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ABSTRACT. In this note, we consider a maximal operator sup;cg |u(z,t)| =
sup,cp [€?(P) f(z)|, where u is the solution to the initial value problem u; =
iQ(D)u, u(0) = f for a C? function Q with some growth rate at infinity.
We prove that the operator sup;cp |u(z,t)| has a mapping property from a

fractional Sobolev space H 4 with additional angular regularity in which the
data lives to L2((1 + |x|)~bdx) (b > 1) . This mapping property implies the
almost everywhere convergence of u(z,t) to f as t — 0, if the data f has an

1
angular regularity as well as H4 regularity.

1. INTRODUCTION

We consider the following free Schrodinger type equation:

%u(az,t) =iQ(D)u(x,t) in R (n>2), wu(z,0)=f(z),

where Q(D) is a generalized differential operator defined by a C? function 2 and
D = (=A)z. For smooth initial data f, the solution u(z,t) = ¢“?P)f can be
written as

wat) = o [ OO F€as, g e SR,
where f(£) = [ e~ & f(x)dzx. In this note, we assume that the initial data f has
H? regularity for some s > 0 as well as some regularity in the angular direction.

For a, 3 > 0, we define an initial data space HYHP by

HEHE = {4 1 gz = (1= A)8 gz < o0},

o0 n— B8
where [[gl[2, = [;" lg(m)Pr" " dr, |lgllpage = IIII(1 = D)= frw)l|zz [z (here,

(r,w) € Ry x 8™ ! is the spherical coordinates), and A, is the Laplace-Beltrami op-
erator on S™~!. Since A, commutes with A, one can readily check that ||g|| ;;a ;0 ~
[(1— Aw)gg”Ha (for instance, see [9]). Since not every function in H* H? has ra-

dial regularity higher than «, there is no embedding from or into a usual Sobolev
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space. In particular, it should be noted that H*H? ¢ H*+Y (0 < v < ) and
HEHD 3 HO (3 2 ).

We also assume that Q € C2(R") is radially symmetric and satisfies
crlpl*™F < 1M (p)] < ealp|*F (R =0,1,2), if |p| > N

for some c1,ca,a > 0 with a # 1 and a large N > 0. With the above assumptions,

let us define a maximal function u*(x) by u*(x) = sup |u(z,t)|. We prove
teR

1 n—-1_ 1
Theorem 1.1. For anye >0 andb > 1, if f € H*H,? 4+E, then there exists a

constant C, depending only on a,cy,co, N,n,e,b, such that

w22 (42l ~paz) < C'“”Hﬁﬂ%’i“'

w

Now let us define a linear operator 7" and a maximal operator T* for a fixed

s >0 by

Ti(ant) = w(el) [ e fle)

where w(r) = (14+7)"2,b> 0 and
T f(z) = sup |T'f (z,1)].
teR
Then Theorem 1.1 follows immediately from

n—1_
Theorem 1.2. For anye >0 and b> 1, if f € L2H,% % for some s € 11,

there exists a constant C, depending only on a,c1,co, N,n,s,e,b, such that

1T fll= < C||f||L%H:;1 —ste

The maximal function u* and operator T have been studied extensively by
many authors ([1, 2, 3, 4, 5, 7, 8, 10, 11, 12, 13, 14, 18, 19, 21]). P. Sj6lin [14] and
L. Vega [19] showed that for some ball Bg of radius R

(1.1) [u|L2(Br) < Cllfllae,

only if s > 1. Up to now, it is known that (1.1) is true if n = 1 ([5, 8]) or the
initial data is radial ([4, 12]), or s > 1 and n > 2 ([11, 19]). Recently, T. Tao [18]
obtained (1.1) for s > % and n = 2. However, the sufficiency remains open widely.

On the other hand, Theorem 1.1 shows that it is true for s = % if we assume

the additional angular regularity. If the initial data is a finite linear combination of
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radial functions and spherical harmonics such that f =", fiY%, it was proved

by the first and third authors in [4] that ||u*HL& < CLllfll,, 1 where

2n—1

CL < CL***(n+2L)"%" Il 0 1
2 2 PR
L < n+ nax, A (0<exl).

The factor (n + 2L) 2 follows from the asymptotic behavior of Bessel function

(J,(t) ~ byt~ 2t +b_t~2e " +O((n+2v)

n+2v

77)t~2 for t > 1). The tail t~% seems

4n

inevitable to obtain the non-weighted global L= (225

> 2) estimate for which
a big cost of C'f, is paid. In this connection, Theorem 1.1 improves significantly the
dependency on the order of spherical harmonic up to L3/4*¢ (see (2.2) below). This
improvement occurs from an estimate for the tail of Bessel function Ct~! for ¢t > 2v,
which enables us to use the L? method. The weighted L? estimate as in Theorem
1.1 is absolutely necessary for a global estimate in view of the negative result that
the non-weighted global L? estimate [11] and any local estimate in LP(p > 2) [22]
are impossible for the data f € H I

In case that (D) = —A, recently G. Gigante and F. Soria [6] showed a local L?
estimate, independently of our work, that ||u*||12(p,) < CL%+E||fHHi. They used
a finer asymptotic behavior of Bessel function J,(t) for v + v5 <t < 2v but their
method seems not to be applied directly to the general phase €2 because the power
of L may depend on 2 in their argument.

From the assumption on 2, we treat  not only of the form |£|* but also
22:1 m;|€|* for any number a; > a;—1 > -+ > a3 > 0, # 1 and m; € R.
For the more general phase (2, we refer the readers to [3] in which a weighted L?
estimate is discussed for the phase Q with VQ having zeros or singularities. For an-
other use of angular regularity, one can refer to [9] in which the endpoint Strichartz
estimates of 3-d wave and Klein-Gordon equations are considered.

If not specified, throughout this paper, C' denotes a generic constant that depends
ona,cy,ce, N,n,s,be. We use the notation A < B and A ~ B to denote |A] < CB
and C~1B < |A| < CB respectively.

2. PROOF OF THEOREM 1.2

We begin with reviewing some properties of the spherical harmonic expansion.
If f(rw) = g(r)Yx(w) for a radial function g and a spherical harmonic Yy, of order

k, then we have

o~

f(p0) = G(p)Y&(0),  lgllcz = [IGl]L2,



4 Y. CHO, S. LEE, AND Y. SHIM

where
- N1, \—n=2 2% +n —2

G(o) = cus [ 91 ) T Al dr, fena] < €, v = EEIEE

0

For the representation of G, see e.g. [16] or [22]. Since —A,Y), = k(k +n — 2)Y,
we also have ||f|\L2Hg ~(1+ k2)§||g\|L2||Yk||Lz. Furthermore, if h € L2HS, then
there exist radial functions {h}} and spherical harmonics {Y}'} such that
W)=Y Y hYiw) in L7HS
k>0 1<i<d(k)
where d(k) is the dimension of the space of spherical harmonics of degree k, and
(2.1) 1Al172 50 ~ D> +E)PIRILIIYI: -
k>0 1<i<d(k)
Thus for the proof of theorem, we have only to consider the case that f(rw) =

g(r)Yx(w) and to show that for large k
(22) 17" fllze < B=*llgllze | Vil s

since for the function h(rw) =355 > 1 <i<am) RL(r)Y}(w) in L2H, we have from
(2.2)

TRl $D° Y k2 hgleVille

k 1<i<d(k)

[N

1 1
Sy k) | IRV,
k 1<1<d(k)
1
2
n—1
S kT > nlz vz,
k 1<i<d(k)

SO R TIER R, |
k

1<i<d(k)

where we used the estimate d(k) = 24+2k=2 ( " Zf I 3 > < k"2 for the third

inequality (see [16] ).
Now if f(pw) = G(p)Y;(w), from the definition of T, it follows that

Tf(rwnt) = w(r) [ [T Gy 0 s
sn-1Jo (1+p%)2
oo no2 dp
= cow(r) / ) (1) =55, (rp)p" T Glp) e Yi(—w).
0 (1+p2)3
Let us define an operator S by
dp

SG(r,t) = ¢, 2t ) -~y sty 9
(1) = ensr T wte) [ O D G0
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Let us denote by ||F||rrra the mixed norm ||(||[F(r,t)||za(ar))|lLr(ar)- Here we
use the notation ||F||’£p(dT) for [ |F(r)|P dr to avoid the confusion with ||F||zz. To

prove (2.2) it suffices to show that
(2.3) 1SGll2soe < K *1IGll L2 an)

where G(p) = %G( ). Now we define the dual operator S? of S by

S4F(p) 1i”p’“ / / e U0) (7 p)3 T, (rp)w(r) F (r, t) drdt

for F' € C§°(Ry x R). Then, by duality (2.3) follows from
(2.4) 15“Fll 2 (ar) < Ok || Fllz2Ls.

Choose smooth cut-off functions ¢o, ¢1 and ¢3 so that ¢o = 1 on {|s| < 1},
¢o =0on {|s| > 1}, ¢1 =1 on {|s| ~ 1}, ¢1 = 0 otherwise, ¢o = 0 on {|s| < 2},
#2 =1 on {|s| > 3}, and ¢o + ¢1 + ¢ = 1. Then we decompose S? as

SdF(P) = S()F+ SlF + SQF,

where for i = 0,1, 2,

SiF(p) 1_8:,: // —itUP) (1p) %J (rp)o; ( p) w(r)F(r,t) drdt.

Now we need to show each S; satisfies (2.4) in the place of S?. Each estimate is to

be shown using the following asymptotic behavior of Bessel functions:

(2.5) [1(8)] < Cexp(~Cv), if t< 3,
(2.6) 71“/07. |J,(t)|*tdt < C  for all >0,
(27) JA062(5) = £ H by +be )6a(2) + @y (1)),

where |®,(¢)| < €, |by| < C and the constant C is independent of v. For the proof
of (2.5), see [17]. The mean value estimate (2.6) can be found in Section 4.10 of
[20]. Invoking the Schlafli’s integral representation (see p.176 in [23]):
2m : 00
Jy(t) _ i/ ei(tsin@—u@) do — SlD(VTF) / e—uT—tsinhT dr,
2w 0 s 0

the last two asymptotic behavior (2.7) follow from the easy estimate

) [ vt g < €
= o v+t

<

and the method of stationary phase such that
1 2

o et tsint=v0) gg — (p, e 4 b,e*“)t*% + O(t*%) for t>2v.
™
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Using (2.5), we now see

v

S V%G*CV(]_ —|—p2)*% <(m1n(p 2))% —|— [ (p)) HFHL2L1
Thus we have
[1SoF|| 2 (ar)
1
oo v b
(28)  Suhe ( | a +0%)7 min(%. 2 +X[0,5](P))dﬂ> 1B 2
0

< I/I*Se*C”HFHLle.

For S;, we have

ISP S 1t )8 ([ s2emnest (2 )w(r)zczr)é Floss

14 p2)3 (/ [T ) 1Pl e

Using the change of variable r — 7/p, the first part in the middle parenthesis is
bounded by X[%m)(p)% 02p J2(r)ré3(r/v)dr. By (2.6), it follows that

2
/0 Svp X200 (P)-
For the second part, we also use the change of variable r — r/p and then by (2.6)

have that

e} 3v
[oset [ Bt S v max(2o )"
2

‘We thus obtain
[[S1F|| L2 (ar)

00 . B B v 3
29) 5 ([0t 0 N ) + o max(2p. ) ) dp) 1l
SvE||F|pape.

Now we estimate SoF'. Let us set SoF' = S, F + S_F + S3F, where

S, F(p) fikji // pi(Erp— tﬂ(p))¢( ) (r)F(r,t) drdt

S3F(p) lj_n: %// e~ ()3 B, (rp) (;) w(r)F(r,t) drdt.
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For the estimate Sy F', it suffices to consider S F. We decompose it into two parts

as follows:
where
kD
Cn k S k04 // z(rp tQ(p)) ( )F(T,t) d’)"dt,
(1+p?)
n, kb
- Cnk +£ // 1 ro=t20)) (g (7) Dw(r)F(r,t) drdt.
(14 p?)2

For II, we have

s
2

1+p

IS 0+ [ )R

ED) 3
S w(r)? dr) 17|z
and hence by the similar estimate to (2. 8) for SoF
(2.10) I 22(ar) S V35| F| e
Now we estimate I. Since F' is in C§° (R4 x R), obviously we may assume

Cn,kO+ i(rp—t2(p)
I=———_ [ "7 Py(|r|)F(r,t) drdt.
(1+p%)2 /RQ

Squaring and integrating I over {|p| < N}, where N is the number in the condition

of 2, we have
(2.11) [ MPdo<CllFIa.
[pl<N

Now it is easy to see

/p|>N'I'2dp
<O////|K r— 1t — (DI D () G )| drdr didt’,
where

d
K(r,t) :/ i (rp=12(p)) gs
p|>N |P|

For the kernel estimate, we introduce a lemma which shows uniform bound of kernel

K ont.

Lemma 2.1 (see Lemma 2.3 in [4]). For any real number A, B(A # 0) and s €
[%, 1), there exists a constant C' independent of A and B such that

/ (i) +80) WP | o p=(1-9),
lp|>N pl*
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Applying Lemma 2.1 with 2s (i < s < %) and B = r — ', from fractional

integration and Holder inequality it follows

/ 1[2dp
[p|>N

r— |28 (|r r, )| prw(|r’ ') drdr’
< f[ir-v (rDIE Mz w(r DIFC, )| drd

2.12 1 1
(2.12) < Zon @I Pl )l o llol 1 1o (p=—2s)

/

b 1
< 2 < 2 2 I
SIFIR 4, S Wl 1P (52 51)
SIF(Z2r0,
where Zo; is the Riesz potential of order 2s.

Finally, we estimate S3F'. From the uniform bound of ®, on v, for small £ > 0,

we have
1S3F(p)|

S s [0 b () wlIFG e dr

2
,S,l _ 1 ,S,l _1_b
<) 2><[V,oo><p>/2 Y F(r, )0 dr + p / " RGOl
L max(2

P

b
2

2
5 —s—1 1 el 2v
S Ny 0) [ NG dr g (max22))

< —§ —s—146 —s—1 2v 7%
S YT T X ooy (P) + 2 maX(Z?) I[F[|r2ps-

Choosing § as %7 we obtain

(2.13) [[S3F|12(ar) S

~

l/_s||FHL2L1.

Combining all the estimates (2.8) to (2.13) and recalling v = 2:£1=2 " we get

(2.4) and hence Theorem 1.2.
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