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1. INTRODUCTION

In this paper we consider a maximal inequality associated with filtra-
tion on Lorentz spaces and Orlicz spaces. Let (X, p), (Y, v) be arbitrary
measure spaces and let T be a bounded linear operator from a function
space defined on (Y,r) to a function space on (X, u). Let E, be a
sequence of measurable subsets of Y which are nested: F, C E, . for
all n. Such a sequence is called a filtration of Y. Denote by xg the
characteristic function of E. M. Christ and A. Kiselev in [2] considered
the maximal operator

T f(x) = sup T(fxg,)(x)|

which was studied to obtain the a.e. convergence of an integral operator
[3]. They obtained the following result.

Theorem 1.1. Let 1 < p, q < oo, and suppose that T : LP(Y) —
LX) is a bounded linear operator. Then for any nested sequence of
measurable subsets {E,} C Y, the maximal operator T* is a bounded
operator from LP(Y') to LX) provided p < q. Moreover,

(i1
1T lpq < (1= 27%72) 7T
where ||T||,,, denotes the operator norm of T from LP(Y') to L4(X).

It should be noted that the phenomena for the maximal inequality
occur because of the strict difference of convexivity between two func-
tions (t7,t7) generating the function spaces (L? and L?). Based on this
fact, we extend the theorem above to some different function spaces
which naturally contain the Lebesgue spaces. Especially, we thus show

2000 Mathematics Subject Classification. Primary 42B25, Secondary 46E30.

Key words and phrases. maximal operator, filtration, Lorentz space, Orlicz

space.
1



2 YONGGEUN CHO, EUN-HEE KOH AND SANGHYUK LEE

a version of Theorem 1.1 still holds on Lorentz spaces and Orlicz spaces
reflecting the difference of convexivity. For another reference concern-
ing the Lorentz space, see the paper [4].

Let LP"(X) = LP"(X,du) denote the space of all measurable func-

tions satisfying
1
q [T, dt\ «
o= (4 [ W r@1) < o0
P Jo t

where f* is the decreasing rearrangement of f (see [5]). Then we first
have the following result:

Theorem 1.2. Let 1 < p < r < s < q < o0, and suppose T
LP™(Y) — L?%(X) is a bounded linear operator. Then T* is bounded
from LP"(Y') to L9*(X). Moreover,

* q (L 1y _
(11) ”T ”var—l/qu S F(l —2 (7- 5)) 1HTHLP’T—’LQ’S

where ||T||pr—ras denotes the operator norm of T' from LP" to L9%.

Now we consider a generalization to Orlicz spaces. The Young func-
tion @ is given by ®(s) = [ ¢(t)dt for an increasing left continuous
function ¢ with ¢(0) = 0. For the Young function, the Luxemburg
norm is defined by

p®(f) :inf{k:/<1> (@) dv(y) < 1}.

Then the Orlicz space L*(Y) = L®(Y,dv) is the function space with
the norm || - || e = p®(-). For further details, see p.265 - 280 in [1].

Next, we consider a pair of Young functions & and ¥. We impose
several assumptions on ®, ¥. For any s,t > 0, let us assume

(1.2) U(st) ~ W(s)W(t).
Here A ~ B means that there is a constant C' > 0 such that
C'A< B<CA.

For the function ®, we assume that there is a strictly convex function
® such that for any a > 1,

(1.3) d(at) < CP(a)d(t) and D(a) ~ O(1/a)~".

Then the second result is the following:
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Theorem 1.3. Let T be a bounded linear operator from L*(Y) to
LY(X). Assume ® and VU satisfy (1.3) and (1.2), respectively, and
further assume

dt

(1.4) /O oIrl(t)\If—l(t—l)7 < 00.

Then there is a constant C' such that |T* f||pe < C||f||Le.

Compared with the result in [2] where ®(¢) = ¥ and V(t) = 19,
the result above is more general. For this particular example, the
conditions (1.3) and (1.2) are satisfied and

1 1
/ o1 (tyut ()Y :/ pdt o,
0 t 0 t

provided p < ¢. We obtain another example if we set W(t) = ¢,
®(t) = t*(log(2 + t))? with 3 > 0. The condition (1.2) is clearly
satisfied. It is easily verified that for any a > 1, there exists ¢ > 0
such that ®(at) < aP=®(t) with p. = p + 3. So if we set ®(t) = t7,
then (1.3) is satisfied and we can find € so that & satisfies the condition
(1.4) for p < q.

The proof of these theorems follows the line of argument in [2]. But
some technical difficulties arising in the consideration of Lorentz and
Orlicz spaces will be settled by introducing several lemmas.

2. PROOF OF THEOREM 1.2

We begin by proving an elementary but crucial lemma concerning
Lorentz space.

Lemma 2.1. Let F', G be disjoint measurable sets in'Y and let f, g
be measurable functions on X. Ifr < p < oo, then

(2.1) Ifxr +axell, < Ifxrlly.- + llaxelly.
and if p < r, then
(2.2) Ifxr+gxelly, = 1 fxelly. + llaxally.-

Proof. By a limiting argument, we may assume that f and g are sim-
ple functions. Without loss of generality, we may write fxr, gxg as
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IXF =D CGXFHy 9XG = D1y CiXa, respectively, where F;, G; are
measurable sets contained in F', G respectively. We may also assume

le1] > Jeo| > - > ei| > e > -+ -

Set a; = v(F;), by = v(G;). Also for 1 < i < n, set A; = Si_, ap,
B, = ZZ=1 bi. Then the decreasing rearrangements of fxg, gxg are
given by

‘Ci| if Ai—l S t < Az

(fxr)(t) = { 0 A <t :

‘Ci‘ if Bi,1 <it< BZ

(9x6)" (1) = { N

Since the supports of f and g are disjoint, we have f+g = > . cixrua,-
Thus we have

. lei]  if A+ B <t<A + B,

(fxr+9xa) () = {

0 if A, + B, <t.
Now for ¢ =1,...n, let us set
Si=(Ai+Bi)» — (Ai1+ Biy)» — Al + Al | — B! + B ;.

Then a simple computation shows that

n
1f + gl = 1F1Z0r = llgllzor = D leil"Ss.
%

Finally, we only need to observe that §; < 0if 0 < g <landS; >0
if ]f? > 1. This completes the proof of Lemma 2.1. U

Now we prove Theorem 1.2. Fix p,r,q,s sothat 1 < p <r < s <
q < oo. Without loss of generality, we may assume ||f|zeor(yv) = 1.
Define a function M from measurable sets of (Y, v) to R by

M(S) = ||fXS||2pm(Y)-

As mentioned in [2], we may assume that for A > 0 and for any
measurable set £, if A < M(F), then there is a measurable subset S
such that S C F and M(S) = A. This can be achieved by replacing Y
by Y x [0, 1], v by the product of v and Lebesgue measure on [0, 1], T
by T'om where 7 f(y) = fol f(y, s)ds, and E,, by E, x[0,1]. Then we see
that the boundedness of 7% is implied by the boundedness of (7 o m)*.
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Indeed, assume that (T'o7)* is bounded from LP"(Y x [0, 1]) to L*(X)
and (1.1) holds for (T o m)* instead of T*. Given f € LP"(Y), apply
the above assumption to f & xo,1). Since

1
(Tom)"f ® xj0,4) = sup T’ (/ XE.x[01](f ® X[o,l])ds> =Tf
n 0

and since Hf ® X[O,l} HLT”T'(YX[O,ID = HfHLW'(Y)a (1.1) follows.
We also need the following lemma which is a modification of the one
in [2].

Lemma 2.2. Let f be a measurable function with || f||r.rvy = 1.
Then there is a collection {BL} of measurable subsets of Y, with | €
{0,1,2,---} and 1 < k < 2!, satisfying the following conditions.

L. {Bl : 1<k <2} is a partition of Y into disjoint measurable
subsets.

2. HXBlchHzp,,n(Y) <27 for1 <k <2,

3. For each n, E, can be decomposed as an empty, finite or count-
able union such that for some sequences [}, kI,

E, = (UB@Z) UDn with <y <iy<-
i>1

where D, is a measurable set for which M(D,,) = 0.
Proof of Lemma 2.2. Define for 1 < k <2/ — 1,
N} =min{n € N: M(E,) > 27'k}.

By the divisibility assumption for 1 < k& < 2/ — 1, we can choose a
subset A} of Eyi in such a way that M(A}) = k27" and AL, =Y.
Since E,, is increasing, we may assume that A! C AL, and AL = AL, .
Now we define B, by
Bl = Al,
v By = (Ay \ Ayy).

Since p < r, by (2.2) in Lemma 2.1 M(S; U S3) > M(Sy) + M(S,) if
S and Sy are disjoint. So for all 1 < k < 2!, we have

M(B},) = M(AL\ Aj_y) < M(AL) = M(A ) = 27"
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Form the construction, it follows that for each n, there are sequences
{17}, {m?} so that

n n 55 . n
Afw CEpy Ajn CANL L lim M(AL) = M(E,)
7 1 2 1—00 7
and [! is strictly increasing as ¢ increase. Indeed, using binary expan-
sion, we can write M(FE,,) = Z;’il 2717 where [7 is strictly increasing as
j increases. By our construction of the sets { AL}, we see that for each
i € N, there is a Ainn such that Almn C E, and M(Afnn) = E}Zl 271

- ! ! -1 _ gl L L
Since Ay C Aj;y and A7 = Ay, we have A C Ak’?ﬂ.

]

m " i :
Now observe (A;n’?fl \Anibn> = B,,* for some sequence {k]'}. Since
i+ 2 7

U, Al’r; = |, ng, by the monotone convergence theorem, we have
M(E,\ U, B,l:n) = 0. Now we set D, = E, \ U, B,l; This completes
the proof of lemma 2.2. O

Let N : X — Z be a measurable function. Define an operator
TN f(x) = T(fXEyg,)(x). To prove Theorem 1.2, it is sufficient to
show that

ITY fllzosx) < Cllfllzor vy

where C'is independent of N. Set A,, = {z : N(z) = n} and define Ry
to be the index set {n : B appears in the decomposition of E,}.
Define measurable sets Dj. by Dé- = UneRé A,. Observe D! N Dé =
if i # j. Suppose not. Then there is an A, such that A, C D! N D}
because A, is pair-wise disjoint. So B! and Bé- appear in the decom-
position of F,. But scale-2' element is contained at most once in E,.
It is a contradiction.

Note fxg, = >,  fXgpiup,- We write
(1.g): En=UB! ’

TNfF=Y xaT(fxe) =2, >,  xa.T(fxsup,)

n (l,j):En:UBé

— Z Z XD§T<fXB§UDn)'
L

Since T' is bounded from LP"(Y') to L?*(X), we may drop D,, in the
above expression. Since ¢ > 1, the Lorentz space L%* is a normed space
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(see [5] p. 204). Thus we have
q o
||TNf||q,s > q——l Z 1 ZXD;T(JCXB;)Hq,s-
=0 j

Now fix [ and note that ¢ > s and {D'} are disjoint. By (2.1) in
Lemma 2.1, we have the following.

I X Tl < S I Tl
J J

<D T Nppr—por )l el -
j

The second inequality is trivial. By the decomposition in Lemma 2.2,
the last in the above inequality is bounded by

S U T Nwwropar) 2 e [,
j
Since p < r and for each [, Bg- are disjoint, another application of
Lemma 2.1 implies ) ||fXB§. 5 < IIfll},- Putting all things together,
we have

7% los < 75 22 T gt
< (127G (T o ar)
S

since r < s and || f||»- = 1. This completes the proof of Theorem 1.2.

3. PROOF OF THEOREM 1.3

We begin with making several observations. Since V¥ is strictly in-
creasing, its inverse W~! satisfies

(3.1) WM s)UTHt) <UTN(Cst),  UT(st/C) < W (s)WT(t).

Let L be an Orlicz space with Young’s function Q. If Q(st) >
CQ(s)S2(t) for some C, then by the definition of Orlicz space norm,
we have [ Q(|f(z)|/||f]|re)dx = 1. The condition on € implies 1 <
C [ f@))/QIf|e)dz and hence Q([|f[[re) < C [Q(|f(x)])dx

Conversely if we assume §2(st) < CQ(s)§2(¢) for some C, then we have
QU fllre) = C [ Q| f(z)])dz. By the assumptions (1.2) on ¥ we have

V() ~ [ U(lf )
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In the similar way it is easy to see that for f satisfying ||f||ze < 1,

$(Ifll0) < C / &(|(x)))dz

As before, it is sufficient to show for all measurable N : X — Z, the
operator TV given by

TV f(2) = T(fXEye) (@)
is bounded from L?® to LY. Without loss of generality we may assume

1fllze = 1.

Now we introduce a decomposition for functions which is similar to
Lemma 2.2.

Lemma 3.1. Let f be a measurable function with || f||pe = 1. Then
there is a collection {B;} of measurable sets in X, indexed by | €
{0,1,2,...} and 1 < j < 2!, satisfying the following conditions:
1. {B; 11 < j < 2% is a partition of X into disjoint measurable
subsets.
2. fq)(]f|XB;)da: =27 forall 1 < j < 2.
3. For each n, E, can be decomposed as an empty, finite or count-
able union such that for some sequences I, kI,

&—<U3®Lﬂ%thw<@<@<m7

i>1

where M(D,,) = 0.

The proof of the above lemma can be obtained by following the same
line of argument as in [2]. So we omit the detailed proof. According to
Lemma 3.1, we decompose f with the same notations for A, Ré», Dé»
as in the proof of Theorem 1.2. We write

TV f () ZT Fxe.)(@)xa, (z)

—ZZT Ixsiop,)(@)xa, (2 ZT fi)(@)xpi (x),

n=1 3|l

where f;; = fxp. By the condition (1.2) on ¥ and the fact that D!
are mutually disjoint for each fixed [, we have

V(I Ty l) < €S [ W)@y @)
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On the other hand, using the boundedness of T' from L® to LY, we
have

V(1 felle) = AT Falle) ~ /‘P(\Tfj,z\)dflf

By the decomposition and the condition (1.3) on &, we see that

(| flle) < / (| fyul)dz ~ 27"
Hence we have

w(ll ZT fixotllv) < CZ‘I’ 1T fiallw)

<CZ\IJ ) < C2u(D(27)

since the number of j is not greater than 2! for each {. By the triangle
inequality, we have

1T flle < 31D T(Fia)xpyloe-
! J

Summing with respect to [ we get

(32) 1Tl < C3 ) w(2)

Finally, (1.4) implies the left hand side of the above is finite. This
completes the proof of Theorem 1.3.

REMARK 1. In Theorem 1.3, if we set ®(¢) = tP(log(2 +t))? ( 3 > 0)
and W(t) = t%, then the inequality (3.2) can be expressed as

”TNfHL‘I’ S CZQ_(l/pe—l/q)l — C(l o 2—(1/1)5—1/(1))_1
l

Thus we have the similar result as in Theorem 1.1. It is interesting to
prove Theorem 1.3 for the case W(¢) = tP(log(2 + t))? and ®(t) = ¢
where the convexivity difference between ¥ and ¢ is logarithmic. But
the lack of convexivity difference causes a difficulty in controlling the
inequality (3.2).

REMARK 2. Theorem 1.1 can be easily extended to the vector valued
function spaces (e.g. L' where B is a Banach space). For example, if T’
is a linear operator from L (Y, dv) to LE(X, du) with 1 < p, g < oo and
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{E,} is a nested set sequence, then the maximal operator 7% defined
by
T°F =sup ||T(Fxg,)||s

satisfies the same inequality as in Theorem 1.1.
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