ON MASS CONCENTRATION FOR THE L*-CRITICAL
NONLINEAR SCHRODINGER EQUATIONS

M. CHAE, S. HONG, J. KIM, S. LEE, AND C. W. YANG

ABSTRACT. We consider the mass concentration phenomenon for the L?-critical
nonlinear Schrédinger equations. We show the mass concentration of blow-up
solutions contained in L]L" space near the finite time. The new ingredient in
this paper is a refinement of Strichartz’s estimates with the mixed norm L{L? for
2<qg<r.

1. INTRODUCTION
We consider the L2-critical Cauchy problem in R?, d > 2,
iu + Au = +uliu, (t,z) € Ry x R?
u(0, ) = up(x).

It is well known that (1.1) is locally well posed in the critical sense so that the time

(1.1)

T of existence depends not only the size of initial data but also on the profile of the
data. For uy € L?(R?), there exists the unique solution u(t, ),

2(d+2) 2(d+2)

w€ C((0,T): L*RY))N LT ([0,T); L7 (RY))

which conserves the mass;
[|u(t, ')HLg(Rd) = |u(0, ')HL%(Rd)v 0<t<T.
The existence time interval [0,7] is extended as long as

HuH 2(d+2) < Q.
4 ([0,T]xR4)

t,x
In the blow-up direction Bourgain [3] showed that if the L*-well posed solution in
R? breaks down at some maximal time 0 < T* < oo with

(1.2) ull 2w+ = 00,
 ([0,T*)xR4)

t,x
then the blow-up solution has a mass concentration phenomenon when d = 2:
(1.3) lim sup sup / X lu(t, )|*dx > €
tT* xR J B(x,(T*—t)2)
where € = |Jug|; ™ for some M > 0. Later, this was extended to higher dimensions
by Bégout and Vargas [1]. Both of the results were obtained by the use of refinement
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FIGURE 1. We are interested in the case where (1/r,1/q) is contained
in the line segment (A, B). The mass concentration for other admis-
sible pairs follows from the earlier results (see [1, 3]) dealing with

non-mixed norm blow up.

of Strichartz’s estimates which come from bilinear restriction estimate for the pa-
raboloid [14, 17, 18]. On the other hand, in the focusing case the ground state mass
concentration was studied with initial data in H* s > 0. We also refer [6, 9, 13, 19]
to the readers for further results in this direction.

In this paper we are concerned with the mass concentration of solution to the
(1.1) when the initial datum uy € L? and its mixed L{L’-norm blows up in finite
time. We basically rely on the argument due to Bourgain [3]. We also consider
L?-critical Hartree equation for which the similar approach works.

For q,r > 2, we say that a pair (¢,r) is admissible if

2 d d

qg r 2
and (q,7) # (2,00) when d = 2. The following is our first result which is a natural
generalization of results in [1, 3] to mixed norm spaces L{L! with admissible (¢, 7).

Theorem 1.1. Let (q,7) be an admissible pair with ¢ > 2 when d > 4 and q > (d+
4)/d when d = 2,3. Suppose that the solution of (1.1) satisfies [[ul|Larr (o.4)xre) < 00
for0 <t <T* < o0 and

(1.4) [l g s 0,7+ xRty = 00

Then (1.3) holds.

The readers may try to establish the similar result for d = 1 by following the
argument (see also for related results [4, 10]). However, refinements of the usual
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Strichatz’s and restriction estimates (Proposition 2.3, 2.5) do not seem to be avail-
able in this case.

From the previously known results it is enough to consider the case ¢ < r in
which ¢ < 2(d + 2)/d. From interpolation with the conserved mass it is clear that
if [[ull po0 o (jo,7y) = o0 for some admissible (go,70) then [lul[z1z; (0.1 = oo for all
admissible (g,r) satisfying ¢ < ¢o (see Figure 1). Hence from the results due to
Bourgain [3], Bégout and Vargas [1] one can see there is a mass concentration if
(1.4) holds and ¢ > 2(d + 2)/d.

We also remark that from the standard L*-critical theory ([5]) based on contrac-
tion argument the local wellposedness of (1.1) can be established in the mixed norm
space such that

u € C([0,T]; L*(R?)) n L([0, T]; L™ (R7))

provided (¢, r) is admissible and ¢ > max(2, (d+4)/d) and the blow-up criterion (1.2)
is replaced with such admissible pair (g,r). In fact, let us recall the homogeneous

12 fllzor, < C||fllz> and inhomogeneous Strichartz’s estimates

t
(1.5) H/o e“fA(t_s)F(s)alsHLng < C’||FHL?/L§,

which are valid for admissible (¢, ) and (¢, 7) (see [7, 11, 16]). Applying the standard
fixed point argument to (1.1) together with Duhamel’s formula (see (3.2)), to make
it sure that the nonlinear map is a contraction! we need only to check that there
are admissible pairs (q,r), (¢, 7) satisfying
4 1 1
1.6 it =2, Can-=2=
16 GHDi=z GHDI=%
Since % + £ =2+ ¢ and the vectors (2, %) and (%, %) should be parallel, by a

simple geometric consideration (see Figure 2) one can see that there are admissible
pairs (¢,7), (¢,7) satistfying (1.6) long as ¢ > max(2, (d +4)/d) when ¢ <r .

Secondly, we consider the L2-critical Hartree equation, which is given by

iug + Au = £(|z|72 * [ul?)u

(1.7)
u(0,2) = ug(z) € L*(RY), d>3.

The Hartree nonlinearity is the form of (|z|™7 *|u|*)u for 0 < v < d. The case v = 2

is mass critical and the equation (1.2) is scaling invariant under v — w*(t,z) =

. 4
!This amounts to showing HfOT A=) [y (s)[du(s) — |v(s)|%v(s)]ds|||LgL2 < C(HUHZ‘?/LW +
t x
4
||uHZ§,L_/)||u — ||, 4, which follows from the inhomogeneous Strichartz’s estimate and Holder’s
¢ Lz t Tz

inequality.
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(0,0) =2

- 1
FIGURE 2. The line segment [(%, 0), (d2;dz, %)] stands for the reciprocal
pair (1, %) of admissible pair (g,r), and [(3,1), (42, 1)] stands for

(%, %) of the dual exponents of admissible pairs (¢,7). The points

A= (1/r,1/q) and B = (1/7,1/q’) satisfy the relation (1.6).

)\_gu(/\t—g, 1). Even though the nonlinear term is different from (1.1), the local well-
posedness theory and the blow-up criterion (1.2) for the equation (1.7) are com-
pletely the same as those of (1.1). One may be interested in a mass concentration
for the finite time blow-up solutions for (1.7). It turns out that the mass concen-
tration phenomenon is mostly involved with the homogeneous part of the solution.
The method developed in [1, 3] can be applied to the solution of (1.7) without much

modifications as long as one can control the nonlinear term effectively.

Theorem 1.2. Let d > 3. Let (q,r) be an admissible pair with 2 < q¢ < r. Suppose
that the solution of (1.7) satisfies |[ul|Larr (jo4xrey < 00 for 0 <t < T* < oo and
(1.4). Then (1.3) holds.

It is also possible to obtain analogous results in mixed norm space L{L" for the
2-dimensional non-elliptic Schrodinger equation which was considered in [15] as long
as (q,r) is admissible and ¢ > 3.

The paper is organized as follows. In Section 2 we obtain preliminaries estimates
which will be used in the proofs of Theorems. In Section 3 we prove Theorems 1.1
and 1.2.
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2. PRELIMINARY

In this section we show several lemmas which will be used later for the proofs of
the theorems. In order to deal with a mass concentration in the mixed norm space

LIL", we will use the mixed norm bilinear restriction estimates in the following.

2.1. The space X!"(s). For each j € Z, we decompose R? into disjoint dyadic
(partly open) cubes of side length 277 which are given by

d

Qp = [ k27, (ki + 1)27)

i=1

with k = (ky,...,ky) € Z4. Let us set fk fXQJ For 1 < p,r,s < oo we define

If s = (3 [ D (2769

J k

fille)] 7).

The following is a slight generalization of Theorem 1.3 in [1].

Lemma 2.1. Forp <s<q <, thereis a 6 € (0,1) such that

1fllxgr) < C(su]§2j(p )’
]7

To show Lemma 2.1, it suffices to consider the case ¢ = r because ¢1 N (> D (7.
Note that the X2"(s)-norm is actually a mixed norm. Hence in view of (complex)
interpolation (see [2]) it is enough to show that

d
s

d,
(2.1) 1f Lxgere ) < sup2j Nl

J.k

and for p < s <gq

(2.2) 11 xg2s)

Since (2.1) is obvious, we need only to show (2.2).

Proof of (2.2). To begin with, we may assume ||f||;s = 1 and it is enough to show
[ fllxz9) < C. We break into f = [+ f; where f7 =y 4. Then,

{If[=27s}

j(d—d j(d_d

Mg <25 S o+ 3 S
ik ik

Since p < s < ¢, we have

DI

fixgyllzn)?)-

FxorlB,)?
Q] :

Mgl < (S 327
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Since Qi are disjoint for each fixed j, by taking summation along k we obtain that

ZZ (27 (5-9) fJXQ] 1) / ZQJP 4-d )]pdx)%
([, ¥ f@)rdr)?
Rd
Flz)[>278
< Clf] E <,

because ||f||s = 1. On the other hand, by Hoélder’s inequality and the fact that
p < s < q we see that

Yyt

Again using the disjointness of QZ; and taking summation along £, we have

ZZ 9i(5=9) fJXQJHLP _/ z)|dx
/ Z 23(1 (z)|dx
Rd
f(@)]<27%
< |[Ifllzs = 1.
Therefore, we get the desired. U

2.2. Refinement of Strichartz’s estimates. We recall the bilinear restriction
estimates for the paraboloid Theorem 2.3 in [12]. It is a mixed norm generalization
of bilinear restriction estimates due to Tao [17].

Theorem 2.2. Let ()1 and Q> be cubes of side length 1. Suppose

dist (Q1,Q2) ~ 1

and ]? and g are supported in Q1 and Qo, respectively. Then for q,r > 2 satisfying
¢ >min(2,8/(d+1)), 2/q < (d+1)(5 — +), we have

T

(2.3) "2 fe 2 gl arz re < C UL fll22lG] 22

where C' s independent of Q1 and Q)s.

From the interpolation between (2.3) and trivial L>®-L' estimates, for any 2 <
q <rand 2/q+d/r =d/2 there is a p < 2 such that

"2 fe gl gz e < Cl o 1G]

provided that supp f and supp g are contained in B(0, 1) and dist (supp . supp g) ~
1. By the standard parabolic rescaling, there is a constant C' independent of j € Z
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such that
A A 2‘Z+dl+l_1 Iy ~
(24) ||e’t fe” g||Lg/2L;/z S 2 ](q G P ))Hf”LPHgHLp
provided that supp f and supp g are contained in B (w0, 2'77) and dist (supp . supp g) ~
277,

Proposition 2.3. Let q,r be numbers satisfying 2 < q < r and 2/q+ d/r = d/2.
Then there are numbers p,, q. and r, such that p, <2 < q, <r, and

“eitAfHL‘gL; < Cllfllxg(2)-
This can be shown by interpolating the following two estimates:

HeitAfHLgL; < CHfHX,;O*?(z)

and for some p < 2,

(2.5) e Fllzzzy < Cllfllxzac)

In fact, the first estimate is actually the Strichartz’s estimates and for the second

inequality we use Theorem 2.2. We also use the following simple lemma:

Lemma 2.4 ([18], Lemma 6.1). Let {Rx} be a collection of rectangles in frequency
space such that the dilates {2Ry.} are boundedly overlapping, and suppose that {Fy}
are a collection of functions whose Fourier supports are contained in {Ry}. Then

for 1 < p < oo we have

BN < I sFill £ (I

where p, = min(p,p’) and p* = max(p,p’).

P\ 1/
Lp

Proof of (2.5). We say Qi ~ i, to mean that Qf; and @7, are not adjacent but have
adjacent parent cubes of diameter 277. So if Qi ~ Qi,, then dist ( i, i,) ~ 277,
By a Whitney decomposition of R? x R? away from the diagonal D of R? x R,

ignoring some harmless measure zero set, we have

RExRY =) | @Lx@Ql
ICL Q1 ~Qy,
Slee; also [18]). Hence ), ZQ?%NQ?;/ XqiXqi, = 1 almost everywhere. So we see
a

eitAfeitAf _ Z Z eitA f'g eitAfZ/,

J o ke~k!
where f,i = (]?XQi )¥. Therefore, in order to get linear estimates it is enough to show
that

(2.6) DI AR A ey < Clza,

J k~E
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We observe that for each fixed ¢ the supports of €2 fg elth f,‘g, are contained bound-
edly overlapping cubes when k ~ k’. We also note that r < 4 when d > 2 because
2 < q<r.Soby Lemma 2.4 we see that

” Zeszg ztAfk/| Lo/ < CH Z Heszg ztAfk/Hr/T2/2)2/rHLg/2_

k~E k~E

Since ¢ < r, we get
I Z eltAfieztAflz’||L§/2L2/2 < Z Hesziielmfg’||(2/§‘2/2L£/2)q'
k! b~k

Now using (2.4) and Schwarz’s inequality, it follows that

. o . d_d ~ ~ 2
|| Z eztAf,ge”Af,f,/‘ 1921/ < C2%6 Z Hf;§||§/2Hf,§/||Z/2) !
k! k!
< Qo2 R
k
Putting the above in the right hand side of (2.6), we get the required (2.5). O

Proposition 2.5. Let 2 < g < r < oco. Then if J? is supported in a ball of radius
one, for % + % <d(1- %) and % + % < %, there is a constant C' such that

1€ fllpary < C|f| Lo

Proof. Using the similar decomposition and notation which are used in the above,

we need to show that for some € > 0,
I3 e e fllarey e < C279) Flluollgl o

k!
because ]?is supported in a ball of radius one.
Since the spatial Fourier supports of €2 f} e f}, are boundedly overlapping, we
can see that

27) D e e Bl pareyre < CIY Nl fle ™ £,

k~E k~E

r* )1/r*

Lr/?

Li?

where 7* = min((r/2, (r/2)"). Since ¢ < r and (g, r) is admissible, we have r* > ¢/2.
Hence it is easy to see that the left hand side of (2.7) is bounded by
i ol 2 2/
C (D Nl He™ flllya, a) .
k! ’
Using (2.4) with p = oo, we have
| 7 e g < 0(2 202 7 e | ] e
k~k/ kk!

< C2UTHCTED | Fll oo | Fll oo

This completes the proof. U
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2.3. Two Lemmas. In this subsection we extend two lemmas in [1, 3] to mixed
norm spaces. They were playing crucial roles in showing a mass concentration. The
first one is concerned with decomposition of the initial datum into functions of which
Fourier transform is spreading rather than concentrating. In view of uncertainty
principle the spreading part of the initial datum will concentrate on some spatial
region. The second one enables us to find regions where the linear Schrodinger wave
concentrates in the mixed norm space L{L" (here (q,r) is admissible) if the Fourier
transform of the initial data does not severely concentrate.
For a given cube 7 let us denote the side length of 7 by ¢(7).

Lemma 2.6. Let q,r be numbers satisfying 2 < q <r and 2/q+d/r = d/2. Suppose
f e L*(RY) and

o5 e s >
for some € > 0. Then there exists fi, € L*(R?), cubes 7 and Ay € (0,00) for
k=1,2,--- N with N = N(||f|| 2, d, €) such that

(S1) Forallk=1,---,N, supp]?k C T such that

Um) < C|| 526" Ag and | fi| < A7,

(2) [|e = T2, € il < e

(S3) 1122 = Sy IfullZe + 1 F = S0y fill2e.
Here the constants C, ¢, v depend only on d.

The proof of the above lemma is based on the following simpler one.

Lemma 2.7. Under the same assumption as in Lemma 2.6 there exists a function
h € L2(RY), a cube T and a number A > 0 satisfying the followings:

(1) suppﬁ C 7 such that

() < | Fllzac™ A and [b] < A,
(2) ||kllz2 = C||f|| ;5 € for some a,b and C,
(3) [1/11Z2 = I2lIZ2 + [Lf = hllze.

Proof. Using Lemma 2.3 and taking s = 2 in Lemma 2.1, we see that there are
0 <8 <1andp< 2such that

i _ 1 1 -~ ] 9
€ < HetAfHLgL; < ||f||1L26(Su]1D 2967 Fxdllee)”.
]7
From (2.8) and the above, there exists 7 with ¢(7)= 277 such that
(29) 17y > (7 29572 27

Since p < 2, we have

[ IReriferta < am [ figpe
TN {f> M} T {f>M}
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Combining this with (2.9)

[ ARepas = (@2 - et [ e
TN{f< M}

Tn{f>M}

Now we choose M which satisfies MP~2 = %e%||f||i;%_22dj(%_%)p. Then it follows
that

(2.10) Ur) =277 = M—%(6%||f||§g§*2/2)7d<p72)

and

(b 296D £|157)".

DO | —

[ iferd
{f<M}nrt
By Holder’s inequality the left hand side of the above is bounded by

P &(5-1)
||f||L2({f<M}ﬁfr)2 2 :
Hence we see that
Loz 201 ~
(211) FEIET < [ Repde
{f<M}inrt

Now we take h = fX{f<M}mf and A = M~327 @2, Then the property (1) follows
from (2.10), the choices of h, and A. The inequality in (2) follows from (2.11), (3),
and the choice of h. 4

Proof of Lemma 2.6. We apply Lemma 2.7 to f repeatedly. We start with setting
fi=h,m1=7,and A; = A. Then by Lemma 2.7 we have

(1) supp f1 C 7, such that

(1) < [ fll52¢ Ay and |fi] < AT
(2) Ifillz2 = C| f]| 8 € for some a,b and C.
B) IAZ2 = IAllZe + 11f = fullze.

If we have
HeitAf . eitAflnL;zL; < e,
our proof is finished with N = 1. Otherwise, we apply Lemma 2.7 with f replaced

by f— fi. Weset fo =h, 75 =7 and Ay = A. We apply Lemma 2.7 and (3)’ to get
the following :

(1)” supp]g C 79 such that

0r) < I1f = filliae™ As < f 56 Ag and 5] < 457,
@ fellx > CIIf ~ Al > Cf]7% ¢ for some a, b, and C.
B)" f = All7e = 1fll7e + I = f1) = fallZ.-
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We repeat the above process until we achieve
k
l#27 = 2 ill ey <
j=1
From Strichartz’s estimates, we see that

n n
HeitAf_ZeitAfjHing < Hf—ijH%2
j=1 =

n
= |1£15: = DIl
j=1

< C(If12: — Cnl fll;5€").

So this implies that our process ends in finite steps and it is also obvious that the
number of steps only depends on € and || f|| 2. O

As before, we can denote by 7(&, p) the cube centered at & € R? of side length p.

Lemma 2.8. Let q,r be numbers satisfying2 < g < r and 2/q+d/r = d/2. Suppose
g € L*(RY) and

supp g C 1(&o, CoA) and |g| < A8
for some A > 0 and Cy > 0. Then for any € > 0, there exist Ny € N, N; <
C(d, Co,¢€), and sets (Qn)1<n<n, C R x R which is given by

(2.12) Qn={(t,r) eERxR%:t € I, and (z — 4nt&) € C,},

where I, C R is an interval with |I,| = A™* and C,, is a cube with [(C,) = A™?
such that
Hez‘tA

9l pars @aen M, guy < €

Notation. Let E be a measurable set in R and f : R¥*! — R is a measurable
function. If E; = {x : (t,z) € E} is measurable in R? for all t € R, we define the

mixed integral as
sy = [ ([ 15t dn)? .
R JE,

Proof. We follow closely Lemma 3.3 in [1]. Let ¢ € L*(R?%) be the normalized
function of g defined by ¢'(¢) = A% (& + AE'). Then supp ¢ C [—Co/2,Cy/2]%,
g l2 = |lgll2 and |¢/| < 1. We have the identity

4729 (A — 4mty))| = A72]e™ g ()],

where A=% comes from the change of variables ( = & + A¢. By the change of
variables (t,x) — (t',2') = (A%, A(x — 47t&)), we have

. d .
(2.13) [e"%g()] = Az|e" 2/ (2/)].
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We now note that the Fourier transform of ¢’ is supported in a cube of side length
one. Since 2 < g < r and (¢, ) is admissible, from Proposition 2.5 we see that there
are numbers ¢* < ¢, * < r such that r*/¢* = r/q and

(2.14) |eft'A 9l s mrey < Cd Mgz

Let E C R x R? be the set {(#,2') : [e¥2¢'(2')] < A} for a given X\. We write

||€ztA/LqLT / / |ztA /( )|r+7‘rdl,) d
{2':|e' Mg/ ()| < A}

By using (2.14) and the choice of ¢*,7* we see that the right hand side of the above
is bounded by
H ztAg/

”LqLT,(E) < C(Co,d) A ||9 e < C(Cp,d) N7

because ||g|lz2 = ||¢'|| 12 and ¢’ is supported in a cube of side length 1. Since 7 < 7,

due to the above estimate there exists a Ag(d, Co, €) € (0,1) small enough such that

e Mg ) < €

where E = {(', ') : |2 ’( ol <2)\0}

Co Co
27 2

it! mi(x-E—2mt|€|2) 7
3G (a) = [ e gie)ag
R

Since supp g’ C - } and ||¢|| .~ < 1, the map

satisfies

673 () — Bl < O~ 1]+ |2 '],
where C' = C(Cy,d) > 1. So for such a constant, if (¢, ’) € Fandif (t",2") € RxR?
is such that [t/ — ¢'| < 22 < 1 and |2/ — 2”| < 22 < 1, then (t",2") € E. So there
exists a set R and a famlly (PT)TeR = (JT,KT)TGR C R x R where J, C R is a
closed interval of center ¢’ € R with |J,| = 22 and K, € C of center 2’ € R? with
I(K,) =22 and (¢, 2') € {|e2g'(2")| > 2\o}. Thus we have that

c
for all (r,s) € R x R with r # s, Int(P,) NInt(P;) = () and
{le"2g/ (@) = 20} € | P € {|e"2¢'(2")] = Ao},

reR
where Int(P,) denotes the interior of the set P.. We set N; = fR. It follows from
(2.15) and the Strichartz’s estimate that

(2.15)

A "
M(F) T = U B < g ()] = Mo}
reR

< ATlle g (@) < O lgllze

e £ rxray
from which we deduce that Ny < oo and Ny < C(]|g]|z2,d, Cy,€). Actually, since
our hypothesis implies that ||g||z2 < CéV/Q, we can also write Ny < C(d, Cy, ¢€). For
any integer 1 < n < Ny, let (¢,,z,) be the center of P,, let I,, C R be the interval of
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center 4% with |I,| = 45, let I}, = A%I,, let C, € C of center Lz, with ¢(C,) = &,
let C! = AC,, and let @), be defined by (2.12). We obtain

le gl ‘

< €.
Lq Lr RdJrl\UNl I’XC’)

By (2.13) and reversing the change of variables (¢, z") — (¢, z), we have

|| itA < ¢l

_Ad(%—%)—2||eztA /H

gHLqu Rd+1\UN1 Qn) Lq LT (]Rd‘H\UNl I’ XC’)

since (g,r) is admissible. This concludes the proof of the lemma. O

3. MASS CONCENTRATION FOR THE SCHRODINGER OPERATOR

3.1. Proof of Theorem 1.1. Let u be the maximal solution to (1.1) over the
maximal forward existence time interval [0,7*) so that (1.4) is satisfied for some
Strichartz admissible pairs (¢,7), 2 < ¢ < r and ||lul|Lopr(0,)xre) < 00 for 0 <t <
T" < o0.

Let n be a small positive number. Then we can find a strictly increasing sequence
ty <ty <---<t, <--- contained in [0,7*) such that

lim ¢, =T~
n—oo
and for every n € N
(3.1) [l Lo Lt by ety = 70

By Duhamel’s formula we have for ¢ € (0, 7*)
¢
(3.2) u(t) = Aty () / 8091y (5) [ u(s) ds.
tn

3.1.1. Controlling the inhomogeneous part. Since the power 1+ 4/d is bigger than
one, we can throw away the inhomogeneous part just comparing the size of norm
with the homogeneous part. It can be done by using the Strichatz’s estimates.

For any ¢ € (t,,t,.1) let us set

t
F,(u) = 7,/ em(t_s)\uﬁu(s) ds.
tn
Applying Strichartz’s estimate together with (3.1), we see

itd 4+d
(33)  IEsizosn < CHu o yems = C1'

aslongasd%l4 <qg< @ford:2,3and2<q§ @fordzélinviewof (1.6)
and the argument around it. Hence from (3.1), (3.3) and time translation we get

(t—tn)A

Ui
He u<tn)HL?L;((tn,th)x]Rd) > 5

for n sufficiently small. Hence it is enough to deal with the linear propagator in the

last of the proof.
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3.1.2. Decomposition to the initial datum with non-concentration Fourier trans-
forms. Now we decompose u(t, ) into functions with non-concentration Fourier trans-
forms using Lemma 2.6.

Fix n € N and the time interval (¢,,%,:+1). We denote f = u(t,). Then by the

mass conservation we have

HJCHLQ(IR"’) = HUOHB(Rd)-

Thus, applying Lemma 2.6 to f with e = n%, there exists {f,}1<o<n, such that f;

is supported in a cube 7,

- _d
(3.4) Fol < Co AL
such that
No .
i i 4
(3.5) le"2f =Y €™ follgupmumny <77,
o=1

where No = No(||fl|z2,d,n).
Now we decompose (3.1) into three parts;

tn+1 %
36) gt — / ( / |uyrd;c> dt
tn R4

tn41 No )
I+ II+/ (/ |U‘2’Z€Z(t_tn)Afg‘r_2d$> dt,
tn Rd o=1

tn+1 . %
I :/ (/ ]u|2\u(t,x)—e’(tt")Au(tn)\T2dx) dt, and
tn R<

T

tntl ' No A
I = / / |u|2|€z(t—tn)Au(tn) _ Z ez(t—tn)Afa|7"—2dm dt.
tn R o=1

Recalling the definition of F),(u) and using Hoélder’s inequality with % + % =1

tnt1 %
I :/ (/ |u|2|Fn(u)|T_2dx) dt
tn R4

q(r—2)

3

IN

where

successively,

2
S My o sy ) g ) cmy
Hence using (3.1) and (3.3), we see that

2¢  (d+4)(r—2) q
I < C’anan < -



MASS CONCENTRATION FOR NONLINEAR SCHRODINGER EQUATIONS 15

(d+4)r—8
d

since > r for r > ¢ > 2. Similarly, using (3.5) we get

= i(t—t (t—tn)A ar=2) 77q
II S ||uHI’j(tZL;((tnytn+l)XRd)||e n Ze n fUHLqLT <7

Thus from (3.6), I, and /I we find that

n+1 q
i(t—tn)A r2 n
g n) - d dt>—.

Since Ny = N[)(HU()HLQ(RCZ),T]), there exists an ny and an f; = f,, supported on a
cube 7y such that

tn+1 . r_ q
(37) [ e P 2 ) o) e > o,
tn R4
where we denote by ¢y = %Néﬁ—;q” and fy = fo(n). Let us set
e(To) = A.
Then from (3.4) it follows that | fo| < CA~4/2,

3.1.3. Figuring out the concentrating region. By Lemma 2.8, there is Ny = N1(|| fol|z2, 1)
and a set of regions {Q, }1<n<n, defined by

Qn={(t,2) € R xR%t €I, and (z — 4nt&) € C,},

where C,, is a cube of measure [(C,,) = A™!, and I, is an interval of length [(I,,) =
A~? such that

W(t—tn)A €0 r/q(r—2
€2 foll gy ot @) < (Gaar)”™ ™

Then by Holder’s inequality with 2 + =2 =1 twice, we have

2| i(t—tn)A 2H
H|U| |eZ " f |T Lqu (tn,tn+1)XRd/U 11Qn)

a(r—=2)

a (t—tn)A
HUHL?L;((tmtml)de le Jo HL‘ZU(Rde)\u Qn)
2¢/r_€0 __ €0
< 7 2772(1/T 2
Thus from (3.7) it follows that
(t—tn)A £ |r—2 €0
H|u| |€ fol “LqLT((tn,tn+1)XRdm(Un 1Qn)) = 9"

It implies there is a region Qo € {Q,}"=N" such that

n=1

1
68 [ (] W) p@r ) iz e =
(tnytn+1) Nl t 2N1
where Qf = {x: (z,t) € Qo}.
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3.1.4. Determining the size of window. Since |ﬁ)| < CA9? and ﬁ) is supported in
a cube of measure A%, we see that

(3.9) A ()] < / )l de < C AL

Thus from dq(r — 2)/r = 4, it follows that

6 < / (/ |u(t,x)|2 |6i(t_t")Af0(l')|r_2 d$>
(tnytnﬁ»l) N IO Q

t
0

< CAM2 / ( / u(t, 2)[? d) *dt
(tntnr1)NIo JQ

t
0

q
T

dt

< O A2 |Jullfy g (b — ):
We thus have
tppr — tn > CA 2.
By (3.9), similarly we can choose x small enough so that

bt ) a
/ ([ Tutt.)P 05 () d)
t Q

nt1—CrA 2¢; g

< Crellull < R

In view of this and (3.8), we obtain that

/ (/ u(t, )| e tA f ()72 dx)%dt > —.
(t7ntn+1—CﬁA72€1)ﬂIU Q 2

o
Again by (3.9)

SOl s (P et e
t €(tn,tnt1—CrA2¢1) Q}
< ClL| A* ( sup / |u|2dx)%.
tE(tn7tn+1_CﬁA72€1) Q6

The length |Io| = A2 implies

sup / |u|? dz > C (6—1)g
Q4 2

t E(tn,tn+1—CnA7261)

Therefore, for each t, there are ty € (t,,t,+1 — CkA™2] and a cube Q’ such that

0611
to, )P de > — (=),
0P = 4(5)

Since 1(Q}) = 1/A, then Q[ is contained in a ball of radius Cy/A. Since t,,41 —tq >
C/ﬁA—2€1,
1

< < C (T, — to)2.

N

C (thrl - tO)



MASS CONCENTRATION FOR NONLINEAR SCHRODINGER EQUATIONS 17

Hence QY can be covered by a finite number (depending only on 1, d and |ugl|2) of
balls of radius R = (T* — t)2. Therefore, there exists ¢ € R% such that

[ fulta, o) do 2 e(uollagun. don)
B(c,R)

3.2. Hartree type nonlinearity. In this section we prove Theorem 1.2. As it was
seen in the proof of Theorem 1.1, it is enough to deal with homogeneous part of the
solution once the inhomogeneous part is controlled properly.

Indeed, let u be the maximal solution to (1.7) over the maximal forward existence
time interval [0,7*) so that (1.4) is satisfied for some Strichartz admissible pairs
(q,7), 2 <q <7 and [Jullazr(osxre) < 00 for 0 <t <T* < oo. Let  and sequence
t1,...,tn,... be given as before such that t,, / T* and (3.1) is satisfied for every
n € N. By the Duhamel’s formula we may write for ¢ € (0,7*)

¢
u(t) = e 2ty (t,) + 2/ e IR 72 % |u(s)|?)u(s)] ds.
ln
We need to show the similar estimate as (3.3) for the solution of Hartree equation.

Lemma 3.1. Let (q,r) be an admissible pair, 2 < q < r and let t,, n be the same
as in (3.1). Then for the solution u of (1.7) there is a constant C > 0 such that

t

B10) [ eIl )P g gy < O
in

for some 0 < 0 < 1.

After achieving this we only need to deal with the homogeneous part of the solu-
tion to show the mass concentration. That is to say, if we have (3.10), the remaining
arguments are the same as those of Sections 3.1.2 through 3.1.4. So we omit the
details.

Proof of Lemma 3.1. By the inhomogeneous Strichartz’s estimate (1.5), the left
hand side of (3.10) is bounded by

2 2 _
||(|x| * [ul )u||L§'L;7([tn,tn+ﬂde)

for any § and 7 satisfying ¢, 7 > 2 and 2/¢+d/7 = d/2. Here r’ denotes the conjugate
exponent of 7. By Holder’s inequality, it follows that

t
1) [ IRl ¢ o) o)y < C T
ln

where for all pu,s > 1

L= || 7% [ul?| and

LYW LY ([tn 1) XRE)

I = [|u]

LY P LY ([tn,tns1] XRD)
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We make choices of y and s such that 1/u = ¢//g < 1 and 1/s = 1//r < 1. Tt is
possible because 2 < ¢ < r. (We shall determine the exact 7 and g later.) Then
I = ||U||L§L;([tn,tn+1]de) =
By applying the Hardy-Sobolev inequality on the x-space,
(3.12) L<cC HuHig?L;?([tn,th}de)

where (1/gq,1/rs) is given by

1 1 1 I 1

w ~ a2l Gl

1 1.1 d—2 1 1 1 d—2
1 n ol T TGO

Note that (gs,72) is an admissible pair, that is, 2/qgs + d/rs = d/2. We now choose
an admissible (g,7) such that
1 1

11 1
(£77’_2) € ((57;)7(075»

Since (gq,r2) is an admissible pair, from (3.13) we obtain that such a choice is always
possible as long as 0 < (1 —1/¢—1/q)/2 < 1/q. This is obviously satisfied because
2 < g < 2 Hence (1/g5,1/rs) = 0(1/q,1/r) + (1 — 0)(1/00,1/2) for some
6 € (0,1). Therefore, via interpolation between two space L®L? and L{L" we get
that

lull gz e < NullZgry lluollz”-
t x

Combining this with the conserved mass and (3.12), we obtain I; < Cn’. Finally,
from (3.11), (3.12) and the above we get the desired estimate (3.10).
O
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