ON THE CONE MULTIPLIER IN R3
SANGHYUK LEE AND ANA VARGAS

ABSTRACT. We prove the sharp L bounds for the cone multiplier in R® and the associated
square function, which is known as Mockenhaupt’s square function.

1. INTRODUCTION

We consider the cone multiplier operator of order o which is defined by

Caf(e,m) = (12— €P)2o(n) flE,T), (6,7) € RZ xR,

where ¢ is a smooth function supported in [1/2,2]. It has been conjectured (see [23]|) that
forl<p<

2
IC flle < C|lflp, if and only if a > a(p) = max(‘l _ 5‘ _

—,0).
There has been a lot of work devoted to this problem |2, 5, 13, 18, 19, 21| (also see |9, 12, 11|
for results in higher dimensions). The sharp bounds for p > 74 were first obtained by Wolff
[21], and by a refinement of his argument the range was further extended by Garrigés and
Seeger [6] and Garrigos, Schlag and Seeger [5]. The conjecture is now known to be true for
p > 20 and at the critical space, L*, the inequality is true for o > 1/9 ([5]).

Recently, Bourgain and Guth [3] made new progress on (spherical) restriction and Bochner-
Riesz problems by an approach based on the multilinear restriction estimate due to Bennett,
Carbery and Tao [1]. By adapting the argument in [3], we prove

Theorem 1.1. If a >0, [|[C*f|3 < C| f]3-

As it was shown by Fefferman [7], the estimate is sharp in that the condition a > 0 cannot
be removed. Hence by interpolation with the obvious L? estimate and duality the conjecture
is verified for 3 < p < %

By scaling and rotation, for L” bounds of C* we may assume that fA is supported in a
small neighborhood of (1,0,1). By a linear change of variables (£2,&1 — 7,6 +7) — (1, 7, p)
we modify the operator C so that

Cof(n,1,p) = (1 —n2/p)3d(n, 7, p) F(n, 7, p)s (1,7,p) € R? X R.

Here ¢ is a smooth function supported in a small neighborhood of 2e3 = (0, 0,2). Obviously
the LP boundedness properties of the two operators C* and C* are equivalent. The second
form is especially convenient to perform nonisotropic rescalings adapted to the cone.

Now we take ¢ € C2°[1/2,4] and define an operator Cj by

~

— T —n?
Cﬁf(”%Tap) :¢((;7/p) (777T7p)
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for f of which the Fourier transform is supported in the set {(n,7, p) : p € [272,2%], |n/p| <
22}. Let ¢ € C°[~1,1] and 0 < § < 1. For v € v/6Z N [~1, 1], define a projection operator
by

) 57 = o(“0)F

In what follows we obtain a sharp square function estimate.

Theorem 1.2. Suppose that f is supported in B(2e3,1). For e >0,
—e v 1
(2) 1Y Cs8” flls < Co™ O 1CsS” 1) 2 s

The critical L* estimate

3) 130 Co5" Flla < G I3 1Cs8% 1 1%)2 s
v v
has been of interest (see [2, 6, 13, 19, 22|) and it is conjectured that (3) holds for v > 0. In
[5] (3) was shown for v > 1/9. This may be improved further by making use of (2) and the
argument in [5, 6] but we do not pursue it here.
As it was shown in [14] (also see [19]), the square function estimates (2) and (3) can be
used to show the local smoothing estimate for the wave equation:

(4) 1™ =2 Fll e (rxm2y < ClF Il

T

where [ is a compact interval and Lg is the LP-Sobolev space of order . It was conjectured
by Sogge [16] that (4) holds for p > 2 if § > «a(p). By the works [5, 6, 21], this is now
verified for p > 20. Also see [10, 15, 17] for related results and recent development in higher
dimensions. Combining (2) with the Nikodym type maximal estimate in [14, Lemma 1.4]1)
we obtain

Corollary 1.3. Let p =3. Then (4) holds for all 5 > 0.

This can be interpolated with known results to extend the range for (4).

Finally we make a few remarks on the paper and the notation. In section 2 we obtain
estimates based on the multilinear restriction estimate and in section 3 we prove the theo-
rems. The constant C' may vary line to line and in addition to ~ we also use F to denote
the Fourier transform.

2. TRILINEAR ESTIMATES

In this section we state various trilinear estimates which are deduced from the multilinear
restriction estimate in [1].

Transversality of conic sectors. Let us consider a subset I' of the cone, which is given
by

L= {(m7p):7=1"/p, p€[3/2,5/2],|n/p| < 3}.
Let us define amap 0 : R x R x Ry — R by

0(n,7,p) =n/p-.

Din fact, we need an L® estimate for the maximal function, but it follows from interpolation between L?
and the trivial L> estimate.
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One may identify 8 = n/p as an angular variable of (7,7, p). Then we may write
= {p(0,6%1): pec[3/2,5/2], |0] < 3}.
The normal vector to I' at (n, 7, p) is parallel to
(2n/p, =1, =07 /p®) = (20, -1, -6%).

Consider three points (n1,71,p01), (72,72, p2), and (n3,73,p3) € I' with angular positions
01,02, 0s, (0; = n;/p;), respectively. Since

20, —1 —03
det | 265 -1 —9% :2(91—03)(91—02)(92—03),
203 —1 —02

we see that three conical sectors are transversal as long as their angular variables are sepa-

rated. Hence it is possible to make use of the multilinear (trilinear) restriction estimate |1,

Theorem 1.16| provided that the supports of the three functions are angularly separated.
Let us denote by do the induced Lebesgue measure in T'.

Theorem 2.1. Let I'1, I'g, and I's be subsets of I' and ¢, > 0. Suppose that 0(I'1), 0(I'2)
and 0(T'3) are mutually separated by a distance > e, > 0. Let R > e;1. Then, for e > 0,
there is a constant Ce = Ce(eo) such that

3 3
IT] gidollzr s < CR] ] llgill2
i1 i1

whenever g; is supported in I';, i =1,2,3.

An equivalent statement can be given as follows (see Lemma 2.2 in [1]. The implication
from Theorem 2.1 to (5) is a trilinear version of Stein’s argument in [8].):

Suppose that F\l is supported in I'; + O(R™!), i = 1,2,3. Then, for € > 0 there is a
constant C, = C¢(€5) such that

3 3
_3
() ITT Elleray < CeR™2R ][ 112
i=1 i=1
Equivalence can be shown without difficulty by Plancherel’s theorem together with a slicing
argument (see [20] for the details).

For 0 < A, let us set
17
AN = {m.m0) € [5.5) Infol <A}

If f is supported in A(3), we may assume that the convolution kernel of Cs is rapidly
decaying outside of a ball radius > 6! because F(Csf) is supported in I' + O(5). By the
standard localization argument it is sufficient to consider the LP norm over a ball of radius
5~ provided that [ is supported in A(3). By making use of (5) with R = §~! it is easy to
see

Lemma 2.2. Let 1 > ¢, > 6 > 0. Suppose that fi, fo, and fs are supported in A(3). If

6(supp j/”\l), 6(supp ]/”\2), and O(supp J/”;,) are mutually separated by a distance 2 €, then for
€ > 0 there is a constant Ce = C¢(e5) such that

3 3
3¢
IT] Csfillir < Ces2= T Il fillo-
=1 i=1
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Square function. In this subsection we assume that fi, fs, and f3 satisfy the assumption
in Lemma 2.2. Let us set R = 6~ 1. Let ¢ be a Schwartz function such that 1) > 1 on B(0,1)
with its Fourier transform supported in B(0,1). Set

wzzw(v_g).

Let 29 € R3. Making use of Lemma 2.2 (or (5)) and orthogonality,

© | H > s,

In fact, the left hand side is bounded by H H?:l V2 (3, CsS” i) " Since F(v2, (3, CsS” f3))
is supported in I' + O(R~1/?), by Lemma 2.2 or by (5), it follows that

| 1}&(2 Css" 1), < CER-iﬂiri[l |

Note that the supports of F( 30 CsS” f;) are essentially disjoint. Hence we see that the right
hand side is bounded by

3
ORI ||l P 10557 1)
i=1 v

3
<o PRtV e icss s3],

B(zo, RQ))

V2, (> CsS" £i)

< C. R it R3G—3%) HH|¢ZO| Z|(155Vf1 )%

L2
The last inequality follows from Holder’s inequality. Thus we get the desired bound (6).
Let {29} C R? be a collection of points separated by ~ R? such that U., B(2o, R%) =R3.

By taking summation along the balls {B(Zo,R%)} which are boundedly overlapping (of
which centers zq are separated by R%) and by using (6), we see

HH QG <X I css s

20 =1 v

< C.RiTR3G3) ZH [le-olc Z Cas” )3,

zo i=1
1
3
1 .

<cr] (ZHM 05" 52|

L1(B(zo, RQ))

By the rapid decay of 1., outside of B(zp, CRi) it follows that

I s3], CHHDC&sm My
=1 v

Therefore we obtain the following.

Proposition 2.3. Under the same assumption as in Lemma 2.2, for € > 0 there is a constant

Ce = Cc(eo) such that

H ﬁ(Z CsS"fi)|| |, < Ced™ 13] H(Z C58Y f2)4
=1 v e -

Before closing this section we recall the following estimate for the square function.




MULTILINEAR RESTRICTION, MULTIPLIERS AND WAVES 5

1
(X, 1G58V f?)2
When p = 2 the above is clear from Plancherel’s theorem. Then by interpolation it

is sufficient to consider p = 4. The estimate H(Z” |C(;S”f\2)% L4 < C6¢||f|la can be

obtained by making use of the maximal estimate due to Coérdoba [4] and a duality argument
(for example see [13]).

Lemma 2.4. Let 2 < p < 4. Then fore >0,

<Ol

3. PROOFS OF THEOREM 1.1 AND 1.2: PROOF OF (2)

In order to prove Theorem 1.1, it is sufficient to show the estimate

1Csflls < Co~°[ flls-
This follows from the estimate (2) and Lemma 2.4. So for the proof of the theorems we only
need to show (2).

We now prove (2) by using trilinear estimate in Proposition 2.3. To do this, we need to
decompose the function f in such a way that the trilinear estimate can be effectively used.
It is important to decompose the operator C into two parts so that the one is bounded by
a sum of trilinear operators with transversality meanwhile the other part is controlled by
sum of operators which have relatively small supports at the Fourier transform side. Unlike
the argument in [3] we don’t need to use the lower dimensional restriction estimates. So the
decomposition here is simpler than the one in [3].

The rest of the paper is devoted to the proof of (2).

Decomposition. We assume that fis supported in A(2). Let 0 < § < 1 and SYf be given
by (1) so that Zue\/SZ SYf = f. Let K1, K5 be large fixed numbers such that 1 < K; <
Ky < 67

Let us set

k k
~1 = —_— _ N 52 = —_— —_ N
{‘5}—{ 16[1,1].k€Z}, {3°} { 26[1,1].keZ}.
First we group S” f into functions f;2 by setting

(7) fy2 = > S f.

ve(32—(2K2) 1,32 +(2K2) 1]
So, it follows that

- ~2 5]. ~2 51
supp fy2 © (07~ 10075,%  T0055,

(8) v
D fe=2.8"1=1F
ke v
Similarly we also group f52 into functions f;1 by setting

(9) fy = > fye-

J2E@—(2K1) L3+ (2K1) 1]

),

Hence we have

- 51 . 51
Suppfﬁl C (151 - 71’1 + )7

100K 100K

Zf31:2f32:f.
Jt 32

(10)
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We now fix z € R3. Then, there are two possibilities;

(11) [Cof ()] < 16 max |Cs 1 ()],

(12) [Cof ()] > 16 max|Cs f ()]

For the second case (12) we claim that there are J1, J3, such that
1
Cs.f(x)| < CK1|Cs fr1(x)Cs fr1(w)|2

and |31 — 33| = &. In fact, let us denote by J! the cube J' such that |Cs fy1 ()| =
maxyt |Cs fy1(x)]. Since |Csf(2)| < 3oy [Cs fy(2)],

|Cs f(x)] < Z |Cs f31(2)| + 8|Cs fy1 ()]

913> i

< Y G+ 0@

3131

2

n

So, there is a J' such that |31 — 3% > Kil and |Cs f(z)| < 2K1|Cs fy1(z)]. By taking 31 = 31

and J3 = J', the claim follows. Hence, combining this with the case (12) we see that

N[

(13) |G/ @) < Cmax|Cofy (@) + Ky max | [Cofyy(a)Cafy (@)

R 4
I3 |d:11*11%|>71

We intend to decompose the second term in the right hand side. Let Ji and Ji be
separated by distance > %' Using (10) we write

(14) fa=2 fa =) fs
32 32

Here 37,33 € {3%} and 3?2 € (3} — (2K1)71, 3} + (2K1)7!] for i = 1,2. Note that |37 — 33| >
Kll by the second condition of (10) since |J} —J3| = Kil. Let us denote by J%, and J3, those
indices such that

|C<5f321’*(~'13)| = IT{%X|CéfJ§(=’E)|7 |C<5f321’*(13)| = H{%X|Céfgg($)|»
J7 J3

where max are respectively taken over the indices J7, J3 which are appearing the first and
the second summations in (14). We consider the cases

(15) |05f3}(55)05f35 (2)] < 2° 31121%52(|06f3§(95)06f3§($)|7
(16) |C5f3}($)05f3§ (z)| > 2° 311212?2<|C(5f3§(93)06f3§($)|7

separately. For the second case (16) we claim that if |31 — 33| > Kil,
17 Csfa(x)Csfa(x)] < CK;% max Cs fr2(x 2
(17) [Cofy(e)Cofy(@)] < CIG™ | max  (Cofia(e)

+CKP max |Cs f32(x)Cis fy2 () Cs fy2 ()5
32.32,32€{32 0433 I 2 5
mingz; 1373312 25
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Proof of (17). To begin with, from (14) we write
|Cs fy1(2)Cs fyy ()] < Y |Cs 32 (x)Cs f3 ().

33,93
In the summation those terms such that [Cs f32(2)] < K2_100|C(;f33 (@)], or |Csfp ()| <

K5 '|Cs fy ()] are bounded by K5 *°C maxgee 3240521 |Cs f32 () |*. Hence

(18)  |Csfy(@)Csfyy(w)l S K™ max |Csfp(x) + Z |Cs f32(x)Cs fy3 ().

~2 2
FPe{31ru{az} 32,32

Here, in the summation 232 33 We are assuming
(19) |Csfy2 ()] > K3 '|Cs £ ()], and [Csfyz ()] > K5 ' %|Cs fye (w)].
We break 232 32 so that
(20) Z Csfyp(@)Csfp(@)| < > |Cofp(x)Csfyp(x)l

32,33 9332, 12233

+ Y [Csfp(@)Csfy(x)| + > |Cs f32(x) Cs fr2 ().

L‘17|3’2 32*|/K2 ‘3%_3%*|<KL27|3%_3%*‘<KL2

Now let us consider the first and the second summations in the right hand side. Using (19),
for 3% and J3 appearing in the first sum (in the right hand side of (20)) we have

|Cs fr2 () Cis fr3 ()] < |Cs fy2(2)|5[Cs Fy2(2)|3|Cs g (2)]5[Cs fz_()]3
< K30\Cs f (2)[5|Cs fra(2)|3[Cs S ()3

Now note that |32, — 32| > %’ |32 — 33, > % and |32 — 32| > %. So, it follows that
(21) Z ‘Céfgf(w)céf:;g(x)‘
9= > %593
2
<K§5 max |C(5f3§($)05f32( )Céf32( T)[3.

1,35.93{31 Uz}
mlnz#g |3 32|>K72

And similarly for 33 and J% appearing the second sum (in the right hand side of (20)) we
have

2 2 2
|05f32(x)05f32(w)| K3°|Cs fy2 ()]3|Cs fyz_ ()5 |Cs fyz ()5
Since |32, — J3,] > 3%* 33 = %1 and |33 — 32| > %2’ we also have
(22) Z \Céfgg ($)05f33(x)\
31,195 35*‘/;(2
2
<Ky’ max |Csf32(2)Cs fyz(2)Cs frz ()] 5.

3?,35,336{d }U{
ming; |‘J —J 2>
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Also, since we we are assuming (16),

5 Gyt ()Co g (1)) < 31Cs o (2) g ()]

I\T‘? ‘J |\K2 ‘\52 ‘52*|<Ki

By combining this with (21), (22), and using (20), it follows that

wiN

Z |Csf32(2)Cs f3 ()] < 2K3° max |Cs f32(2) Cs fr2(x) Cs frz ()|

32,333,332 }U{JQ}

3135 min_z |32 -3 |/K2
+ §|06f3% ($)C(Sf3§ (z)].
Therefore, by this and (18) and we get (17). O

Also considering the case (15) together with (17), we have
|Cs 31 (2)Cs fyy ()| < 2K5™°  max |Cy fra(@)]? + 2° max |Cs fy2 () Cs fr3 ()]

NRISRESEIRES 32,32
2
+ I max Csfra(x)Csfr2(x)Csfr2(x)|3.
2 32,3%,33{3? }u{32 | 31( ) dz( ) \53( )|
min;; [ 37— |

Combining this with (13), for any x € R? we get

(23) Csf(2)] < C max Cs [y ()| + CKq max |Cs fyz(2)]
HRE max (Cofy(@)Coly(@)Coliy (2)]5.
12

ming; |3 (]2|/K2

Bounds for the square function. For 0 < § < 1, we define &() to be the best constant
for which

(24) 1" G587 flls < SO G557 £12)% I3

holds whenever fis supported in \A(2). For the proof of Theorem 1.2, it is sufficient to show
that 6(J) < C6 ¢ for any € > 0.

As it was observed in [3], smallness of support at Fourier side can be cooperated with
rescaling to give better bounds. It is also true for the square function. More precisely we
have the following lemma.

Lemma 3.1. Let 0 < § <% < 1. Suppose that f is supported in A(2) and the diameter of
O(supp f) <, then

[ ZCaS”fllg < 6<W>H<Z 1C5S¥ f12) 2 |s.

This can be shown by rescaling and making use of Lemma 3.2 below. Let 0 < v < 1 and
0, € [—3,3] and set

0% 0 o
Too = [ 270 +* 63
0 0 1

We also denote by Ty . the adjoint of Tp, .
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Lemma 3.2. Let 0 < § <72 < 1 and 0, € [—2,2]. Suppose that J/“\is supported in A(2) and
O(supp f ) C [0 — /2,06 +v/2]. Then

(25) Ct;f(w) = 05/72 (f o Téko,_yl)(T;o,yx)

and F(f o Tgo’;l) is supported in A(1).

Proof. To begin with we carry out the changes of variables at Fourier side, n — 1 + 0,p,
T = 7+ 02p+20.m, n — yn, T — 7>7 which change successively 7 —7%/p to

T—02p =200 — 10" /p= T —n?/p= (T —n?/p).
Composing all the linear changes of variables in order, we see

(0,7,p) = Too (.7, p) = (Y0 + Oop, 290 + ¥*7 + 62p, p)
and also it follows that

(26) ot @y 7.0) = (2 TV F 1y, 7).
By inversion we have Csf (T} TY r) = Cs/2(f 0 T;nyl)(ac). Hence we get the desired (25).
The last statement is obvious from the change of variables because F(foTj_ ;1) = | det Ty, - |

F (To, (0,7, p))- =
For 6 € R and v € V/0Z, let us set

F(50f) = 0“0 fy ).

Vs
For the proof of Lemma 3.1 we make the observation that (24) implies
(27) 12 G5 lls < S@II(X_1Cs5"" £1%)?

for any § € R whenever f is supported in A(1). It can be shown by making use of (25)
(in fact with Tp1). Indeed, by shifting the indices v, we may assume that |§] < /8. Since

F(S" ) (Tya(n,7,p)) = ¢(”‘—j{”) F(To1(n,7,p)), by 25 (or (26) equivalently) Cs ¥ f (z) =
CsS”(f o Ty 1)(Ty,2). So, it follows that

1" Cs8 £l = |det Ty 75| S Co8"(F o T3,

Note that F(f o T, ') is supported in A(2) because f is supported in A(1) and || < /3.
By the definition of & we have

||ans”9fu3 0)| det T, 75 | Z\caS“ o Ty M?)2 |5

Now, by (25) and reversing the change variables we get (27).

Proof of Lemma 3.1. We may assume that 9(supp]?) C 0o — /2,65 + 7/2] for some 0, €
[—3,3]. Now note that

“ly —~71g, —
f(Syf)(Téo;y(n’ 7, p)) = ¢('7 ’75/’}/2 n/p

)F (@0, (0.7, ).

As before, by 25 (or (26) equivalently) we see
C58” [ () = Cyppa[ ST 7 U(f o T, )Ty, ).

1
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So it follows that

132 Co8"Flls = [ det Ty ¥l 3 CooalS”
vEVSZ

1 1 «
= |det Ty, 5] Y CopalS™ T (fo Ty )lls:
ke\/6/v? L
Note that F(foTy ) is supported in A(1). Hence, by (24), (27), and replacing ¢ with §/72
we see that
1 e « 1
1D Cs8" flls < &6/ det To, 1|31 > 1Csp2[ S5 ) f o Ty, ,))2 I3

ke/6/v2Z

-1

n ) (fo Ty )ls

= S0/ CopalS™ 7 F o T, (T3, 3 )P s
= &(5/1)I(Y_ 055" 1) 2 5.

So this proves Lemma 3.1. O

Proof of Theorem 1.2. Let 0 < § < 1. For the proof we need to show &(6) < Cd~€ for
e > 0. Clearly, 6(9) < C5~1/4. By interpolation between known results the exponent can
be replaced by a smaller one but it is not relevant here. Hence, we may assume 1 < §~!
because the bound is trivial otherwise.

Let 1 < K1 < Ko < 6~¢. Then, using (23) and the embedding ¢3 C £*°, and raising 3rd
power we have for z € R3

1> C58” f () CZ|05f31 P+ CE} Y |Csfre(2)?
k 32

N CK150 3 |Cs.f32 () Cs fy3(2)Cs fyz ().
323933
min;z; |32 32\ KL

By integrating both sides, it follows that

(28) 1G53 < Cz ICs 31113 + CKY Z 1Cs f2113
+CKy™ > 1Cs f32C5 f33Cs fazl1-
31.33.33

min;; \3 32|/ )

Now we use Proposition 2.3 to handle the last term in the right hand side. Since there
are at most CKj triples (3%,3%,33%), by Proposition 2.3, with ¢, = I%, we see

2 /|Cafd 2)Cs f33 (2)Cs S (@) de < ( > HH sy,

31,\52“13
mingz; [37 351> 2

Now, recalling (7)—(10), for simplicity we write

fu=D)_Sf, fp=>_ Sf

v~Jl v~J2
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so that f=2 2, Sfand f=3 3>, 5 S”f Notethat the diameter of 0(f;,) <
K and set ¢ = 502/51%2. By Lemma 3.1

Z||05f32||3—2|\2055”f||3 &(cdK3)] ZIIZIC%S”fI )2 3

g2 2

< [S(coK2)? Z > 1CsS £

02 1/ij2

< [S(c5K3)] II(ZICaS”fIQ)%H%-

50

Similarly, for the first term in the right hand side of (28) we have
D lICs a3 < (S(RDPICY ICo8” )2 5.
31 v
Now combining all these estimates, we get
150 Cos"flla < C(S(ar?) + 6 (@D + KPC. (- )7) I 10581
Taking sup along f of which the Fourier transform is supported in A(2), we see for 0 < § < 1
(29) &(6) < C(G(caKf) + K 6(c5K2) + KE°C, (é) 5*6) .

Now let us define

Gs(0) = sup (8)°&(0).
5<8'<1
And let § < d, < 1. Then by (29) it follows that
626(8,) < C(age(céoK%) + K10°6(co,K2) + K3 CE( )5/35 )
_23 N 9 _28 2\ 3 2 50 L\ g
< C(Kl (e K3) S (0. KD) + KKy ™ (c0,K3)7S (0. K3) + K3°C ) o )
2
Since 1 < cK3, cK? and § < Jo, for B < ¢,
o e 1
856(8,) < C(Kl PS4(6) + K1 K, & 45(5) + K3°C. <K> 56*6).
2
Taking sup along §, > J, we have

_ Cop— 9f— 1
G5(0) < C(Kl 208 4(5) + K1K; P& 5(8) + K3°C, <K2> 5”6).

Finally, we choose CKl_% < % and CK1K2_26 < %, to get 63(0) < CK3 Ce( )55 €
provided that € > 8 > 0. Hence

< 50 €
&(5) < CK3 O€<K2>5

Therefore we get (2) for € > 0. This completes the proof.
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