PROBLEMS ON POINTWISE CONVERGENCE OF SOLUTIONS TO
THE SCHRODINGER EQUATION

CHU-HEE CHO, SANGHYUK LEE, AND ANA VARGAS

ABSTRACT. In this paper we consider several variants of the pointwise convergence prob-
lem for the Schrodinger equation, which generalize the previously known results.

1. INTRODUCTION

Let us consider the free Schrédinger equation in R? x R, d > 1,
10w+ Agu =0,

with initial datum f. Then the solution can be formally written as

o~

u(z,t) = "2 f(2) = (2m)~ / ! f(g)de
R4
where f(f) = Jga e~ f(x)dx. The problem which was first considered by Carleson [7] is
to determine the minimal regularity s for which
%im A f(z) = f(z) ae.

—0
whenever f € H*(R?). Here H® is the L? Sobolev space of order s which is defined by
112 = S IF©P + [€)?de.

For one spatial dimension (d = 1) Carleson showed a.e. convergence for f € H® when
s > 1/4 and the sharpness was later proven by Dahlberg and Kenig [10] who showed that
the condition s > 1/4 is necessary (also see [28]). In higher dimensions, d > 2, Sjélin [23]
and Vega [28] independently showed convergence for f € H®, s > 1/2 (also see [6,9] for
earlier results). Results under weaker regularity assumptions (s < 1/2) had been known for
d = 2, which were improved along with the progress of Fourier restriction estimates for the
paraboloid or the sphere (see [2,14,18,26,27]). The best known result is convergence for
s > 3/8 ([14]). For d > 3, progress was very recently achieved by Bourgain [3]. By making
use of multilinear estimates for Fourier extension operators [1,4] he showed convergence for
s > % — ﬁ. Surprisingly, he also showed that the condition s > % — é is necessary. So this
gives a new lower bound for d > 5.

In this note we consider several variants of the pointwise convergence problem. Notwith-
standing recent progresses the problem is still open in higher dimensions d > 2. It might
be premature to consider its variants in higher dimensions. So, we mainly work with such
variants in R! (see also [17] for a related problem in the periodic case).

A natural generalization of the pointwise convergence problem is to ask a.e. convergence
along a wider approach region instead of vertical lines. One of such problems may be the

2010 Mathematics Subject Classification. 35Q41.
Key words and phrases. Schrodinger equation, pointwise convergence, nontangential convergence.
C. Cho and S. Lee supported in part by NRF 2011-0001251 (Korea). A. Vargas partially supported by
MTM2010-16518 (Spain).
1



2 CHU-HEE CHO, SANGHYUK LEE, AND ANA VARGAS

nontangential convergence to the initial data (boundary values). It is natural to expect
that more regularity on the initial data is necessary to guarantee a.e. existence of the

nontangential limit. Since sup, , A f(x)| < || f]lgs if s > %l by Sobolev imbedding, the

nontangential convergence follows by the standard argument if s > 2. However it was

2
shown by Sjolin and Sjogren [21] that non-tangential convergence fails for s < %. They
showed that there is an f € H%?2 such that

limsup "2 f(y)| = oo
(y,t)—(2,0)
|z—yl<y(¢),t>0

for all z € RY. Here 7 is a strictly increasing function with v(0) = 0. This raises a question
about how the size (or dimension) of the approach region and the regularity which implies
pointwise convergence are related. One may also ask a similar question about the relation
between the degree of tangency and regularity when (z,t) approaches to = tangentially. To
investigate these questions we consider some model problems.

Convergence along restricted directions in R x R. Let © be a compact set in R. To measure
the dimension of ©, we use a simple notion of dimension. Let N(©,¢) be the minimal
number of §-intervals which cover © and set

) log N(©,0)
) = timaw =
which is called upper box counting dimension (for example see [12]). It is useful for the
study of some maximal operators of which boundedness depends on the size of parameter
set (see [11,20] for related works).
We consider convergence of €2 f(y) to f(x) as (y,t) — (z,0) while y —z € t©. More
precisely, we intend to find the optimal regularity s which guarantees

(1.1) lim "2 f(y) = f(z) a.e.

(y,t)—(x,0)

y—x€LtO
whenever f € H?®. Following the usual argument, we consider the associated maximal
operator which is given by

Mof(z)= sup |2 f(x+ 61)], x e R.
(,0)€[0,1]x©

Theorem 1.1. Let © be a compact subset of R. If s > %, then

(1.2) 1Mo fllL2(—1,1)) < Cll s

Obviously, by translation and dilation the above estimate holds for any finite interval.
Once it is established, we have the following result which can be proved by the usual
argument (see [22] for example).

Corollary 1.2. Let © be a compact subset of R. Then (1.1) holds whenever f € H® with

s> BOIL

This seems sharp because so is it when 5(©) = 1 ([21]) and 5(©) = 0 ([10]) but we don’t
know whether it is sharp or not when 0 < (©) < 1.
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Convergence along variable curves R x R. Let v be a continuous function such that
v :R%x [-1,1] = RY, v(z,0) =z

Now we consider the pointwise convergence problem along the curve (y(z,t),t). That is to
say, we want to find the optimal regularity s for which the convergence

(1.3) lim ¢"2f ((x, 1)) = f(x) ae.

holds whenever f € H*. When the curve « is smooth, precisely, a C'! function, it was shown
in [15] that the boundedness of related maximal operator is essentially equivalent to that
of the free Schrodinger operator. However such smoothness condition excludes the curves
which approach (x,0) tangentially to the hyperplane {(x,t) : ¢ = 0}.

Here, we consider a curve which satisfies Holder condition of order o, 0 < o < 1, in ¢;

(1.4) Y (@,t) = y(z, ) < Clt -]
and is bilipschitz in x,
(1.5) Cile =yl < |y(z,t) = y(y, )] < Cofz -yl

A simple example of such curve is y(z,t) = z — vt% v € R? with v # 0. When d = 1, we
can prove the optimal results except for the endpomt cases (see Proposition 1.5).

Let us denote by Bgr(r) C R? the ball (possibly interval) which has center at z with
radius 7 and by Ir(t) the interval which has center at ¢ and length 27"

Theorem 1.3. Let d =1 and 0 < o < 1. Suppose that (1.4) and (1.5) hold for x,y €
Br(zo) and t,t’ € Ip(to). Then
(1.6) I sup "2 f(y(2, ) Ba(ae) < CIIf|lars
telr(to)
holds if s > max(% — a, %)

Obviously, (1.6) holds for any continuous function ~ if s > % since the maximal inequality
is true by Sobolev imbedding. With y(z,t) = z + 1/log(1/t) and the interval (0,1), one
can show that this inequality fails if s < 1/2. See Proposition 1.5 below. The following is
an immediate consequence of Theorem 1.3.

Corollary 1.4. Let d = 1 and 0 < a < 1. Suppose that for every xg € R, there is a
neighborhood V' of (x9,0) such that (1.4) holds for (x,t), (z,t') € V and (1 5) holds for all
(2,t), (y,t) € V. Then (1.3) holds whenever f € H® and s > max(3 — , 7).

Now we discuss on the necessity of the condition on s in Theorem 1.3. It is sharp in
the sense that there are curves v satisfying both (1.4) and (1.5) but (1.6) fails if s <
max(3 — , 7). In fact, we will show this with v(z,t) = 2 — t* (see Proposition 1.5 below).
Furthermore, with this particular curves, it also can be shown that for s < max(% -, %),
there is an f € H*® for which (1.3) fails. This can be done by making use of Stein’s maximal
theorem [24].

In order to show the sharpness of Theorem 1.3, we begin by proving the following propo-
sition.

Proposition 1.5. Let I be an interval and v : I — R? be a continuous function. Suppose
that y(z,t) = x — v(t) and that there is a point ty € I and € > 0 such that (to,to +¢€) C I
and

diam {v(1): T € [to,t]} 2 |t — to|®
for all t € (to,to +€). Then (1.6) holds only if s > max(3 — a,0).
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Obviously the above assumption is satisfied with v(¢) = (¢*,0,...,0) and s = 0.
Proof of Proposition 1.5. Fix A > e~!. Let us consider f which is given by
7(§) = ey (Aze)
where ¢ € C5°(B(0,1)). Then by rescaling
e f(y(@, 1) = (2m) N2 / Lo N €y ).
So, it follows that

€A1 (v )] ~ A2
if [t —to] < A7! and \)\%’y(:c,tﬂ < ¢ for some sufficiently small ¢ > 0. So,
sup "2 f((z, )| ~ A2
0\ ~
if = is contained in O()\_%)—neighborhood of the set {v(7) : 7 € [to,to + A™!]} (of length

2 A7) which has measure 2 Atifa > 1 and AT A a < :. Hence the maximal
inequality (1.6) implies

e

d da—1 1 e} s
AzZAT T max(AT 1, A 2) < OAz A4,
Now letting A — oo we get the desired condition. O

To see the necessity of s > 1 for (1.6) let us consider vy(z,t) = x — (¢t%,0,...,0) and the
function f which is given by

-~ _1

J(&) =p(A72(§ = Aen)).
Here v is a smooth bump function compactly supported in a small neighborhood of the
origin and A > 1. Then by translation and rescaling it is easy to see that

. d
€2 f(y(, 1)) ~ A2
provided that |t| < A~! and \)\%(xl — t* + 2Xt,7))| < ¢ for some small ¢ > 0. Here
z = (z1,%) € R*RTL. Hence supgecy [e2 f(v(z,1))| ~ A2 if 0 < 21 < ¢/100 and
|z| < c)\fé/loo. So, the maximal inequality (1.6) implies
AEATT < ONA,

Now letting A — oo we get the condition % <s.

Schrédinger equation with quadratic potentials. Let w = (w1,...,wq) € Clloc(R) and set
1 d
Hw = §(A - ij(t)l?)’ €Tr = (gj‘l’ng’. . "xd)'
j=1

We now consider the Schrodinger equation with time dependent potential of the form
(1.7) i0u + Hyu =0, u(z,0) = f(x),

with f € H*(R?). We denote by "« f the solution of (1.7). Then similarly as before we
are interested in the problem of finding the optimal s for which

(1.8) }51(1) e f(2) = f(z) a.e.



CONVERGENCE OF THE SCHRODINGER EQUATION 5

whenever f € H*(R%). When the potential is time independent, namely, w; = wy = --- =
wgq = 1 (this gives the Hermite Schrédinger operator), it was shown in [15] that the problem
is equivalent to that of the free Schrodinger operator except the endpoint cases. In what
follows we show that such equivalence is also valid for e**« f. In fact, it is a consequence of
a more general result that local estimates for e« f and e?2 f are essentially equivalent in
the mixed norm space L%L}. Both operators can be related to each other via generalized
Mehler’s formula [5,25], which is also called lens transform (see Lemma 4.1).

Let ¢(t) = (c1(t), c2(t),- -+ ,cq(t)) defined on the interval I7(tp) such that,

(1.9) di(t) >0

forall j=1,...,d, and t € Ip(tg). We define an auxiliary operator

1 iy (2 t)-€=S0_, e (8)|€]2) 7
US f(.t) = (%)d/e(v( VT e OI6) Fe)de.

If e1(t) = cao(t) = -+ = cq(t), by a simple change of variables US can be transformed

e f(F(x,t)) for some 7. But it does not seem that such transformation is available in
general. The following is concerned about equivalence between local estimates for UJ f and
eitAf_

Theorem 1.6. Let ¢,r > 2, so € R, and (z0,t9) € R xR. Suppose that v € Lip(Bgr(xo) x
Ir(to)) satisfies (1.5) for x,y € Bgr(xg), t € Ir(to), and ¢ € C*(Ir(to)) satisfies (1.9).
Then

(1.10) 1€ £Il 21 (8, 0), 20,17 < CU s ey

holds for s > sg if and only if

(1.11) 1US Nl 2a(Br(zo), L7 (1r(t0))) < ClF s may

holds for s > so. If we additionally assume that v € C*°(Bgr(xo) x Ir(tg)) and ¢ €
C>(I7(ty)), then (1.10) and (1.11) are equivalent except for r = oo.

When + is smooth, (1.5) can be replaced by det Dyvy(x,t) # 0 for all (x,t) € Br(xg) X
Ir(to). Such equivalence is also valid for the local estimates in L{L%. If the signa-
tures of ¢} (t),c5(t), -+ ,c(t) are different, then the equivalence between (1.10) and (1.11)

1

fails. For example, when d > 2 HeithHLngo(leI) < [ fllgs fails if s < 5 ([19]) but

He"tAfHL%L?o(BX]) < || fllm= is known to be valid for s > 3 — L ([3,14]). However, from the
proof of Theorem 1.6 it is obvious that the same equivalence remains valid if we replace A
by 92 +---+02 — agmH —---— 82 where m is the number of positive ¢(t) and ¢}(t) # 0.

If we combine Theorem 1.6 and Lemma 4.1, various estimates ([14, 15]) which hold
for e2 f remain valid for e« f. In particular, from the equivalence between maximal

estimates (see [3,14]) we have the following.

Corollary 1.7. Suppose w € C'(—1,1). Then, then (1.8) holds whenever f € H*(R?) and
52% when d =1, s>%—ﬁ when d = 2.

The equivalence of local estimates is related to the fact that the propagation speed of
Schrodinger waves is not finite. For the wave equation there is no such equivalence as it
can be seen by a simple example. In fact, let ¢ € C5°(1,2) and let us consider

F(&) = A~y (le] /), v(z,t) = (t+ 1)z,
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and A > 1. Then by making use of asymptotic expansion for Bessel function it is easy to
A _d-1_1 it /=A
see that [l Af(V(vt))||L;;L§(Bl(2el)x[o,1]) ~ A7 7 77 and [le” AfHL;Lg(Bl(Qel)x[o,l}) ~
d—1 1
A" 2 4. Hence this shows that the equivalence fails unless ¢ = r. On the contrary when

the order of propagation speed increases one can further relax the Lipschitz condition on ~
to Holder conditions. ( See Proposition 4.3.)

The paper is organized as follows. In Section 2 we show a few preliminary lemmas
including a temporal localization lemma and in Section 3 the proofs of Theorems 1.1 and
1.3 are given. Finally, in Section 4 we prove Theorem 1.6 and Corollary 1.7. Throughout
the paper C denotes constants which may be different from line to line.

2. PRELIMINARIES; A TEMPORAL LOCALIZATION LEMMA
Let m > 2 and Q(+,t) be a real valued smooth function satisfying that for || > 1
(2.1) IVeQ(€:) = VeQ(&, 1) ~ [t — t'[g™ ™, .t € Ir(to),
(22) 07Q(E,t) — 92Q(E )| < Clt — t[|g[™ P, .4 € Ir(to).

For a continuous function v which is defined on Bg(zg) x I7(to) let us set

T2 f(a,t) = g [ ST e

The following version of temporal localization is very useful for the proof of the theorems.
This was first observed in [14] for ¢ f. A sharp version without e-loss of bounds was
obtained [15] by making use of wave-packet decomposition (for example see [13]). Here we
provide a simpler proof based on T7T* method.

Lemma 2.1. Let A > 1 and o € R. And let q,r > 2 and J = {J} be a collection of
intervals of length N'=™ such that J C Ip(to) and Y ;e xg < 4. Suppose that (2.1) and
(2.2) hold for |B] < max(2,d — 2a + 3). Also suppose that

Q a
(23) T2 5 3oy ) < XIS

with C' uniform in J € J provided that f is supported in {& : || ~ A\}. Then, there erists
C = C(B, |7l Loe (B (w0) x I (to))) Such that

(2.4) ) < CAY[fll2

Q
1T (Br(@0), L; (U es /)
whenever f is supported in {& : || ~ A}.

Proof. For simplicity let us set T' = T7Q . Obviously we may assume that the intervals J are
disjoint. Since f is supported in the set {£ : [£| ~ A}, with appropriate ¢ € C§°(R \ {0}),
we may write

Tf(x,t) = (2717)65 / i@ E=QED) Fle)yp(lg] /N)de.

Let T* denote the adjoint operator of T and set

Fj(x,t) = xj()F(x,t).
Then by duality it is enough to show that if
(2.5) 17" Fylla < CX| Pl
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for J € J, then
(2.6) 1Y T Fylla < CAX||F g
JeJ

Here || |lq,r denotes || |4 (B(20), L7 (12 (t0)))- TO show (2.6), we may assume that the intervals
{J} are disjoint. Then (2.6) follows from

(2.7) | Y (T F, T Fy)] <
JJ'eF

CN*|FII2

We note that
TT*F = //K(az,y,t,t/)F(y,t/)dydt/,

where

K(ayot,t) = [0l @en-an) g g
=1 [0 (g

Here we set

P6) = =5 (MO0 =1 t) € = QD) — QUE).

Let us set [|V]loo = V]| Loo (Br(zo)x I (to))- From (2.1) and (2.2) we have
Vep(€)l = C = 2A7" [t = |7 [ ]loc,
020 < C 4+ 227t =17l

for some C' > 0. Hence by routine integration by parts (max(2, [d — 2a] + 3) times) we see
that if [t — /| > CA"™L(||y|ls + 1) for a sufficiently large C,

(2.8) K (2, y,t, )] < ONH(1 4+ X[t — ¢/|)~ max(2d=2042)
So we get for dist(J, J') = CAY"™(||y]|oo + 1)
IXTTT*(Fyr)lloopo < CAY(L + A™ dist(J, J')) ™ mex@d=20+2) p |,

VA%

Since F' may be assumed to be supported in the closure of Br(xg) x Ir(tg), it follows
that if dist(J, J') = CAX " (||y]|ee + 1)

IXJTT*(Fyr)|lgr < CA(1 + N dist (], J'))~ max@d=2042) )| .
Since (T*Fj;,T*Fy) = (Fy,xsTT*Fy), by Holder’s inequality and using the above

Z (T*F;, T*Fy)
J,J'€3: dist(J,J)ZCA =™ (|| 7/l co+1)
< > CAY(L + AN dist(J, J')) ™ X A=2042) | Bl F | g
5,07 €3: dist (J,J7)=CA=" (|7l oo +1)
Since dist(.J, J') = CAY""(||]|c + 1), for any J'
Z C)\d(l 4 diSt(J, J/))fmax(2,d72a+2) < O 2o\

JEF: dist(J,J) =CA=™ (|| v]| oo +1)
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By Schur’s test

3 (T*Fy, T*Fp)| < CX**7H (S ||FS|2 ).
J,J'€3: dist(J,J7)=CAL=™ (||4] o +1) J

. N 1
Since 1 < ¢/,7’ < 2 and J are disjoint, (Y ||FJ||3/’T/) <, 1F%)? Hg’,r’ =3, FJ||3,7T,.
Therefore,

(2.9) > (T*F;, T*Fy)
JJ'€J: dist(J,J)ZCA =™ (||| o +1)

SON DS FyZ .
J

Now, by Hoélder’s inequality and (2.5) we have ‘(T*FJ7 T*Fy)} S CN*|Fyll g | Erll g -
Hence,

Z ‘<T*FJ)T*FJ/>
J,J'€3: dist (J,J ) <CA =7 (||y]| so+1)

< % Z HFJHq’,T’HFJ’Hq’,T’
J,J'€3: dist(J,J) <CAL=™ (|| 7] 0o +1)

<O llse + XY NENG 1) < Clnlloe + 1NN D Fyllz o
J J

Combining this with (2.9), we get the desired inequality (2.7). This completes the proof. [

In general, Lemma 2.1 does not hold with f € LP“ p # 2 and it is valid only for local
estimates. Lemma 2.1 also provides a simple proof of the local smoothing estimate

itP

(See [8,23,28].) Here ¢*F'(P) f is a solution to the dispersive equation (4.7) and P satisfies
(4.6). In fact, by Lemma 2.1, Littlewood-Paley decomposition and Plancherel’s theorem,
it is enough to show that

itP —m-l
1€ Pl (o) S CX 7 12

if f is supported in { : |&§] ~ A}, but this is obvious from Plancherel’s theorem and
integration in the interval (0, \}=™).

Let x be a smooth function such that supp x C {|¢| ~ 1} and >, ., x(27%-) = 1. Let us
set xo = 22:_00 x(27F) =1-3"22, x(27%). As usual, for k > 0, we define the projection
operators Py by

Pof =x27")f, k=1 and Rof = xof.
When 7 is smooth, it is possible to put together estimates for UJ Py f without any loss.
Lemma 2.2. Let v be a continuous function defined on Br(xg) X IT1e(to), € > 0. Suppose

that Oy is bounded and smooth in t, that is, v(x,-) € C* and suppose that |0;Q (&, t)| ~ [&]™
for |l >1,m>1. If1 <r < oo, then for N >0 and x € Br(xy),

1
1Y TEPef (@, ) | Ly to)) < CINO TR Prf ()12 g (1 (t0)) + ON Il (-
k>0 k>1



CONVERGENCE OF THE SCHRODINGER EQUATION 9

Proof. Let 1) be a smooth cutoff function which ¢ = 1 on I7(ty) and supported in I (to).
For a fixed x € By, define T«?f by

TLf(t) = ()T f(x,t).
Since ||T$Pof\|Oo S | fllg-~ for any N, it is sufficient to show that

1Y T2y ety < CIO_ IT2 P f|? )§HL;(R) + ON I fll -~ mey-
k>1 k>1

Let 1 be a smooth function which ¢ = 1 on {75! <|7| < 70} and supported on {(279) "' <
7| < 270} for some 75 > 0 and for k > 1, define Py, by PyF = ¢(27%7)F(7). By Minkowski’s

inequality

I TP lrrrioy < 1D PakT2Peflrp) + > I = Po) TP f |1y (1 (t0))
k=1 k=1 k>1
= IT+1I.

For I, by applying Littlewood-Paley theorem in ¢, we obtain
~ 1 1
I<OIQ 1T Pef ()2 @y < CINOQ TS Pif (@, )17)2 | g (e )

k>1 k>1

for some C' > 0. So it suffices to show
I < ONIf Nl (way-
We now observe that
210) (- P20 = [ [ X0 - D)K. g ) fle)e drae,
where

K(z,& 1) = d+1/¢] V(@) E=Q(E1)—tT) gy

Since 7 < 2™yt or T > kam for k > 1 and |¢] < 2¥+2 and |0yy| < C, we observe that
for sufficiently large 7o, |0p(y(x,t) - € — Q(&,t) — t7)| > C max(2™*, |7|). By integration by
parts, we obtain, for N > 0,

K2, &, m)| < On(1+ 2™ 7))~
Putting this in (2.10) and integrating, we get for any N > 0

d
(1 = Pu) T P f ()] < Cn2™ me/|X RO F(€)]dE < Cr2 2 NETR| B,
Choosing sufficiently large N, by Holder’s inequality and Plancherel’s theorem, we see that

(1 = Pok) T2 Pef | o (10t0)) < ON27 1 f |- oy
Hence we get the desired inequality. O

3. PROOFS OF THEOREMS 1.1 AND 1.3

In this section we prove Theorems 1.1 and 1.3. The argument here is basically a mod-
ification of TT™* argument and it is incorporated with temporal localization (Lemma 2.1)
which can be applied after frequency localization.
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Proof of Theorem 1.1. Let Py be the projection operator which is given by Py f = (w(/)\)f)v
with ¢ € C§°((—2,—3%) U (3,2)). In order to prove Theorem 1.1 it is enough to show that

(3.1) Mo Py fll121-11) < Cy/N(©,A=12) Xi | fa.

In fact, from the definition of (6) it follows that N(©,\"1/2) < A®5+ for any € > 0.
Hence we have

)+1
U2

By Littlewood-Paley decomposition, triangle inequality and direct summation we get (1.2)
B(O©)+1
==

s@©
[MePxfllB, <CA 1

whenever s >

It remains to show (3.1). Let €, Qo,... denote N(0,A~1/2) intervals of length A2
which covers ©. Then by Cauchy—Schwarz’s inequality it follows that

MoPyf(z) = sup |e"®Pyf(z + 60t)]
(t,0)eIx©

(X sw @ Psarp)

1<k<N(O,0-1/2) (t,0)ETxQy

Hence, to get (3.1) it is sufficient to show the following.
Lemma 3.1. If Q is an interval of length /\_% then
| Mo Py £l -1,y < CAT[| £
Proof of Lemma 3.1. Let us set
X(,t,0) = x[—11)x[0,1x0 (2, t,0)
and
Tf(,0,6) = x(a,,0) [ DD 0) (e .
By Plancherel’s Theorem the estimate is equivalent to
1

ITfllz2nge, < CAE[f]]2-

We consider the adjoint operator of T" which is given by

B(E/N) / / / WIEP =)y (y, 1 9) F(y, ', 9)dydt' dd.
Then by duality (TT* argument) it is enough to show that
(32) ITT"|| 21, < % 1M 2y -
We now note that
TT*F(x.t,0) = x(2,1.) / / K(t,t,2,9,0,9)x(y, ' 0)F(y, ', 0)dydt' &9
where

EKx(t,t,2,y,0,9) = x(z,t,0)x(y, t',9) A / IOl M@y -00)€) g2 6 g

Since |z, |y[,t,t,0,9 < 1, [Ve(A2(t — )| + Mz — y + 6t — 9t') - §)| = CN*|t — 1] if
|t —t'| > CA~! for some large C. Hence, by integration by parts it follows that

Kt 2,y,0,9)] SCAN N+ Mt =)~V
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if [t — /| > CA™!. So, the operator is localized at scale of A™! in time. By a standard
localization argument it is enough to show that

* 1
ITT* Fllr2 001200y < CAZF 2 1112 ()

Here J C € is an interval of length ~ A~1. (For example see the proof of Lemma 2.1). Let
us set

X(x,t,0) = x5(t)x(z,t,0).
and

Rt 2,y,0,9) = X(,t,0)X(y, t',9) A / IO A =y 400002 () e,
Then we are reduced to show that

| [ Ratt.tw0.0.0)F(w.t 0)dyae

1
L2, SON | Fliapy,-

This follows from Schur’s test and the estimates

(3.3) / sup |Ku(t,t,2,y,0,9)|dy, / sup |Ku(t,t',2,y,0,9)|dr < CA2.
97t71975 6,t71978

N

We now claim that
(3.4) (8t 2,,0,0)] S M1+ Az —y) 72

provided that |z —y| > CA~2 for some large constant C' > 0. Since ¢, € J C [0,1] and
0,9 € Q we have t — t') = O()F%) because J,  are intervals of length ~ A~ )\7%,
respectively. So, if |z —y| > CA~z, then |z —y+ 60t — 9t'| ~ |x — y|. On the other hand,
if [A2(t — )| > Mx —y| or [N2(t — t')| < Az — y|, by integration by parts it follows that
|K\(t, ', 2,y,0,9)| < M1+ Az —y|)~~. Hence we may assume that |X2(t — )| ~ Az — y|.
Then by Van der Corput’s lemma |K)(t,t,z,y,0,9)| < CA(1 + A2|t/ — t|)7%. So, we get
(3.4).
Since |Ky| < A, by (3.4)

1
~ X2 1
/K)\(t, ¢ x,y,0,9)|dr < C’)\(/ do 4+ A2 / 1z — y|"2dz) < Az
0 0
Hence we get the desired estimates (3.3). This completes the proof. U

Proof of Theorem 1.3. By changing variables (z,t) — (x9 + Rx,to — T + 2T't), we may
assume that Bgr(z¢) = [—1, 1] and I7(t9) = [0, 1]. We set
Uyf(x,t) = "2 f(y(x,1)),

and .
Uif(z) = sup [e"®f(y(z,1))l.

0<i<1

By Littlewood-Paley decomposition it is sufficient to show that for s > max(% - q, i)

IUSPAfllLz e (- 1,1yxj0,1)) < CA°|[ fll2:

where as before Pj is the projection operator to the set {|{| ~ A}. Let J be an interval of
length A~! contained in [0,1]. By Lemma 2.1, it is enough to show

NUSPxfllz2rse(—1,1)x0) < ON|[ fll2
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with C' independent of J. By TT* argument it suffices to show that

(3.5) | /K(l’aZ/,tt/)F(yat/)dydt/’L§L§°([—1,1}><J) < C/\QSHF”Lthl([—l,uxJ)

where

K(z,y,t.4) = / e (@D EE-DIER) 2 ¢ /) g

and 1 € C§°((—2,—3) U (3,2)). Changing of variables £ — A\{, we have

K(z,y, ) = A / ¢ COEDAEINENEDIER) 2 (g)ge.

Lemma 3.2. Let J C [0,1] be an interval of sidelength \™1. Suppose that v : [0,1] — R
satisfies (1.4) and (1.5). Then, if |x —y| = CA™* for some large C, then for t,t' € J
(3.6) (K (2,y,6,8)| < CA(L+ Az — y)) 2.
Proof. Let us set
Since t,t’ € J, from the conditions (1.4) and (1.5) we observe that

(@, 1) =y, 1) = (v, t) = v(2, 1)) + (v(2, ) = (y, 1)),
(3.7) (@, t) —y(@, )] S [t =" = O(A™),

(2, t) =y, )] ~ |z —yl.

So, we separately consider three cases:

5=yl > At — ), o — gl < Mt — 2, o — gl ~ At — ¢
For the first case |« — y| > A|t — t/|, we have ]d%go] 2 Az — y| because |x — y| = CA™“.
Hence, by non stationary phase method (integration by parts), we get for any N

A

(L4 Az =y
If |x — y| < At —t/|, then we see that |d%cp(§)] > A2|t — /| because 1) is supported away
from zero. Integration by parts gives the bound

A <o A
A+ X2t —¢DN = (1 + Az -y

|K (2, y,t, )| < C

K (2,y,t,t)] < C

For the last case |z —y| ~ At — /|, \%gp] > A\2|t — #/|. Hence by van der Corput’s lemma
we obtain that

1 A
K(z,y,t,t)| < CA ~ i
Rt NS O =) ™ W — g7
Combining these three cases we get the desired (3.6). O

Lemma 3.3. Assume that J C [0,1] be an interval of sidelength \~tand v : [0,1] — R
satisfies (1.4) and (1.5). Then, for t,t' € J
)\1/2

_1
‘x_y‘1/27|x_y| 2a).

(3-8) K (z,y,t,")] < C max(
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Proof. Here we use the same notation as in the proof of Lemma 3.2. We first consider two
cases |z —y| S [t = |, | —y| > |t — t'|*, separately. If |z — y| < |t — ¢'|¥, we use the fact
that |%<p| > A\2|t — t'| and van der Corput’s lemma to obtain

1 <
(L+ A2t —¢|)/2 =

[ a1, £)] S A =t S =y

Now we consider the case |z — y| > |t — t/|*. Then, recalling (3.7), we see that

;290(6)! — A £) = 35, ¥)) + 2X2(¢ — D)E] 2 A — | — ON[t — ¢]).

Thus if |z — y| > A|t — t/[, then |d%g0] > Az —y|. So it follows from integration by parts

that |K (z,y,t,t")] < m And if Mt —t'| > |z —y|, then by van der Corput’s lemma
again we have
, )\1/2
K(z,y, t,t)] < ——.
Hence we have the desired bounds. O

Now we prove (3.5). We break the interval [—1, 1] into essentially intervals of side length
CA™% so that [—1,1] = |J I. So we bound the square of the left hand side of (3.5) by

Z H Z/Xlk(x)K(:Evyatvt/)XIk/ (y)F(yat,)dydt,H%%L?O(]kx(])a
k k!

which is again bounded by the sum of

(3.9) 257 [ @K ot (0 F oyt e
k

(310) QZ || Z /Xlk(x)K(xayut7t/)XIk/ (y)F(y7t/)dydt/H%%Lt‘)O(]kxjy
k Kolk

where we say k # k' if the distance between the two intervals I, and I, is bigger than
4CA™“ and [, is an interval containing I} and of length slightly bigger than 2CA~%.

We handle the case % < a < 1 first. In this case we need to show (3.5) with s = i.
We first deal with (3.9), which is easier. Note that |K| < CA and the length of interval
I, ~ A™%. Hence it follows that

/ sup \ka(w)K(w,y,t,t’)xi(y)dw,/ sup |xr, (2)K (2, 9,1, )x; (y)|dy < ON'T2
t'et tt'ed
Schur’s test gives the bound

2
| [ K ot ) F (0. dyar

<C)\2(1_a) F 2
e < 1By,

where Fj(z,t) = X7, (z)F(x,t). Now using the disjoint of the supports, we get

(3.9) SONU=IY | Fll7a 0 < OOV FIT, 1 < CAIF|3, 0
k
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Now we consider (3.10). Since dist(Ix, [r) = CA~* if k # k/, from Lemma 3.2 we see
that

|3 [ @K @t ) (. )y’
K/ ok

<xn () / KOS Xy, () F (1) |dydt
k! Lk

1
<Cxu, () / AL+ Mz =) S xa () F(y, )\ dyd
k! ok

<Oy @) [ M1+ Ao = o) HF (. )yt
Hence (3.10) is bounded by
I A M =) F )y I e s
Since ||A(1+ Al - \)7%||L1[_272} < C\z. Hence by Schur’s test again we get
(3.10) < C)\||FH%%L%.

Combining the above two estimate for (3.9) and (3.10), we get (3.5) with s = 1.

Now we consider the case 0 < aw < 1/2. Note that fil min(|z — y[fi,)\) < A2% wwhen
0 < a < 1/2. Hence by (3.8) and the fact that |K| < C\ implies

! 1
/ sup |K(x7y7t,t')]dq:,/ sup |K(z,y,t,t)|dy < max()\%?)\lf2a)'
-1 t'e] —1 tt'ed

Using Schur’s test again, we obtain

i —2a
| /K(%y,tat/)F(yat,)dydtl||Lng°([1,1]xJ) < Cmax(A2, N2 | F[| L2 po (11,1 x0) -

This completes the proof of Theorem 1.3.

4. TIME DEPENDENT QUADRATIC POTENTIALS; PROOF OF THEOREM 1.6

We begin by recalling the following result in [25] (Lemma 1 in [25] and also see Lemma
3.3 in [5]) which generalizes Mehler’s formula to the equation (1.7) with w € CL . Y If
w € CL ., there exists T > 0 such that for t € (-T,T)

d 1 A
et = ([ 2rimt0) ™ [ e )y,
j=1 R
where

d
d(a,y,t) = Y (aj(t)z5 — 2b;(t)z;y5 + d;(t)y3),
j=1

Din fact, it remains valid for locally Lipschitz continuous function w. See Lemma 3.3 in [5].
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and 7j, a;, bj, and d; are given by

(4.1) T +wi(t); =0; 7;(0) =0, 7j(0) =1,
a; = ]/ij b; /737
(4.2) 4= () - /0 i) () ).

Using this we have the following lemma which relates e« f to 2 f.
Lemma 4.1. Let w € C} . There is a T > 0 such that
eitH“’f(J:,t) = ez, )U, f(z,t), (2,t) € R? x [—T,T],
le(z,t)| ~ 1, and ¢ € C?[-T,T) satisfies c(t) = (t,t,...,t,t) + O(t?) and
Yz, t) = (n(t)zr, y2()z, -+ yat)za), 75(t) =1+ O(1).
Proof. By completing square and using the fundamental solution to the free Schrodinger

equation we see

b2
QZJ 1(a; dz)m i —a b; (1)
pitHe € o2 > 5=1di () (y;— d; (t)xg)z

H?:l(QWiTJ( ))1/2 /

f(y)dy

b2
22; 1(aj— 7)? ' (1)
" G0 (;))1/2 i L, ¢ BT D fegae
1 7T
j=1\Tj J

Now we set

™
—~
8
~
~—
('D
<
qamps
—~
3
—
~
~—
&
—~
~
N—
SN—
|
NI

it) = g = 577 = [t 2ar)
310 =501 = (@7 [ @) 2a)”

Since w € Clloc, it follows from (4.1) that 7; € C? locally. Using the second equation above,
we see that ¢; € C? locally. From (4.1), 7;(t) = t + O(¢?) and 7i(t) = 14+ O(t). Hence it is
easy to see |e(z,t)| ~ 1 because 7;(t)d;(t) ~ 1 by (4.2) if ¢ is sufficiently small. The other
properties are easy to check. So, we omit the details. U

Proof of Corollary 1.7. Now assuming Theorem 1.6 we prove Corollary 1.7. By Lemma 4.1
it is sufficient to show
| sup_ U5 fllz2Bi o)) < CllfIlms

for any zo € R?. Now it is easy to see that ~, ¢ in Lemma 4.1 satisfy the assumptions
in Theorem 1.6. Hence the above estimate holds for s > 50 if || supgcicr eimeLz(Bl ) <
C| f|lg=0 which is valid for sg > % when d = 1, so > 5 — 4g When d > 2 (see [3,14]). This

proves Corollary 1.7 except the endpomt case s = Z When d = 1, which can be proven by
following the argument in [22]. The details are omitted.
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Proof of Theorem 1.6. We only prove that (1.10) implies (1.11). The converse also can be
shown similarly. To begin with, we first establish the following equivalence of the estimates
over intervals of length ~ A™!, which will be combined to get the desired estimate by
making use of Lemma 2.1.

Lemma 4.2. Let A > 1 and q,r > 1. Suppose that v and ¢ satisfy the assumptions in
Theorem 1.6. Let J C Ip(ty) be an mterval of length ~ A\~ and assume that f is supported
in {&:|&| ~ A}. Then the followings are equivalent :

(4.3) [Cas FlLa B, 0), 01 < CN°[| fl 22,
(4.4) 1US Nl 2a(Br(zo),L7 () < CA°I ]l L2
Proof. First we prove the implication from (4.3) to (4.4). Let t. € J. For simplicity let us
set = = (|¢1]2,. .., |€4)?). By rescaling ¢ — \¢ we have
USfat) =X [ 00D frg)ag
%<I€\<2
_ )\d/ ei\I!(ac,t,E)ei(Av(x,t*) —(t—t) A2 (t4)-E) —z>\2c(t* f()\g)dg’
5<lél<2
where

U(z,t,8) = A(v(z,t) —v(z, ) - € = N (c(t) — c(ts) — (t— ) () - 2

Since t, € J and length of J is O(A7!), it is easy to see that ]8?\11] = O(1) uniformly
in 2,t because v € Lip(Br(zo) x I7(tp)) and ¢ € C?(Ir(tp)). So we may expand ¥ (@)
into Fourier series on [—m,7]? so that @8 = S~ Cy(z,t)e*¢ with |Ci(z,t)] <

C(|k| + 1)~ for large N. Hence we have
c —_d ik _i( Ay (@,ts)-E—(t—t)N2C (t)-E) ,—iN2c(ts) EF\
ULf(z,t) = A Z Ck(x,t)/l ese e (A)d¢g

hezd 5 <lél<2
- Y Culat) / (O 6t (0)2) T () g
kEZd >\/2<‘£|<2>‘

with || e, A kll2 = || fll2. Now, recalling (1.9), we make change of variables & — |c;(t*)]_%§z
to get

U5 F Il 28 (B o),z (1)) ZC K]+ 1) N fi(v(@s )| 22 (Br(eo). 27 (1)

with f, which is fourier supported in {¢ : |¢| ~ A} and || fxlla ~ [|f]l2. Since y(z,t,) is
independent of ¢ and bilipschitz in z, changing variables in x we get

VS Flraaeoyirey < O CUR+ D)™™ full 12 (Beptrteotn). 5 ())-
!

We now use the assumption (4.3) which is translation invariant. So, by (1.10), translation
and mild dilation it follows that

15 £ 18 (Brtoy.zz o < 2 CURI+DTVX(F 2 < CX |2
k

This completes the proof of the implication (4.3) — (4.4). The converse can be proven
similarly. We omit the details. (|
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Let A > T~'. We split the interval I7(to) into a union of disjoint intervals J of length
~ A~ Trivially (1.10) implies (4.3). Hence, by Lemma 4.2 we get for each .J

1US Nl 2a(Br(zo),Ly (1)) < CA°IISII2
provided that f € {£:[¢| ~ A}. By Lemma 2.1, it follows that
(4.5) NUS N 28.(Br(zo), L7 (1r(t0))) < CA°||fIl2

if f e {€:]¢ ~ A}. Since (1.10) holds for s > sq, so does (4.5). Also note that (1.11) is
trivial when fis supported in {£ : || < 1}. Hence, summation along dyadic pieces gives
(1.11).

If we additionally have smoothness for v and ¢, we may use Lemma 2.2. In fact, since
we are assuming that v € C°°(Bg(xo) X I7(tg)) and ¢ € C*°(Ip(ty)), we may replace I (o)
with a slightly extended region It .(tg) for some € > 0. So we may assume that (4.5) on
Bpr(zo) X IT4¢(tp) holds. By Lemma 2.2, for 1 < r < oo, x € Br(zo)

1
S £y Mg o)y < CNQNUSPf (@) P2 g (e t0)) + ClLF - (-
k>1
Since ¢, r > 2, by Minkowski’s inequality and (4.5) (with I74¢(t0))

N

US| 28 (B o).y (r (ko)) S C(ZHUﬁpkf||%Z(BRmo),L:uﬂe(to)))) + ClF - may
k>1

1
<C( Y22 IPSIB)E + Cllf ey < ClS e

k>1

This completes the proof of the implication (1.10) — (1.11).
Higher order dispersive equation. Let m > 2 and P satisfy that for || > 1

(4.6) 07 P()] < Cle™ P, 1w PE)] ~ g
Let e*P f be the solution of the equation
(4.7) i0ru+ P(D)u=0, u(-,0)=f.

When m > 2, we can relax Lipschitz condition in ¢ to Holder condition.

Proposition 4.3. Let v : B,(z0) x I7(tg) — R? satisfy (1.5) for x,y € By(x0), t € Ir(to)
and

(48) (@, 8) = (@, 1) < Clt = ¢
all x € B(xg, 1), t,t' € I7(tg). Let 2 < q,r < 00, and sg € R. Then, for s > sy

(4.9) ||€itpf||Lg(Bl(o),Lg[o,l]) Sc HfHHS(Rd)
if only if for s > s
(4.10) 1€ F (@ )| L8 By, £ (7o) < C I 1o (ray-

As before, if «y is smooth in ¢, using Lemma 2.2 we can show the equivalence of (4.9) and
(4.10) except r = co. However, we don’t know whether the equivalence fails if the exponent
ﬁ in (4.8) is replaced by a smaller number. It seems interesting to find the exact order
of Holder condition which guarantees the equivalence.

Proposition 4.3 can be proven similarly as Theorem 1.6. In fact, since |[VP(€)| ~ |¢|™7 L,

by Lemma 2.1 we are reduced to showing equivalence on an interval of length A'~™. By
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recalling the proof of Theorem 1.6, it is not difficult to see that the equivalence follows if
we show that A\(y(z,t) — v(z,t')) = O(1) when |t — ¢/| < A=™. This is obvious from (4.8).

[1]

[26]
[27]

28]

REFERENCES

J. Bennett, A. Carbery, and T. Tao, On the multilinear restriction and Kakeya conjectures, Acta Math.
196 (2006), 261-302.
J. Bourgain, Some new estimates on oscillatory integrals, Essays on Fourier analysis in honor of Elias
M. Stein (Princeton, NJ, 1991), 1995, pp. 83-112.

, On the Schrédinger mazimal function in higher dimension, arXiv:1201.3342.
J. Bourgain and L. Guth, Bounds on oscillatory integral operators based on multilinear estimates, Geom.
Funct. Anal. 21 (2011), no. 6, 1239-1295.
R. Carles, Nonlinear Schrédinger equation with time dependent potential, arXiv:0910.4893v2.
A. Carbery, Radial Fourier multipliers and associated mazimal functions, Recent progress in Fourier
analysis (El Escorial, 1983), 1985, pp. 49-56.
L. Carleson, Some analytic problems related to statistical mechanics, Euclidean harmonic analysis (Proc.
Sem., Univ. Maryland, College Park, Md., 1979), 1980, pp. 5-45.
P. Constantin and J.-C. Saut, Local smoothing properties of dispersive equations, J. Amer. Math. Soc.
1 (1988), no. 2, 413-439.
M. Cowling, Pointwise behavior of solutions to Schriodinger equations, Harmonic analysis (Cortona,
1982), 1983, pp. 83-90.
B.E.J. Dahlberg and C.E. Kenig, A note on the almost everywhere behavior of solutions to the
Schrodinger equation, Harmonic analysis (Minneapolis, Minn., 1981), 1982, pp. 205-2009.
J. Duoandikoetxea and A. Vargas, Directional operators and radial functions on the plane, Ark. Mat.
33 (1995), 281-291.
K. Falconer, Techniques in fractal geometry, John Wiley & Sons, Ltd., Chichester, 1997.
S. Lee, Bilinear restriction estimates for surfaces with curvatures of different signs, Trans. Amer. Math.
Soc. 358 (2006), no. 8, 3511-3533 (electronic).
, On pointwise convergence of the solutions to Schridinger equations in R?, Int. Math. Res. Not.
(2006), Art. ID 32597, 21.
S. Lee and K. Rogers, The Schriodinger equation along curves and the quantum harmonic oscillator,
Adv. Math. (2011), doi:10.1016/j.aim.2011.10.023.
S. Lee, K.M. Rogers, and A. Vargas, An endpoint space—time estimate for the Schrodinger equation,
Adv. Math. 226 (2011), 4266-4285.
A. Moyua and L. Vega, Bounds for the mazimal function associated to periodic solutions of one-
dimensional dispersive equations, Bull. London Math. Soc. 40 (2008), no. 1, 117-128.
A. Moyua, A. Vargas, and L. Vega, Restriction theorems and maximal operators related to oscillatory
integrals in R, Duke Math. J. 96 (1999), no. 3, 547-574.
K.M. Rogers, A. Vargas, and L. Vega, Pointwise convergence of solutions to the nonelliptic Schrédinger
equation, Indiana Univ. Math. J. 55 (2006), no. 6, 1893-1906.
A. Seeger, S. Wainger, and J. Wright, Pointwise convergence of spherical means, Math. Proc. Cambridge
Philos. Soc. 118 (1995), 115-124.
P. Sjogren and P. Sjolin, Convergence properties for the time dependent Schrddinger equation, Ann.
Aca. Sci. Fen. 14 (1989), 13-25.
P. Sjogren and J.L. Torrea, On the boundary convergence of solutions to the Hermite—Schrédinger
equation, Colloq. Math. 118 (2010), no. 1, 161-174.
P. Sjolin, Regularity of solutions to the Schrodinger equation, Duke Math. J. 55 (1987), no. 3, 699-715.
E.M. Stein, On limits of sequences of operators, Ann. of Math. (2) 74 (1961), 140-170.
E. Suazo, On Schrédinger Equation with Time-Dependent Quadratic Hamiltonian in R,
arXiv:0912.2113.
T. Tao, A sharp bilinear restrictions estimate for paraboloids, Geom. Funct. Anal. 13 (2003), no. 6,
1359-1384.
T. Tao and A. Vargas, A bilinear approach to cone multipliers. I & II., Geom. Funct. Anal. 10 (2000),
no. 1, 216-258.
L. Vega, Schridinger equations: pointwise convergence to the initial data, Proc. Amer. Math. Soc. 102
(1988), no. 4, 874-878.




CONVERGENCE OF THE SCHRODINGER EQUATION 19

CHU-HEE CHO AND SANGHYUK LEE, SCHOOL OF MATHEMATICAL SCIENCES, SEOUL NATIONAL UNI-
VERSITY, SEOUL 151-742, REPUBLIC OF KOREA
E-mail address: akilus@snu.ac.kr, shklee@snu.ac.kr

ANA VARGAS, DEPARTMENT OF MATHEMATICS, UNIVERSIDAD AUTONOMA DE MADRID, 28049 MADRID,
SPAIN
E-mail address: ana.vargas@uam.es



