariant descriptions of the logarithmic singularities of the Green ker-

nels of the CR GJMS operators of Gover-Graham (including the CR Yamabe
operator of Jerison-Lee).

Introduction

Motivated by the analysis of the singularity of the Bergman kernel of a strictly
pseudoconvex domain D ⊂ Cn+1 Fefferman [Fe2] launched the program of deter-
mining all local invariants of a strictly pseudoconvex CR structure. This program
was subsequently extended to deal with local invariants of other parabolic geome-
tries, including conformal geometry (see [FG1]). Since Fefferman’s seminal paper
further progress has been made, especially recently (see, e.g., [Al2], [BEG], [GH],
[Hi1], [Hi2]). In addition, there is a very recent upsurge of new conformally invariant
Riemannian differential operators (see [Al2], [Ju]).

In this paper we turn to the analysis of the logarithmic singularities of the
Schwartz kernels and Green kernels of general invariant pseudodifferential operators
in conformal and CR geometry. This connects nicely with results of Hirachi ([Hi1],
[Hi2]) on the logarithmic singularities of the Bergman and Szegö kernels on bound-
aries of strictly pseudoconvex domains.
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The main result in the conformal case (Theorem 4.5) asserts that in odd di-
mension, as well as in even dimension below the critical weight (i.e. half of the
dimension), the logarithmic singularities of Schwartz kernels and Green kernels
of conformally invariant Riemannian ΨDOs are linear combinations of Weyl con-
formal invariants, that is, of local conformal invariants arising complete tensorial
contractions of covariant derivatives of the ambient Lorentz metric of Fefferman-
Graham ([FG1], [FG2]). Above the critical weight the description in even dimen-
sion involve the ambiguity independent Weyl conformal invariants recently defined
by Graham-Hirachi [GH], as well as the exceptional local conformal invariants of
Bailey-Gover [BG]. In particular, by specializing this result to the GJMS opera-
tors of [GJMS], including the Yamabe and Paneitz operators, we obtain invariant
expressions for the logarithmic singularities of the Green kernels of these operators
(see Theorem 4.6).

In the CR setting the relevant class of pseudodifferential operators is the class of
ΨHDOs introduced by Beals-Greiner [BGr] and Taylor [Tay]. In this context the
main result (Theorem 8.6) asserts that the logarithmic logarithmic singularities of
Schwartz kernels and Green kernels of CR invariant ΨHDOs are local CR invariants,
and below the critical weight are linear combinations of complete tensorial contrac-
tions of covariant derivatives of the curvature of the ambient Kähler-Lorentz metric
of Fefferman [Fe2]. As a consequence this allows us to get invariant expressions for
the logarithmic singularities of the Green kernels of the CR GJMS operators of [GG]
(see Theorem 8.7).

The proof of the main result in the conformal case is divided into three steps. In
the first step we show that, given a ΨDO on a Riemannian manifold transforming
conformally under a conformal change of metrics, the logarithmic singularity of
its Schwartz kernel, as well as that of its Green kernel when the operator is ellip-
tic, transform conformally under a conformal change of metrics (Proposition 2.1).
This result unifies and extends several previous results of Parker-Rosenberg [PR],
Gilkey [Gi] and Paycha-Rosenberg [PRo].

The second step is a Riemannian invariant version of the first step. Namely, we
show that the logarithmic singularities of Schwartz kernels and Green kernels of
Riemannian invariant ΨDOs are local Riemannian invariants, hence can expressed
as linear combinations of complete contractions of covariant derivatives of the cur-
vature tensor (see Proposition 3.5 for the precise statement). This result is very
much reminiscent of the Riemannian invariant expression of the coefficients of the
heat kernel asymptotics of Laplace-type operators (see [ABP], [Gi]).

In odd dimension, as well as in even dimension below the critical weight, an
important result of Bailey-Eastwood-Graham [BEG] shows that all local confor-
mal invariants as linear combinations of Weyl conformal invariants. Recently, in
even dimension the remaining cases have been dealt with by Graham-Hirachi [GH].
Therefore, in the final third step, we can simply combine these results with the
results of the first two steps to deduce our main results in the conformal case.

Notice that thanks to the Ricci flatness of the ambient metric they are much
fewer Weyl conformal invariant than Weyl Riemannian invariants. Therefore, in
the third step we get a more precise information on the forms of the logarithmic
singularities at stake than the Riemannian invariant expressions provided by the
second step.
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Next, the proof of the main result in the CR setting follows a similar pattern.
First, we prove that, given a ΨHDO on a contact manifold which transforms confor-
mally under a conformal change of contact form, the logarithmic singularities of its
Schwartz kernel and its Green kernel (when the operator is hypoelliptic) transform
conformally under a conformal change of contact form (see Proposition 6.1). This
extends a previous result of N.K. Stanton [St].

In the second step we deal with the logarithmic singularities of pseudohermi-
tian invariant ΨHDOs (these objects are defined in Section 7). More precisely, we
show that the logarithmic singularities of the Schwartz kernels and the Green ker-
nels of pseudohermitian invariant ΨHDOs are local pseudohermitian invariants (see
Proposition 7.9). Therefore these logarithmic singularities appear as universal lin-
ear combinations of complete tensorial contractions of covariant derivatives of the
(pseudohermitian) curvature tensor and of the torsion tensor of the Tanaka-Webster
connection.

Similarly to a conformally invariant Riemannian ΨDO, a CR invariant ΨHDO is
a pseudohermitian invariant ΨHDOs that transforms conformally under a conformal
change of contact form. Furthermore, we know from Fefferman [Fe2] and Bailey-
Eastwood-Graham [BEG] that any local CR invariant of weight less than or equal
to the critical weight is linear combination of Weyl CR invariants. Combining this
with the previous steps allows us to prove the main results in the CR case.

The first and third steps in the CR case are carried along similar lines as that of
the corresponding steps in the conformal case. There are some technical issues with
the second step because we need to introduce definitions of local pseudohermitian
invariant and of pseudohermitian invariant ΨHDOs in such way that the former
is equivalent to the usual definition of a local pseudohermitian invariant and both
definitions are suitable for working with the Heisenberg calculus. In particular, it
is important to take into account the tangent structure of a strictly pseudoconvex
CR manifold, in which the Heisenberg group comes into play. The bulk of this step
then is to prove all the properties of local pseudohermitian invariants and pseudo-
hermitian invariant ΨHDOs that are needed in order to prove that the logarithmic
singularities of the Schwartz kernels and the Green kernels of the latter do give
rise to local pseudohermitian invariants. More generally, the arguments used in
this step pave the way for proving that various local invariants attached to pseu-
dohermitian invariant ΨHDOs (e.g. local zeta function invariants) give rise to local
pseudohermitian invariants.

Finally, it is believed that by making use of the ambient metric construction of
the GJMS operators in [GJMS] we could compute the logarithmic singularities of
these operators in the conformal case, as well as in the CR case. It is conjectured
that there should be related in a somewhat explicit way to the coefficients of the
heat kernel asymptotics of the Laplace operator, which has been thoroughly studied
(see [Gi] and the references therein). We hope to report more on this in a subsequent
paper.

The paper is organized as follows.
In Section 1, we recall how the logarithmic singularity of a ΨDO gives rise to

a well defined density. We then explain its connection with the noncommutative
residue trace of Wodzicki and Guillemin.

In Section 2, we show that the conformal invariance of the logarithmic singular-
ities of the Schwartz kernels and Green kernels of conformally invariant ΨDOs.
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In Section 3 we show that the logarithmic singularities of the Schwartz kernels
and Green kernels of Riemannian invariant ΨDOs are local Riemannian invariants.

In Section 4 we prove that the logarithmic singularities of the Schwartz ker-
nels and Green kernels of conformally invariant ΨDOs are linear combinations of
the local conformal invariants in the sense of Fefferman’s program. In particular,
this leads us to invariant expressions for the logarithmic singularities of the Green
kernels of the GJMS operators.

In Section 5, we recall some important facts about ΨHDOs and their logarithmic
singularities.

In Section 6, we prove the contact invariance of the Schwartz kernels and Green
kernels of contact invariant ΨHDOs.

In Section 7, we define pseudohermitian invariant ΨHDOs and prove that their
Schwartz kernels and Green kernels give rise to local pseudohermitian invariants.

In Section 8, we prove that the Schwartz kernels and Green kernels of CR in-
variant ΨHDOs are linear combinations of Weyl CR invariants, which allows us to
get invariant expressions for the the Green kernels of the CR GJMS operators.

Acknowledgements. I am very grateful to Pierre Albin, Charles Fefferman, Robin
Graham, Kengo Hirachi and Sidney Webster for helpful and stimulating discussions
related to the subject matter of this paper. In addition, I wish to thank for their
hospitality the University of Tokyo and the University of California at Berkeley
where part of this paper was written.

1. Pseudodifferential Operators and the Logarithmic Singularities
of their Schwartz Kernels

In this section we recall some definitions and properties about ΨDOs and the
logarithmic singularities of the Schwartz kernels of ΨDOs.

First, given an open subset U ⊂ Rn the symbols on U×Rn are defined as follows.

Definition 1.1. 1) Sm(U ×Rn), m ∈ C, is the space of functions p(x, ξ) contained
in C∞(U × Rn\0) such that p(x, tξ) = tmp(x, ξ) for any t > 0.

2) Sm(U×Rn), m ∈ C, consists of functions p ∈ C∞(U×Rn) with an asymptotic
expansion p ∼

∑
j≥0 pm−j, pk ∈ Sk(U × Rn), in the sense that, for any integer N ,

any compact K ⊂ U and any multi-orders α, β, there exists a constant CNKαβ > 0
such that, for any x ∈ K and any ξ ∈ Rd+1 so that |ξ| ≥ 1, we have

(1.1) |∂αx ∂
β
ξ (p−

∑
j<N

pm−j)(x, ξ)| ≤ CNKαβ |ξ|<m−〈β〉−N .

Given a symbol p ∈ Sm(U×Rn) we let p(x,D) be the continuous linear operator
from C∞c (U) to C∞(U) such that

(1.2) p(x,D)u(x) = (2π)−n
∫
eix.ξp(x, ξ)û(ξ)dξ ∀u ∈ C∞c (U).

Let Mn be a manifold and let E be a vector bundle over M . We define ΨDOs
on M acting on the sections of E as follows.

Definition 1.2. Ψm(M, E), m ∈ C, consists of continuous operators P from
C∞c (M, E) to C∞(M, E) such that:

(i) The Schwartz kernel of P is smooth off the diagonal;
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(ii) In any trivializing local coordinates the operator P can be written as

(1.3) P = p(x,D) +R,

where p is a symbol of order m and R is a smoothing operator.

We can give a precise description of the singularity of the Schwartz kernel of
a ΨDO near the diagonal and, in fact, the general form of these singularities can
be used to characterize ΨDOs (see, e.g., [Hö2], [Me], [BGr]). In particular, if
P : C∞c (M, E) → C∞(M, E) if a ΨDO of integer order m ≥ −n, then in local
coordinates its Schwartz kernel kP (x, y) has a behavior near the diagonal y = x of
the form

(1.4) kP (x, y) =
∑

−(m+n)≤j≤−1

aj(x, x− y)− cP (x) log |x− y|+ O(1),

where aj(x, y) ∈ C∞(U × (Rn\0)) is homogeneous of degree j in y and we have

(1.5) cP (x) =
1

(2π)n

∫
Sn−1

p−n(x, ξ)dn−1ξ,

where p−n(x, ξ) is the symbol of degree −n of P .
It seems to have been first observed by Connes-Moscovici [CMo] (see [GVF],

[Po4]) for detailed proofs) that the coefficient cP (x) makes sense globally on M as a
1-density with values in End E , i.e., it defines an element of C∞(M, |Λ|(M)⊗End E)
where |Λ|(M) is the bundle of 1-densities on M .

In the sequel we refer to the density cP (x) as the logarithmic singularity of the
Schwartz kernel of P .

If P is elliptic, then we shall call Green kernel for P the Schwartz kernel of a
parametrix Q ∈ Ψ−m(M, E) for P . Such a parametrix is uniquely defined only
modulo smoothing operators, but the singularity near the diagonal of the Schwartz
kernel of Q, including the logarithmic singularity cQ(x), does not depend on the
choice of Q.

Definition 1.3. If P ∈ Ψm(M, E), m ∈ Z, is elliptic, then the Green kernel
logarithmic singularity of P is the density

(1.6) γP (x) := cQ(x),

where Q ∈ Ψ−m(M, E) is any given parametrix for P .

Next, because of (1.5) the density cP (x) is related to the noncommutative residue
trace of Wodzicki ([Wo1], [Wo3]) and Guillemin [Gu1] as follows.

Let Ψint(M, E) = ∪<m<−nΨm(M, E) denote the class of ΨDOs whose symbols
are integrable with respect to the ξ-variable. If P is a ΨDO in this class then
the restriction to the diagonal of its Schwartz kernel kP (x, y) defines a smooth
End E-valued density kP (x, x). Therefore, if M is compact then P is trace-class on
L2(M, E) and we have

(1.7) TraceP =
∫
M

kP (x, x).

In fact, the map P → kP (x, x) admits an analytic continuation P → tP (x) to the
class ΨC\Z(M, E) of non-integer ΨDOs, where analyticity is meant with respect to
holomorphic families of ΨDOs as in [Gu2] and [KV]. Furthermore, if P ∈ ΨZ(M, E)
and if (P (z))z∈C is a holomorphic family of ΨDOs such that ordP (z) = ordP + z
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and P (0) = P . Then the map z → tP (z)(x) has at worst a simple pole singularity
at z = 0 in such way that

(1.8) Resz=0 tP (z)(x) = −cP (x).

Suppose now that M is compact. Then the noncommutative residue is the linear
functional on ΨZ(M, E) defined by

(1.9) ResP :=
∫
M

trE cP (x) ∀P ∈ ΨC\Z(M, E).

Thanks to (1.5) this definition agrees with the usual definition of the noncommu-
tative residue. Moreover, by using (1.8) we see that if (P (z))z∈C is a holomorphic
family of ΨDOs such that ordP (z) = ordP + z and P (0) = P , then the map
z → TraceP (z) has an analytic extension to C\Z with at worst a simple pole near
z = 0 in such way that

(1.10) ResP = −Resz=0 TRP (z).

Using this it is not difficult to see that the noncommutative residue is a trace on
ΨZ(M, E). Wodzicki [Wo2] even proved that his is the unique trace up to constant
multiple when M is connected.

Finally, let P : C∞(M, E) → C∞(M, E) be a ΨDO of integer order m ≥ 0 with
a positive principal symbol. For t > 0 we let kt(x, y) denote the Schwartz kernel of
e−tP . Then kt(x, y) is a smooth kernel and as t→ 0+ we have

(1.11) kt(x, x) ∼ t− n
m

∑
j≥0

t
j
m aj(P )(x) + log t

∑
j≥0

tjbj(P )(x),

where we further have a2j+1(P )(x) = bj(P )(x) = 0 for any j = 0, 1, . . . when P is
a differential operator (see, e.g., [Gi], [Gr]).

By making use of the Mellin Formula we can explicitly relate the coefficients
of the above heat kernel asymptotics to the singularities of the local zeta function
tP−s(x) (see, e.g., [Wo3, 3.23]). In particular, if for j = 0, . . . , n−1 we set σj = n−j

m
then we have

(1.12) mcP−σj (x) = Γ(σj)−1aj(P )(x).

The above equalities provide us with an immediate connection between the Green
kernel logarithmic singularity of P and the heat kernel asymptotics (1.11). Indeed,
as the partial inverse P−1 is a parametrix for P in Ψ−m(M, E), setting j = n−m
in (1.12) gives

(1.13) an−m(P )(x) = mcP−1(x) = mγP (x).

2. Conformal Invariance of Logarithmic Singularities of ΨDOs

In this section we will prove that the logarithmic singularities of conformally
invariant ΨDOs on a given Riemannian manifold (Mn, g) transform conformally
under conformal changes of metric.

Throughout this section we let (Mn, g) be a Riemannian manifold. The first
historic instances of conformally invariant operator were the Dirac and Yamabe
operators.
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If M is spin and we let /Dg denote the Dirac operator of M acting on spinors
then Hitchin [Hit] and Kosmann-Schwarbach [Ko] proved that under a conformal
change of metric g → e2fg, f ∈ C∞(M,R), we have

(2.1) /De2fg = e−
n+1

2 f/Dge
n−1

2 f .

The Yamabe operator �g : C∞(M)→ C∞(M) is a perturbation of the Laplace
operator ∆g in order to get a conformally invariant operator. It is given by

�g = ∆g +
n− 2

4(n− 1)
κg,(2.2)

where κg is the scalar curvature of M , and it satisfies

(2.3) �e2fg = e−(n2 +1)f�ge
(n2−1)f ∀f ∈ C∞(M,R).

This construction was generalized by Graham-Jenne-Mason-Sparling [GJMS]
(see also [GZ]) who produced, for any integer k ∈ N when n is odd, and for
k = 1, . . . , n2 when n is even, a conformal k-th power of ∆g, i.e., a selfadjoint
differential operator �(k)

g : C∞(M)→ C∞(M) such that

�(k)
g = ∆(k)

g + lower order terms,(2.4)

�(k)

e2fg
= e−(n2 +k)f�ge

(n2−k)f ∀f ∈ C∞(M,R).(2.5)

In particular, for k = 1 we recover the Yamabe operator and for k = 2 we recover
the fourth order operator of Paneitz ([Pa], [ES]).

There are further generalizations of the GJMS operators. Branson-Gover [BGo]
and Peterson [Pe] constructed families of conformally invariant ΨDOs which in-
clude the GJMS operators. In this case we have conformal invariance only up to
smoothing operators. Recently, Alexakis ([Al2], [Al1]) and Juhl [Ju] constructed
new families of conformally invariant operators. Furthermore, Alexakis proved that,
under some restrictions, his family of operators exhausts all conformally invariant
Riemannian differential operators.

In the sequel we let E denote a vector bundle over M and we let G be the class
of Riemannian metrics on M that are conformal multiples of g.

Let (Pĝ)ĝ∈G ⊂ Ψm(M, E) be a family of ΨDOs of integer order m so that there
are real numbers w and w′ in such way that, for any f in C∞(M,R), we have

(2.6) Pefg = ew
′fPge

−wf mod Ψ−∞(M, E).

Proposition 2.1. 1) If m ≥ −n, then

(2.7) cP
ef g

(x) = e−(w−w′)f(x)cPg (x) ∀f ∈ C∞(M,R).

2) Assume that Pg is elliptic and we have 0 ≤ m ≤ n, then

(2.8) γP
ef g

(x) = e−(w′−w)f(x)γPg (x) ∀f ∈ C∞(M,R).

Proof. Let f ∈ C∞(M,R), set ĝ = efg and let kPg (x, y) and kPĝ (x, y) denote
the respective Schwartz kernels of Pg and Pĝ. It follows from (2.6) that near the
diagonal y = x we have

(2.9) kPĝ (x, y) = ew
′f(x)kPg (x, y)e−wf(y) + O(1).
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Let U ⊂ Rn be an open of local coordinates. By (1.4) the kernel kPg (x, y) has a
behavior near the diagonal of the form

(2.10) kPg (x, y) =
∑

−(m+n)≤j≤−1

aj(x, y)− cPg (x) log |x− y|+ O(1),

where aj(x, y) ∈ C∞(U × (Rn\0)) is homogeneous of degree j with respect to y.
Combining this with (2.9) then gives

(2.11) kPĝ (x, y) =
∑

−(m+n)≤j≤−1

b(x, y)aj(x, y)− cPg (x)b(x, y) log |x− y|+ O(1),

where we have set b(x, y) = e−wf(y)+w′f(x).
The Taylor expansion of b(x, y) near y = x is of the form

(2.12) b(x, y) =
∑
|α|<m

(y − x)αbα(x) +
∑
|α|=m

(x− y)αrα(x, y),

where we have set bα(x) = 1
α!∂

α
y b(x, x), and the functions rα(x, y) are smooth near

y = x. Using this we obtain

(2.13) b(x, y)aj(x, y) =
∑

|α|+j≤−1

bα(x)(y − x)αaj(x, y) + O(1),

where each term bα(x)(y− x)αaj(x, y) is homogeneous in y of degree |α|+ j ≤ −1.
Moreover, as we have (x − y)α log |x − y| = O(1) for any multi-order α 6= 0,

from (2.12) we also get

(2.14) b(x, y) log |x−y| = b(x, x) log |x−y|+O(1) = e−(w−w′)f(x) log |x−y|+O(1).

Combining (2.11) with (2.13) and (2.14) shows that kPĝ (x, y) has a behavior
near the diagonal of the form

(2.15) kPĝ (x, y) =∑
−(m+n)≤|α|+j≤−1

bα(x)(y − x)αaj(x, y)− cPg (x)e−(w−w′)f(x) log |x− y|+ O(1).

Comparing this to (1.4) yields the equality cPĝ (x) = e−(w−w′)f(x)cPg (x).
Now, assume that Pg is elliptic and we have m ≤ n. Let Qg (resp. Qĝ) be a

parametrix in Ψ−m(M, E) for Pg (resp. Pĝ). Thanks to (2.6) we have

(2.16) Pĝe
wfQge

−w′f = ew
′fPgQge

−w′f = 1 mod Ψ−∞(M, E).

Multiplying the right-hand and left-hand sides by Qĝ gives

(2.17) Qĝ = QĝPĝe
wfQge

−w′f = ewfQge
−w′f mod Ψ−∞(M, E).

We then can apply the first part of the proof to get cQĝ (x) = e−(w′−w)f(x)cPg (x).
The proof is now complete. �

The above result unifies and extend several previous results of conformal invari-
ance of densities associated to conformally invariant operators.

First, in [PR] Parker-Rosenberg proved the conformal invariance on a compact
manifold of the Green kernel of the Yamabe operator �g (i.e. the Schwartz kernel of
�−1
g ). In this setting the singularity near the diagonal of the Green kernel is derived

from the knowledge of the off-diagonal small time asymptotics for the heat kernel of
�g. Moreover, the logarithmic singularity is described in the form −c(x) log d(x, y),
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where d(x, y) is the Riemannian distance. Since in local coordinates log d(x,y)
|x−y| is

bounded near y = x this description of the logarithmic singularity is the same as
that provided by (1.4). Therefore, we see that Proposition 2.1 allows us to recover
Parker-Rosenberg’s result.

In fact, in [PR] the coefficient c(x) in the logarithmic singularity −c(x) log d(x, y)
was identified with the coefficient an−2(�g)(x) of t−1 in the heat kernel asymp-
totics (1.11) for �g. This allowed Parker-Rosenberg to prove the conformal invari-
ance of an−2(�g)(x). Subsequently, Gilkey [Gi, Thm. 1.9.4] proved the conformal
invariance of the coefficient an−m(Pg)(x) of t−1 in the heat kernel asymptotics for
a conformally invariant selfadjoint elliptic differential operator Pg of order m with
positive principal symbol on a compact Riemannian manifold. Thanks to (1.13) we
have an−m(Pg)(x) = mγPg (x), so Proposition 2.1 also allows us to recover Gilkey’s
result.

Recently Paycha-Rosenberg [PRo] extended Gilkey’s result to ΨDOs and proved
the conformal invariance of noncommutative residue densities of conformally invari-
ant ΨDOs. The arguments were based on variational formulas for zeta functions
of elliptic ΨDOs, so the result was stated for compact manifold and for an elliptic
conformally invariant ΨDOs such that there is a spectral cut independent of the
metric for both the operator and its principal symbol.

Since the density cP (x) agrees with the noncommutative residue density of P it
follows that the results of Paycha-Rosenberg are encapsulated by Proposition 2.1
and hold in full generality on noncompact manifold and for non-elliptic conformally
invariant ΨDOs.

Notice that it is important to be able to remove the ellipticity assumptions from
the results of Gilkey and Paycha-Rosenberg, because we can construct examples of
non-elliptic conformally invariant ΨDOs. For instance, let Q(k)

g ∈ Ψ−2k(M) be a
parametrix for the GJMS operator �(k)

g . Then by (2.5) and (2.17) we have

(2.18) Q
(k)

e2fg
= e−(n2−k)fQ(k)

g e(n2 +k)f ∀f ∈ C∞(M,R).

Let Lg : C∞(M) → C∞(M) be a Weyl differential operator as constructed by
Alexakis ([Al2], [Al1]) such that, for some w′ ∈ Z we have Le2f = e−2w′fLge

(n2−k)f .
Alexakis’ construction shows that there is a handful of such operators. In addition,
these operators need not be elliptic. Then the operator LgQ

(k)
g satisfies

(2.19) Le2fgQ
(k)

e2fg
= e−2w′fLgQ

(k)
g e(n2 +k)f ∀f ∈ C∞(M,R).

Furthermore, if we choose Lg to be non-elliptic, then LgQ
(k)
g is not elliptic and we

really need to use Proposition 2.1 to prove that

(2.20) c
L
ef g

Q
(k)
ef g

(x) = e(n2 +k−2w′)fc
LgQ

(k)
g

(x) ∀f ∈ C∞(M,R).

3. Logarithmic Singularities of Riemannian Invariant ΨDOs

In this section we shall prove that the logarithmic singularities of Riemannian
invariant ΨDOs are local Riemannian invariants.

Let Mn(R)+ denote the open subset of Mn(R) consisting of positive definite
matrices. Following [ABP] we call scalar local Riemannian invariant of weight w,
w ∈ Z, datum on any Riemannian manifold (Mn, g) of a function Ig ∈ C∞(M)
such that:

9



- There exist finitely many functions aαβ ∈ C∞(Mn(R)+) such that in any local
coordinates we can write Ig(x) =

∑
aαβ(g(x))(∂αg(x))β .

- We have Itg(x) = t−wIg(x) for any t > 0.
It follows from the invariant theory developed by Atiyah-Bott-Patodi [ABP] (see

also [Gi]) that any local Riemannian invariant is a linear combination of complete
contractions of the covariant derivatives of the curvature tensor.

Notice also that the above definition continue to make sense for manifolds equipped
with a nondegenerate metric of nonpositive signature, provided we replace Mn(R)+

by the subset of nondegenerate selfadjoint matrix of the corresponding signature.
Following the convention of [FG1] we shall continue to call local Riemannian in-
variants such invariants.

Let Rijkl = 〈R(∂i, ∂j)∂k, ∂l〉 denote the components of the curvature tensor of
(M, g). We will use the metric g = (gij) and its inverse g−1 = (gij) to lower and
raise indices. For instance, the Ricci tensor is ρjk := R i

ijk = gilRijkl and the scalar
curvature is κg := ρ j

j = gjiρij .
All the scalar local Riemannian invariants of weight 1 are constant multiples of

κg, and those of weight 2 are linear combinations of the following invariants:

(3.1) |R|2g := RijklRijkl, |ρ|g := ρijρjk, |κg|2g, ∆gκg.

Next, for m ∈ C we let Sm(Mn(R)+ × Rn) denote the space of functions a(g, ξ)
in C∞(Mn(R)+ × (Rn\0)) such that we have a(g, tξ) = tma(g, ξ) for any t > 0.

Definition 3.1. A Riemannian invariant ΨDO of order m and weight w is the
datum on any Riemannian manifold (Mn, g) of an operator Pg ∈ Ψm(M) so that:

(i) For j = 0, 1, . . . there exist finitely many symbols ajαβ ∈ Sm−j(Mn(R)+×Rn)
such that in any local coordinates Pg has symbol pg(x, ξ) ∼

∑
j≥0 pg,m−j(x, ξ), where

(3.2) pg,m−j(x, ξ) =
∑
α,β

(∂αg(x))βajαβ(g(x), ξ);

(ii) For any t > 0 we have Ptg = t−wPg modulo Ψ−∞(M).
In addition, we say that P is admissible if in (3.2) we can take a0αβ to be zero for
(α, β) 6= 0.

Remark 3.2. In (ii) we require to have Ptg = t−wPg modulo smoothing opera-
tors, rather than to have an actual equality, so that if we replace Pg by a properly
supported ΨDO that agrees with Pg modulo a smoothing operator, then we get
a Riemannian invariant ΨDO with same symbol. This way we can compose Rie-
mannian invariant ΨDOs. This is totally innocuous when we consider differential
operators, because two differential operators that differ by a smoothing operator
agree.

Proposition 3.3. Let Pg be a Riemannian invariant ΨDO of order m and weight
w, let Qg be a Riemannian ΨDO of order m′ and weight w′, and suppose that Pg
or Qg is properly supported. Then PgQg is a Riemannian invariant ΨDO of order
m+m′ and weight w + w′.

Proof. First, the operator PgQg is a ΨDO of order m + m′ and for any t > 0 we
have PtgQtg = t−(w+w′)PgQg modulo Ψ−∞(M).

Next, let pg(x, ξ) ∼
∑
pg,m−j(x, ξ) and let qg(x, ξ) ∼

∑
qg,m′−j(x, ξ) be the

respective symbols of Pg and Qg in local coordinates. Then it is well-known (see,
10



e,g., [Hö2]) that the symbol rg(x, ξ) ∼
∑
rg,m′−j(x, ξ) of PgQg is such that we have

rg(x, ξ) ∼
∑

1
α!∂

α
ξ pg(x, ξ)D

α
x qg(x, ξ). Thus,

(3.3) rg,m+m′−j(x, ξ) =
∑

|α|+k+l=j

1
α!
∂αξ pg,m−k(x, ξ)Dα

x qg,m′−l(x, ξ).

By assumption pg(x, ξ) and qg(x, ξ) satisfy the condition (i) of Definition 3.1. There-
fore, using (3.3) it is not difficult to check that so does rg(x, ξ). Hence PgQg is a
Riemannian invariant ΨDO of weight w + w′. �

Proposition 3.4. Let Pg be Riemannian invariant ΨDO of order m and weight
w which is elliptic and is admissible in the sense of Definition 3.1. For each Rie-
mannian manifold (Mn, g) let Qg ∈ Ψ−m(M, E) be a parametrix for P . Then Qg
is a Riemannian invariant ΨDO of weight −w.

Proof. First, without any loss of generality we may assume Qg to be properly
supported. Let t > 0. As Ptg = t−wPg modulo Ψ−∞(M) we see that twQg is a
parametrix for Ptg, hence it agrees with Qtg modulo Ψ−∞(M).

Next, since Pg is admissible there exists am ∈ Sm(Mn(Rn)+ × Rn) such that in
any given local coordinates the principal symbol of Pg is pm(x, ξ) = am(g(x), ξ).
The fact that Pg is elliptic then implies that, for any Riemannian manifold (Mn, g)
and for x in the range of the given local coordinates, we have am(g(x), ξ) 6= 0 for
any ξ 6= 0. Since any matrix g ∈Mn(Rn)+ defines a Riemannian metric on Rn, we
see that am(g, ξ) is an invertible symbol in Sm(Mn(Rn)+ × Rn).

Now, let p ∼
∑
pg,m−j(x, ξ) and q(x, ξ) ∼

∑
j≥0 q−m−j(x, ξ) be the respective

symbols of Pg and Qg in local coordinates. As we have QgPg = 1 modulo Ψ−∞(M),
using (3.3) we get

(3.4) q−mpg,m = 1,
∑

|α|+k+l=j

1
α!
∂αξ q−m−kD

α
xpg,m−l = 0 j ≥ 1.

Therefore, we obtain

q−m(x, ξ) = pg,m(x, ξ)−1 = am(g(x), ξ)−1,(3.5)

q−m−j(x, ξ) = am(g(x), ξ)−1
∑

|α|+k+l=j
k<j

1
α!
∂αξ q−m−k(x, ξ)Dα

xpm−l(x, ξ) j ≥ 1.(3.6)

By induction we then can show that for j = 0, 1, . . . the symbol q−m−j(x, ξ) can
be expressed as a universal expression of the form (3.2). This completes the proof
that Qg is a Riemannian invariant ΨDO of weight −w. �

In the sequel for any top-degree form η on M we let |η| denote the corresponding
1-density (or measure) defined by η. For instance, if vg(x) :=

√
g(x)dx1 ∧ . . .∧ dxn

is the Riemannian volume form, then the Riemannian density is |vg(x)|. In local
coordinates we have |vg(x)| =

√
g(x)dx, where dx = |dx0∧. . .∧dxn| is the Lebesgue

measure of Rn.

Proposition 3.5. Let Pg be a Riemannian invariant ΨDO of order m and weight w.
1) The logarithmic singularity cPg (x) is of the form

(3.7) cPg (x) = IPg (x)|vg(x)|,
where IPg (x) is a local Riemannian invariant of weight n

2 + w.
11



2) Assume that Pg is elliptic and is admissible in the sense of Definition 3.1.
Then the Green kernel logarithmic singularity of P takes the form

(3.8) γPg (x) = JPg (x)|vg(x)|,

where JPg (x) is a local Riemannian invariant of weight n
2 − w.

Proof. Let us write cPg (x) = Ig(x)|vg(x)|. Let t > 0. Since Pg and t−wPg agree up
to a smoothing operator we have t−wcPg (x) = cPtg (x). As dvtg(x) = t

n
2 |vg(x)| we

see that IPtg (x) = t−(n2 +w)IPg (x).
On the other hand, since Pg is a Riemannian invariant ΨDO there exist finitely

many symbols aαβ ∈ Sm−j(Mn(R)+ × Rn) such that in any local coordinates the
symbol of degree −n of Pg is p−n(x, ξ) =

∑
(∂αg(x))βaαβ(g(x), ξ). By (1.5) in local

coordinates we have cPg (x) = Ig(x)
√
g(x)dx = (2π)−n(

∫
Sn−1 p−n(x, ξ)dn−1ξ)dx.

Thus,

(3.9) Ig(x) =
1√
g(x)

∑
(∂αg(x))βAαβ(g(x)),

where Aαβ is the smooth function on Mn(R)+ defined by

(3.10) Aαβ(g) := (2π)−n
∫
Sn−1

aαβ(g, ξ)dn−1ξ ∀g ∈Mn(R)+.

Since the expression (3.9) of Ig(x) holds in any local coordinates this proves that
Ig(x) is a local Riemannian invariant.

Finally, suppose that Pg is elliptic and is admissible. For each Riemannian
manifold (Mn, g) let Qg ∈ Ψ−m(M) be a parametrix for Pg. Then the Green
kernel logarithmic singularity γPg (x) agrees with cQg (x) and Proposition 3.4 tells
us that Qg is a Riemannian invariant ΨDO of weight −w. Therefore, it follows from
the first part of the proposition that γPg (x) is of the form γPg (x) = JPg (x)|vg(x)|,
where JPg (x) is a local Riemannian invariant of weight n

2 − w. �

4. Logarithmic Singularities and Local Conformal Invariants

In this section we shall make use of the program of Fefferman in conformal geom-
etry to give a precise form of the logarithmic singularities of conformally invariant
Riemannian ΨDOs.

4.1. Conformal invariants and Fefferman’s program. Motivated by the anal-
ysis of the singularity of the Bergman kernel of a strictly pseudoconvex domain
D ⊂ Cn+1 Fefferman [Fe2] launched the program of determining all local invari-
ants of a strictly pseudoconvex CR structure. This was subsequently extended to
conformal geometry and to more general parabolic geometries (see, e.g., [FG1]).

A scalar local conformal invariant of weight w is a scalar local Riemannian
invariant Ig(x) such that

(4.1) Iefg(x) = e−wf(x)Ig(x) ∀f ∈ C∞(M,R).

The most important conformally invariant tensor is the Weyl curvature,

(4.2) Wijkl = Rijkl − (Pjkgil + Pilgjk − Pjlgik − Pikgjl),

where Pjk = 1
n−2 (ρjk − κg

2(n−1)gjk) denotes the Schouten tensor. The Weyl tensor
is conformally invariant of weight 1, so we get scalar conformal invariants by taking

12



complete tensorial contractions. For instance as invariant of weight 2 we get

(4.3) |W |2 = W ijklWijkl,

and as invariants of weight 3 we have

(4.4) W kl
ij W pq

lk W ij
pq and W jk

i lW
i q
pk W

pl
j q.

The aim of the program of Fefferman in conformal geometry is to exhibit a basis
of local conformal invariants. It was initially conjectured that such a basis should
involve the Weyl conformal invariants defined in terms of the Lorentz ambient
metric of Fefferman-Graham ([FG1], [FG2]) as follows.

Let G be the R+-bundle of metrics defined by the conformal class of g. We
identify G with the hypersurface G0 = G × {0} in G̃ = G × (−1, 1). The ambient
metric then is a Ricci-flat Lorentzian metric g̃ on G̃ defined formally near G0. In
odd dimension the jets of the ambient metric are defined at any order near G0, but
in even dimension there is an obstruction for defining them at order ≥ n

2 . In any
case, the local Riemannian invariants of g̃ on G̃ push down to conformal invariants
of g on M . The latter are the Weyl conformal invariants.

For instance the Weyl curvature corresponds to the ambient curvature tensor R̃.
Moreover, the Ricci flatness of g̃ and the Bianchi identities imply that complete
tensorial contractions covariant derivatives of R̃ involving internal traces must van-
ish. For instance, there is no scalar Weyl conformal invariant of weight 1 (in fact
there is no scalar conformal invariant of weight 1 at all) and the only non-zero
scalar Weyl conformal invariant of weight 2 is |W |2, which arises from the ambient
invariant |R̃|2 (all the other invariants (3.1) associated to the ambient metric are
zero).

In addition, the scalar Weyl conformal invariants of weight 3 consist of the invari-
ants (4.4) together with the invariant Φg exhibited by Fefferman-Graham ([FG1],
[FG2]). The latter is the conformal invariant arising from the ambient invariant
|∇R̃|2 and is explicitly given by the formulas:

(4.5) Φg = |V |2 + 16〈W,U〉+ 16|C|2,
where Cjkl = ∇lAjk −∇kAjl is the Cotton tensor and V and U are the tensors

Vsijkl = ∇sWijkl − gisCjkl + gjsCikl − gksClij + glsCkij ,(4.6)

Usjkl = ∇sCjkl + gpqAspWqjkl.(4.7)

Next, a very important result is:

Proposition 4.1 ([BEG, Thm. 11.1]). 1) In odd dimension every scalar local con-
formal invariant is a linear combination of Weyl conformal invariants.

2) In even dimension every scalar local conformal invariant for weight w ≤ n
2 −1

is a linear combination of Weyl conformal invariants.

In even dimension a description of the scalar local conformal invariants of weight
w ≥ n

2 + 1 was recently presented by Graham-Hirachi [GH]. More precisely, they
modified the construction of the ambient metric in such way to obtain a metric on
the ambient space G̃ which is smooth at any order near G0. There is an ambiguity on
the choice of a smooth ambient metric, but such a metric agrees with the ambient
metric of Fefferman-Graham up to order < n

2 near G0.
Using a smooth ambient metric we can construct Weyl conformal invariants in

the same way as we do by using the ambient metric of Fefferman-Graham. If
13



such an invariant does not depend on the choice of the smooth ambient metric we
then say that it is a ambiguity-independent Weyl conformal invariant. Not every
conformal invariant arises this way, since in dimension n = 4m this construction
does not encapsulate the exceptional local conformal invariants of [BG]. However,
we have:

Proposition 4.2 ([GH]). Let w be an integer ≥ n
2 .

1) If n = 2 mod 4, and if n = 0 mod 4 and w is odd, then every scalar lo-
cal conformal of weight w is a linear combination of ambiguity-independent Weyl
conformal invariants.

2) If n = 0 mod 4 and w is odd, then every scalar local conformal of weight w
is a linear combination of ambiguity-independent Weyl conformal invariants and of
exceptional conformal invariants.

4.2. Logarithmic singularities of conformally invariant Riemannian ΨDOs.
Let us now look at the logarithmic singularities of conformally invariant Riemann-
ian ΨDOs. The latter are defined are follows.

Definition 4.3. A conformally invariant Riemannian ΨDO of order m and bi-
weight (w,w′) is a Riemannian invariant m’th order ΨDO Pg such that, for any
f ∈ C∞(M,R), we have

(4.8) Pefg = ew
′fPge

−wf mod Ψ−∞(M).

Remark 4.4. It follows from (4.8) that a conformally invariant Riemannian ΨDO
of biweight (w,w′) is a Riemannian invariant ΨDO of weight w′ − w.

The main result of this section is:

Theorem 4.5. Let Pg be a conformally invariant Riemannian ΨDO of integer
order m and biweight (w,w′).

1) In odd dimension, as well as in even dimension when w′ > w, the logarithmic
singularity cPg (x) is of the form

(4.9) cPg (x) = IPg (x)|vg(x)|,
where IPg (x) is a universal linear combination of Weyl conformal invariants of
weight n

2 +w−w′. If n is even and we have w′ ≤ w, then cPg (x) still is of a similar
form, but in this case IPg (x) is a local conformal invariant of weight n

2 +w−w′ of
the type described in Proposition 4.2.

2) Suppose that Pg is elliptic and is admissible in the sense of Definition 3.1.
Then in odd dimension, as well as in even dimension when w′ < w, the Green
kernel logarithmic singularity of P takes the form

(4.10) γPg (x) = JPg (x)|vg(x)|,
where JPg (x) is a universal linear combination of Weyl conformal invariants of
weight n

2 −w+w′. If n is even and we have w′ ≥ w, then γPg (x) still is of a similar
form, but in this case JPg (x) is a local conformal invariant of weight n

2 − w + w′

of the form described in Proposition 4.2.

Proof. First, since Pg is a Riemannian invariant ΨDO of weight w−w′ we see from
Proposition 3.5 that cPg (x) is of the form cPg (x) = IPg (x)|vg(x)|, where IPg (x) is
a local Riemannian invariant of weight w − w′.

14



Let f ∈ C∞(M,R). As Pg is conformally invariant of biweight (w,w′), it fol-
lows from Proposition 2.1 that cP

ef g
(x) = e−(w−w′)fcPg (x). Since |vefg(x)| =

e
n
2 f(x)|vg(x)| we see that IP

ef g
(x) = e−(n2−w+w′)f(x)IPg (x). Thus IPg (x) is a local

conformal invariant of weight n
2 + w − w′. It then follows from Proposition 4.1

that in odd dimension, and in even dimension when w < w′, the invariant IPg (x)
is a linear combination of Weyl conformal invariants of weight n

2 + w − w′. When
n is even and we have w′ ≤ w the invariant IPg (x) is of the form described in
Proposition 4.2.

Suppose now that Pg is elliptic and is admissible. In the same way as above,
it follows from Proposition 2.1 and Proposition 3.5 that γPg (x) takes the form
γPg (x) = JPg (x)|vg(x)|, where JPg (x) is a local conformal invariant of weight n

2 −
w+w′. We then can apply Proposition 4.1 to deduce that in odd dimension, as well
as in even dimension when w ≥ w′, the invariant JPg (x) is a linear combination
of Weyl conformal invariants of weight n

2 − w + w′. When n is even and we have
w′ ≥ w the invariant JPg (x) is of the form described in Proposition 4.2. �

We shall now make use of Theorem 4.5 to get a precise geometric description of
the Green kernel logarithmic singularities of the GJMS operators �(k)

g .

Theorem 4.6. 1) In odd dimension the Green kernel logarithmic singularity γ
�(k)
g

(x)
is always zero.

2) In even dimension and for k = 1, . . . , n2 we have

(4.11) γ
�(k)
g

(x) = c(k)
g (x)dνg(x),

where c(k)
g (x) is a linear combination of Weyl conformal invariants of weight n

2 −k.
In particular, we have

c
(n2 )
g (x) = (4π)−

n
2

n

(n/2)!
, c

(n2−1)
g (x) = 0, c

(n2−2)
g (x) = αn|W (x)|2g,(4.12)

c
(n2−3)
g (x) = βnW

kl
ij W pq

lk W ij
pq + γnW

jk
i lW

i q
pk W

pl
j q + δnΦg,(4.13)

where W is the Weyl curvature tensor, Φg is the Fefferman-Graham invariant (4.5)
and αn, βn, γn and δn are universal constants depending only on n.

Proof. Let Q(k)
g ∈ Ψ−2k(M) be a parametrix for �(k)

g . Since �(k)
g is a differential

operator, using (3.4)–(3.6) one can check that if q(k) ∼
∑
q

(k)
−2k−j denotes the symbol

of Q(k)
g in local coordinates then we have q(k)

−2k−j(x,−ξ) = (−1)−2k−jq
(k)
−2k−j(x, ξ)

for all j ≥ 0. Combining this with (1.5) then gives

(4.14) c
Q

(k)
g

(x) = (2π)−n
∫
Sn−1

q
(k)
−n(x,−ξ)dn−1ξ = (−1)nc

Q
(k)
g

(x).

Hence c
Q

(k)
g

(x) must vanish when n is odd. Since by definition γ
�(k)
g

(x) = c
Q

(k)
g

(x)
this shows that γ

�(k)
g

(x) is always zero in odd dimension.
Next, suppose that n is even and k is between 1 and n

2 . It follows from the con-
struction in [GJMS] that �(k)

g is a Riemannian invariant operator, so by combining
this with (2.5) we see that �(k)

g is a conformally invariant Riemannian operator of
biweight ( 2k−n

4 ,−n+2k
4 ). Furthermore, by (2.4) the principal symbol of �(k)

g agrees
with that of ∆(k)

g , so �(k)
g is admissible in the sense of Definition 3.1. We then can
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apply Theorem 4.5 to deduce that γ
�(k)
g

(x) is of the form γ
�(k)
g

(x) = c
(k)
g (x)|vg(x)|,

where c(k)
g (x) is a linear combination of Weyl conformal invariants of weight n

2 − k.
As mentioned earlier there are no scalar Weyl conformal invariants of weight 1,

the only invariant of weight 2 is |W |2, and the only Weyl invariants of weight 3 are
W kl
ij W pq

lk W ij
pq and W jk

i lW
i q
pk W

pl
j q and the invariant Φg. From this we get the

formulas (4.12) and (4.13) for c(k)
g (x) when k = 1, 2, 3.

The formula for c
(n2 )
n (x) follows from a direct computation. More precisely,

as Q(n2 )
g has order −n its symbol of degree −n agrees with its principal symbol,

which is the inverse of that of �
(n2 )
g . By (2.4) the latter agrees with the principal

symbol of ∆
n
2
g . Therefore, in local coordinates the principal symbol of �

(n2 )
g is

p
(n2 )
n (x, ξ) = |ξ|ng , where |ξ|2g := gij(x)ξiξj , and that of Q(n2 )

g is q(n2 )
−n (x, ξ) = |ξ|−ng .

As c(
n
2 )
g

√
g(x)dx = γ

�
(n2 )
g

(x) = c
Q

(n2
g )

(x), using (1.5) we see that c(
n
2 )
g (x) is equal to

(4.15)
(2π)−n√
g(x)

∫
Sn−1

|ξ|−ng dn−1ξ = (2π)−n
∫
Sn−1

|ξ|−ndn−1ξ = (2π)−n|Sn−1|.

Since |Sn−1| = 2π
n
2

Γ(n2 ) = nπ
n
2

(n/2)! it follows that c(
n
2 )
g (x) = n(4π)−

n
2

(n/2)! as desired. �

Finally, we can get an explicit expression for c(1)
g (x) in dimension 6 and 8 by

making use the explicit computations by Parker-Rosenberg [PR] in these dimensions
of the coefficient an−2(�g)(x) of t−1 in the heat kernel asymptotics (1.11) for the
Yamabe operator.

Assume first that M compact. Then by (1.13) we have 2γ�g (x) = an−2(�g)(x),
so by using [PR, Prop. 4.2] we see that in dimension 6 we have

(4.16) c(1)
g (x) =

1
360
|W (x)|2,

while in dimension 8 we get

(4.17) c(1)
g (x) =

1
90720

(81Φg + 352W kl
ij W pq

lk W ij
pq + 64W jk

i lW
i q
pk W

pl
j q).

In fact, as c(1)
g (x) is a local Riemannian invariant its expression in local coordi-

nates is independent of whether M is compact or not. Therefore, the above formulas
continue to hold when M is not compact.

5. Heisenberg calculus and noncommutative residue

The relevant pseudodifferential calculus to study the main geometric operators on
a CR manifold is the Heisenberg calculus of Beals-Greiner [BGr] and Taylor [Tay].
In this section we recall the main definitions and properties of this calculus.

5.1. Heisenberg manifolds. The Heisenberg calculus holds in full generality on
Heisenberg manifolds. Such a manifold consists of a pair (M,H) where M is a
manifold and H is a distinguished hyperplane bundle of TM . This definition covers
many examples: Heisenberg group, CR manifolds, contact manifolds, as well as
(codimension 1) foliations. In addition, given another Heisenberg manifold (M ′, H ′)
we say that a diffeomorphism φ : M → M ′ is a Heisenberg diffeomorphism when
φ∗H = H ′.
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The terminology Heisenberg manifold stems from the fact that the relevant tan-
gent structure in this setting is that of a bundle GM of graded nilpotent Lie groups
(see, e.g., [BGr], [EMM], [Gro], [Po1], [Ro]). This tangent Lie group bundle can be
described as follows.

First, there is an intrinsic Levi form as the 2-form L : H × H → TM/H such
that, for any point a ∈M and any sections X and Y of H near a, we have

(5.1) La(X(a), Y (a)) = [X,Y ](a) mod Ha.

In other words the class of [X,Y ](a) modulo Ha depends only on X(a) and Y (a),
not on the germs of X and Y near a (see [Po1]).

We define the tangent Lie algebra bundle gM as the graded Lie algebra bundle
consisting of (TM/H)⊕H together with the fields of Lie bracket and dilations such
that, for sections X0, Y0 of TM/H and X ′, Y ′ of H and for t ∈ R, we have

(5.2) [X0 +X ′, Y0 + Y ′] = L(X ′, Y ′), t.(X0 +X ′) = t2X0 + tX ′.

Each fiber gaM is a two-step nilpotent Lie algebra so, by requiring the exponen-
tial map to be the identity, the associated tangent Lie group bundle GM appears
as (TM/H) ⊕H together with the grading above and the product law such that,
for sections X0, Y0 of TM/H and X ′, Y ′ of H, we have

(5.3) (X0 +X ′).(Y0 + Y ′) = X0 + Y0 +
1
2
L(X ′, Y ′) +X ′ + Y ′.

Moreover, if φ is a Heisenberg diffeomorphism from (M,H) onto a Heisenberg
manifold (M ′, H ′) then, as we have φ∗H = H ′, we get linear isomorphisms from
TM/H onto TM ′/H ′ and from H onto H ′, which can be combined together to
give rise to a linear isomorphism φ′H : (TM/H) ⊕ H → (TM ′/H ′) ⊕ H ′. In fact
φ′H is a graded Lie group isomorphism from GM onto GM ′ (see [Po1]).

5.2. Heisenberg calculus. The initial idea in the Heisenberg calculus, which
goes back to Stein, is to construct a class of operators on a Heisenberg manifold
(Md+1, H), called ΨHDOs, which at any point a ∈M are modeled on homogeneous
left-invariant convolution operators on the tangent group GaM .

Locally the ΨHDOs can be described as follows. Let U ⊂ Rd+1 be an open of
local coordinates together with a frame X0, . . . , Xd of TU such that X1, . . . , Xd

span H. Such a frame is called a H-frame. Moreover, on Rd+1 we introduce the
dilations and the pseudonorm,

t.ξ = (t2ξ0, tξ1, . . . , tξ), t > 0,(5.4)

‖ξ‖ = (ξ2
0 + ξ4

1 + . . .+ ξ4
d)1/4.(5.5)

In addition, for any multi-order α ∈ Nd+1 we set 〈β〉 = 2β0 + β1 + . . .+ βd.
The Heisenberg symbols are defined as follows.

Definition 5.1. 1) Sm(U × Rd+1), m ∈ C, is the space of functions p(x, ξ) in
C∞(U × Rd+1\0) such that p(x, t.ξ) = tmp(x, ξ) for any t > 0.

2) Sm(U × Rd+1), m ∈ C, consists of functions p ∈ C∞(U × Rd+1) with an
asymptotic expansion p ∼

∑
j≥0 pm−j, pk ∈ Sk(U × Rd+1), in the sense that, for

any integer N , any compact K ⊂ U and any multi-orders α, β, there exists a
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constant CNKαβ > 0 such that, for any x ∈ K and any ξ ∈ Rd+1 so that ‖ξ‖ ≥ 1,
we have

(5.6) |∂αx ∂
β
ξ (p−

∑
j<N

pm−j)(x, ξ)| ≤ CNKαβ‖ξ‖<m−〈β〉−N .

Next, for j = 0, . . . , d let σj(x, ξ) denote the symbol (in the classical sense) of
the vector field 1

iXj and set σ = (σ0, . . . , σd). Then for p ∈ Sm(U × Rd+1) we let
p(x,−iX) be the continuous linear operator from C∞c (U) to C∞(U) such that

(5.7) p(x,−iX)u(x) = (2π)−(d+1)

∫
eix.ξp(x, σ(x, ξ))û(ξ)dξ ∀u ∈ C∞c (U).

Let (Md+1, H) be a Heisenberg manifold and let E be a vector bundle over M .
We define ΨHDOs on M acting on the sections of E as follows.

Definition 5.2. Ψm
H(M, E), m ∈ C, consists of continuous operators P from

C∞c (M, E) to C∞(M, E) such that:
(i) The Schwartz kernel of P is smooth off the diagonal;
(ii) In any trivializing local coordinates equipped with a H-frame X0, . . . , Xd the

operator P can be written as

(5.8) P = p(x,−iX) +R,

where p(x, ξ) is a Heisenberg symbol of order m and R is a smoothing operator.

Let g∗M denote the (linear) dual of the Lie algebra bundle gM of GM with
canonical projection pr : g∗M →M . As shown in [Po2] (see also [EM]) the principal
symbol of P ∈ Ψm

H(M, E) can be intrinsically defined as a symbol σm(P ) of the class
below.

Definition 5.3. Sm(g∗M, E), m ∈ C, consists of sections p ∈ C∞(g∗M\0,End pr∗E)
which are homogeneous of degree m with respect to the dilations in (5.2), i.e., we
have p(x, λ.ξ) = λmp(x, ξ) for any λ > 0.

For any a ∈ M the convolution on GaM gives rise under the (linear) Fourier
transform to a bilinear product for homogeneous symbols,

(5.9) ∗a : Sm1(g∗aM, Ea)× Sm2(g∗aM, Ea) −→ Sm1+m2(g∗aM, Ea),

This product depends smoothly on a as much so it gives rise to the product,

∗ : Sm1(g∗M, E)× Sm2(g∗M, E) −→ Sm1+m2(g∗M, E),(5.10)

pm1 ∗ pm2(a, ξ) = [pm1(a, .) ∗a pm2(a, .)](ξ).(5.11)

This provides us with the right composition for principal symbols, since for any
operators P1 ∈ Ψm1

H (M, E) and P2 ∈ Ψm2
H (M, E) such that P1 or P2 is properly

supported we have

(5.12) σm1+m2(P1P2) = σm1(P1) ∗ σm2(P2).

Notice that when GaM is not commutative, i.e., when La 6= 0, the product
∗a is not anymore the pointwise product of symbols and, in particular, it is not
commutative. As a consequence, unless when H is integrable, the product for
Heisenberg symbols, while local, it is not microlocal (see [BGr]).

When the principal symbol of P ∈ Ψm
H(M, E) is invertible with respect to the

product ∗, the symbolic calculus of [BGr] allows us to construct a parametrix for
18



P in Ψ−mH (M, E). In particular, although not elliptic, P is hypoelliptic with a
controlled loss/gain of derivatives (see [BGr]).

In general, it may be difficult to determine whether the principal symbol of a
given operator P ∈ Ψm

H(M, E) is invertible with respect to the product ∗, but this
can be completely determined in terms of a representation theoretic criterion on
each tangent group GaM , the so-called Rockland condition (see [Po2], Thm. 3.3.19).
In particular, if σm(P )(a, .) is pointwise invertible with respect to the product ∗a
for any a ∈M then σm(P ) is globally invertible with respect to ∗.

5.3. Logarithmic singularity and noncommutative residue. It is possible
to characterize the ΨHDOs in terms of their Schwartz kernels (see [BGr]). As a
consequence we get the following description of the singularity near the diagonal of
the Schwartz kernel of a ΨHDO.

In the sequel, given an open of local coordinates U ⊂ Rd+1 equipped with a H-
frame X0, . . . , Xd of TU , for any a ∈ U we let ψa denote the unique affine change
of variables such that ψa(a) = 0 and (ψa∗Xj)(0) = ∂

∂xj
for j = 0, 1, . . . , d+ 1.

Definition 5.4. The local coordinates provided by ψa are called privileged coordi-
nates centered at a.

Throughout the rest of the paper the notion of homogeneity refers to homogene-
ity with respect to the anisotropic dilations (5.4).

Proposition 5.5 ([Po3, Prop. 3.11]). Let Ψm
H(M, E), m ∈ Z.

1) In local coordinates equipped with a H-frame the kernel kP (x, y) has a behavior
near the diagonal y = x of the form

(5.13) kP (x, y) =
∑

−(m+d+2)≤j≤−1

aj(x,−ψx(y))− cP (x) log ‖ψx(y)‖+ O(1),

where aj(x, y) ∈ C∞(U × (Rn\0)) is homogeneous of degree j in y, and we have

(5.14) cP (x) = (2π)−(d+1)

∫
‖ξ‖=1

p−(d+2)(x, ξ)ιEdξ,

where p−(d+2)(x, ξ) is the symbol of degree −(d + 2) of P and E denotes the
anisotropic radial vector 2x0∂x0 + x1∂x1 + . . .+ xd∂xd .

2) The coefficient cP (x) makes sense globally on M as an END E-valued density.

Let P ∈ Ψm
H(M, E) be such that its principal symbol is invertible in the Heisen-

berg calculus sense and let Q ∈ Ψ−mH (M, E) be a parametrix for P . Then Q is
uniquely defined modulo smoothing operators, so the logarithmic singularity cQ(x)
does not depend on the particular choice of Q.

Definition 5.6. If P ∈ Ψm
H(M, E), m ∈ Z, has an invertible principal symbol, then

its Green kernel logarithmic singularity is the density

(5.15) γP (x) := cQ(x),

where Q ∈ Ψ−mH (M, E) is any given parametrix for P .

In the same way as for classical ΨDOs the logarithmic singularity densities are
related to the construction of the noncommutative residue trace for the Heisenberg
calculus (see [Po3]).
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Let Ψint
H (M, E) = ∪<m<−(d+2)Ψm(M, E) be the class of ΨHDOs whose symbols

are integrable with respect to the ξ-variable. If P is an operator in this class,
then the restriction of its Schwartz kernel kP (x, y) to the diagonal defines a smooth
End E-valued density kP (x, x). In particular, if M is compact, then P is trace-class
and its trace is given by (1.7).

The map P → kP (x, x) admits an analytic continuation P → tP (x) to the class
ΨC\Z
H (M, E) of non-integer order ΨHDOs, where is analyticity is meant with respect

to holomorphic families of ΨHDOs as defined in [Po2]. Moreover, if P ∈ ΨZ
H(M, E)

and if (P (z))z∈C is a holomorphic family of ΨHDOs such that ordP (z) = ordP + z
and P (0) = P , then the map z → tP (z)(x) has at worst a simple pole singularity at
z = 0 in such way that

(5.16) Resz=0 tPz (x) = −cP (x).

Assume now that M is compact. Then the noncommutative residue for the
Heisenberg calculus is the linear functional Res on ΨZ

H(M, E) defined by

(5.17) ResP :=
∫
M

trE cP (x) ∀P ∈ ΨZ
H(M, E).

It follows from (5.16) that if (P (z))z∈C is a holomorphic family of ΨHDOs such
that ordP (z) = ordP + z and P (0) = P , then the map z → TraceP (z) has an
analytic extension to C\Z with at worst a simple at z = 0 in such way that

(5.18) Resz=0 TraceP (z) = −ResP.

Using this it is not difficult to check that the above noncommutative residue is a
trace on ΨZ

H(M, E). This is even the unique trace up to constant multiple when M
is connected (see [Po3]).

Finally, suppose that M is endowed with a positive density and E is endowed
with a Hermitian metric. Let P : C∞(M, E) → C∞(M, E) be a selfadjoint ΨHDO
of integer order m ≥ 1 such that the union set θ(P ) of the principal cuts of its
principal symbol agrees with C \ [0,∞) (see [Po5] for the precise definition of a
principal cut). This implies that the principal symbol of P is invertible in the
Heisenberg calculus sense. This also implies that P is bounded from below, hence
gives rise to a heat semigroup e−tP , t ≥ 0.

For any t > 0 the operator e−tP has a smooth Schwartz kernel kt(x, y) in
C∞(M, E)⊗̂C∞(M, E∗ ⊗ |Λ|(M)), and as t → 0+ we have the heat kernel asymp-
totics,

(5.19) kt(x, x) ∼ t−
d+2
m

∑
j≥0

t
j
m aj(P )(x) + log t

∑
k≥0

tkbk(P )(x),

where the asymptotics takes place in C∞(M,End E ⊗ |Λ|(M)), and when P is a
differential operator we have a2j−1(P )(x) = bj(P )(x) = 0 for all j ∈ N (see [BGS],
[Po2], [Po5]).

As in (1.12) if for j = 0, . . . , n− 1 we set σj = d+2−2j
m , then we have

(5.20) mcP−σj (x) = Ress=σj tP−s(x) = Γ(σj)−1a2j(P )(x).

In particular, we get

(5.21) mγP (x) = ad+2−m(P )(x).
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6. Logarithmic singularities of contact invariant operators

The aim of this section is to prove an analogue of Proposition 2.1 in the setting
of contact geometry.

Let (M2n+1, H) be an orientable contact manifold. This means that (M,H)
is an orientable Heisenberg manifold such such that H can be represented as the
annihilator of a globally defined contact form, that is, a 1-form θ on M such that
H = ker θ and dθ|H is nondegenerate. We further assume that θ is chosen in such
way that the top-degree form dθn∧θ is in the orientation class of M . This uniquely
determines the contact form θ up to a conformal factor.

As we will recall in Section 8, the CR GJMS of Gover-Graham [GG] on a pseu-
dohermitian manifold transform covariantly under a conformal change of contact
form. These operators include the CR Yamabe operator of Jerison-Lee [JL1], for
which N.K. Stanton [St, p. 276] determined the behavior of the logarithmic singu-
larity of the Green kernel under a conformal change of contact form.

More generally, let Θ be the class of contact forms on M that are conformal
multiples of θ, and let let (Pθ̂)θ̂∈Θ ⊂ Ψm

H(M, E) be a family of mth order ΨHDOs in
such way that there exist real numbers w and w′ so that, for any f in C∞(M,R),
we have

(6.1) Pefθ = ew
′fPθe

−wf mod Ψ−∞H (M, E).

Then the following holds.

Proposition 6.1. 1) We have

(6.2) cP
ef θ

(x) = e−(w−w′)f(x)cPθ (x) ∀f ∈ C∞(M,R).

2) Suppose that the principal symbol of Pθ is invertible in the sense of the Heisen-
berg calculus. Then we have

(6.3) γP
ef θ

(x) = e−(w′−w)f(x)γPθ (x) ∀f ∈ C∞(M,R).

3) Suppose that, for any θ̂ ∈ Θ, the operator is Pθ̂ is selfadjoint with respect
to some density on M and some Hermitian metric on E, and the union-set of the
principal cuts of the principal symbol of Pθ̂ is C \ [0,∞). Then we have

(6.4) a2n+2−m(Pefθ)(x) = e−(w′−w)f(x)a2n+2−m(Pθ)(x) ∀f ∈ C∞(M,R),

where a2n+2−m(Pθ̂)(x) is the coefficient of t−1 in the heat kernel asymptotics (5.19)
for Pθ̂.

Proof. The proof is similar to that of Proposition 2.1. Let f ∈ C∞(M,R), set
θ̂ = efθ and let kPθ (x, y) and kPθ̂ (x, y) denote the respective Schwartz kernels of
Pθ and Pθ̂. Then it follows from (6.2) that we have

(6.5) kPθ̂ (x, y) = ew
′f(x)kPθ (x, y)e−wf(y) + O(1).

Next, let U ⊂ R2n+1 be an open of local coordinates equipped with a H-frame
X0, . . . , Xd. By Proposition 5.5 the kernel kPθ (x, y) has a behavior near the diagonal
of the form

(6.6) kPθ (x, y) =
∑

−(m+2n+2)≤j≤−1

aj(x, ψx(y))− cPθ (x) log ‖ψx(y)‖+ O(1),
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where aj(x, y) ∈ C∞(U × (Rn\0)) is homogeneous of degree j with respect to y.
Combining this with (6.5) then gives

(6.7) kPθ̂ (x, y) =∑
−(m+2n+2)≤j≤−1

b(x, ψx(y))aj(x, ψx(y))− cPθ (x)b(x, ψx(y)) log ‖ψx(y)‖+ O(1),

where we have set b(x, y) = e−wf(ψ−1
x (y))+w′f(x).

The Taylor expansion of b(x, y) near y = 0 can be written in the form

(6.8) b(x, y) =
∑
〈α〉<m

1
α!
∂αy b(x, 0)yα +

∑
〈α〉=m

yαrα(x, y),

where the functions rα(x, y) are smooth near y = x. By arguing as in the proof of
Proposition 2.1 we can show that

b(x, y)aj(x, y) =
∑

〈α〉|+j≤−1

1
α!
∂αy b(x, 0)yαaj(x, y) + O(1),(6.9)

b(x, y) log ‖y‖ = b(x, 0) log ‖y‖+ O(1) = e−(w−w′)f(x) log ‖y‖+ O(1).(6.10)

Combining this with (6.7) then shows that

(6.11) kPθ̂ (x, y) =∑
−(m+2n+2)≤|α|+j≤−1

1
α!
∂αy b(x, 0)ψx(y)αaj(x, y)−cPθ (x)e−(w−w′)f(x) log ‖ψx(y)‖+O(1).

This shows that cPθ̂ (x) = e−2(w−w′)f(x)cPθ (x) as desired, so the 1st part of the
proposition is proved.

Next, suppose that the principal symbol of Pθ is invertible in the Heisenberg
calculus sense. Because of (6.1) this implies that the principal symbol of Pθ̂ is
invertible as well. Let Qθ ∈ Ψ−mH (M, E) be a parametrix for Pθ and, similarly, let
Qθ̂ ∈ Ψ−mH (M, E) be a parametrix for Pθ̂. By arguing as in the proof of Proposi-
tion 2.1 we can show that

(6.12) Qθ̂ = ewfQθe
−w′f mod Ψ−∞(M, E).

Therefore, it follows from the first part of the proof that

(6.13) γPθ (x) = cQθ (x) = e−(w′−w)f(x)cQθ (x) = e−(w′−w)f(x)γPθ (x).

The 2nd part of the proposition is thus proved.
Finally, thanks to (5.21) the third part of the proposition is an immediate con-

sequence of the second one. �

Remark 6.2. The third part of Proposition 6.1 has also been obtained by N.K. Stan-
ton [St, Thm. 3.3] in the special case of the CR Yamabe operator on a pseudoher-
mitian manifold.
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7. Pseudohermitian Invariant ΨHDOs and Their Logarithmic
Singularities

In this section, after some preliminary work on local pseudohermitian invariants
and pseudohermitian invariant ΨHDOs, we shall prove that the logarithmic sin-
gularities of the Schwartz kernels and Green kernels of pseudohermitian invariant
ΨHDOsgive rise local pseudohermitian invariants.

7.1. The geometric set-up. Let (M2n+1, H) be a compact orientable CR mani-
fold. Thus (M2n+1, H) is a Heisenberg manifold and H is equipped with a complex
structure J ∈ C∞(M,EndH), J2 = −1, in such way that T1,0 := ker(J+ i) ⊂ TCM
is a complex rank n subbundle integrable in Fröbenius’ sense (i.e. C∞(M,T1,0) is
closed under the Lie bracket of vector fields). In addition, we set T0,1 := T1,0 =
ker(J − i).

Since M is orientable and H is orientable by means of its complex structure,
there exists a global non-vanishing real 1-form θ such that H = ker θ. Associated
to θ is its Levi form, i.e., the Hermitian form on T1,0 such that

(7.1) Lθ(Z,W ) = −idθ(Z,W ) = iθ([Z,W ]) ∀Z,W ∈ C∞(M,T1,0).

We further assume that M is strictly pseudoconvex, that is, we can choose θ so
that Lθ is positive definite at every point. In particular θ is a contact form on M . In
the terminology of [We] the datum of such a contact form defines a pseudohermitian
structure on M .

Since θ is a contact form there exists a unique vector field X0 on M , called the
Reeb field, such that ιX0θ = 1 and ιX0dθ = 0. Let N ⊂ TCM be the complex line
bundle spanned by X0. We then have the splitting

(7.2) TCM = N ⊕ T1,0 ⊕ T0,1.

The Levi metric hθ is the unique Hermitian metric on TCM such that:
- The splitting (7.2) is orthogonal with respect to hθ;
- hθ commutes with complex conjugation;
- We have h(X0, X0) = 1 and hθ agrees with Lθ on T1,0.

Notice that the volume form of hθ is 1
n!dθ

n ∧ θ.
As proved by Tanaka [Ta] and Webster [We] the datum of the pseudohermi-

tian contact form θ uniquely defines a connection, the Tanaka-Webster connection,
which preserves the pseudohermitian structure of M , i.e., such that ∇θ = 0 and
∇J = 0. It can be defined as follows.

Let {Zj} be a frame of T1,0. We set Zj̄ = Zj . Then {X0, Zj , Zj̄} forms a frame
of TCM . In the sequel such a frame will be called an admissible frame of TCM .
Let {θ, θj , θj̄} be the coframe of T ∗CM dual to {X0, Zj , Zj̄}. With respect to this
coframe we can write dθ = ihjk̄θ

j ∧ θk̄.
Using the matrix (hjk̄) and its inverse (hjk̄) to lower and raise indices, the

connection 1-form ω = (ω k
j ) and the torsion form τj = Ajkθ

k of the Tanaka-
Webster connection are uniquely determined by the relations

(7.3) dθk = θj ∧ ω k
j + θ ∧ τk, ωjk̄ + ωk̄j = dhjk̄, Ajk = Akj .

In addition, we have the structure equations

(7.4) dω k
j −ω l

j ∧ω k
l = R k

j lm̄θ
l∧θm̄+Wjk̄lθ

l∧θ−Wk̄jl̄θ
l̄∧θ+ iθj ∧ τk̄− iτj ∧θk̄.
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The pseudohermitian curvature tensor of the Tanaka-Webster connection is the
tensor with components Rjk̄lm̄, its Ricci tensor is ρjk̄ := R l

l jk̄
and its scalar cur-

vature is κθ := ρ j
j .

7.2. Local pseudohermitian invariants. Let us now define local pseudohermi-
tian invariants. The definition is a bit more complicated than that of a local Rie-
mannian invariants, because:

- The components of the Tanaka-Webster connections and its curvature and
torsion tensors are defined with respect to the datum of a local frame Z1, . . . , Zn
which does not correspond to frame given by derivatives with respect to coordinate
functions;

- In order to get local pseudohermitian invariants from pseudohermitian invariant
ΨHDOs it is important to take into the tangent group bundle of a CR manifold, in
which the Heisenberg group comes into play.

This being said, in order to define local pseudohermitian invariants some notation
need to be introduced.

Let U ⊂ Rn be an open of local coordinates equipped with a frame Z1, . . . , Zn
of T1,0. We set Zj = Xj − iXn+j , where Xj and Xn+j are real vector fields.
Then X0, . . . , X2n is a local H-frame of TM . We shall call this frame the H-frame
associated to Z1, . . . , Zn.

Let η0, . . . , η2n be the coframe of T ∗M dual to X0, . . . , X2n (so that η0 = θ). We
set Xj = X k

j ∂xk and ηj = ηjkdx
k. We also set Zj = Z k

j ∂xk . It will be convenient
to identify X0(x) with the vector (X k

0 (x)) ∈ R2n+1 and Z(x) := (Z1(x), . . . , Zn(x))
with the matrix (Z k

j (x)) in Mn,2n+1(C)×, where the latter denotes the open subset
of Mn,2n+1(C) consisting of regular matrices.

For j, k̄ = 1, . . . , n we set hjk̄ = hθ(Zj , Zk) = iθ([Zj , Zk̄]), and for j, k = 1, . . . , 2n
we set Ljk = θ([Xj , Xk]). Let Mn(C)+ denote the open cone of positive definite
Hermitian n × n matrices. In the sequel it will also be convenient to identify hθ
with the matrix hθ(x) := (hjk̄(x)) ∈Mn(C)+.

Thanks to the integrability of T1,0 we have θ([Zj , Zk]) = 0. As we have [Zj , Zk] =
[Xj , Xk]− [Xn+j , Xn+k]− i([Xn+j , Xk] + [Xj , Xn+k]) we see that

(7.5) Ln+j,n+k = Lj,k and Lj,n+k = −Ln+j,k.

Since [Zj , Zk̄] = [Xj , Xk] + [Xn+j , Xn+k] + i([Xn+j , Xk]− [Xj , Xn+k]) we get

(7.6) hjk̄ = iθ([Zj , Zk̄]) = 2iLjk + 2Ln+jk.

In other words, we have

(7.7) (Ljk) =
1
2

(
=h −<h
<h =h

)
.

For any a ∈ U we let ψa be the affine change of variables to the privileged
coordinates centered at a (cf. Definition 5.4). One checks that ψa(x)j = ηjk(xk−ak),
so we have

(7.8) ψa∗Xj = X k
j (ψa(x))ηlk(a)∂l.

Given a vector field X defined near x = 0 let us denote X(0)l the vector field
obtained as the part in the Taylor expansion at x = 0 of X which is homogeneous of
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degree l with respect to the Heisenberg dilations (5.4). Then the Taylor expansions
at x = 0 of the vector fields ψa∗X0, . . . , ψa∗X2n take the form

X0 = X
(a)
0 +X0(0)(−1) + . . . ,(7.9)

Xj = X
(a)
j +Xj(0)(0) + . . . , 1 ≤ j ≤ 2n,(7.10)

with

(7.11) X
(a)
0 = ∂x0 , X

(a)
j = ∂xj + bjk(a)xk∂x0 , 1 ≤ j ≤ 2n,

where we have set bjk(a) := ∂k[X l
j (ψa(x))]|x=0η

0
l(a). Notice that X(a)

0 is homoge-

neous of degree −2, while X(a)
1 , . . . , X

(a)
2n are homogeneous of degree −1.

The linear span of the vector fields X(a)
0 , . . . , X

(a)
2n is a 2-step niloptent Lie algebra

under the Lie bracket of vector fields. Therefore, this is the Lie algebra of left-
invariant vector fields on a 2-step nilpotent Lie group G(a). The latter can be
realized as R2n+1 equipped with the product,

(7.12) x.y = (x0 + y0 + bkj(a)xjyk, x1 + y1, . . . , x2n + y2n).

Notice that [X(a)
j , X

(a)
k ] = (bkj(a) − bjk(a))X(a)

0 . In addition, we can check that
[ψa∗Xj , ψa∗Xk](0) = (bkj(a)− bjk(a))∂x0 mod H0. Thus,

(7.13) Ljk(a) = θ(Xj , Xk)(a) = (ψa∗θ)([ψa∗Xj , ψa∗Xk])(0)

= 〈dx0, [ψa∗Xj , ψa∗Xk](0)〉 = bkj(a)− bjk(a).

This shows that G(a) has the same constant structures as the tangent group GaM ,
hence is isomorphic to it (see [Po1]). This also implies that (− 1

2Ljk(a)) is the skew-
symmetric part of (bjk(a)). For j, k = 1, . . . , 2n set µjk(a) = bjk(a) + 1

2Ljk(a). The
matrix (µjk(a)) is the symmetric part of (bjk(a)), so it belongs to the space S2n(R)
of symmetric 2n× 2n matrices with real coefficients.

In the sequel we set

(7.14) Ω = Mn(C)+ × R2n+1 ×Mn,2n+1(C)× × S2n(R).

This is a manifold, and for any x ∈ U the quadruple (h(x), X0(x), Z(x), µ(x)) is an
element of Ω depending smoothly on x.

In addition, we let P be the set of monomials in the undetermined variables
∂αX k

0 , ∂αZ k
j and ∂αZ k

j , where the integer j ranges over {1, . . . , n}, the integer
k ranges over {0, . . . , 2n}, and α ranges over all multi-orders in N2n

0 . Given the
Reeb field X0 and a local frame Z0, . . . , Zn of T1,0 by plugging ∂αxX

k
0 (x), ∂αxZ

k
j (x)

and ∂αZ k
j (x) into a monomial p ∈ P we get a function which we shall denote

p(X0, Z, Z)(x).
Bearing all this mind we define local pseudohermitian invariants as follows.

Definition 7.1. A local pseudohermitian invariant of weight w is the datum on
each pseudohermitian manifold (M2n+1, θ) of a function Iθ ∈ C∞(M) such that:

(i) There exists a finite family (ap)p∈P ⊂ C∞(Ω) such that, in any local coordi-
nates equipped with a frame Z1, . . . , Zn of T1,0, we have

(7.15) Iθ(x) =
∑
p∈P

ap(h(x), X0(x), Z(x), µ(x))p(X0, Z, Z)(x).

(ii) We have Itθ(x) = t−wIθ(x) for any t > 0.
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Any local Riemannian invariant of hθ is a local pseudohermitian invariant. How-
ever, the above notion of weight for pseudohermitian invariant is anisotropic with
respect to hθ. For instance if we replace θ by tθ then hθ is rescaled by t on T1,0⊕T0,1

and by t2 on the vertical line bundle N ⊗ C.
On the other hand, as shown in [JL2, Prop. 2.3] by means of parallel translation

along parabolic geodesics any orthonormal frame Z1(a), . . . , Zn(a) of T1,0 at a point
a ∈M can be extended into a local frame Z1, . . . , Zn of T1,0 near a. Such a frame
is called a special orthonormal frame.

Furthermore, as also shown in [JL2, Prop. 2.3] any special orthonormal frame
Z1, . . . , Zn near a allows us to construct pseudohermitian normal coordinates x0, z

1 =
x1 + ixn+1, . . . , zn = xn + ix2n centered at a in such way that in the notation
of (7.9)–(7.10) we have

(7.16) X0(0)(−2) = ∂x0 , Zj(0)(−1) = ∂zj +
i

2
z̄j∂x0 , ωjk̄(0) = 0.

Set Zj = Xj − iXn+j , where Xj and Xn+j are real vector fields. Then we have
Xj(0)(−1) = ∂xj − 1

2x
n+j∂x0 and Xn+j(0)(−1) = ∂xn+j + 1

2x
j∂x0 . In particular, we

have Xj(0) = ∂xj for j = 0, . . . , 2n. This implies that the affine change of variables
ψ0 to the privileged coordinates at 0 is just the identity. Moreover, in the notation
of (7.11) for j = 1, . . . , n we have

(7.17) X
(0)
j = ∂xj −

1
2
xn+j∂x0 , X

(0)
n+j = ∂xn+j +

1
2
xj∂x0 .

Incidentally, this shows that the matrix (bjk(0)) is skew-symmetric, so its symmetric
part vanishes, i.e., we have µ(0) = 0.

Proposition 7.2. Assume that on each pseudohermitian manifold (M2n+1, θ) there
is the datum of a function Iθ ∈ C∞(M) such that Itθ(x) = t−wIθ(x) for any t > 0.
Then the following are equivalent:

(i) Iθ(x) is a local pseudohermitian invariant;
(ii) There exists a finite family (ap)p∈P ⊂ C such that, for any pseudohermitian

manifold (M2n+1, θ) and any point a ∈ M , in any pseudohermitian normal coor-
dinates centered at a associated to any given special orthonormal frame Z1, . . . , Zn
of T1,0 near a, we have

(7.18) Iθ(a) =
∑
p∈P

app(X0, Z, Z)(x)|x=0.

(iii) Iθ(x) is a universal linear combination of complete tensorial contractions
of covariant derivatives of the pseudohermitian curvature tensor and of the torsion
tensor of the Tanaka-Webster connection.

Proof. The proof will consist in proving the implications (iii)⇒ (i), (i)⇒ (ii) and
(ii)⇒ (iii). We shall prove them in this order.

First, let Z1, . . . , Zn be a local frame of T1,0 and let θ1, . . . , θn be the corre-
sponding coframe of T1,0. Then it follows from (7.3) and (7.4) that in local co-
ordinates the components Rjk̄lm̄ and Ajk of its curvature and torsion tensors of
the Tanaka-Webster connection with respect to the frame are universal expressions
of the form (7.15). Therefore, any linear combination of complete tensorial con-
tractions of covariant derivatives of the curvature and torsion tensors yield a local
pseudohermitian invariant. This proves the implication (iii)⇒ (i).
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Second, let Iθ(x) be a local pseudohermitian invariant. Then there exists a finite
family (ap)p∈P ⊂ C∞(Ω) such that, in any local coordinates equipped with a frame
Z1, . . . , Zn of T1,0, we have

(7.19) Iθ(x) =
∑
p∈P

ap(h(x), X0(x), Z(x), µ(x))p(X0, Z, Z)(x).

Let a ∈M and let us work in normal pseudohermitian coordinates centered at a
and associated to a special orthonormal frame Z1, . . . , Zn of T1,0. Since Z1, . . . , Zn is
an orthonormal frame we have hjk̄ = δjk̄. Moreover, by (7.16) we have X0(0) = ∂x0

and Zj(0) = ∂zj , i.e., X0(0) = (δ k0 ) and Z(0) = (δ kj − iδ k
n+j ). In addition,

by (7.17) we have µ(0) = 0. Set ap = ap((δjk̄), (δ k0 ), (δ kj − iδ k
n+j ), 0). Then

by (7.19) we have

(7.20) Iθ(a) =
∑
p∈P

app(X0, Z, Z)(0).

Since the ap’s are universal constants this shows that Iθ satisfies (ii). The implica-
tion (i)⇒ (ii) is thus proved.

It remains to prove the implication (ii) ⇒ (iii). To this end assume that there
exists a finite family (ap)p∈P ⊂ C such that, for any pseudohermitian manifold
(M2n+1, θ) and any point a ∈ M , in any pseudohermitian normal coordinates
centered at a and associated to any given special orthonormal frame Z1, . . . , Zn of
T1,0 near a, we have

(7.21) Iθ(a) =
∑
p∈P

app(X0, Z, Z)(x)|x=0.

In the sequel by order of a differential operator we mean order in the Heisenberg
calculus sense, and by polynomial in partial or covariant derivatives of components
of some tensors or forms we mean a polynomial in these quantities and their complex
conjugates. Bearing this in mind, by [JL2, Prop. 2.5] in normal pseudohermitian
coordinates associated to any given special orthonormal frame Z1, . . . , Zn of T1,0

with dual coframe θ1, . . . , θn the following holds:

(a) At x = 0 the partial derivatives of order ≤ N of the components of the
contact form θ are universal polynomials in partial derivatives of order ≤ N of the
components of the forms θj ;

(b) At x = 0 the partial derivatives of order ≤ N of the components of the forms
θj are universal polynomials in partial derivatives of order ≤ N of the components
ωjk̄ and Ajk of the connection 1-form and torsion tensor of the Tanaka-Webster
connection;

(c) At x = 0 the partial derivatives of order ≤ N of the components ωjk̄ are
universal polynomials in partial derivatives of order ≤ N of the components Rjk̄lm̄
and Ajk of the pseudohermitian curvature tensor and torsion tensor of the Tanaka-
Webster connection.

It follows from this that at x = 0 the partial derivatives of order ≤ N of the
components of the vector fields X0, Z1, . . . , Zn are universal polynomials in partial
derivatives of order ≤ N of the components Rjk̄lm̄ and Ajk of the pseudohermitian
curvature tensor and torsion tensor of the Tanaka-Webster connection.. Therefore
Iθ(0) is a universal polynomial in partial derivatives at x = 0 of these components.
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Next, by definition the pseudohermitian cuvarture tensor Rjk̄lm̄ is a section of
the bundle T := Λ1,0 ⊗ Λ0,1 ⊗ Λ1,0 ⊗ Λ0,1. Let ∇T be the lift of ∇ to T , so that
with respect to the local frame {θj1 ⊗ θj̄2 ⊗ θj3 ⊗ θj̄4} of T we have

(7.22) ∇T = d+ ωj1k1
⊗ 1⊗ 1⊗ 1 + 1⊗ ωj̄2

k̄2
⊗ 1⊗ 1 + . . . .

For j = 1, .., n set Zj = Xj − iXn+j where Xj = X k
j

∂
∂xk

and Xn+j = X k
n+j

∂
∂xk

are real-valued vector fields. An induction then shows that, for any ordered subset
I = (i1, . . . , iN ) ⊂ {0, . . . , 2n}, we have

(7.23) ∇TXi1 · · · ∇
T
Xim

= X j1
i1
· · ·X jN

iN
∂xj1 · · · ∂xjN +

∑
|α|≤N−1

aI,α∂
α
x ,

where the components of aI,α = (aj1 j̄2 j3 j̄4
k1 k̄2 k3 k̄4

) with respect to the frame {θj1 ⊗
θj̄2⊗θj3⊗θj̄4} are universal polynomials in the partial derivatives of order ≤ N−1
of the components X jl

il
and ωjk̄(Xil).

We know that at x = 0 the partial derivatives of order ≤ N−1 of the components
X jl
il

and ωjk̄(Xil) are universal polynomials in partial derivatives of order ≤ N − 1
of the curvature and torsion components Rjk̄lm̄ and Ajk. Moreover (7.16) implies
that X j1

i1
· · ·X jN

iN
∂xj1 · · · ∂xjN (0) = ∂xi1 · · · ∂xiN . Therefore, for any multi-order α

in N2n+1
0 such that |α| = N , we have

(7.24) ∂αxRjk̄lm̄(0) =
(
(∇TX0

)α0 · · · (∇TX2n
)α2nR

)
jk̄lm̄

(0) + Pα(R, τ),

where Pα(R, τ) is a universal polynomial in the partial derivatives at x = 0 of
order ≤ N −1 of the components of the pseudohermitian cuvarture tensor and that
of the torsion tensor.

On the other hand, as Z1, . . . , Zn is an orthonormal frame we have

(7.25) θ([Zj , Zk̄]) = −idθ(Zj , Zk̄) = −iδjk̄.

Furthermore, from (7.3) we get

(7.26) θl([Zj , Zk̄]) = −dθl(Zj , Zk̄) = −ω l
j (Zk̄).

Together (7.25) and (7.26) show that

(7.27) [Zj , Zk̄] = −iδjk̄X0 − ω l
j (Zk̄)Zl + ωl̄k̄(Zj)Zl̄.

Combining this with the fact that [Zj , Zj̄ ] = 2i[Xj , Xn+j ] we deduce that

(7.28) X0 =
1
n

n∑
j=1

{
2[Xj , Xn+j ] + iω k

j (Zj̄)Zk − iωk̄j̄(Zj)Zk̄
}
.

Thus,

(7.29) ∇TX0
=

1
n

n∑
j=1

{
2∇T[Xj ,Xn+j ]

+ iω k
j (Zj̄)∇TZk − iω

k̄
j̄(Zj)∇

T
Zk̄

}
.

Let RT be the pseudohermitian curvature of T . Its components with respect to
the orthonormal frame {θj1 ⊗ θj̄2 ⊗ θj3 ⊗ θj̄4} are

(7.30) Rj1 j̄2 j3 j̄4 lm̄

k1 k̄2 k3 k̄4
= −Rj̄1

k̄1ml̄
⊗ 1⊗ 1⊗ 1 + 1⊗Rj̄2

k̄2lm̄
⊗ 1⊗ 1 + . . . .
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As RT (Xj , Xn+j) = [∇TXj ,∇
T
Xn+j

] −∇T[Xj ,Xn+j ]
it follows from (7.29) that ∇TX0

is
equal to

(7.31)
1
n

n∑
j=1

{
2[∇TXj ,∇

T
Xn+j

] + iω k
j (Zj̄)∇TZk − iω

k̄
j̄(Zj)∇

T
Zk̄
− 2RT (Xj , Xn+j)

}
.

By combining this with (7.24) we then can show that, for any multi-order α in
N2n+1

0 such that |α| = N , we have
(7.32)

∂αxRjk̄lm̄(0) =

 2
n

n∑
j=1

[∇TXj ,∇
T
Xn+j

]

α0

(∇TX1
)α1 · · · (∇TX2n

)α2nR


jk̄lm̄

(0) + Pα(R, τ),

where Pα(R, τ) is a universal polynomial in the partial derivatives at x = 0 of or-
der ≤ N−1 of the components of the components of the pseudohermitian curvature
tensor and that of the torsion tensor.

The tensor Ajk is a section of the bundle T ′ := Λ1,0⊗Λ1,0. If we let ∇T ′ denote
the lift to T ′ of the Tanaka-Wesbter connection then, in the same way as above,
we can show that, for any multi-order α ∈ N2n+1

0 such that |α| = N , we have
(7.33)

∂αxAjk(0) =

 2
n

n∑
j=1

[∇T
′

Xj ,∇
T ′
Xn+j

]

α0

(∇T
′

X1
)α1 · · · (∇T

′

X2n
)α2nA


jk

(0) +Qα(R, τ),

where Qα(R, τ) is a universal polynomial in the partial derivatives at x = 0 of
order ≤ N −1 of the components of the pseudohermitian curvature tensor and that
of the torsion tensor. By combining (7.32) and (7.33) and by arguing by induction
we then can see that the value at x = 0 of any partial derivative of order N of these
components agrees with the value of an universal polynomial in their covariant
derivatives of order ≤ N with respect to the vector fields X1, . . . , X2n.

It follows from all this that Iθ(0) agrees with value at x = 0 of a universal polyno-
mial in covariant derivatives with respect to the vector fields Z1, . . . , Zn, Z1̄, . . . , Zn̄
of the components of the pseudohermitian curvature tensor and that of the torsion
tensor. We then can make use of U(n)-invariant theory as in [BGS, pp. 380–382]
to deduce that Iθ(x) is a linear combination of complete tensorial contractions of
covariant derivatives of these tensors, i.e., Iθ(x) satisfies (iii). This proves that (ii)
implies (iii). The proof is thus achieved. �

7.3. Pseudohermitian invariants ΨHDOs. We define homogeneous symbols on
Ω× R2n+1 as follows.

Definition 7.3. Sm(Ω× R2n+1), m ∈ C, consists of be functions a(h,X0, Z, ξ) in
C∞(Ω× (R2n+1 \ 0)) such that a(θ, Z, tξ) = tma(θ, Z, ξ) ∀t > 0.

In addition, recall that if Z1, . . . , Zn is a local frame of T1,0 then its associated H-
frame is the frame X0, . . . , X2n of TM such that Zj = Xj − iXn+j for j = 1, . . . , n.

Definition 7.4. A pseudohermitian invariant ΨHDO of order m and weight w
is the datum on each pseudohermitian manifold (M2n+1, θ) of an operator Pθ in
Ψm
H(M) such that:
(i) For j = 0, 1, . . . there exists a finite family (ajp)p∈P ⊂ Sm−j(Ω × R2n+1)

such that, in any local coordinates equipped with the H-frame associated to a frame
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Z1, . . . , Zn of T1,0, the operator Pθ has symbol pθ ∼
∑
pθ,m−j with

(7.34) pθ,m−j(x, ξ) =
∑
p∈P

p(X0, Z, Z)(x)ajp(h(x), X0(x), Z(x), µ(x), ξ).

(ii) For any t > 0 we have Ptθ = t−wPθ modulo Ψ−∞(M).
In addition, we will say that Pθ is admissible if in (7.34) we can take a0p(h,X0, Z, µ, ξ)
to be zero for p 6= 1.

Before proving the analogues in pseudohermitian geometry of Proposition 3.3
and Proposition 3.4 we need to recall some results about the symbolic calculus for
ΨHDOs.

Given a matrix b = (bjk) ∈ M2n(R) we can endow R2n+1 with a structure of
2-step nilpotent Lie group by means of the product,

(7.35) x.y = (x0 + y0 + bkjx
jyk, x1 + y1, . . . , x2n + y2n).

It follows from [BGr] that under the inverse Fourier transform the convolution for
distributions with respect to this group gives rise to a product for homogeneous
symbols,

(7.36) ∗b : Sm1(R2n+1)× Sm2(R2n+1) −→ Sm1+m2(R2n+1).

Furthermore, this product depends smoothly on b.
Let U ⊂ R2n+1 be an open of local coordinates equipped with a H-frame

X0, . . . , Xd. We let η0, . . . , η2n be the dual coframe and we set Xj = X k
j ∂xk

and ηj = η k
j dx

k.
For any a ∈ U we let ψa be the affine change of variables to the privileged

coordinates centered a, and we let X(a)
0 , . . . , X

(a)
d be the model vector fields as

defined in (7.11), that is, we have X(a)
0 = ∂x0 and X

(a)
j = ∂xj + bjk(a)xk∂x0 where

bjk(a) := Ljk(a) + µjk(a). As alluded to before the linear span of the vector fields
X

(a)
0 , . . . , X

(a)
d is a 2-step nilpotent Lie algebra whose corresponding Lie group is

isomorphic to the tangent group GaM and can be realized as R2n equipped with
the group law (7.35) with bjk = bjk(a). Since the product (7.36) for homogenous
symbols on R2n depends smoothly on b and b(a) := (bjk(a)) depends smoothly on
a, we get the following product for homogeneous symbols on U × R2n+1,

∗ : Sm1(U × R2n+1)× Sm2(U × R2n+1) −→ Sm1+m2(U × R2n+1),(7.37)

pm1 ∗ pm2(a, ξ) := [pm1(a, .) ∗b(a) pm2(a, .)](ξ) ∀pj ∈ Smj (U × R2n+1).(7.38)

We also can define a product for homogeneous symbols on Ω×R2n+1 as follows.
For any (h, µ) in Mn(C)+ × S2n(R) we let

(7.39) b(h, µ) :=
1
2
L+ µ, L =

1
2

(
=h −<h
<h =h

)
.

As b(h, µ) depends smoothly on (h, µ) we obtain the bilinear product,

(7.40) ∗ : Sm1(Ω× R2n+1)× Sm2(Ω× R2n+1) −→ Sm1+m2(Ω× R2n+1),

such that, for any symbols p1 ∈ Sm1(Ω × R2n+1) and p2 ∈ Sm2(Ω × R2n+1), on
Ω× R2n+1 we have

(7.41) pm1 ∗ pm2(h,X0, Z, µ, ξ) = [pm1(h,X0, Z, µ, .) ∗b(h,µ) pm2(h,X0, Z, µ, .)](ξ).
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Observe that it follows from (7.7) and from the very definition of µ(a) that we
have b(x) = 1

2L(x) + µ(x) = b(h(x), µ(x)). Therefore, we see that, for any symbols
p1 ∈ Sm1(Ω× R2n+1) and p2 ∈ Sm2(Ω× R2n+1), on U × R2n+1 we have

(7.42) [pm1(h(x), X0(x), Z(x), µ(x), ξ)] ∗ [pm2(h(x), X0(x), Z(x), µ(x), ξ)]

= (pm1 ∗ pm2)(h(x), X0(x), Z(x), µ(x), ξ),

where the product ∗ on the l.h.s. is that for homogenous symbols on U × R2n+1

and the other product ∗ is that for homogeneous symbols on Ω× R2n+1.
Next, let σj(x, ξ) = X k

j (x)ξk be the classical symbol of 1
iXj . Then the symbol of

ψa∗Xj is ψa∗σj(x, ξ) := X k
j (ψa(x))ηlk(a)ξl. We set σ(x, ξ) = (σ0(x, ξ), . . . , σ2n(x, ξ)).

Similarly, we let σ(a)
j (x, ξ) be the classical symbol of 1

iX
(a)
j and we set σ(a)(x, ξ) =

(σ0(x, ξ), . . . , σ2n(x, ξ)). Notice that σ(a)
0 (x, ξ) = ξ0, while for j = 1, . . . , 2n we have

σ
(a)
j (x, ξ) = ξj + bjk(a)xkξ0. For any multi-order β ∈ N2n

0 we can write

(7.43) [ψa∗σ(x, ξ)− σ(a)(x, ξ)]β =
∑
|γ|=|β|

eβγ(a, x)σ(a)(x, ξ)γ ,

where the coefficients eβγ(a, x) are smooth functions on U × R2n+1. We then let
hαβγδ(a) be the smooth function on U given by

(7.44) hαβγδ(a) =
1

α!β!δ!
∂δx[ψ‘−1

a (x)αeβγ(a, x)]|x=0.

Proposition 7.5 ([BGr, Thm. 14.7]). Let P ∈ Ψm
H(U) have symbol p ∼

∑
pm−j,

let Q ∈ Ψm′

H (U) have symbol q ∼
∑
qm′−j, and assume that P or Q is properly

supported. Then PQ belongs to Ψm+m′

H (U) and has symbol r ∼
∑
rm+m′−j with

(7.45) rm+m′−j =
∑

(j)
hαβγδ(Dδ

ξpm−k) ∗ (ξγ∂αxD
β
ξ qm′−l),

where
∑

(j) denotes the summation over all indices such that |γ| = |β| and |β|+|α| ≤
〈δ〉+ 〈β〉 − 〈γ〉 = j − k − l.

Bearing all this in mind we are now ready to prove:

Proposition 7.6. Let Pθ be a pseudohermitian invariant ΨHDO of order m and
weight w, let Qθ be a pseudohermitian invariant ΨHDO of order m′ and weight w′,
and assume that Pθ or Qθ is uniformly properly supported. Then:

1) PθQθ is a pseudohermitian invariant ΨHDO of order m + m′ and weight
w + w′.

2) If Pθ and Qθ are admissible, then PθQθ is admissible as well.

Proof. Since Pθ and Qθ are pseudohermitian invariant ΨHDOs, for j = 0, 1, . . .
there exist finite families (ajp)p∈P ⊂ Sm−j(Ω×R2n+1) and (bjq)q∈P ⊂ Sm′−j(Ω×
R2n+1) such that, in any given local coordinates equipped with the H-frame as-
sociated to a frame Z1, . . . , Zn of T1,0, the respective symbols of Pθ and Qθ are
p ∼

∑
pθ,m−j and q ∼

∑
qθ,m′−j with

pθ,m−j(x, ξ) =
∑
p∈P

p(X0, Z, Z)(x)ajp(h(x), X0(x), Z(x), µ(x), ξ),(7.46)

qθ,m′−j(x, ξ) =
∑
q∈P

q(X0, Z, Z)(x)bjq(h(x), X0(x), Z(x), µ(x), ξ).(7.47)
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Therefore, by Proposition 7.5 the operator PθQθ has symbol r ∼
∑
rm+m′−j , where

rm+m′−j(x, ξ) is equal to

(7.48)
∑

p,q∈P

∑
(j)
hαβγδ(x)p(X0, Z, Z)(x)[Dδ

ξakp(h(x), X0(x), Z(x), µ(x), ξ)]∗

[ξγDβ
ξ ∂

α
x (q(X0, Z, Z)(x)blq(h(x), X0(x), Z(x), µ(x), ξ))].

Notice that, given a multi-order α ∈ N2n+1
0 , for any monomial q ∈ P and any

symbol b ∈ Sm(Ω × R2n+1) there exists a universal finite family (Cαq̃(q, b))q̃∈P
contained in Sm(Ω× R2n+1) such that

(7.49) ∂αx [q(X0, Z, Z)(x)b(h(x), X0(x), Z(x), µ(x), ξ)] =∑
q̃∈P

q̃(X0, Z, Z)(x)Cαq̃(q, b)(h(x), X0(x), Z(x), µ(x), ξ).

In addition, it follows from the very definition of the function hαβγδ(x) that there
exists a universal finite family (hαβγδr)r∈P ⊂ C∞(Ω) such that

(7.50) hαβγδ(x) =
∑
r∈P

hαβγδr(h(x), X0(x), Z(x), µ(x))r(X0, Z, Z)(x).

Now, by combining (7.42), (7.49), (7.48) and (7.50) together we deduce that

(7.51) rm+m′−j(x, ξ) =
∑
s∈P

s(X0, Z, Z)(x)cjs(h(x), X0(x), Z(x), µ(x), ξ),

where (cjs)s∈P is the finite family with values in Sm+m′−j(Ω× R2n+1) given by

(7.52) cjs =
∑

p,q,q̃,r∈P
pq̃r=s

∑
(j)
hαβγδr[Dδ

ξakp] ∗ [ξγDβ
ξCαq̃(q, blq)].

Since the family (cjs)s∈P is independent of the choice of the local coordinates and
of the local frame Z1, . . . , Zn this proves that PθQθ is pseudohermitian invariant.
Furthermore, as for any t > 0 we have PtθQtθ = t−(w+w′)PθQθ modulo Ψ−∞(M),
we see that PθQθ is a pseudohermitian invariant ΨHDO of weight w.

Finally, assume further that Pθ and Qθ are admissible, that is, there exist sym-
bols am ∈ Sm(Ω×R2n+1) and bm′ ∈ Sm′(Ω×R2n+1) such that, in any given local
coordinates equipped with the H-frame associated to a frame Z1, . . . , Zn, the prin-
cipal symbol of Pθ is pm(x, ξ) = am(h(x), X0(x), Z(x), µ(x), ξ) and the principal
symbol of Qθ is qm′(x, ξ) = bm′(h(x), X0(x), Z(x), µ(x), ξ). It then follows from
Proposition 7.5 and (7.42) that in these local coordinates the principal symbol of
PθQθ is equal to

pm ∗qm′(x, ξ) = [am(h(x), X0(x), Z(x), µ(x), ξ)]∗ [bm′(h(x), X0(x), Z(x), µ(x), ξ)]

= [am ∗ bm′ ](h(x), X0(x), Z(x), µ(x), ξ).

Since the symbol am ∗ bm′ ∈ Sm+m′(Ω × R2n+1) does not depend on the choices
of the local coordinates and of the local frame Z1, . . . , Zn, this shows that PθQθ is
admissible. The proof is now complete. �

In order to deal with parametrices of pseudohermitian invariant ΨHDOs we need
the following lemma.
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Lemma 7.7. Let (h,X0,Z, µ) ∈ Ω. Then we can endow R2n+1 with a pseudoher-
mitian structure and a global frame Z1, . . . , Zn of T1,0 with respect to which we have
(h(0), X0(0), Z(0), µ(0)) = (h,X0,Z, µ).

Proof. Let L = (Ljk) ∈M2n(R) be the skew-symmetric matrix given by (7.39), and
let us endow R2n+1 with the group law (7.35) corresponding to b := b(h, µ) = µ+ 1

2L.
Set X(0)

0 = ∂x0 and X
(0)
j = ∂xj + bjkx

k∂x0 , j = 1, .., 2n. Let H(0) ⊂ TR2n+1

be the hyperplane bundle spanned by the vector fields X(0)
1 , . . . , X

(0)
2n and let us

endow it with the almost complex structure J (0) ∈ C∞(R2n+1,EndH) such that
for j = 1, . . . , n we have J (0)X

(0)
j = X

(0)
n+j and J (0)X

(0)
n+j = −X(0)

j .

Observe that the subbundle T (0)
1,0 := ker(J (0) + i) is spanned by the vector fields

Z
(0)
j := X

(0)
j − iX

(0)
n+j , j = 1, .., n. By (7.13) we have

(7.53) [X(0)
j , X

(0)
k ] = (bkj − bjk)X(0)

0 = LkjX
(0)
0 .

Moreover, as the definition (7.39) of L implies that it satisfies (7.6), we get

(7.54) [Z(0)
j , Z

(0)
k ] = [(Ljk − Ln+jn+k)− i(Ljn+k + Ln+jk)]X(0)

0 = 0.

This implies that T (0)
1,0 is integrable in Fröbenius’ sense, so (H(0), J (0)) defines a CR

structure on R2n+1.
Set θ(0) = dx0 − bjkxkdxj . Then we have θ(0)(X0) = 1 and for j = 1, . . . , 2n, we

have θ(0)(Xj) = 0, so θ(0) is a non-vanishing 1-form annihilating H(0). Moreover,
it follows from (7.39) and (7.53) that we have

(7.55) iθ(0)([Z(0)
j , Z

(0)

k̄
]) = (Ljk + Ln+jn+k) + i(−Ljn+k + Ln+jk) = hjk̄.

Since h is positive definite this shows that the Levi form associated to θ(0) is positive
definite everywhere. Therefore, the CR structure of R2n+1 is strictly pseudoconvex
and θ(0) is a pseudohermitian contact form. In addition, for j = 0, . . . , 2n we have
[X(0)

0 , X
(0)
j ] = 0, so we have ιX0dθ

(0)(Xj) = −θ(0)([X0, Xj ]) = 0. As we know that
θ(0)(X0) = 1 it follows that X0 is the Reeb field of the contact form θ(0).

Next, let us write X0 = (X k
0 ) and Z = (Z k

j ), where X0 and Z are the 2nd and
3rd components of our initial element (h,X0,Z, µ) in Ω. Set Z k

j = X k
j − iX k

n+j

with X k
j and X k

n+j in R, and let ψ be the unique linear change of variables such
that for j = 0, . . . , 2n the tangent map ψ′(0) : T0R2n+1 → T0R2n+1 maps X k

j ∂xk to

∂xj . Set H = ψ∗H(0) and J = ψ∗J
(0)

. Then (H,J) defines a strictly pseudoconvex
CR structure on R2n+1 with respect to which θ := ψ∗θ(0) is a pseudohermitian
contact form with Reeb field X0 := ψ∗X

(0)
0 . Moreover, as we have X(0) = ∂x0 we

see that X0(0) = ψ′(0)−1(∂x0) = X0.
The corresponding bundle of (1, 0)-vectors is T1,0 := ψ∗T1,0. A global frame

for this bundle is provided by the vector fields Zj := ψ∗Z
(0)
j . Moreover, it follows

from (7.55) that with respect to this frame the matrix of the Levi form associated
to θ is (hjk̄). In particular, we have h(0) = h. In addition, as Z(0)

j (0) = X
(0)
j (0)−

iX
(0)
n+j = ∂xj − i∂xn+j we also see that Zj(0) = ψ′(0)−1(∂xj ) − iψ′(0)−1(∂xn+j ) =

Xj − iXn+j = Zj . Thus Z(0) = Z.
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In order to complete the proof it remains to check that µ(0) = µ. For j =
1, . . . , 2n set Xj = ψ∗X

(0)
j . Then X0, . . . , X2n is a global H-frame of R2n+1. More-

over, as ψ is a linear map and for j = 0, . . . , 2n we have ψ∗Xj(0) = X
(0)
j (0) = ∂xj ,

we see that ψ is the affine change of variables to the privileged coordinates centered
at the origin. In addition, since we have ψ∗Xj = X

(0)
j and the vector fields X(0)

j

are homogeneous, we deduce that X(0)
j is the model vector field of Xj in the sense

of (7.9)–(7.11). As we have X(0)
j = ∂xj+bjkxk∂x0 we see that b(0) = (bjk) = b(h, µ).

Since by definition µ(0) is the symmetric part of b(0) and b(h, µ) has µ as symmetric
part, it follows that µ(0) = µ as desired. The proof is thus achieved. �

Proposition 7.8. Let Pθ be a pseudohermitian invariant ΨHDO of order m and
weight w such that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. For each pseudohermitian manifold (M2n+1, θ) let Qθ be
a parametrix for Pθ in Ψ−mH (M). Then Qθ is a pseudohermitian invariant ΨHDO
of order −m and weight −w.

Proof. First, as Pθ is an admissible pseudohermitian invariant ΨHDO there exists a
symbol am ∈ Sm(Ω×R2n+1) such that, in any local coordinates equipped with the
H-frame associated to a frame Z1, . . . , Zn of T1,0, the principal symbol of Pθ in these
local coordinates is pθ,m(x, ξ) := am(h(x), X0(x), Z(x), µ(x), ξ). The fact that the
principal symbol of Pθ is invertible in the Heisenberg calculus sense means that pθ,m
is invertible with respect to the product (7.38). Therefore, we see that, for any local
coordinates equipped with a frame Z1, . . . , Zn of T1,0 and for any x in their range,
the symbol am(h(x), X0(x), Z(x), µ(x), .) is invertible with respect to the product
∗b(x) = ∗b(h(x),µ(x)). We then can make use of Lemma 7.7 to conclude that for
any (h,X0, Z, µ) ∈ Ω the symbol am(h,X,Z, µ, .) is invertible with respect to the
product ∗b(h,µ). Thus, for any (h,X0, Z, µ) ∈ Ω there exists a symbol b(h,X0,Z,µ)

−m (ξ)
in S−m(R2n+1) such that

(7.56) am(h,X0, Z, µ, .) ∗b(h,µ) b−m(h,X0, Z, µ) =

b−m(h,X0, Z, µ) ∗b(h,µ) am(h,X0, Z, µ, .) = 1.

Since am(h,X0, Z, µ, .) depends smoothly on ((h,X0, Z, µ), it follows from [Po2,
Prop. 3.3.22] that b(h,X0,Z,µ)

−m depends smoothly on (h,X0, Z, µ) as well. Therefore,
we define a symbol b−m ∈ S−m(Ω× R2n+1) by letting

(7.57) b−m(h,X0, Z, µ, ξ) := b
(h,X0,Z,µ)
−m (ξ) ∀(h,X0, Z, µ, ξ) ∈ Ω× R2n+1.

In view of the definition of the product (7.41) we have am∗b−m = b−m∗am = 1. By
combining this with (7.42) we then see that, in any local coordinates equipped with
the H-frame associated to a frame Z1, . . . , Zn of T1,0, the symbol q−m(x, ξ) :=
b−m(h(x), X0(x), Z(x), µ(x), ξ) is the inverse of pθ,m with respect to the prod-
uct (7.38).

Next, without any loss of generality we may assume that Qθ is properly sup-
ported. Let p(x, ξ) ∼

∑
pθ,m−j(x, ξ) and q(x, ξ) ∼

∑
q−m−j(x, ξ) be the respective

symbols of Pθ and Qθ with respect to local coordinates equipped with the H-frame
associated to a frame Z1, . . . , Zn of T1,0. As PθQθ = 1 mod Ψ−∞(M), from (7.45)
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we get

pθ,mq−m = 1,(7.58)

pθ,m ∗ q−m−j +
∑
l<j

(j)
hαβγδ(Dδ

ξpθ,m−k) ∗ (ξγ∂αxD
β
ξ q−m−l) = 0 j ≥ 1.(7.59)

Therefore, we obtain

q−m(x, ξ) = b−m(h(x), X0(x), Z(x), µ(x), ξ),(7.60)

q−m−j = −q−m ∗

∑
l<j

(j)
hαβγδ(Dδ

ξpθ,m−k) ∗ (ξγ∂αxD
β
ξ q−m−l)

(7.61)

Now, as Pθ is a pseudohermitian invariant ΨHDO for j = 1, 2, . . . there exists
a finite family (ajp)p∈P ⊂ Sm−j(Ω × R2n+1) such that, in any local coordinates
equipped with the H-frame associated to a frame Z1, . . . , Zn of T1,0, we have

(7.62) pθ,m−j(x, ξ) =
∑
p∈P

p(X0, Z, Z)(x)ajp(h(x), X0(x), Z(x), µ(x), ξ).

Then by using similar arguments as that of the proof of Proposition 7.6 we can show
by induction that, for j = 0, 1, . . . there exists a finite family (c̃js)s∈P contained in
S−m−j(Ω× R2n+1) such that

(7.63) q−m−j =
∑
s∈P

s(X0, Z, Z)(x)c̃js(h(x), X0(x), Z(x), µ(x), ξ),

where, with the notation of (7.52), the families (c̃js)s∈P are given by the recursive
formulas,

c̃01 = b−m, c̃0s = 0 for s 6= 1,(7.64)

c̃js = −b−m ∗

 ∑
p,q,q̃,r∈P

pq̃r=s

∑
l<j

(j)
hαβγδr(Dδ

ξakp) ∗ (ξγDβ
ξCαq̃(q, c̃lq))

 j ≥ 0.(7.65)

Since the families (c̃js)s∈P don’t depend on the local coordinates, this shows that
Qθ is a pseudohermitian invariant ΨHDO.

Finally, let t > 0. As Ptθ = t−wPθ modulo Ψ−∞(M) we see that twQθ is a
parametrix for Ptθ, and so we have Qtθ = twQθ modulo Ψ−∞(M). This completes
the proof that Qθ is a pseudohermitian invariant ΨHDO of weight w. �

We are now ready to prove the main result of this section.

Proposition 7.9. Let Pθ be a pseudohermitian invariant ΨHDO of order m and
weight w

1) The logarithmic singularity cPθ (x) takes the form

(7.66) cPθ (x) = IPθ (x)|dθn ∧ θ|,
where Iθ(x) is a local pseudohermitian invariant of weight n+ 1 + w.

2) Assume that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the Green kernel logarithmic singularity of Pθ
takes the form

(7.67) γPθ (x) = JPθ (x)|dθn ∧ θ|,
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where JPθ (x) is a local pseudohermitian invariant of weight n+ 1− w.

Proof. Set cPθ (x) = IPθ (x)|dθn∧θ|, so that IPθ (x) is a smooth function on M . For
any t > 0 we have cPtθ (x) = ct−wPθ (x) = t−wcPθ (x) and d(tθ)n∧(tθ) = tn+1dθn∧θ,
so we see that

(7.68) IPtθ (x) = t−(w+n+1)IPθ (x) ∀t > 0.

Next, by (5.14) in local coordinates equipped with the H-frame X0, . . . , X2n

associated to a local frame Z1, . . . , Zn of T1,0 we have

(7.69) cPθ (x) = |ψ′x|(2π)−(2n+1)

(∫
‖ξ‖=1

pθ,−(2n+2)(x, ξ)ιEdξ

)
dx,

where pθ,−(2n+2) is the symbol of degree −(2n+ 2) of Pθ in these local coordinates.
Furthermore, since Pθ is a pseudohermitian invariant ΨHDO there exists a finite

family (ap)p∈P ⊂ S−(2n+2)(Ω× R2n+1) such that

(7.70) pθ,−(2n+2)(x, ξ) =
∑
p∈P

p(X0, Z, Z̄)(x)ap(h(x), X0(x), Z(x), µ(x), ξ).

Therefore, we see that

(7.71) cPθ (x) =

∑
p∈P

p(X0, Z, Z̄)(x)Ap(h(x), X0(x), Z(x), µ(x))

 |ψ′x|dx,
where Ap is the function in C∞(Ω) defined by

(7.72) Ap(h,X0, Z, µ) = (2π)−(2n+1)

∫
‖ξ‖=1

ap(h,X0, Z, µ, ξ)ιEdξ.

Let θ1, . . . , θn be the coframe of Λ1,0 dual to Z1, . . . , Zn, and let η0, . . . , η2n be the
coframe of T ∗M dual to X0, . . . , X2n. Notice that η0 = θ and θj = 1

2 (ηj + iηn+j).
Moreover, we have dθ = ihjkθ

j ∧ θk̄. Thus,

(7.73) dθn ∧ θ = inn! det(hjk̄)θ1 ∧ θ1̄ ∧ . . . ∧ θ1 ∧ θ1̄ ∧ θ
= n! det(hjk̄)η1 ∧ ηn+1 ∧ . . . ∧ ηn ∧ η2n ∧ η0

= (−1)nn! det(hjk̄)η0 ∧ η1 ∧ . . . ∧ η2n.

On the other hand, by its very definition ψa is the unique affine change of variable
such that ψa(a) = 0 and (ψa∗Xj)(0) = ∂xj . Therefore, if we set Xj = X k

j ∂k and
ηj = ηjkdx

k, then we can check that ψa(x)j = ηjk(xk − ak). Incidentally, we see
that |ψ′x|dx = |det(ηjk)dx0∧. . .∧dx2n| = |η0∧. . .∧η2n|. Combining this with (7.73)
then shows that

(7.74) |ψ′x|dx =
(−1)n

n! det(hjk̄)
|dθn ∧ θ|.

Now, it follows from (7.71), (7.72) and (7.74) that, in any local coordinates
equipped with a frame Z1, . . . , Zn of T1,0, the function IPθ (x) is equal to

(7.75)
∑
p∈P

1
n!

p(X0, Z, Z̄)(x) det−1(hjk̄(x))Ap(h(x), X0(x), Z(x), µ(x)).

Together with (7.68) this shows that IPθ (x) is a local pseudohermitian invariant of
weight n+ 1 + w.
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Finally, suppose that Pθ is admissible and its principal symbol is invertible in
the Heisenberg calculus sense. For each pseudohermitian manifold (M2n+1, θ) let
Qθ be a parametrix for Pθ in Ψ−mH (M). By definition the Green kernel logarithmic
singularity γPθ (x) is equal to cQθ (x), and we know from Proposition 7.8 that Qθ
is a pseudohermitian invariant ΨHDO of order −m and weight −w. Therefore, it
follows from the first part that γPθ (x) = JPθ (x)|dθn ∧ θ|, where JPθ (x) is a local
pseudohermitian invariant of weight n+ 1− w. The proof is thus achieved. �

8. Logarithmic singularities of CR invariants ΨHDOs

In this section we shall make use of the program of Fefferman in CR geometry
to give a geometric description of the logarithmic singularities of CR invariant
ΨHDOs.

8.1. Local CR invariants and Fefferman’s program. The local CR invariants
can be defined as follows.

Definition 8.1. A local scalar CR invariant of weight w is a local scalar pseudo-
hermitian invariant Iθ(x) such that

(8.1) Iefθ(x) = e−wf(x)Iθ(x) ∀f ∈ C∞(M,R).

When M is a real hypersurface the above definition of a local CR invariant agrees
with the definition in [Fe2] in terms of Chern-Moser invariants (with our convention
about weight a local CR invariant that has weight w in the sense of (8.1) has weight
2w in [Fe2]).

The analogue of the Weyl curvature in CR geometry is the Chern-Moser ten-
sor ([CM], [We]). Its components with respect to any local frame Z1, . . . , Zn of T1,0

are

(8.2) Sjk̄lm̄ = Rjk̄lm̄ − (Pjk̄hlm̄ + Plk̄hjm̄ + Plm̄hjk̄ + Pjm̄hlk̄),

where Pjk̄ = 1
n+2 (ρjk̄ − κ

2(n+1)hjk̄) is the CR Schouten tensor. The Chern-Moser
tensor is CR invariant of weight 1, so we get scalar local CR invariants by taking
complete tensorial contractions. For instance, as scalar invariant of weight 2 we
have

(8.3) |S|2θ = S j̄kl̄mSjk̄lm̄,

and as scalar invariants of weight 3 we get

(8.4) S k̄l
ij̄ S p̄q

kl̄
S īj
pq̄ and S jk̄

i l̄
S ī q
j̄p
Sp̄ l
q̄k .

More generally, the Weyl CR invariants are obtained as follows. Let K be the
canonical line bundle of M , i.e., the annihilator of T1,0 ∧ ΛnT ∗CM in Λn+1T ∗CM .
The Fefferman bundle is the total space of the circle bundle,

(8.5) F := (K \ 0)/R∗+.
It carries a natural S1-invariant Lorentzian metric gθ whose conformal class depends
only the CR structure of M , for we have gefθ = efgθ for any f ∈ C∞(M,R)
(see [Fe1], [Le]). Notice also that the Levi metric defines a Hermitian metric h∗θ on
K, so we have a natural natural isomorphism of circle bundles ιθ : F → Σθ, where
Σθ ⊂ K denotes the unit sphere bundle of K.

Lemma 8.2 ([Fe2]). Any local scalar conformal invariant Ig(x) of weight w uniquely
defines a local scalar CR invariant of weight w.
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Proof. As gθ is S1-invariant the function Igθ (x) is S1-invariant as well. Thus, if ζ
is a local section of F then we have

(8.6) Igθ (ζ(x)) = Igθ (eiωζ(x)) ∀ω ∈ R.

This means that the value of Igθ (ζ(x)) at x does not depend on the choice of the
local section ζ near x. Therefore, we define a smooth function Iθ(x) on M by
letting

(8.7) Iθ(x) := Igθ (ζ(x)) ∀x ∈M,

where ζ is any given local section of F defined near x.
The fact that Iθ(x) is a local pseudohermitian invariant can be seen as follows.

Let Z1, . . . , Zn be a local frame of T1,0 near a point a ∈ M and let {θ, θj , θj̄}
be the dual coframe of the frame {X0, Zj , Zj̄}. By standard multilinear algebra
ζθ = dethjk̄θ ∧ θ1 ∧ . . . ∧ θn is a local section of Σθ. Therefore, it defines a local
fiber coordinate γ ∈ F such that ιθ = eiγζ. Then by [Le, Thm. 5.1] the Fefferman
metric is given by

(8.8) gθ = hjk̄θ
jθk̄ + 2θσ, σ =

1
n+ 2

(dγ + iω j
j −

i

2
hjk̄dhjk̄ −

1
2(n+ 1)

κθθ).

Therefore, if x0, x1, . . . , x2n are local coordinates for M near a, then one can check
that the components in the local coordinates x0, x1, . . . , x2n, γ of the Fefferman
metric gθ and of its inverse are universal expressions of the form (7.15). It then
follows that Igθ (ι∗θζθ(x)) is a universal expression of the form (7.15) as well, so
Iθ(x) is a local pseudohermitian invariant.

Finally, let f ∈ C∞(M,R). As Ig(x) is a conformal invariant of weight w, we
have

(8.9) Ig
ef θ

(ζ(x)) = Iefgθ (ζ(x)) = e−wf(x)Igθ (ζ(x)).

Hence Iefθ(x) = e−wf(x)Iθ(ζ(x)). This completes the proof that Iθ(x) is a local
CR invariant of weight w. �

Now, the Weyl CR invariant are the local CR invariants that are obtained from
the Weyl conformal invariants by the process described in the proof of Lemma 8.2.
Notice that for the Fefferman bundle the ambient metric was constructed by Fef-
ferman [Fe2] as a Kähler-Lorentz metric. Therefore, the Weyl CR invariants are
the local CR invariants that arise from complete tensorial contractions of covariant
derivatives of the curvature tensor of Fefferman’s ambient Kähler-Lorentz metric.

Bearing this in mind the CR analogue of Proposition 4.1 is:

Proposition 8.3 ([Fe2, Thm. 2], [BEG, Thm. 10.1]). Every local CR invariant of
weight ≤ n+ 1 is a linear combination of local Weyl CR invariants.

In particular, we recover the fact that there is no local CR invariant of weight 1.
Furthermore, we see that every local CR invariant of weight 2 is a constant multiple
of |S|θ. Similarly, the local CR invariants of weight 3 are linear combinations of
the invariants (8.4) and of the invariant Φθ that arises from the Fefferman-Graham
invariant Φgθ of the Fefferman Lorentzian space F .
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8.2. Logarithmic singularities of CR invariant ΨHDOs. The CR invariant
ΨHDOs are defined as follows.

Definition 8.4. A CR invariant ΨHDO of order m and biweight (w,w′) is a
pseudohermitian invariant ΨHDO Pθ such that

(8.10) Pefθ = ew
′fPθe

−wf ∀f ∈ C∞(M,R).

We actually have plenty of CR invariant operators thanks to:

Proposition 8.5 ([JL1], [GG]). Any conformally invariant Riemannian differen-
tial operator Lg of weight w uniquely defines a CR invariant differential operator
Lθ of same weight.

Proof. Since the Fefferman metric is S1-invariant, the circle S1 acts by isometries
on F . Therefore, the operator Lgθ is S1-invariant, i.e., for any ω ∈ R we have

(8.11) Lgθ (v ◦ eiω) = (Lgθv) ◦ eiω ∀v ∈ C∞(F).

Let π : F →M be the canonical projection of F and let u ∈ C∞(M). Then π∗u
is a S1-invariant function on F , so for any x ∈M and any ζ ∈ π−1(x) we have

(8.12) Lgθ (π
∗u)(ζ) = Lgθ (π

∗u)(eiωζ) ∀ω ∈ R.

This means that Lgθ (π
∗u)(ζ) does not depend on the choice of ζ. Thus, we define

a function Lθ(u) on M by letting

(8.13) Lθ(u)(x) := Lgθ (π
∗u)(ζ), ζ ∈ π−1(x).

Let us now consider local coordinates x0, . . . , x2n for M equipped with the H-
frame X0, . . . , X2n associated to a frame Z1, .., Z2n of T1,0. Let θ1, .., θn be the
associated coframe of Λ1,0, so that ζ := det

1
2 (hjk̄)θ ∧ θ1 . . . θn is a local section

of Σθ. Let γ be the corresponding local fiber coordinate of F in such way that
ιθ = eiγζ. Since Lg is a Riemannian invariant differential operator there exist
finitely many universal functions aαβδk(g) in C∞(M2n+2(Rn)+) such that, in the
local coordinates x0, . . . , x2n, γ of F , we have

(8.14) Lgθ =
∑

aαβδk(gθ(x))(∂αgθ(x))β∂δx∂
k
γ .

Notice that S1-invariance corresponds to translation-invariance with respect to the
variable γ. This is reflected in the property that the components of gθ don’t depend
on γ. Furthermore, we see that for any smooth function u(x) of the local coordinates
x0, . . . , x2n we have

(8.15) Lθ(u)(x) =
∑

aαβδ0(gθ(x))(∂αgθ(x))β∂δxu(x)

In particular, this shows that Lθ is a differential operator.
As explained in the proof of Lemma 8.2 the components of gθ(x) in the local

coordinates x0, . . . , x2n, γ, as well as their derivatives, are universal expressions of
the form (7.15). Therefore, from (8.15) we deduce that there exists a finite family
(bpkδρ̄) ⊂ C∞(Ω) such that, in any local coordinates equipped with the H-frame
associated to a frame Z1, .., Zn of T1,0, the differential operator Lθ is equal to

(8.16)
∑
k,δ,ρ̄

∑
p∈P

p(X0, Z, Z)(x)bpkδρ̄(h(x), X0(x), Z(x))(−iX0)k(−iZ)δ(−iZ̄)ρ̄.

It then follows that Lθ is a pseudohermitian invariant differential operator.
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Finally, let f ∈ C∞(M,R). Since Lg is conformally invariant of biweight (w,w′)
we have Lg

ef θ
= Lefgθ = ew

′fLgθe
−wf . Hence Lefθ = ew

′fLθe
−wf . This completes

the proof that Lθ is a CR invariant differential operator of biweight (w,w′). �

When Lg is the Yamabe operator the corresponding CR invariant operator is
the CR Yamabe operator introduced by Jerison-Lee [JL1] in their solution of the
Yamabe problem on CR manifold. It can be defined as follows.

First, the analogue of the Laplacian is provided by the horizontal sublaplacian
∆b : C∞(M)→ C∞(M) defined by the formula,

(8.17) ∆b = d∗bdb, db = π ◦ d,

where π ∈ C∞(M,EndT ∗M) is the orthogonal projection onto H∗. In fact, if
Z1, . . . , Zn is a local frame of T1,0 then by [Le, Prop. 4.10] we have

(8.18) ∆b = ∇∗Zj∇Zj +∇∗Zj̄∇Zj̄ .

It follows from this formula that ∆b is a sublaplacian in the sense of [BGr] and its
principal symbol in the Heisenberg calculus sense is invertible (see [BGr], [Po2]).

The CR Yamabe operator is given by the formula,

(8.19) �θ = ∆b +
n

n+ 2
κθ,

where κθ is the Tanaka-Webster scalar curvature. This is a CR invariant differential
operator of biweight (−n2 ,−n+2

2 ). Moreover, as �θ and ∆b have same principal
symbol, we see that the principal symbol of �θ is invertible in the Heisenberg
calculus sense.

Next, Gover-Graham [GG] proved that for k = 1, . . . , n+ 1 the GJMS operator
�(k)
g on the Fefferman bundle gives rise to a selfadjoint differential operator,

(8.20) �(k)
θ : C∞(M) −→ C∞(M).

This is a CR invariant operator of biweight (k−(n+1)
2 ,−k+n+1

2 ) and it has same
principal symbol as

(8.21) (∆b + i(k − 1)X0)(∆b + i(k − 3)X0) · · · (∆b − i(k − 1)X0).

In particular, unless for the critical value k = n + 1, the principal symbol of �(k)
θ

is invertible in the Heisenberg calculus sense (see [Po2, Prop. 3.5.7]). The operator
�(k)
θ is called the CR GJMS operator of order k. For k = 1 we recover the CR

Yamabe operator. Notice that by making use of a CR tractor calculus we also can
define CR GJMS operators of order k ≥ n+ 2 (see [GG]).

More generally, the conformally invariant Riemannian differential operators of
Alexakis [Al2] and Juhl [Ju] give rise to CR invariant differential operators. If we
call Weyl CR invariant differential operators the operators induced by the Weyl
operators of [Al2], then a natural question would be to determine to which extent
these operators allows us to exhaust all the CR invariant differential operators.

We are now redy to prove the main result of this section.

Theorem 8.6. Let Pθ be a CR invariant ΨHDO of order m and biweight (w,w′).
1) The logarithmic singularity cPθ (x) takes the form

(8.22) cPθ (x) = IPθ (x)|dθn ∧ θ|,
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where Iθ(x) is a scalar local CR invariant of weight n+ 1 + w − w′. If we further
have w ≤ w′, then Iθ(x) is a linear combination of Weyl CR invariants of weight
n+ 1 + w − w′.

2) Assume that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the Green kernel logarithmic singularity of Pθ
takes the form

(8.23) γPθ (x) = JPθ (x)|dθn ∧ θ|,
where JPθ (x) is a scalar local CR invariant of weight n+ 1−w+w′. If we further
have w ≥ w′, then JPθ (x) is a linear combination of Weyl CR invariants of weight
n+ 1− w + w′.

Proof. Since Pθ is a pseudohermitian invariant ΨHDO of weight w−w′, by Propo-
sition 7.9 the logarithmic singularity cPθ (x) is of the form cPθ (x) = IPθ (x), where
IPθ (x) is a local pseudohermitian invariant of weight w − w′.

Let f ∈ C∞(M,R). As Pθ is conformally invariant of biweight (w,w′), by
Proposition 6.1 we have cP

ef θ
(x) = e−(w−w′)f(x)cPθ (x). Since d(efθ)n ∧ (efθ) =

e(n+1)fdθn ∧ θ it follows that Iefθ(x) = e−(n+1+w−w′)f(x)Iθ(x). Thus Iθ is a local
CR invariant of weight n+1+w−w′. If we further have w ≤ w′ then the weight of
Iθ(x) is ≤ n+ 1, so we may apply Proposition 8.3 to deduce that Iθ(x) is a linear
combination of Weyl CR invariants of weight n+ 1 + w − w′.

Now, suppose that Pθ is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then by using Proposition 6.1 and Proposition 7.9, and
by arguing as above, we can show that γPθ (x) = JPθ (x)|dθn ∧ θ|, where JPθ (x) is
a local CR invariant of weight n+ 1− w + w′. If we further have w ≥ w′, then by
Proposition 8.3 the invariant JPθ (x) is actually a linear combination of Weyl CR
invariants of weight n+ 1− w + w′. �

Finally, we can make us of Theorem 8.6 to derive the following invariant expres-
sion of the Green kernel logarithmic singularities of the CR GJMS operators.

Theorem 8.7. For k = 1, . . . , n we have

(8.24) γ
�(k)
θ

(x) = ckθ(x)|dθn ∧ θ|,

where ckθ(x) is a linear combination of scalar Weyl CR invariants of weight n+1−k.
In particular, we have

c
(n)
θ (x) = 0, c

(n−1)
θ (x) = αn|S|2θ,(8.25)

c
(n−2)
θ (x) = βnS

k̄l
ij̄ S p̄q

kl̄
S īj
pq̄ + γnS

jk̄

i l̄
S ī q
j̄p
Sp̄ l
q̄k + δnΦθ,(8.26)

where S is the Chern-Moser curvature tensor, Φθ is the CR Fefferman-Graham
invariant, and the constants αn, βn, γn and δn depend only on n.

Proof. We already now that the CR GJMS operator �(k)
θ is a CR invariant dif-

ferential operator of biweight (k−(n+1)
2 ,−k+n+1

2 ) and for k = 1, . . . , n its principal
symbol is invertible in the Heisenberg calculus sense. Therefore, in order to be able
to apply Theorem 8.6 it remains to show that �(k)

θ is admissible. By (8.21) the
principal symbol of �(k)

θ agrees with that of (∆b+ i(k−1)X0) · · · (∆b− i(k−1)X0).
Therefore, in view of Proposition 7.6 in order to prove that �(k)

θ is admissible it is
enough to show that so is any operator of the form ∆b − iµX0, µ ∈ C.
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Consider local coordinates equipped with a H-frame X0, . . . , X2n associated to
a frame Z1, . . . , Zn of T1,0, so that we have Zj = Xj− iXn+j . It follows from (8.18)
that ∆b as same principal part as −hjk̄Zk̄Zj −hj̄kZkZj̄ , so the principal symbol of
∆b − iµX0 is equal to

(8.27) −hjk̄(x)(ξk + iξn+k)(ξj − iξn+j)− hj̄k(x)(ξk − iξn+k)(ξj − iξn+j) + ξ0.

This shows that ∆b − iµX0 is admissible.
Now, we may apply Theorem 8.6 to deduce that for k = 1, . . . , n the Green

kernel logarithmic singularity of �(k)
θ is of the form γ

�(k)
θ

(x) = c
(k)
θ (x)dθn ∧ θ(x),

where c(k)
θ (x) is a linear combination of Weyl CR invariants of weight n + 1 − k.

The formulas (8.25)–(8.26) then follow from the facts that there is no nonzero
scalar Weyl CR invariant of weight 1, that the only scalar Weyl CR invariants of
weight 2 is |S|2θ, and that the only scalar Weyl CR invariants of weight 3 are the
invariants (8.4) and the CR Fefferman-Graham invariant Φθ. �

References

[Al1] Alexakis, S.: On conformally invariant differential operators in odd dimension. Proc.
Nat. Acad. Sci. USA 100 (2003), no. 2, 4409–4410.

[Al2] Alexakis, S.: On conformally invariant differential operators. E-print, arXiv, Aug. 06.
[ABP] Atiyah, M., Bott, R., Patodi, V.: On the heat equation and the index theorem. Invent.

Math. 19, 279–330 (1973). Errata. Invent. Math. 28, 277–280 (1975).

[BEG] Bailey, T.N.; Eastwood, M.G.; Graham, C.R.: Invariant theory for conformal and CR
geometry. Ann. Math. 139 (1994) 491–552.

[BG] Bailey, T.N.; Gover, A.R.: Exceptional invariants in the parabolic invariant theory of

conformal geometry Proc. A.M.S. 123 (1995), 2535–2543.
[BGr] Beals, R.; Greiner, P.C.: Calculus on Heisenberg manifolds. Annals of Mathematics Stud-

ies, vol. 119. Princeton University Press, Princeton, NJ, 1988.

[BGS] Beals, R.; Greiner, P.C. Stanton, N.K.: The heat equation on a CR manifold. J. Differ-
ential Geom. 20 (1984), no. 2, 343–387.

[BGo] Branson, T.; Gover, A.R.: Conformally invariant non-local operators. Pacific J. Math.

201 (2001), no. 1, 19–60.
[CM] Chern, S. S.; Moser, J. K. Real hypersurfaces in complex manifolds. Acta Math. 133

(1974), 219–271.
[CMo] Connes, A.; Moscovici, H.: The local index formula in noncommutative geometry. Geom.

Funct. Anal. 5 (1995), no. 2, 174–243.

[ES] Eastwood, M.; Singer, M.: A conformally invariant Maxwell gauge. Phys. Lett. 107A
73–74.

[EM] Epstein, C.L.; Melrose, R.B.: The Heisenberg algebra, index theory and homology.

Preprint, 2000. Available online at http://www-math.mit.edu/∼rbm/book.html.
[EMM] Epstein, C.L.; Melrose, R.B.; Mendoza, G.: Resolvent of the Laplacian on strictly pseu-

doconvex domains. Acta Math. 167 (1991), no. 1-2, 1–106.

[Fe1] Fefferman, C.: Monge-Ampère equations, the Bergman kernel, and geometry of pseudo-
convex domains. Ann. of Math. (2) 103 (1976), no. 2, 395–416.

[Fe2] Fefferman, C.: Parabolic invariant theory in complex analysis. Adv. in Math. 31 (1979),

no. 2, 131–262.

[FG1] Fefferman, C.; Graham, C.R.: Conformal invariants. Élie Cartan et les Mathématiques
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