REMARKS ON THE MULTIPLIER OPERATORS
ASSOCIATED WITH A CYLINDRICAL DISTANCE FUNCTION

SUNGHUN CHOI, SUNGGEUM HONG, AND SANGHYUK LEE

ABSTRACT. In this note, we consider LP and maximal LP estimates for the general-
ized Riesz means which are associated with the cylindrical distance function p(€§) =
max{|¢'|, |€at1]}, (&, €ar1) € RY x R. We prove these estimates up to the currently known
range of the spherical Bochner-Riesz and its maximal operators. This is done by estab-
lishing implications between the corresponding estimates for the spherical Bochner-Riesz
and the cylindrical multiplier operators.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper we consider multiplier operators associated with a rough distance function,
which are known as the cylinder multiplier operators. More precisely, we define a distance
function p by

p(€) = max{|¢'], |11}, € = (€', €ay1) € RI X R.
The generalized Riesz means of order o« > 0 which are associated with p is defined by

o p(f))“ 7
o =(1—-— .
Sr©) = (1-52) 7o
Here af = a® for a > 0 and a§ = 0 otherwise. In connection with the convergence of
Sif — fin LP as t — oo, the inequality
(1.1) 15T fll o avry < Cllfll o masry

has been studied by some authors [16, 22].
As it was shown in [22], LP boundedness of S is closely related to those of the spherical
Bochner-Riesz and the cone multiplier operators. For 1 < p < oo, let

o(p) :max{d‘; 1

be the critical exponent for LP boundedness of Bochner-Riesz operator in R and the cone
multiplier operator in R4, We now set

— 12\ a
Tra@) = (1- 50) ), et

The conjecture which is known as Bochner-Riesz conjecture is that for 1 < p < oo

(1.2) HTlag”LP(]Rd) < CHQ”LP(Rd)

if and only if @ > a(p). When d = 2, it was verified by Carleson and Sjolin [5]. In higher
dimensions it is still open and some partial results are known. Indeed, L? boundedness on
the range (2d +2)/(d—1) < p < ocand 1 < p < (2d+2)/(d + 1) is due to the sharp
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L? restriction estimate [23] and the argument of Stein (for example, see p.422-p.423, [18]).
Beyond these results, progresses have been made (see [1, 2, 13, 21] and references therein).
Most recent results are due to the third author [13] (also see [14]) when d = 3,4, and
Bourgain and Guth [3] when d > 5.

By de Leeuw’s restriction theorem the boundedness of S{ on LP(R*!) implies that of
Bochner-Riesz operator of the same order on LP(R?). From the known necessary condition
for (1.2), it follows that S¢ is bounded on LP only if @ > a(p). When d > 3 there is
an additional necessary condition that d2+ds <p< d2—d3. It is due to the fact that near

the surface |¢/| = €441, the multiplier ( 2 (5)) behaves similarly as the cone multiplier

of order 1. So it was conjectured ([16, 22]) that (1.1) holds if and only if @ > «(p) and
d+3 <p< 75 whend >3 and 1 < p < oo when d = 2. In [22] the problem was settled
when d = 2 and some partial results were obtained when d > 3. For further progress in
higher dimensions, one should improve boundedness of Bochner-Riesz operators. However,
thanks to recent progress on the problem of the cone multiplier [7] (also see [8] and [15]), it
is possible to show that LP boundedness of S{ is equivalent to that of 77*.

Theorem 1.1. Let 1 < p < oo when d = 2, and let d+3 <p< 7% whend>3. (1.2) holds
for a > a(p) if and only if (1.1) holds for a > a(p).

So this establishes LP boundedness of the cylinder multiplier operators up to the currently
known range of Bochner-Riesz operators. That is to say, (1.1) holds if p, < p < o0,
1 <p<pl, and a > a(p) where p, is given by
2+ L2
4d -3 —k

Nextly we consider the maximal operator

S3 f(z) = sup [SF f ().
t>0

if d=k (mod3), k=-1,0,1.

In general, L? estimate for S&f has been of interest in connection with almost everywhere
convergence of S¢'f as ¢ — oo and it is also an obvious extension of (1.1). The same
problems for the maximal Bochner-Riesz operator T'g(z') = sup,g | g(z")| have been
studied in [4, 6, 13] and it is conjectured that for 2 < p < co

(1.3) 179l Lo wey < Cllgll Lo

holds if and only if @ > a(p). This was settled by Carbery [4] when d = 2. Partial results
are known [6, 13] when d > 3 so that the conjecture is verified for p > 2 + %. It seems
possible that recent progress [3] leads to further improvement. On the contrary, for p < 2
Tao [19] showed that the LP boundedness of T is different from that of 77, and when d = 2
he [20] also obtained some improvement upon the classical result [17].

It is natural to expect that the maximal estimate

(1.4) 155 fll o avry < Cllf o masry

holds provided that o > «(p), and 2 < p < oo when d =2 and 2 < p < % when d > 3.
For 0 < p < 1 the boundedness of S¢ from HP to LP**° was shown in [11]. But, as far as
the authors know, nothing is known about (1.4) for p > 1. In what follows we shall show
that the similar implication also holds for the maximal estimates.

Theorem 1.2. Let 2 < p < 0o when d =2 and let 2 < p < ;%5 when d > 3. If (1.3) holds
for a > a(p), then (1.4) holds for o > a(p).
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Hence, this establishes the boundedness of S¢ up to that of currently known range of
maximal Bochner-Riesz operator. So, (1.4) holds for p > 2+ 4 (see [13]).

2. PRELIMINARIES

In this section we present various preliminary estimates which will be used for the proof
of theorems. We need to obtain the sharp estimates for the multiplier operators of which
multipliers are essentially supported in a d-neighborhood of the sphere and the cone. They
are crucial for the proof of theorems.

Specifically, let ¢ € C’fjo[ ,2] and for 0 < 6 < 1 we define

— !/
Tiae) = o(57 (1- E))ate). ¢ eme
The sharp bounds for 7! can be deduced from (1.2).

Lemma 2.1. Let 2 < p < oo. Suppose || T1'g||1rway < Cllgllppray for a > a(p). Then for
e>0

(2.1) 17590 1oy < €7 Nglo e
Here the constant C' remains uniform as long as ||¢||cn < C for some large N.

This can be proven by making use of the standard Carleson-Sjolin-Hoérmander reduction
which involves asymptotic expansion of the kernel (see [19] for details). For the convenience
of the reader we include a proof.

Proof. By the standard Carleson-Sjolin reduction and rescaling the assumption implies that

+il|z’ —dye
(22) | [ e taie =~ it dn] , . < OAF Wl

whenever a € CZ° [5, 2] and the bound C remains uniform as long as a is uniformly contained
in Cgo[%, 2]. By a simple argument with dyadic decomposition it can be further extended
to any a € S and it is also possible to replace a with a singular function. In fact, let a € S
and 0 < Kk < %. Then (2.2) implies

(2.3) | [ exia !)Ix’fyl""f(y)dyH <O £l

Let 8 € C°([-7/8,-3/8] U [3/8,7/8]) satisfying 372 o B(27t) =1 for t # 0. To show
(2.3) we decompose

a(la’ =y’ =y = ao(|2" — y|) + ar (2" — y]) + a2 (|2’ — y)),

where

a(t)= > BERIa®t ™, wt)= D B It)alt) ",

25 <A1 A—1<2i< e

)= Y B It)a(t)t™"
Ae<2d

It is easy to see |lag(] - \)H < A2 and |jax(] - )||1 £ A7 for any large N. By scaling and

~

(2.2) it follows that if A\™! < 27 <1,

H/ +iXz'—y| a(lz’ — y))B277 |2 — y|)|=' — y| " f(y dyH <C'29(d K- 7+e)/\—7+e|‘f“p
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and if 1 < 27 < )¢
N s _ Cas._d
| [ e ragiar ~ yyitle’ e’ — o s | < 02NN

For the second we use the rapid decay of a. Hence we get (2.3).
Now by rescaling we have

+ilz' —y| ‘xl — y‘ |JJ/ - y’ - d—%+e
(2:4) H/e a’( ) )( X\ ) 1) dpr < O Ml
Set A = 5~ 1. Now let us consider the kernel K = F~1 (qﬁ(/\(l — |§’D)) with ¢ € C’é’o[%, 2].

Here F(f) and F~1(f) denote the Fourier and the inverse Fourier transforms of f, respec-
tively. Then

K N — 2 —d iw’-r@de A1 — d*ld
@)= [ [ s o= )t
—(2m)~IA! / / ¢ =rATN2"0 (1 A1 40 6(r) dr
Sd-1

Since g1 €040 = cqla’|” = J(d 9)/2(|2']), using the asymptotic expansion of Bessel func-
tions (see [18, p.347, p.356]) we see that

1 L 11
K(z') = ci)\—lﬁei’k‘ | /ejF”‘ e ‘T¢(r) dr + less singular terms

/
=ci N\~ G il (]:v)\|) gb(ﬂ; ‘) + less singular terms.

We now apply (2.4) to get the desired bound. O

As before, by the standard Carleson-Sjolin reduction, rescaling, and the assumption (1.3)
it follows that

sup ‘/ FitAlz'—yl (tlx' —y|) f dy‘H <CX P+6Hf||p
1<t<2

whenever a € CZ° [57 2] and the bound C remains uniform as long as a is uniformly contained
in C’Eo[%, 2]. By a similar argument as above, it is easy to see the following.

Lemma 2.2. Suppose || T f|, < C||fllp for a > a(p). Then for e >0

(2.5) | sup 17311

< 0§ lp)—e .
1<t<2 HLP(Rd) <0 ”fHLP(Rd)

Here the constant C' remains uniform as long as ||¢||cv < C for some large N.

Let m be a bounded measurable function on R%*!. Let us denote by m(D) the multiplier
operator given by

F(m(D)f)(§) = m(&)f(S)-
Let b € [3,2] and I(b,5) = [b — 2'77,b+ 2177]. Let B; be a function in C°([1,2] x R)
with the following properties:

supp %](p7 ) C I(baj)a
(2.6) 102%B (. 7)| < €129,
107%B;(-, 7)|| e~y < Cy uniformly for 7 € I(b, j),
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for sufficiently large N where C, is independent of j and p. The following is a slight
modification of [22, Lemma 2.12].

Lemma 2.3. Let B; be a smooth function in C2°([3,2] x R) which satisfies (2.6). Then
(2.1) implies

1927 (1 = D)), Da)f|| p gasny < C 2O ]| o sy
Proof. Let w € C2° be supported in (—1,1) such that > ,w(- —v) = 1 and denote
wy (1) = w(22FI) (7 — Q]TVJ%))) We decompose B;(2/(1 — |D'|), Da+1) = >, B;(27(1 —

|D'|), Dgy1)wy(Dgys1). By the first condition of (2.6) there are O(2¢) nonzero terms. Hence,
it is enough to show that

@7) 8@ (1~ (D), Daet)on (D) | oy < CECPHI | fll g

To obtain the above estimate from (2.1) we use Taylor expansion in the 7 variable around
Syt (see Lemma 2.12 in [22]). More precisely, we have

N-1
1 m 14 14 m 14 N
SBj(pa T) = Z ml 07 B; (p7 9j(1+e) ) (T - 2j(1+e)) +Rn(p,7) (T B W)
m=0
N-1 e 2—]m . v i(1+e) 14 m
= 2 2 T 0 e gt ) T i)
4 9—<Nj [2—1\1]‘ %N(p’T)](Qj(l—&-e)(T v ))N‘

2j(1+¢)
Now let us set

2—Jm v

m m v m ] € m
B (p) = ——= 07 B; (1, Si7)> w'(7) = (2707 — i) ww(7).

Then, it follows that

N-1

B2/ (1 = 1€']), €arr) wo(Carr) = Y 27" B (1 — [€]) i (bara)

m=0
+ 27N T NIRN (2 (1 - [€]), Earn)] @ (Ear)-

It is easy to see that BT satisfies (2.6). Since w)? is smooth, by Lemma 2.1 we get
1372 (1 = D)) & (Dar) f || pogasry < C 2P )l pygasa).

If N is sufficiently large, using the condition (2.6), one can see that the contribution from
27 NI 27 NI R (27 (1—€]), £q41)] Wi (€441) is negligible. Hence we get (2.7) by summation.
O

Using the maximal estimate (2.5) instead of (2.1) and repeating the same argument as
before, we have a statement which is similar to the one in Lemma 2.3 but for the maximal
operator.

Lemma 2.4. Let B; be a smooth function in C°([3,2] x R) which satisfies (2.6). Then
(2.5) implies

[ sup, (2 (= 5. 25

1<t<2 t t

i (a(p)+e
Lomey S C2CEI| £ 1 gasa).
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For 0 < § < 1 and ¢ € C°[3,2], we define the operator Cs by
_ (D]
Csf = (Da) 5(67 (1= 5 ) )
Theorem 2.5. Let d > 4 and p > 251%32. Then
(2.8) ICs [l Lo (rarry < Co™ D€ £l 1o (RA+1)-

This is basically due to Heo [7]. In fact (2.8) can be deduced from Heo’s results by the
standard Carleson-Sjolin reduction and asymptotic expansion for kernels as before (see
Lemma 2.1 and [12]). Alternatively, the estimate without even e-loss can also be deduced
from sharp local smoothing estimate for the wave equation which is obtained in [8] ! (also
see [9]). Now note that a(24=2 —2) < 1 when d > 4. Hence, in particular, this gives sharp
LP bound for the cone multiplier of order 1 when d > 3 (one can use the trivial L> bound

when d = 3) so that ||(|Dat1] = [D'))+(Das1) |l ogarry < Cllfl pograny for 2 < p < 24

Proposition 2.6. (Proposition 2.3 in [22]) Let 2 < pp < pc < 00 and l > j — 5. Suppose
that (2.1) and (2.8) hold for p = pp and p = pc, respectively. Then for pp < p < po < 00,

Do) B 010D

Mp,pB,pc) = (; - plc) (plB — 1)1(})_1(1 - pi;)'

The case pc = oo was excluded in [22] but it is clear that Proposition 2.6 also holds with
pc < 0o. By Lemma 2.3 the estimate (2.1) implies

JoDas (2 (1= ) o (2049 (i = g ) )~ 10D

< C20ER*I| 7|,

< 02=DAPpE.pc)glap)+e) 1 £l Lo (ma+1)

|e(Dar)B(2' (1~

Lpr Rd+1

where

PB

Then interpolation with this (also making use of orthogonality) and (2.8) gives the desired
estimate. See [22] for the details of the proof.
3. PROOF OF THEOREMS 1.1 AND 1.2

We decompose the multiplier (1 — p(€))% = (1 — max{|{'|, [£q+1]})T similarly as in [22].
Let us set 51(t) =1 — Z;’;Qﬁ@j(l —t)). Here we use § which is given in Section 2 (see
below (2.3)). For j,k > 1 let us define

Bik(&) = BI(L—[€)BE2M(1 = |&441])) for jik > 2,

Brr() = Br(I€'NBER (1 = |€a41)) for k=2,
Bia(€) = B2 (1 = 1€'))) B1(|asal) for j>2,
B11(8) = Bi1(I€'DBr(I€a+)-

So we have 37~ Bjk(€) = (1 — [€])+(1 — [€a+1])+. We also set

m; k(&) = (1= p(£))385k(8)-

10ne also can obtain (2.8) without e by adopting the argument in [8].
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We decompose the multiplier

(3.1) (1=pE)F = D mjx =M+ N,
Jik>1
where
M = Z mjk, N = Z my k-
k>j+2 k<j+2

3.1. Proof of Theorem 1.1. The implication from (1.1) to (1.2) follows from de Leeuw’s
theorem as already explained. Hence it is sufficient to show (1. 1) by assuming (1.2). By
duality we may assume that 2 < p < oo when d =2 and 2 < p < ;=5 when d > 3.

It is easy to treat the operator defined by the first sum 9. In fact when k > 2+ j, the
multiplier m;, is equal to (1 — |€a41])3)B(28(1 — [€a41])) B(27 (1 — ]§’|). So
(3.2) myk() = 27 B8 (L — € ])) B2 (1 - [€]))
for some 3 € C2°[3,2]. Since HE(Qk(l — ‘£d+1|))f”LP(Rd+1) < Ol Lr(ra+1y for 1 < p < o0,
applying Lemma 2.1, we see that [|m; (D) f||rpmar1y < 2*ka2j(°‘(p)+6)HfHLp(RdH). Hence,
for a > a(p) we get

Hm(D)fHLP(RdH > Z lm,6(D) £l e (Rd+1)

k>2+j5

<C Y 27k || 1 gasty < ClIFll porasy.
k>2+;

We now handle the operator 91(D). Let us set
o B |£/| a o~
L= (1-5) 7.

Then from the assumption (1.2) it is obvious that ||TV1fHLp(Rd+1) < O/ f[lLp(ra+1). Hence it
is enough to show that

IN(D)f = Ti fllorasry < Cf | ograryy-
Note that
NE - A-1ENT = Y B =pE)F -1 -1¢DT)

k< j+2
=Y B -

k>j+2

(3.3)

Since > %40 B(2Ft) = E(th) for some smooth function 3 which is supported in [—2,2],
Yol sea Bik(€) = B2 (1 [€))B(27(1 — [€a41]))- Thus

(3.4 S Bir(©Q—1€N5 = 30279821~ DB (1~ &)
k>j+2 j>1
By Lemma 2.3
| > ﬁj,k<D)(1—!D’Dif\LP(RdH)_22 36(29(1 = |D')BE (1~ |Das1 D) | oggass

k>j+2

< CZQ_WJFQ ]+€]HfHLP(Rd+1) < Ol fll o ey
j>1
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if @ > a(p). Hence we are further reduced to showing that

| ST 8D (- p(D)E - (1 - (D)) 1| < O fll ooy

. Lp (RdJrl )
k<j+2

Note that if j >k + 2, 8;,(D)((1 — p(D))% — (1 — |D'|)3) = 0. So, it is sufficient to show
that

| X @ -pDs - -0

E—1<j<k+1

sgerry = € 1f | ma+1)-

By the support property of 3;; and the mean value theorem

(3.5) Bir(©) (L= p(€)T = (1= 1ENS) = (€ar] = 1€'D+Bk(E)Pal€)

where ) . §
Jal6) = o /0 (1= $)(1 — [€aca]) + 51— ) "d

We firstly consider 81,1(D)((1 — p(D))% — (1 —|D’'|)¥). On the support of 81,1, ((1 —
s)(1—|€a41]) +s(1— ]§’|))a_1 ~ 1. So 51711;(1 is a smooth function. Hence it is sufficient to
show that

[(I1Das1| = 1D+ ¢(D) fll 1o ey < Cllf o ras)

for 2 < p < oo whend = 2 and 2 < p < f—dwhend>3 Here ¢ € C°(RIH).
In fact, by dyadic decomposition it follows from ||3(2¥|Dg11])(|Das1| — | D'+ fll 1o (Ra+1y <
KN F e (rd+1y, k > 0 which is obvious from rescaling since the (truncated) cone multiplier

of order 1 is bounded on L? provided that 2 < p < oo when d =2 and 2 < p < ;=5 when
d>3.
It remains to show that
| X s -pon:-a-10)7],

k—1<j<k+1
(4,k)#(1,1)

Let us set

y S < Cllf e @aty-

R+

1 (€) = 22V B, 1 (E)Pa(€).

Then we have

Biw(©)((L = p(€)F = (1= 1EN2) = 277D (|€asa] = [€)-+m14(6)-

Note that 7;,(€) = Bix(©)a fy ((1— )2 (1 — |gral) + s27(1 — [¢))*"ds. Since & —1 <
J<k+1, k,j#1,and |s27(1 — [£401]) + (1 —5)29(1 — [¢'])] ~ 1, it is easy to see that n;
is smooth and

‘agnm < c2ihl,

We make further decomposition to treat the singularity near the cone. We can write
(1 = [€'1/1ar1])+ = 2202 27! B2 (1 — [€']/I€a41])) for some 5 € C2°[5,2]. In fact, B(t) =
tB(t). Note that £;,(£)B(2Y(1 — |€'|/|€411])) = 0if I < j — 5. Now we have for k — 1 < j <
k+1, k,j#1,

(3:6) Bin(E)((L—p(E)5 —(1=1€'Ng) = Y 27279 Dleqir B2 (1= 1€/)/1Eas1))mn (6)-

1>5-5
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Since |k — j| < 1, we see that n;; in (3.6) satisfies the condition (2.6). So, by Proposition
2.6

H‘Dd+1’5(2l(1 . ’D/‘/‘Dd+1‘))nj,k(D)fHLp(Rd+1) < CQl(a(pH—e)2(l_j))‘(p’pB’pC)HfHLp(Rd+1)~

When d > 4, by Theorem 2.5 we can take any pc > Qdd—:f. When d = 2,3, we may set

pc = oo by the obvious L estimate. Thus, by the triangle inequality and the summation
along j it follows that

18:(D) (1 = p(D)E (1~ 1D'DD) | s

< C’( Z ol(a(p)+e)g—jag(—5)(Mp:ps.pc)— HfHLP Rd+l))
>5—10

< 0277709 £y gy

For the second inequality we used the fact that a(p) + A(p, pB,pc) < 1 for pp <p < 7% if
we choose po = dz—_dg. Therefore we get the desired (3.1) for pp <p < d 3

3.2. Proof of Theorem 1.2. We make use of the decomposition (3.1). The proof of the
maximal bound is actually parallel with that of L?” bound.
First we show that if « > a(p), then

s lon ()1

t>0

Lp(]Rd+1) HfHLP (Rd+1)-

Now observe that supp 90 is contained in {¢ : 2 < [¢| < 1}. Then for the above it is
sufficient to show that

H sup ‘?J)t( )f}” (Rd-+1) —C”fHLP(Rd+1)-

1<t<2

Here we use the following elementary lemma. We include a proof of it for reader’s conve-
nience.

Lemma 3.1. Let M be a bounded measurable function supported in {€ : 27BTL < |¢| <
2BV for some B > 1. Suppose that Hsup1<t<2 Dﬁ( )f]HLp (Ra+1) < C|’fHLp(Rd+1 for
1 <p<oo. Then,

Jsapln (7)1

t>0

gy < O s,

Proof. In fact, let P; be the projection operator which is defined by I/Dﬁ = B(27Y- |)f We
note that

sup‘im(D)f} < sup sup ‘ﬁ<?)ﬂ

t>0 k 2-k<t<o—k+1

= sup sup ‘ﬁ(g)( Z Plf)’

ko 2-h<t<o-k+l k—B<I<k+B

D=

IA

s (W)X Al

k= —oo 27 F<t<27kH1 k—B<I<k+B
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By the assumption and scaling we see that || supy—x -jco-#+1 ‘ﬁ(%)ﬂ HLP(RdH) < Ol fllpr ey
holds uniformly for any k. Hence, using the above inequality

R Dl I Co [ o)

2-k<t<2mhH1 k—B<I<k+B

S| s

k=—oo0 k—B<LI<k+B

S ¢ B? Z HBfHLP Rd+1) < CBprHLp (Rd+1)"

l=—00

s 52(Z)s1

t>0

Lp(Rd+1)

IN

Lp(R4+1)

For the last inequality we use the inequality (Y ;°_ PSR, Rd+l))1/p < O fll zrma+ry for
2 < p < oo, which follows from interpolation between the estimates with p = 2, p = oco.
The first is a consequence of Plancherel’s theorem and the second is obvious because the
kernel of P, is uniformly contained in L'. O

Recalling (3.2), note that

B0 s dmie(F) <20 o R P2 (- )

1<t<2 1<t<2

By the smoothness of B and the fact that £ > 3 (here we are assuming k& > 2 + j)
a simple computation shows that the kernel of 3(2%(1 — |Dg41|/t)) is bounded by K =
Cn27%(1 4+ 27%|2451]) ™" with C independent of ¢ € [1,2]. From this the right hand side
of (3.7) is bounded by

242 K agen (sup [8(20(1- 20)) ).

1<t<2

Here *4,1 denotes the convolution with respect to (d + 1)-th variables. By Young’s convo-
lution inequality it follows that

< cxt am (-2l

1<t<2

[ sup,lmie ()11

1<¢<2 Lp(Rd+1)

Lp(Rd+1)

Using Lemma 2.2 and summation, we get, for o > a(p),

[ e, () gy = 3 | s e (7)1
k224

1<t<2

1<t<2 Lp(Rd+1)

<C Y 27kl £ L garyy < C)l fllpogasy.
k>2+j

Now we handle the operator f — sup,q[9(£)f|. From the assumption it is obvious
that || sup,s !th‘ HLP(RdH) < O fll o ety Hence it is enough to show that

Jsul (2(7) - 7)1

< O\ fll Lo ma+r)-

Lp (Rd+1
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We use Lemma 2.4 and Lemma 3.1 to get, for o > a(p),

Jeupl 3= () (-5 1

t>0

Lp Rd+1

a D'l IDd+1!
< o2 aplo( (=) (=L e
< CZQ fla—alp)- HfHLP ra+1) < C| fllpp@a+ry.-
ji>1
Here (3 is given as in (3.4). Hence by (3.3) and (3.4) it is sufficient to show that
D D\« D]
D oY (R 0) R g e e

k—1<j<k+1

As before, we separately handle f — sup;-q ‘ﬁm(%)((l —p(E)Nr —(1- IDT/‘)?‘F)
claim that

Jsuplans (7) (1= () - (=150 ) 41

By a simple scaling argument it is sufficient to show that

[ e, 1 (7) ((=o(7))7 - (=) 1

So, we may assume that f is supported in {€ :]€] < 2}. Let M denote the Hardy-Littlewood
maximal function. Since |{441]581,1%a (see (3.5)) is a smooth function,

sl (7) (1-0(3))" - (=507 1= em((1- 52) 9).

Hence it is sufficient to show that

(38) [(1- u‘)l;ly) f’

f0r2<p<oowhend—2and2<p< 3 when d > 3.
Let us first consider the case d = 2 Wthh is easy because we are not concerned with the

sharp estimate. In fact, by following the argument in [10] which makes use of the kernel
estimate and the Calderén-Zygmund decomposition, it is not difficult to see that

, and

Lr Rd+1 — CHf||LP(Rd+1),

< Ol fll pe(ra+1)-

Lp (Rd+1 )

< C|[fll e wa+1y

Lp(Rd+1)

D] e
39) | = D) o sy < EM sy
for a > dgl. This also remains valid for complex «, provided that R(a) > %, and

the bound is bounded above by Cn (1 + |S(a)|)V for some large N. When d = 2, taking
a = 1 we interpolate (real interpolation) this with the obvious L? estimate to get (3.8) for
1 < p < 2. By duality, the desired bound for 2 < p < oo follows. When d = 3, by the
complex interpolation between the estimates L? — L? for R(a) > 0 and (3.9) for R(a) > 1
we have for 1 < p <2

(3.10) (- |1|)Z|1)+f‘

< Ol fll o ma+ry-

[,p,oo (Rd+1)
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As for d > 4 the same estimate can be deduced from the estimate in [9, Corollary 1.3] where
the weak type endpoint estimates at the critical exponent

(- 52-)"

d+1

< Ol fllrma+r)

Lp,oo (Rd+1)

were shown for 1 < p < d +1 Even though the multipliers are slightly different, the same

estimate can be shown for f — (1 — I"i‘ ‘)a(p ) f by following the argument in [9] (the proof
of Corollary 1.3) 2. Hence, in particular, (3.10) holds for 1 < p < d%fg when d > 3. Then the

desired estimate (3.8) follows from interpolation with the trivial L? estimate and duality.
We now turn to the operator

el 5 me(@) (D) (-1

k—1<j<k+1
(4.k)#(1,1)

Note that the support of Y j_1<j<kt1 Be()((1 — p(€))F — (1 — [€'])%) is contained in
(4,k)#(1,1)
{27¢ < €| < 2¢} for some ¢ > 0. By Lemma 3.1 it is sufficient to show that

[ 5 we(F)((-0(7))1- 0-)0) 4l

k—1<j<k+1
(5:k)#(1,1)

Lp(Rd-H) HfHLP (Rd+1)-

As before, this follows by using the decomposition (3.6) and direct summation once we get
the estimate

(3.11) Hls<ltl<pzm<21< _|1|)D‘\)>77J’“< )f”m Ra+1)

< C2U=DA.pp.pc)glalp)te) 11l Lo (as1) -

We now proceed to show (3.11).

Lemma 3.2. Let |k —j| < 1,k,j # 1. Assume that the following estimate holds:

N L < ey

t€la,a+2-7]

Lp(Rd+1) — B||f”LP(Rd+1)

for some constant B and a ~ 1. Then for 2 < p < oo, we have

! 2 ‘
sl (21~ 1) Jsa (7)1
Proof. Let w € CZ° be supported in (1/2,4) so that ), ., w(- —v) = 1. Let us define
P,f = w(2(Dg1 —v))f

where v € 2797Z. For v € 2797, we denote by I, the interval of center v with the length
277,

< OB| fll Lo ma+1y-

Lp(R4+1)

2Actually it is simpler.
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Now we note that supp 7;x(-/t) is contained in {£ : {411 € (t —C277,t+ C277)}. So, we
see that

sup 5(2'(1- u|9D||)>”Jk< )/

Ssupsup|ﬂ<21<1_ = ))"J’“<t

v tel, | D1 >
o S (- RC T
/ 1/p
< ¥ (Z(fg})\ﬁ(?l( “m)me(7)7 W’f)p) '
v|<c2—i \ v

From this and the assumption (3.12), we have that

Jsupl (2 (1= 5L s ()11,
<Cc > ZHsuplﬁ ( ‘1|)§+|1|>)77j,k(?> u+ufH

LP RdJrl

wi<co-i v o el Lr®e1)
<¢ Y S|Pert], s, < CBIIL, ey
W|<Cc2-i v g )

For the last inequality we use (> 02 _ [P, pr)l/p < C| f|lp for 2 < p < oo. It can be
shown similarly as before (for example, see Lemma 6.1 in [21]). O

By Lemma 3.2 we are now reduced to showing (3.12). To control the maximal func-
tion, we recall the following well known simple lemma which is an easy consequence of the
fundamental theorem of calculus and Hélder’s inequality.

Lemma 3.3. Let F' be a smooth function defined on (a,b). Then, for 1 <p < oo,

S [P0 < O(1F(a)l + F )]+ BN P10, )
€(a,b

Let us denote by I, = [a,a + 277] and also set

T = g(Ql(l - |£§;1|)>77j,k(lt))f-

Using Lemma 3.3 followed by a simple inequality (e.g. Young’s inequality), we see that
sup [P0 < C(IF(@)| +|F(a+279)| + 27| Fl| o,y + 2779210, || o1,
€l,

We apply this to sup,c;, \Tltj wf|- By a direct differentiation and (2.6), we see that

sup 3(2 (1 Dfi’l,))nj,k(?)ﬂ < CITf 1 f |+ CITE2

tel,
d+1 ’ 1/p
, ~ D'| . /DN .
ool < [ (- 2L ) (2) pdt)
; Ia 19 [Da-41] Tk a4
where f1,..., f4 satisfying || /'] oras), - o 1f  pomarr) < Cllfllporarry and nj 4, ..,

nﬁrl are smooth functions satisfying (2.6). By making use of Proposition 2.6, we see that
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” 1.7, kf||Lp(Rd+1) and H la;er ]fHLp Rd+1) are bounded by CQ(l ])A( ,pB7pc) 2l(a(p)+e HfHLp Rd+1)
Hence it is sufficient to show that for pp < p < pc,

(B0 ) uia(F) )]

< ¢ 273/p 9U=i)APp.pc) gllalp

Lp (RdJrl )

T £l o (rara)-
From Proposition 2.6 and mild rescaling we note that the estimate

3= ) e (7)1

holds uniformly for t € I, because I, C [5, 2]. Therefore, changing the order of integration
and using the above uniform bound, we get the desired inequality. This completes the proof
of Theorem 1.2. O

P F ETY
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