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Abstract

We study Strichartz estimates in spherical coordinates for disper-
sive equations which are defined by spherically symmetric pseudo-
differential operators. We extend the recent results in [7, 11] to include
more general class of dispersive equations. We use a bootstrapping ar-

gument based on various weighted Strichartz estimates.
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1 Introduction
In this paper we consider the Cauchy problem of linear dispersive equations:
iug —w(|V))u =0 in R 4(0)=¢ in R", n>2 (1.1)

where |V| = +/—A and the operator w(|V|) is the pseudo-differential opera-
tor of which multiplier is w(|£]). We will work with w € C[0, 00) NC*(0, c0)

which satisfies the following properties:
(i) W'(p) > 0, and either w”(p) > 0 or w”(p) < 0 for all p > 0,
(i) w®)(p1) ~w® (pg), k= 1,2 for 0 < p1 < pa < 2p1,

(iii) plw® D (p)] < [w®(p)| for all k > 1 and p > 0.

. a 2 2 P
Typical examples of w are p?(0 < a # 1) , \/1+ p2, p\/1 + p2, and i

which describe the Schrodinger type equations (see [12] for a < 2), Klein-

Gordon or semirelativistic [8], iBq, and imBq equations. (For the last two
see [3] and references therein.)

The solution can formally be written by

ult,x) = (271T>n / el (e) de.

Here § is the Fourier transform of ¢ defined by [, e~ ¢¢(z) dz. In [6] the
standard Strichartz estimate in L{LL was considered with w satisfying (7),
(i), (i77) and the following was shown: if n > 1 and the pair (g, p) satisfies
that 2 < ¢g,p < oo, % < %(% — %) and (¢,p) # (2,00), then

IIVIEDE 2 ull ey < llellzz (1.2)

1 1 2 11 51,82 -
for s;1 = 7752 %2 = 52 and s = o n(s — 5), where D,"”? is a pseudo-

differential operator whose symbol is

(ZED) e,




In this paper we study the estimate (1.2) by making use of mixed norm
spaces given in the spherical coordinates. For this purpose we use the time-
space norm given by

o0 % 1
Mlzee = ([ ([ Wloan)'sar), 1< pt < .

For simplicity we denoted the spaces LP(r"~'dr) by L. Clearly ||f| > =
fllzprz. Then let us define several function spaces of Sobolev type. Let
A, be the Laplace-Beltrami operator defined on the unit sphere and set
D, =+/1—A,. For |s| <n/p, v € R, we denote by HEPH)* the space

{ €8 1l oy = 1IVI* DI fllngry < oo}

It should be noted that Cg° is dense in HiPHJ" since |s| < n/p (see [2]).
We also use spaces equipped with the time-space norm

1

ol grzorye = ([ 10CON e )", 1< 4 < o0

If ¢ = 2, we use a simplified notation H;fH;’ for HE2HY?.

It is well known that the range of p, g for (1.2) can not be extended as it
can be shown by Knapp’s example. There have been results [7, 15, 16] which
extend the range by allowing loss of angular regularity (also see [9, 13, 14]
for related results). Such results have been proven to be useful in the study
of various nonlinear equations [1, 7]. Recently in [11] the authors showed
that if n > 2, % < (n-1)3 - I%) or (¢,p) = (00,2) for p,g > 2 and
(¢, p) # (00,00), (2,00), then

IVIPullpaze < llellzzmy (1.3)

for w(p) = p*a >0, s = 2 — n(3 — I%) and v > 1/q. They utilized

Rodnianski’s argument in [15] and weighted Strichartz estimates (see [5, 7,
1]).
In this short note we show that the estimate (1.3) can be extended to

include more general w and the angular regularity can be improved (see



Proposition 3.1 below). For simplicity we consider only the endpoint case
q = 2 since the full estimate can be obtained by interpolation with the trivial
estimate [[u|peer2 < [l¢llz2 or the estimates in Theorem 1.7 of [11]. The
novelty here is the use of bootstrapping to extend the range of (1.4).

The following is our main result.

Theorem 1.1. Suppose that w satisfies the conditions (i) — (iii). Let n > 3,

2(:__21) <p< % and s = % — (::21)]3. Then for sufficiently small e > 0 we
have

HW’SDUSJLSQU”L%LQ S H@HL%H; (1.4)
fors:%—”T*Q, 812%—80—6, So=80+¢ cmdfy>%—nso.

If w(p) = p% 0 < a # 1, then since w'(p)/p ~ w"(p) ~ p*~2, we get (1.3)
with v as in Theorem 1.1. We will not pursue the optimality of angular
regularity, which is another interesting issue.

For the proof of the theorem we use bootstrapping argument based on
the Sobolev inequality and weighted Strichartz estimates in spherical coor-
dinates. We will start bootstrapping from the endpoint Strichartz estimate.
Once we have an endpoint estimate (1.4) for p # oo!, making use of Sobolev
inequalities (2.1), (2.2) and (2.3), we get the estimate (1.4) for p = p,

k = 1,2,3,..., successively. The sequence p; decreasingly converges to

2(n—1)
n—2

. Regardless of w, by this argument we can get estimate (1.4) arbi-
2(n—1)
n—2

and thus via interpolation we also get the estimate
IIVEDE 2 ullarr S el for poa > 2 satisfying L < (n— 1)(4 — 1) .

There is an e-loss involved in s1, so which results from interpolations of the

)

estimates for p < 2(:%21

trarily close to p =

. But there is no loss if we impose additional condi-
tion that w’(p) ~ plw”(p)|. If one can obtain an estimate on the critical line
L={(1/p,1/q): % =(n—-1)(3— 1%)}, such loss can be removed.

Finally, we make a remark on the case of the wave equation in which

w(p) = p. Using the known endpoint Strichartz estimate for n > 4 ([10])

!This is why we work with n > 3. Actually if n = 2, then Strichartz estimate in

spherical coordinates is worse than the standard one.



for the wave equation, one may apply the bootstrapping argument of this
note to get the same result as of Sterbenz [15]. However it is not possible to
remove the e-loss in the angular regularity this way. For this it seems that

one needs to obtain estimates along the critical line L.
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2 Weighted estimates

We first recall Sobolev inequality which was introduced in [4] and extended

in [7]. Let 0 < a < %! and a < 25 — a. Then

Ilz[*IV1*7> Dg flleerz S 112 (2.1)

In [2], the cases f € LE, 1 < p < 2 were treated. Using complex inter-
polation between (2.1) and the trivial estimates || f||zecree S || f]lzeoree and

[ fllzeerz S fllpeerz, we get for 2 < £ < oo

2a 2/, ny 22

2] [V 7972 Do fll oo e < Collfllze (2.2)
2a 2/, ny 2a

12 (V7“7 2) Do fllpeerz < Collfllpers. (2.3)

Replacing f of (2.2) with v and applying endpoint Strichartz estimate
(1.2), we obtain the following.

Lemma 2.1. Letn23,0<a<”T_l andaﬁ%‘l—a. Then

_2 _n _2 L*]-,L 1_3
"0 )P # DIy < Gl (24)

L2LeLr?

Proof. From (2.2) with ¢ = %"2 and Holder’s inequality it follows that

n

n—1 1 2
Hlea(k%)\VI(CL*%)(I*%)DF’%D:(l_z)uﬂ .
L2LeLy™?
n—1 1 n—1 1
S COHDWQn ’2nu” on on S CnCOHDWQn ’2nu” on_,
L2LP2(L2NL2™?) 2L



where ¢, depends only on n. Then the estimate (1.2) with £ = 2% gives
(2.4). O

We will use the following L?L2 estimate.

Lemma 2.2. Let —n/2 <b < —1/2 and < —3 —b. Then we have
270
=PIV 1" D" Dull 212 < Cullollzz. (2.5)

For (2.5) we refer to [1] and also to [5, 7] for earlier versions.

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by showing Proposition 3.1. It will be
shown via bootstrapping argument which makes use of weighted Strichartz

estimates introduced in the previous section.

" , . 2(n—1)
Proposition 3.1. Let w satisfy (i) — (iit) and n > 3. Then, for "=+ <
D < 00,

_ 1 n—2 n-—1
—n=24n 50T T <
V] »DJ" Do ullpzrere < llellrz- (3.1)

Assuming this for the moment, we prove Theorem 1.1. In fact, using

(3.1) and Sobolev embedding (Hﬁ’(”*l)(l/H/p) < LP) on the unit sphere,

2(n—1)
n—2

we have for <p < oo

l,g
I191D8 "l zzg S el 3

where s = 2 — ”T_Q Now, from the endpoint estimate of (1.2) we have

n
p

1 1 1
STY27 2n'2n <
[IVI*'Dg > "“”ng% S llellzmo-

Interpolation between these tow estimates gives the desired result.

Now it remains to prove Proposition 3.1 .



3.1 Bootstrapping

We start with interpolating (2.4) with a = (n — 1)/2 — a and (2.5) with
B =—1/2—b. So, we have for 2 < p; < o0

d1 491,91
el VI D2 DYl i) < Calllze. (32)
_ ul=01, 0, _
where C; = C "', 01 =2/p1, and

c1 =a(l —2/n)(1—2/p1) + 2b/p1,
dy =c1—(n—2)/2+n/p1,

1 n—1 1 11 1
0 = — — O ==(=—-—=
1 n( 2 +p1)7 1 TL(2 pl)’
n2—3n+2 n2—2n+2
Y1 = - — (1,
2n np1

1 n—2 1
+

6o 20 oapy
We call it the first stage estimate and will proceed similarly by combining the
resulting estimate and (2.5). At every stage we choose the indices ¢, k > 1
to be 0. In view of the range of a and b we can take ¢; = 0 when p; satisfies

that 2 + (71—12)% = po < p1 < oo. In particular, such p; gives

81,64
V1D DB ull 1 13 gty < Crlllzz. (33)
We use it in the place of Strichartz estimate (1.2). Now, from the estimates
(2.3) and (3.3) it follows that

20 2 (. n ;o 2,
a1 [V [ DD DR e

d 50101 pm
< Col[|[VI" Dy Dy UHL%Lfng

< CoCrllell L2,

where a and « are given in Lemma 2.1. Interpolating this with (2.5) for
a = "T_l —aand 8 = —b — %, we have the second stage estimate: for
2<ps <0

2,8}
11212V =Dy DPull 3 2 s < Collil 2,

7



where Cy = (COC1)1*92C§)2, 2 = 2/pz and

G=—1-)+=<=Z1-2) ,
b1 b2 b2 bo b2 b2
n 2 2
dy=co+ (——+di)(1 - —)+—,
1 D2
2 1 2
0o =01(1— —)+ —, 6’:5’1——,
? 1( b2 b2 2 1( p2)
n—1 2 1
n=mt— )l ) - — e
b1 b2 b2

If 2 + P9 < py < oo, then by suitable choices of a,b, we can make ¢ = 0.

Thus dy = —”T*Q + p%, v > 0 and we also have

do 1~ 92, 65
V1D % Dull 32 12 < Callellzz.

Repeating this procedure k times, we obtain
0,04

; d .
[l [V D™ Dg*ull p2 pow 2 < Cillell 2,

where C, = (Cockfl)liekclek, 0 = 2/pk and

2a 2 2b
Crp = (1 — —) + —,
Pk—1 Pk Pk
n 2 2
dp = cp + (——— + dp—1)(L = —) + —,
Pr—1 Pk Dk
2 1 2
O0p = Op—1(1 — —) + —, 8, =6, 1——),
( pk) oo O =0k 1/( pk)
n—1 2 1
Y = (Yk—1 + J1——)—— —c.
Pr—1 Pk Dk

If pi satisfies that pr < pr < oo, where pp = 2+%+ﬁ+”'+

(n_f)k,Q + (n—];(;kfl’ then we can choose a,b, such that ¢, = 0 and di =

_nT_z + p%?')/k > (0. Thus we have

d M
IV D™ D ull 212 12 < Crllpll 2. (3.4)



3.2 A limiting argument

(1)

We first observe that py is decreasing and py — =pas k — oo. Now

we fix p with p < p < pg and let k — oo to get the desured estimate (3.1).
Since p < p < pg, 1 — O is bound away from 0 and 1, there exists
0 < A < 1 such that

1=0k+(1=0) (1—=0k— 1)+ [Tocj<x (1—0;) 2>V

j .
C, < C, CiCy < C CiCy = CICYe.

2(n 1)

If p is fixed near , then we can pick pj such that p,. = p for all & > kg

for some large k. Slnce Ok = 0k—1(1—2/p)+1/p for k > ko, 0y, is increasing

and bounded and thus limy_ o 0 = % Also 05/, = (1 — 2/p) implies

0, = 0as k — oo. On the other hand, ~; is decreasing and bounded below

2(n=1)

—2
so that v, — 5= — p . This limit goes to 0 as p — =, —~.

By the usual density argument, for the proof of (3 1) We may assume

n2 n—1

© € C§°(R™\ {0}). Since \V!deék’ *Dobu and |V|™ 2 PDQ’ Dy* 7w
are smooth and have the same compact Fourier support, it is easy to see
that both are O((|x|+1)~M(|t|+1)~M) for any large M. Then it is obvious
that

1 —2 n-—1
27

lim VD% Dy = v DD,
Hence by taking limit
n—1
dis 7 Ok0 —n=2y 0 -
hm IV |* D" kmkuHLQkaLz = |||V| D2 D, R ullp2rprz-

Since Cj is uniform on k, from (3.4) we get (3.1) provided that p is fixed
near p.  This completes the proof of Proposition 3.1.
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